KypaHT
Po66uHC

a L

YTO TAKOE

MATEMATUKA?

SN




P. Kypanr, I. Po60uHc

UTto Takoe MmaTeMaTHkKar

DJieMeHTapHbI OYepK UJeH U METOJI0B

[lepeBon ¢ aHrmickoro
NoJI pelaKinen
A. H. Kosamoroposa

3JI€KTpOHHO€ H3JJaHHue

Mocksa - 2019
Nsnareasctso MLIHMO



VJIK 51(07)
BBK 22.1
K93

Kypaur P.,, Po66unc I.
Uro Takoe MaTeMaTHKa?
DJIEKTPOHHOE HU3JIaHKe

M.: MIIHMO, 2019

564 c.

ISBN 978-5-4439-3439-6

Kuura Hanncana kpynHbiM MaTematikom Puxapiom KypanTtom B coaBropetse
c Tep6eprom Po66uHcom. OHa npusBaHa COKPaTHTb pa3pbiB MEXKy MaTeMaTHKOH,
KOTOpasi Mpernojaercsi B LKoJse,  HanboJiee KUBbIMH M BaXKHBIMH JUIsl €CTECTBO-
3HAHMST W TEXHUKH pasjie/laMH COBPEMEHHOI MaTteMaTHuecKoi Hayku. HauuHas c
3JIeMEHTAPHBIX MOHSTHH, YNTATE/b JBHKETCS K Ba’KHBIM 00JIaCTsIM COBPEMEHHOH
Hayku. Knura HanycaHna J0CTYTHBIM I3bIKOM U SIBJISIETCS KJACCHKOH MOIMyJIIPHOTO
JKaHpa B MaTeMaTHKe.

Kuura npeanasHaueHa /st LIKOJIbHUKOB, CTY/IEHTOB, MperojaBaresieil, a Tak-
JKe JUISl BCEX HHTEePeCyIOLINXCsl Pa3BUTHEM MaTeMaTHKH W ee CTPYKTYPOH.

B HacrosillleM M3faHMM HCIPaBJIEHbI HEKOTOPbIE OLIMOKH M BOCCTaHOBJIEHBI
ONyllleHHble paHee parMeHThbl TeKCTa.

[ToxnroroBsieno Ha ocHoBe Kuuru: P. Kypawm, I'. Po66unc. Uto Takoe
MaremaTika? — 9-e u3j., ucrnpasjentoe. — M.: MIIHMO, 2019. —
ISBN 978-5-4439-1439-8

Hayuno-nonyssipHoe usnanue

NanatenbetBo MOCKOBCKOTO LIEHTpa
HEMpepbLIBHOTO MaTeMaTHUECKOTO 06pa3oBaHus
119002, Mocksa, boubiioit Bracbesckuii nep., 11. Ten. (499) 241-08-04

http://www.mccme.ru

ISBN 978-5-4439-3439-6 © MLHMO, 2019.



OraaBjeHue

Ot penakropa AeBSTOro U3JaHUsl HAa PyCCKOM s13blKe
[IpenuciioBue K TpeTbeMy M3JaHHIO HA PyCCKOM f3blKe
[TpeaucisoBue Ko BTOPOMY M3[aHHIO HA PYCCKOM SI3bIKE .

K pycckomy unraresio
[IpenucioBue R

Kak 1noJib3oBaTbCsl KHUTOM

Yrto Takoe MaTemMaTHKa? .

I'masa I. HatypaabHble uncaa

Beenenne

§ 1. Onepaunu HaJ UeJNbIMH UMCJIAMH . .

1. 3akoHbl apudmeTuku. 2. HpeﬂCTaBJIeHI/Ie LeJIbIX YUCeJl C TOMOIIIBIO
MUCbMEHHBIX 3HaKOB (HyMepals). 3. ApudmeTHueckue 1efCTBHS B Helle-
CSATHUHBIX CHCTEMAaX CUMCJIEHHUSI.

*§ 2. BeckoHeuHoCTb CHCTEMbI HaTypaJsibHbIX uMcesl. Maremaruueckast HHAYKLUS
1. IlpuHuun martemMaTHUeCKOH WHAYKUMH. 2. ApudmeTHueckasi nporpec-
cusi. 3. leomerpuueckasi mporpeccusi. 4. Cymma 1 nepBbIX KBaJpaToB.
*5. OmHo BakHOe HepaBeHCTBO. *6. BuHomuasnbHasi Teopema. 7. Janb-
Helilline 3aMeyaHusi Mo MOBOJY METOJa MaTeMaTHUECKO!H MHIYKLHH.

JlononHnenune K ranase [. Teopus uncen

Bsenenue .

§ 1. ITpoctble uncna . .
1. OcHoBHble (HAKTbI. 2 Pacnpeaeﬂeﬁue HpOCTbIX uhces. a. CDopMyJIbI
Jatolye npocrbie unca. 6. IIpoctbie uncsa B apudmMeTHuecKUx nporpec-
cusx. B. Teopema o pacrpejiesieHHH MPOCTbIX uuces. I. JBe elie He pe-
LLIEHHble 33aUd O MPOCTBIX YHCJIaX.

§ 2. CpaBHenus . .
1. O6wue noHsTusl. 2 Teopema CI)epMa 3 KBaﬂpaTuquKMe BbIYETBI.

§ 3. [Iucparopossl uncsa u GoJibliasi Teopema CDepMa

§ 4. Anroputm EBkinjia . .
1. O6was reopus. 2. HpMMeHeHue K OCHOBHOM TeopeMe apucbmemm/l
3. Oyukuus Jinepa @(n). Ewe pas o teopeme Pepma. 4. Henpepoishble
npo6u. JlnodaHTOBbI ypaBHEHHS.

[nasa Il. MaremaTuueckas unucjioBasi CHCTEMa

BBenenue

§1. paLII/IOHaJIbele ypcJsa - -
1. PaunonaJsibHble uMc/a Kak Cpe}lCTBO usMepeHuﬂ 2 BOSHI/IKHOBGHI/IG Ha-
J0GHOCTH B paLMOHAJIbHBIX UMCJAX BHYTPH caMoil MaTeMaTuKH. [IpuHumn
060011eHus. 3. [eomerpuueckoe npejcTaB/leHUe PaUMOHAJbHbIX UHCEJL.

10
10
13

14
16
19
20

25

25
26

34

45

45
45

57

65
67

77

77
77



4 OIVIABJIEHME

§ 2. Hecousmepumbie otpesku. Mppaunonaibhble uncsa, npeiensbl . . . . 83
I. BBGILeHl/le 2. Jlecsituunble 1po6U: KOHEUHble 1 GeCKOHEUHbIE. 3. Hpeﬂe—
1. BeckoHeuHble reomeTpuueckue nporpeccuu. 4. PaluoHanbHble uuca
H IepUoJnuecKue jJecsiTuuHble Apobu. 5. Obllee onpeje/eHHe HPPaALUO-
HaJIbHBIX YUCeJl 10CPEeJICTBOM CTAIMBAIOLLMXCS 0TPe3KoB. *6. MHble MeTo-
bl OTpesesieHHs] UPPaLMOHA/BHBIX uhces. [le1eKMHI0BbI CeueHusl.

§ 3. 3ameuanust u3 06J1aCTH aHAJIUTHUECKON F€OMETPUH . . . . . e 99
1. OcHoBHO# NpUHUMI. 2. YpaBHeHHs TPSIMbIX U KPUBBIX JIMHUH.
§ 4. Maremaruueckuii aHa/iu3 GECKOHEUHOr0 . . . . . . . . . . .. ...... 104

1. OcHoBHble noHATHS. 2. CUETHOCTb MHOKECTBA PALMOHAJILHBIX UHCE U
HeCUeTHOCTb KOHTHHyyMa. 3. «Kapaunasbhble uncsa» Kauropa. 4. Koc-
BEHHBIH MeTOjJ JoKa3daTesbcTBa. O. [lapanokcnl 6eckoneunoro. 6. OcHo-
BaHUs MATEMATHKH.

§ 5. KomnsiekcHble uncsa . . . . . 116
1. Bo3HHKHOBEHHE KOMIJIEKCHBIX UHCEI. 2 FGOMeTpI/IL[eCKOG npeACTaBJIe—
HHe KoMIuleKCcHbIX unces. 3. Popmysna MyaBpa M KOPHH W3 €IHHHLbIL.
*#4. OcHoBHast TeopeMa a/areGpsl.

§ 6. AnreGpanueckne U TPAHCIIEH/IEHTHbIE UkCaa . . . . 130
1. Onpenenenne U BOMPOCH CyIIECTBOBAHUs. **2. TeopeMa HuyBHJIJm "
MOCTPOEHHE TPAHCLIEH/IEHTHBIX UHCElI.

Hononnenue kK raase [l. Anre6pa MHOXKeCTB 134

1. O6uas reopus. 2. [IpumeHeHue Kk MatemaTHueckoi jsoruke. 3. [Tpume-
HEHHE K TEOPUH BEPOSITHOCTEH.

I'nasa Ill. leomeTpuueckue nocrpoeHus. Aare6pa YncaoBbIX noJjaei 143
Beemenne . . . . ... oo 143
Uactb 1. Jloka3aTeabCcTBa HEBO3MOXKHOCTH U anrebpa 146
§ 1. OcHoBHble reOMeTpUUECKHE TIOCTPOEHUST . . . . 146

1. ITocTpoenue noJielt 1 U3BJIEUEHHE KBALPATHBIX KOpHel/I 2 HpaBm]bele
MHOTOyro/IbHUKH. 3. [Tpo6sema AnoJioHus.

§ 2. Uucaa, nonyckaioliye nocTpoeHHe, U YHCJOBbIE OIS . . . . . 153
1. O6uas Teopusi. 2. Bee umncena, gonyckaiolye HOCTpoeHue—anre6pa—
HYeCKHe.

§ 3. HepaspemnmocTb Tpex KjacCHUeCKUX MPoOJIeM . . . . 161

1. YnBoenue ky6a. 2. Onna TeopeMa 0 KyOHUeCKUX ypaBHeHnﬂx 3 Tpn—
cexuust yria. 4. IlpaBusbHblit ceMUyrosibHHK. 5. 3ameuanus M0 MOBOJLY
KBajlpaTypbl Kpyra.

Yactb 2. PasnuuHbie MeTOIbl BbINOJHEHWS NOCTPOEHUH 167

§ 4. Teomerpuueckue npeo6pasopanus. Musepeust . . . . ... ler
1. O6uwe 3ameuanusi. 2. CBoficTBa MHBEpCHH. 3. FeomeTpnqecxoe no-
cTpoeHre oGpaTHbIX Touek. 4. Kak pasnenutb oTpe3oK mnoroJam U Kak
HaUTH LEHTpP JaHHOH OKPYKHOCTH C MOMOLLbIO OJHOTO LMPKYJIS.



OIVIABJIEHUE 5

§ 5. ITocTpoenust ¢ MOMOLIBIO APYTHX HHCTPYMEHTOB. HOCTpoeHMﬂ Mackeponn
C MOMOUIBIO OJIHOTO LMPKYJIS 173
*1. Kuaccuueckasi KOHCTPYKLHS, cnymamaﬂ 115 yILBOGHl/lﬂ Ky6a 2 Ho—
CTPOEHHSI C MOMOLLBIO OIHOTO LUPKYJIs. 3. HepueHue ¢ MoMOLLbI0 pas/ini-

HbIX MeXaHHUeCKnX npucnocobieHuit. Mexannueckue Kpusble. LInknounpl.
*#4. Illapuupuble mexanuamsl. Musepcopsl ITocesbe n FapTa.

§ 6. Eute 06 uHBepcHy U ee NpUMEHEHHUSIX . 185
1. MuBapuantHocTh yrsioB. CemeiicTBa Opr)KHOCTeI/I 2 HpI/IMeHeHI/Ie K
npo6seme Anosionust. *3. IToBTopHble OTpaKeHHs!.

[nasa IV. IpoekTuBHas reometpus. Akcuomaruka. HeeBkiaunosbl reomer-
puu 191

§ 1. BBenenue . . . 191
I. Kﬂaccndmxaunﬂ reomeTqueCKnx CBOKCTB. I/IHBapHaHTHOCTb npn npe—
o6pasoBanusix. 2. IIpoekTuBHble 1peo6Gpa3oBaHusl.

§ 2. OcHoOBHble MOHATHS . 194
1. Ipynna nmpoeKkTHUBHBIX npeoépasoBaHMu 2 TeopeMa ﬂesapra

§ 3. JIBoiiHO€e OTHOLLEHHE e 198
1. Onpezenenne U 10Ka3aTeNbCTBO I/IHBapl/laHTHOCTI/I 2 HpMMeHeHue K
MOJIHOMY UY€TbIPEXCTOPOHHHUKY.

§ 4. [TapannenbHocTb U 6€CKOHEUHOCTD . . 206
1. «MneanbHble» 6eCKOHEUHO ya/leHHbIE TOUKH. 2 I/IlleaJIbele 3J1EMEHTbI
U npoekTupoBanue. 3. J[BofiHoe oTHoLIeHHEe ¢ GECKOHEUHO yHaJeHHBbIMH
3JIEMEHTaAMH.

§ 5. [lpumenenus . . . 212
I. HpeuBapmeﬂbeIe 3aMeuaHusl. 2 IIByMepHoe JIOKa3aTe/IbCTBO Teope—

Mbl lezapra. 3. Teopema [lackasns. 4. Teopema Bpuanmiona. 5. 3ameua-
HHUE 110 MOBOJLY JIBOHCTBEHHOCTH.

§ 6. AHasiuTHUeCKOE TIpe/ICTaBJIeH e . . 217
1. BBojaHble 3ameuanusi. *2. OILHOpOLLHble KOOpILI/IHaTbl A.nre6pauquK1/1e
OCHOBBI JIBOHCTBEHHOCTH.

§ 7. 3anauu Ha MoCTpoeHHeE C MOMOLIBIO OJIHON JIMHEHKH . 223
§ 8. KoHunueckue ceueHusi 1 KBaJpHKH . . 224
1. DuemenTapHas MeTpHUECKast reOMeTpm KOHHUECKHX CeueHHH. 2 Hpo—
€KTHBHblE CBOHCTBA KOHMUECKHX ceueHHil. 3. KoHHuecKue cedueHusi Kak
«yiHeyatble kpuBbie». 4. Teopembl [lackans n Bpuanona st npons-

BOJIbHBIX KOHHUECKHX ceueHuil. 5. [unep6osoun.

§ 9. AkcroMaTHKa U HeeKJIHJ0Ba reOMeTpHst . . 240
1. AkcuomaTHuecKknil MeTo1. 2. anepéonuquKaﬂ HEEeBKJIMI0BA reome-
tpust. 3. Teomerpust u peasnbHocTb. 4. Moness [lyankape. 5. duumnruue-
CKasi, WM pUMaHoOBa, reOMeTpHsl.

[Ipunoxenue. Nleomerpus B npocTpaHcTBax 6ojee yem Tpex usmepeHuin 253

1. Benenue. 2. AHamutnueckuil nojxoj. *3. Teomerpuueckuii, Hik Kom-
OUHATOPHBIH, NOAXO/L.



6 OIVIABJIEHME

[nasa V. Tonoaorus 261
BBeneHne . . ... L 261
§ 1. ®opmyna Ditnepa st MHOTOTPAHHUKOB . . . . . . . o ovov v o oo o o . 262
§ 2. TonoJsiornueckre CBOUCTBA UIYP . . . « « « o o v v i oo e e oo 267
1. TonoJsiornueckue cBoiictBa. 2. CBOMCTBA CBA3HOCTH.
§ 3. Jlpyrue npuMepbl TOMOJOTHUECKUX TEOPEM . . . . . o o o o v v v ot . . 270

1. Teopema yKopnana o 3amkHytoil KpuBoi. 2. [Ipo6sema yeTbipex Kpa-
cok. *3. [lousrue paamepuoctu. 4. Teopema o HeMOABHKHOK TOUKE. 5. ¥Y3-
JIb.

§ 4. Tonosiornueckas K1acCH(pUKALMS MOBEPXHOCTEH . . . . . . . . . . . . . . 282
1. Pon nosepxHocTu. *2. DijiepoBa xapakTepucTika nopepxuoctu. 3. On-
HOCTOPOHHHE TTOBEPXHOCTH.

[Ipunoxenue. 290

*1. Ilpo6aema nsitu kpacok. 2. Teopema »Kopnana nsist ciyyast MHOTO-
yroJibHUKOB. **3. OcHOBHasi Teopema ajreOpbl.

Fnasa VI. ®ynkuuu v npepensi 299
BBeneHne . . ... 299
§ 1. HesaBucumoe nepemeHHoe U QYHKUUS . . . . . . . . .o vt w L. 300

1. Onpenenennst u npumepsl. 2. Pagnannas Mepa yriios. 3. Ipaduk dpyHk-
uun. O6patHble Qynkuuu. 4. Cioxuble ¢yHkuuu. 5. HenpepbiBHOCTD.
#6. OyHKLUMY HECKOJIKUX NepeMeHHbIX. *7. PyHKUMN 1 1peoGpasoBaHHusl.

§2. TIpemesbl . . . . . o 317
1. Ilpenes mocJie0BaTesIbHOCTH @y. 2. MOHOTOHHbBIE MOCJ/IEI0BATEIbHO-
ctu. 3. Uucno ditnepa e. 4. Uuncso n. *5. HenpepbiBHble 1po6H.

§ 3. [lpenenbl npu HeMpPepLIBHOM MPUOTHKEHHH . . . . . . o o o o o o o . . . 330
1. Benenne. O6uue onpenesnenusi. 2. 3amMeuaHusi 110 MOBOJY MOHSITHS

npenedna. 3. Ipenen % 4. Tlpenesibl mpu x — o0.

§ 4. TouHoe onpeneseHHe HEMPEPBIBHOCTH . . « . o v v v v ot v oo oo 337
§ 5. JIBe OCHOBHbIE TEOPEMbI O HEMPEPBIBHBIX QYHKUUSAX . . . . . . . . . . . . 339
1. Teopema Bosbuano. *2. JlokaszaresnbetBo Teopembl bosbuano. 3. Teo-
pema Befiepitpacca 06 sKcTpeMasbHbiX 3HaueHusix. *4. Teopema o mo-

cJIe10BaTebHOCTSIX. KOMIaKTHbIE MHOKECTBA.

§ 6. HexoTopble nmpumeHenust TeopeMsl bosbiano . . . . ..o oL L 344
1. Teomerpuueckue npumenenus. *2. IIpuMeHeHne K 0JIHOI MeXaHHUECKOH
npobJieme.

JlononHeHnune K raase VI. JanbHeiilive npuMepbl Ha Npeaesbl M Henpe-
PbIBHOCTD 349

§ 1. TIpuMepbl IPERENIOB . . .« o v v vttt 349
1. O6wwme sameuanusi. 2. Ilpenen ¢". 3. Ilpenen {/p. 4. PaspoiBHble
(yHKIMY KaK Tpeaes HenpepbiBHBIX. *5. [Ipenesbl npu urepanuu.

§ 2. [lpumep, OTHOCSIILIMICS K HEMPEPBIBHOCTH . . . . . . o o o o o o o o o . . 355



OIVIABJIEHME

I'nasa VII. MakcuMyMbl U MUHUMYMbI

Beenenue

§ 1. 3anauu u3 o6s1acTH s/eMeHTapHOH TeOMeTPUN

§2.
§3.

§4.

§5.

§ 6.

§7.

§ 8.
£§9.

1. TpeyrosnbHUK HanGousibluedl MJIOL@AK MPH JABYX 3aJaHHBIX CTOPOHAX.
2. Teopema TepoHa. DkcTpemasibHOE CBOMCTBO CBETOBbIX Jiyueit. 3. [pu-
MEHeHHsl K 3ajauaMm o TpeyroJbHuKax. 4. CBoHCTBAa KacaTeJbHBIX K
squmncy u runep6osie. COOTBETCTBYIOIIME SKCTPeMaJbHBIE CBOKCTBA.
#5. DKcTpeMasbHble PACCTOSIHUSL TOUKH OT JaHHOH KPUBOH.

OO6LHMi NPUHLIKIT, KOTOPOMY TOJIUHHEHBI IKCTPEeMaJlbHble 3aj1auk

1. IMpunuun. 2. Ipumepsl.

CrauroHapHble TOYKH U AU depeHInaNbHOE HCUUCTICHHE . Ce
1. DKcTpemalibHble U CTALHOHAPHbIE TOUKH. 2. MaKCUMyMbl H MHHUMYMbI
(byHKIMH HeCKOMbKUX repeMeHHbIX. CeioBble TOUKH. 3. Touku MUHHMaK-
ca u TonoJjiorusi. 4. PaccTosiHie TOUKM OT MOBEPXHOCTH.

Tpeyroabuuk [Bapua . .
1. Jloka3zaTesbCTBO, npenﬂomel—moe I_UBapueM 2 I[pyroe JI0Ka3aTesb-
ctBo. 3. TynoyroJibHble TpeyrosbHuKH. 4. TpeyrosbHUKH, 00pa3oBaHHble
CBETOBBLIMH JiyuaMH. *5. 3ameuaHusi, Kacaiollllecs 3a/iau Ha OTpaxKeHue U
9ProJIMUecKoe JIBHKEHHE.

[Tpo6.siema IllrTeitnepa .

1. Ilpobsiema u ee peuieHue. 2 AHaJms BO3HHUKAIOLLHUX BO3MOXKHOCTEH.
3. HonoanurenbHas npobaema. 4. 3ameuanusi ¥ ynpaxsenus. 5. O606-
uieHue: npobsema yJIUUHOU CETH.

DKCTpeMyMbl U HepaBeHCTBA . . . .
1. Cpennee apucmeTHueckoe u cpezmee FeOMeTpI/ILIGCKOG JIBYX TOJIOKH-
TesIbHBIX BesnuuH. 2. O60011eHre HA cjyyall n nepeMeHHbIX. 3. Meton
HaUMEHbLINX KBAJPaTOB.

CyuiectBoBanue skctpemyma. [Tpunuun dupuxise .
1. O6uwme 3ameuanus. 2. [Tpumepnl. 3. dKcrpemasbHble npoéﬂeMbI aJ1e-
MEHTapHOro cojiepKanus. 4. TpyHOCTH, BO3HUKAIOLLHE B GOJlee CJI0KHbIX
cayuasix.

HMaonepumerpuueckas mpobiema

DkeTpeMabHble MPo6JIeMbl ¢ TPAHHUHBIMU YC10BUAMU. CBSI3b MeX]1y N1pO-
6siemoli [lIteiinepa u nzonepumerpuueckoit npo6aemMon .

§ 10. Bapuauuontnoe ucuucsenue

1. Beenenue. 2. Bapuauuontoe ucuucsenue. Hpmmym (Depma B ONTHKE.
3. Perenne 3anaun o 6paxuctoxpone, npuHaaiexaiiee Jko6y bepuymnm.
4. Teonesnueckue JuHUU Ha chepe. MUHUMAKCHI.

§ 11. DkcnepumeHTanbHble pellieHns 3a1au Ha MUHUMYM. OMbITHl C MBUILHBIMH

nJIeHKaMu .. o
1. Beenenue. 2. OHbITbI C MbIIbHBIMH TJIEHKAMH. 3 HOBble OIbIThI, OT-
Hocsiuecst K po6JieMe [lnato. 4. DKcrepUMeHTa bHbIE PellieHHUsT JIPYTHX
MaTeMaTHUeCKUX TPoGJIeM.

357

357
358

366

369

375

382

389

394

401

404
407

413



8 OIVIABJIEHME

I'nasa VIII. MaTemaTuueckuil aHaiu3 425
BBemeHHE . . . ..o 425
§1. WHrerpanm . . . . .. 426

1. Tlnowany kak npenen. 2. Murerpan. 3. O6uine 3aMeyaHusi o MOHSITHH
unterpana. Oo61uuee onpenenenve. 4. [pumepnl unrerpuponanus. Mure-
rpupoBaHue GyHkiuu x". 5. TlpaBusa «UHTErpajbHOTO HCUMCIEHUS».
§ 2. TlpousBomHAS . . . . . . .. 442

1. TlpousBonnast Kak HakJoH. 2. [IpousBoanasi kak npenesa. 3. [Ipumepol.

4. IlpousBoauble OT TpUroHoMeTpuueckux (yHkuuit. *5. duddepenuupy-
eMOCTb U HerpepbiBHOCTb. 6. IIpousBonHas u ckopocTb. Bropast npous-
BOJIHAsl U ycKopeHue. 7. [eoMeTpHuecKnil CMbIC/] BTOPOH MPOM3BOIHOM.

8. MakcumMyMbl H MHHUMYMbI.

§ 3. Texuuka MUBPEPEHUHMPOBAHUA . . o o o o v v v e e e oo e 455
§ 4. O6o03Hauenust JIeliOHUIIA H «OECKOHEUHO MaJIbIe® . . . . . . . . . . . .. 461
§ 5. OCHOBHAsi TEOPEMA AHAMMBA . . « o o o o v e e et 464

1. OcnoBHast Teopema. 2. [lepBble npumenenust. MurerpupoBanue yHk-
uui X", cos x, sinx. Pyukuus arctg x. 3. Gopmyaa Jletibuuua nis .

§ 6. ITokasaresbHast (3KCNOHeHLMAIbHAS ) PYHKUUS U Jorapupm . . . . . . . 471
1. Onpenenenne u cpoiicTBa Jsorapudma. Jiieposo uucio e. 2. Iloka-
3aTesibHasl (3KcMoHeHIMabHAst) pyHKuus. 3. Popmysbl auddepenurpo-
BaHusl (pyHKUMH e, a*, x5. 4. SIBHble BbIpaXKeHUst uncya e U QyHKUUH e*

u Inx B Buge npenenos. 5. beckoneunblil psn a1 Jorapudma. Beruncie-
HUe JIOTapU(MOB.

§ 7. ucddepeHunanbHble YPABHEHUS . . . . . . . o o o ovov e 482
1. Onpenenennst. 2. Tnddepenunanbioe ypaBHeHHe SKCIOHEHLIHANbHON
¢dyuxkunu. Pannoaktusublit pacnan. 3akoH pocrta. CJl0xKHbIE MPOLIEHTHL.

3. Hpyrue npumepsl. [Tpoctoie kosieb6anust. 4. 3akon nsuxKenusi HoloToHa.

JonosHenue K raase VIIIL 491

§ 1. Bonpochbl NpUHIMNHUAIBHOTO MOPSIAKA - - « « « v oo o oo o o e o e 491
1. Juddepenunpyemocts. 2. Murerpan. 3. [Ipyrue npuioxeHust NOHSATHS
uHterpana. Pabora. [ljnHa KpuBoii.

§ 2. TTopsiiKK BO3PACTAHUST . . . o v v v v e et 498
1. ITokasaTesbHast yHKLMS U CTeneHu nepemMenHoro x. 2. ITopsnok Bo3-
pactanusi pyHkuuu In(n!).

§ 3. Beckoneunble psiibl H 6eCKOHEUHbIE MPOU3BEAEHUS . . . . . . . . . . . . 501
1. Beckoneunble psiapl pynxuui. 2. Gopmysa Ditnepa cosx + isinx =
e*. 3. Tapmonnueckuii psia u azera-¢pynkuus. Popmyna Disepa, Bbipa-
Katollast sinx B BuJe GeCKOHeUHOro MPOU3BeIeHHUS.

*§4. JlokasaTesbCTBO T€OPEMbl O MPOCTBIX UMCJAX HA OCHOBE CTATHCTHUECKOrO

METOMA © v v vt e e e e e e e e e oll
[Tpunoxenue. JlonosHUTeNbHbIE 3aMeyaHusl. 3a1a4u U YN PaXKHEHHUs 517
ApudMernKa M amredpa . . . . ... ol7

AHAJUTHUECKAS TEOMETPHS . . . . o o o o o e e e e et e 519



OIVIABJIEHME 9

[eomeTprUecKHe TOCTPOSHHS . . . . . . o v v v vt e e 525
[TpoeKkTHBHASI ¥ HEEBKJIMAOBA TEOMETPHUS . . . . o o o v v vt e oo oo 525
Tomosorust . . ... 527
OyHKIMY, NTPeNebl, HEMPEPBIBHOCTD . .« o v v o v v o o e e e e e 530
MaKCUMYMbl H MHHUMYMbI . . . o o ottt e e i e e e e 531
Huddepenunianbioe U HHTErpasbHOE UCUUCTEHHS . . . . . o o o o o o o . . . 533
TexHMKA MHTETPUPOBAHUS . . . . v v v v v ot e e e e e 535

Jo6Gassnenue 1. Bkaeiika «OT u3nare/ibcTBa» B nepBoe U3JaHue KHUIU Ha pycC-

CKOM sI3blKe 541
Jlo6assienue 2. O co3gaHum KHUru «Yro Takoe maremaTtuka?» 544
PekoMeHAyeMas JIMTEPATYPA . .« v v v v v v v e e e 551

[TpenMeTHBIH YKA3ATEMb . . . . o o o o o et e e e e 557



Ot penakropa 1eBATOro U3JaHus

JleBsiToEe M3/1aHHE KHUTH TIPUBEJIEHO B COOTBETCTBHE C MOCJEIHUM aHTJIHH-
CKHM M3JlaHHeM. VcrpaByieHbl HEMHOTOUHC/IEHHBIE OLIMOKH OpPUTHHAJIA U HEKO-
TOpble OLIMOKH MepeBojia. BoccTaHOBJEHbI parMeHThbl TEKCTa, MOCBsIIEHHbIE
¢usocoCKUM OCHOBAM MAaTEeMaTHKH M OMYLUEHHble B COBETCKUX H3JIaHUSIX.
Kpome Toro, BHeCeHbl HEKOTOpbIE M3MEHEHHST W JIOTIOJIHEHHST B CIUCOK PeKO-
MEeH/lyeMO# JIUTEPATYphI.

C. M. Jlvsosckuii

ﬂpe;u/lc.nomle K TPE€TbE€EMY U31aHUIO HA PYCCKOM fi3blK€

KHura, KOTOpYIO I€PKUT B PyKaX UHTATENb,— OJIHO U3 CAMbBIX 3aMeuaTelib-
HBIX BBEJIEHHII B MaTeMaTHKy B psily TeX, 4TO oGpallleHbl K IIMPOKOH YHTa-
TeNbCKOW ayautopuu. Ee 3ambices BblpaxkeH B npeaucsoBuu: «Her Huuero
HEBO3MOXKHOTO B TOM, UTOObI, HAaulHasi OT TIEPBOOCHOB U CJeAys MO MPsSMO-
My MyTH, 106paThCsi 10 TAKUX BO3BBILIEHHBIX TOUEK, C KOTOPBIX MOXKHO SICHO
0603peTh CaMylo CYLIHOCTb H ABHXKYILIHE CHJIbI COBPEMEHHOH MaTeMaTHKH.

[lepBoiit u3 aBropoB kuurn — Puxapa Kypaunrt (1888—1972) — onun us
Be/lyliiX MateMaTHkoB XX Beka, yueHuk [[. [wibOepra, nHOCTpaHHBIN uJjieH
Axanemun Hayk CCCP. Kuurn KypaHTta HeoJHOKpaTHO H3/JaBaJjiich Ha pyc-
CKOM fi3blKe. Ha HUX BBIPOCJIO He OJIHO MOKOJIEHHE MaTeMaTHKOB. Ero KHHrH
«YpaBHeHHs1 MaTeMaTHUecKOH (uanku», «Teopus QyHKUMI», «YpaBHeHUS B
YaCTHBIX TMPOU3BOAHBIX» U «[1puHuun upuxie» 00 CHX TOP OCTAIOTCS OCHO-
BOMOJIAraIOIIMMH MTPH U3YUEHHH MaTeMaTHKH.

Hannyto kuury KypaHt 3ajgyman HanucaTh B ipaMaTHUECKHH EPUOJ UCTO-
puu, ocenblo 1939 1., Korna paspasusach BTopasi MUpoBasi BokHa. [IsaTblo
rofamu pasblile oH okasajscsi B CoenuHeHHblx LlltaTax AMepuKH, H3THAHHBIN
(hatmctamu co cBoell poauHbl — [epManuy, rie oH paboTal B MaTeMaTHuecKoM
MHTCTHTYTe [ETTHHreHCKOro yHHBepcHTeTa. Hesb3si He OTMETHTH OTPOMHYIO
3acayry KypaHTta Kak opraHusatopa B TOM, UTO 9TOT UHCTHTYT CTaJ MHPOBbIM
MaTeMaTHuecKM LeHTpoM. CobGceTBeHHO roBopsi, KypaHT, BOTJIOTHB JAaBHIOIO
meuty ®enkca Kaneiina, ocHoas 310T uHeTHTyT. B CLUIA KypaHT cosnan elie
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OJIMH BBIJAIOLIMHACS MHCTHTYT (HbIHE M3BECTHBIH KaK «KYpPaHTOBCKHH HHCTH-
TYT»), KOTOPBII UrpaJjl ¥ UrpaeT BaXKHYI0 POJib B Pa3BUTHH MPUKJIATHONH MaTe-
MaTHKH BO BCEM MHUpE.

JI71s1 ocyllecTB/IEHHSI CBOETO 3aMblC/a — HanucaTb KHHTY, UMTasi KOTOPYIO
MOKHO OBI10 Obl «BOHTH B COMPHKOCHOBEHHE C CAMHM COOepHAHUEM KUBOH
MaTeMaTHUeCKOH HayKu»,— KypaHT MpHBJIEK MOJIOJIOTO JBAIIIATHUETbIPEXJIET-
Hero tonoJora [ep6epra Po66uHca. Kypanrt, ncrnosbays cBoli TaaHT opraHusa-
TOpa, CyMeJ A00bITh B T€ TPY/HbIE TO/bl HeMaJlble MaTepHalbHble CPEACTBA ISl
u3aanus Takoro o6bemMHoro tpyzaa. OH jposro KoJjiebascsi, BBIOHpasi Ha3BaHHe
JUISl CBOEH KHWIH, M OKOHUAaTeJbHO YTBEPIMJCS B HEM, JIMLIb [OrOBOPHB C
BEJIMKHM HEMELIKUM MUcaTesieM, TakKe JIMILIEHHbIM pojuHbl, Tomacom ManHoM.

Kuura Kypanta u Po66unca 6bl1a nepeBejieHa Ha PyCCKHH §I3bIK U TMOJ-
roropjieHa K nedyatd B 1947 r. 1o GblI0 OueHb TPYJHOE BpeMs JJIsi Hallew
ctpanbl. TosbKo uTO 3akoHuMJach Benukast OTeuecTBeHHasi BokHa, noTpe6o-
BaBLIAast HEMBICJIMMOrO Hampsikenus. Ho, HecMoTpst Ha 3To, 11e1ecO06pa3HOCTD
usnauusi Tpyna Kypanta u Po6G6unca Oblia coBeplUeHHO HECOMHEHHOH s
MPOHULIATEILHBIX YYEHbIX, JyMaBILMX O OyIylLEeM CTPaHbl.

Opnnako st Toro, yToObl KHHra BbILJIA B CBET, NOTPeGOBAIOCH TPEOI0-
JIeTb CyIIeCTBEHHble MPEMSATCTBUS: y HAaC Hauanach 60pb6a ¢ KOCMOMONHTH3-
MOM, KOTJIa pyccKasi KyJbTypa MPOTHBOINOCTaB/slacb MHPOBOH, a 3HaueHHe
nocJiefiHell MpUHMKAMOCh. [yl BBIXOJA KHUTH MOTPe6OBANOCh MPEAUCIOBHE
«Or uznaresnberBa». OHO GbLIO BKIEEHO B KayKABIH 9K3EMILISIP OTI€UaTaHHOTO
tupaxka (15000 3K3eMMIsIpoB), MeXKLy JECSTOH W OJMHHALIATON CTPAHULIAMH,
6e3 HOMEpPOB CTPaHMLL U 0e3 yKa3aHUs O HEM B OIVIaBJICHHH.

TpeGoBanuch 0coOble apryMeHTbI JJIsi TOTO, UTOObI Y2Ke HaneuaTaHHbIH TH-
pax He Gbl1 yHHUTOKeH. [IpenucioBre 6bio HanucaHo Axnpeem Hukosaesu-
uyeM KoJIMOrOpOBBIM — OJIHUM M3 BeJHUAHIIMX MATEMATHKOB YXOJSILErO BEKa,
XOTsl ¥ He ObIO MOAMMCAHO HM.

ITO Npeauc/oBUe — MpUMeYaTebHbll HCTOPUUECKHI JOKYMEHT, B KOTO-
pOM OTpaxeHbl pamaTHuyecKue MepuneTHd Toro BpeMedd. OHO HameyataHo B
Nn06aBJeHUH K TOMY H3[aHHI0, HO MHE XOUETCSl TPHUBECTH 3[eCh HEKOTOpble
tbparMeHThl U3 Hero o 3HaueHWM KHuru Kypanrta u Po66unca. OHu akryalb-
Hbl U B Halle BpeMsl, KOra KHUBO 00CYKAat0TCs NpobJeMbl MaTeEMaTHUECKOTO
00pa30BaHusl.

[lepBbie Tpu ab3alia npeauc/0BUsl o6palleHbl K TeM OCHOBHBIM IpyrnaM Mo-
JIOIEXKH, VISl KOTOPbIX, N0 MHeHHI0 KoJsiMoropoBa, KHUra MoxKeT ObITb HauboJiee
noJie3na. [Ipexe Bcero, 5To MIKOJBHUKH, HOO «CYIIECTBYET GOJIBLION Pa3phIB
MeXJly MaTeMaTHKOH, KoTopasi MpernojaeTcsi B CpeiHell Wikose, M Haubosee
JKUBBIMM M Ba)KHBIMHM /LISl €CTECTBO3HAHMS U TEXHHKH pas3jielaMH COBpeMEH-
HOW MaTeMaTHUeCKOH HayKu». 3aTeM, 3TO CTYJIEHTbl HHKEHEPHbIX, XUMUUECKHUX,
OUOJIOTMUECKHX U CeJIbCKOXO035ICTBEHHBIX BY30B, B KOTOPbIX «OCTaBJISIOT CO-
BEpLIECHHO B CTOpPOHE PsiJ 6oJiee OOLIMX U HOBBIX HWEH MaTeMaTHKH... Mexiy
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TEM, 3TH MJIEH CTAHOBATCS BCe 0oJiee CYLLECTBEHHBIMU /151 BCEH COBOKYMHOCTH
TOUHBIX W TEXHHUYECKMX Hayk». HakoHel, 3T0 «MoJjonexb, U30paBliasi CBOEH
CelHaJbHOCTbIO MaTEMaTUKY WUJIM T€ pa3ie/ibl €CTECTBEHHLIX HAyK (MeXaHI/IKa,
acCTPOHOMMUSI, (PU3HKA), U3ydeHHE KOTOPbIX CBSI3AHO C MPOXOXKIAEHHEM BIOJHE
COBPEMEHHOT0 Kypca MaTeMaTHKH... [H KOTOpasi| UacTo HYXKJIAeTCs B TOM, UTO-
Obl elle Ha CTAIMM Mepexoja M3 CPeiHel LIKOJ/bl B BbICLIYIO B 0oJee JIerkoi
¥ HarIsaHoH opMe MO3HAKOMHUTBCS C Pas/IMUHBIMH pasfesaMd MaTeMaTHKH,
BIVIOTb 10 CaMblX BaXKHBIX U COBPEMEHHBIX>.

Tpyn Kypanra u Po66uHca yaoB/ieTBopsieT NOTPeGHOCTH 3TUX TPYMIT MO-
Jgonexu. Ho He TosibKO. DTa KHMra HHTEpeCcHa BCSKOMY UEJIOBEKY, KOTOPOMY
Hebe3pa3nyHa cyab0a HayuHoro 3HaHHsl. BHe BCSKOro COMHEHHUS!, OHA BXOJUT B
30J10TOH (DOHJL JIUTEpATyphl 10 MaTeMaThKe. KHura Oblia epeBejieHa Ha MHOTHE
SI3bIKM M Cpagy ke MocJie ee U3/IaHus CTasla MaTeMaTHUeCKUM OeCTCel1epoM.

* * *

Ota KHUra Oblila HaNKMCaHa WeCTbAECSAT JieT Hazad. C Tex nop Bo BCeM MHpe
M B MaTeMaTHUeCKOH HayKe MPOU3OLLIM BecbMa 3HAUUTEesbHble M3MEHEHHS.
Crpykrypa kuuru Kypanta u Po661uHca BO MHOTOM COOTBETCTBYET CTPYKType
MaTeMaTHKM, CJIOKMBLIEHics B Hauase Beka. IIpenctasiieHne o6 3TOH CTPYK-
Type JaeT CIMCOK OCHOBHBIX CeKUMH Ha BTopoM mMaTemaTHueckoM KoHrpecce
(ITapux, 1900 r.): apucmetnkn U anreGpbl, reOMETPUH, aHANU3a, MEXAHHUKH
¥ MaTeMaTHuecKoi (pu3uku. HblHe, B J0MOJHEHHE K STUM UETbIPEM CEKLIUSM,
Ha COBpPEMEHHBbIX KOHrpeccax paboTalT CEeKUMH MaTeMaTHUecKOH JIOTHMKH H
OCHOBAHMIl MaTeMaTHKH, TOMNOJIOTHH, aareOpauueckod reOMEeTPHH, KOMILIEKC-
HOTO aHaJu3a, TeOpPUH IPynm JIu U TeoOpUH NpelCcTaBAeHUH, TEOPUH (DYHKIMNI
¥ (yHKUMOHAJBLHOTO aHa/lu3a, AuddepeHLMaNbHbIX ypaBHEHHH C YaCTHBIMH
MPOU3BOJHBIMK, OOBIKHOBEHHBIX JU(depeHIHaNbHbIX YPaBHEHHUH, YHCIEHHbIX
METOJIOB, IMCKPETHOH MaTeMaTHKM W KOMOHUHATOPHKH, T€OPHH HH(OPMALUK H
MPUJIOKEHHI MaTeMaTUKH K HeU3HUECKHM HayKaM.

Macutaé npousolleIIMX U3MEHEHUH He JaéT BO3MOXKHOCTH B KOPOTKHX
peIaKTOPCKUX MPUMEUAHHSIX OTPA3UTh COJIEPKATeIbHO JOCTHAKEHHUS] B MaTeMa-
THKE 3a M0cJIe/IHUE 1Be TPETH Beka. [109TOMy Mbl OrpaHUUMIIUCH JIHLIb CAMBIMH
HEOOXOAMMBbIMH KOMMEHTapUsIMH K TEKCTY KHMIH, HO [PH 3TOM 3HAUMTEJLHO
nepecMOTpesM U pacllMpHIIN CITUCOK JIMTEPATypPhl, BKJAIOUMB B Hero Haubosee
MHTEPECHbIE KHUIH, OPUEHTHPOBAHHbIE HA LIKOJLHHKOB, BbILLEIILIHE 32 MTOCE/-
HHE TPUALATH JIET.

B no6aBnenun nomenieH takxke dparment kuuru K. Pun «Kypanr B ['ér-
tuHreHe U Hblo-Mopke», NocBsilleHHbIH UCTOPUM co3iaHusl KHUru KypaHra
u Po66uHca.

B. M. Tuxomupos
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ﬂpem/lc.nom/le KO BTOPOMY U3JJAHHUIO HA PYCCKOM fA3blK€

Knura P. Kypanta u I. Po66uHca yxe uznapanach B8 CCCP B 1947 1. OHa
noJsib3yeTcsi OOJIBIIMM YCIEXOM y JIIoOUTeNel MaTeMaTHKU CaMblX Pa3JIMuHbIX
BO3PACTOB M YPOBHEH MOArOTOBKH, HO JABHO yxKe cTasa GuOsaHorpacuueckoi
penkocTblo. B cepun «Marematnueckoe npocBelleHde» oHa 3aiMeT CBoe Mo-
YETHOE MECTO.

[lepeBoj, BBIMOJHEHHBIH IS EPBOrO U3IAHUS T10J] pelaKLUell MOKOHHOTo
npod. B. JI. Tonuapoa, 6bl1 BbilipaBJjeH W MOMOJHEH 0 MOCJEJIHUM aHTJIMH-
ckomy (1948) u Hemeuikomy (1962) uznanusim. BoccraHoBisieH Takxke npeamer-
HbIi yKazatesb. CUCOK «peKOMEHJIOBAHHOH JIUTEpaTypbl» CJleyeT OPUIrHHAJLY
JIMUIb B YACTH KHHI, MepeBe/IeHHbIX Ha PYCCKHH f3bIK; PelaKTOpbl PycCKOro
M3JIaHUS JIOTIOJHUIIM €r0 PSJIOM KHHUT, HMEIOLIMXCS Ha PYCCKOM S3bIKe.

[Ipumeuanusi penakTopoB pyccKOro M3JaHusi HEMHOTOUHCJIEHHbI (OHH MO-
MeueHbl UM pamMHu, B TO BpeMsl Kak MpUMeUyaHust aBTOPOB 0003HaUEHbl 3B€3/10U-
kamu '). Peaktopbl, He »KeJiast HApyLIaTh LEJbHbIH U BIEUAT/ISIOUIMI CTHIIb
KHUTH, HE CTPEMWJIMCh MCTIPABJIATL U JIOMOJHATL JIOBOJILHO CJIyUalHbIH BbIOGOP
MX YKa3aHUH Ha UCTOPHUIO BOMPOCA W NPHHAVICKHOCTD OTAE/bHBIX Pe3yJsbTaToB
OnpeJie/IeHHbIM JIHIIAM.

Mer panel no6aarogaputs npod. P. Kypanta 3a mo6e3noe BHUMaHHe, OKa-
3aHHOE UM HOBOMY HM3JIaHHIO KHUIH Ha PYCCKOM si3blke. B cBoeM KOpOTKOM
oOpallleHHH K PYyCCKOMY UHTATEII0 OH elle pa3 MoJUePKUBAET PYyKOBOASIILYIO
WJel0 CBOEH Meaaroruueckol 1esiTeJIbHOCTH: Mporaraly OpraHiueckoro eiMH-
CTBA MaTeMaTHUKH M ee Hepa3pblBHOH CBS3H C €CTECTBO3HAHHEM H TEXHMKOM.
[Ipn 3TOM MMeercsi B BHAy He HpaBoydeHHsi 06 0OSI3aHHOCTH MaTeMaTHKOB
ObITb TIOJIE3HBIMM, A HarJIsiiHasi JIEMOHCTPALMS TOTO, UTO KHBblEe HCTOUHHMKH
MaTeMaTHYeCKOro TBOPUYECTBA HEOTAEGJNHMMbI OT MHTEpeca K MO3HAHHIO TPHPOIbI
¥ 3aJiauaM yNpaBJeHUsl MPUPOJHBIMH IBJICHUSAMH.

B HoBOM u3naHuu ucnosib3oBaHbl 3ameuanus npod. K. JI. Surens u npod.
Otro Hefire6ayspa, KOTOPbIM Mbl BMECTE C aBTOPAMH BbIpaKaeM HCKPEHHIOM0
[PU3HATEJBHOCTD.

Mockaa, A. H. Koamoeopos
12 Hos6psi 1966 .

B HacrosilieM M31aHHM Bce TOACTPOUHbIE MPHUMEUaHHsl MOMeueHbl LU(PaMHU; Mbl yKasblBaeM,
KaKue U3 MPUMeUaHHil He SBJSIOTCS aBTOPCKUMH. — [Ipum. ped. nacm. u3o.



K pycckomy uuraresio

Brixon B cBeT BTOPOrO PYCCKOrO W3JAHMSl Hallell KHMIM — BecbMa IIpH-
SITHOE /sl MeHsl coObiTHe. $1 Bcerja ¢ rilyGOKHM BOCXHIIEHHEM OTHOCHJICS K
3aMeuare/bHOMY BKJIay B Hallly HayKy, C/€JaHHOMY MHOTHMH BbIIAFOIAMHCS
maremaTtukamMu Coserckoro Cotosa. [loxanyil, B 6oJiblIell CTeNeHH, ueM B
HEKOTOPBIX CTpaHax 3amaja, pyccKasi MaTeMaTHuecKasi TPaJuilusi COXpaHHJ/Ia
ujleall eIMHCTBA HAYKH U CTIOCOGCTBOBAJIA YIIPOUEHHIO POJIM MATEMATHKH B Ha-
YUHBIX U TEXHUUYCCKHUX TPUITO2KECHHUSX. Ha menst takxke MMPOU3BOJAUT CUJIbHeHIIee
BreUaTJEHHE AKTHBHOE yuyacTHe, KOTOPOe MPHUHMMAKT KPYIHbIE MAaTEeMaTHKHU
Cogerckoit Poccun B jiesie nogbema mareMaTHueckoro oGpasoBanusi. 51 paj,
YTO CBOE MECTO B PYCCKOH HayuyHO-I€arOrHuecKor JJUTepatype rno MareMaTuke
3aHsijia U Halla KHHra.

Hacrosiiiiee uznanie OTJHYAETCS OT MPEbIAYIINMX aHVIMHCKAX M HEMELIKHX
I/I3IIaHI/IIjI HeOO0bIIMMU UCIpaBJCHUSIMU U YTOUHEHUSIMH, KOTOPbIMH MbI 00s1-
3aHbl, B uactHoctH, npodeccopy K. JI. 3uremo, Otro Hefire6ayspy u npyrum
CBOUM KOJIJIETaM.

Huio-Hopkekuii yuusepeuter, P. Kypanm
9 mas 1966 r.



[TOCBJAUIAETCH
Apnemy, lepmpyde, Tancy u Jleonope Kypanm



[IpeaucaoBue K NepBOMYy U3J1aHUIO

Ha npotsikeHuu AByX ¢ JIMIIHUM ThiCsiueeTHH 06J/1alaHie HEKOTOPbIMH, He
CJIMIIKOM MOBEPXHOCTHBIMH, 3HAHHSMH B 0OGJIACTH MAaTEMAaTHKH SIBJSJIOCH He-
00XO/IMMOI COCTABHOH UACTbIO HHTEJIEKTYaJbHOrO 0araxka KaxkJaoro o6paso-
BAHHOTO UesioBeKa. B HallW HK yCTaHOBJIEHHOMY TPaJHuLMel BOCTIUTATEIbHOMY
3HaYeHHIO MaTeMaTHKH yrpoKaeT cepbe3dHas omnacHocTb. K coxkasenuio, rnpo-
(heccHOHa/IbHBIE TIPEJICTABUTENN MAaTEMAaTUUECKOH HAYKH B JJAHHOM CJydyae He
cBOGOJIHBI OT 0TBeTcTBeHHOCTH. O6ydyeHne MaTeMaTHKe HepelKo Mpruobperaso
XapakTep CTePEOTHIHbBIX yIpaKHEHHH B pellieHrH 3a1ay 11a6JJ0HHOTO CcojiepKa—-
HHUS1, UTO, MOXKET ObITb, U BEJO K Pa3BUTHIO KOe-KaKUX (hOpPMasibHbIX HABLIKOB,
HO He MPHU3bIBaJIO K TyGOKOMY MPOHUKHOBEHHIO B M3ydaeMblll MpPeJMET U He
Cnoco6CTBOBAJIO Pa3BUTHIO MOJJIUHHHOKN cB06ObI Mblcsu. HayuHble ucenenona-
HUs1 06HAPYKHUBAJM TEHAEHLIMIO B CTOPOHY Upe3aMepHOl abCTPaKLMK U Crielra-
Jmzauyu. [IpusokeHusiM 1 B3BAUMOOTHOLIEHHSIM C HHBIMH 06JIACTSIMU He yJIeJisi-
JIOCh JIOCTATOUHO BHUMaHHUs1. M Bce xKe 3T Masno6aronpusiTHble MPeAnoChlIKH
HA B KakoH Mepe He MOTYT TOCJYKHTb OMNpaBAaHHeM JJisi TIOJUTHKH CAauu
no3uuyit. HanpoTus, Te, KTO yMeIOT MOHUMATh 3HAUEHHE YMCTBEHHOH KYJIBTYpHbl,
He MOTYT He BBICTYMHTb — U Y2Ke BbICTYNaloT — Ha ee 3auuTy. [Ipenonasaresy,
yJaiuecst — BCe, X0Ts1 Obl M He CBSI3aHHBIE CO ILIKOJOH, 06pa30BaHHbIE JIIOAH —
TpeOyIOT He WJATH IO JIMHUH HAUMEHbIIEro COTPOTHUBJIEHHs, HE CKJIAJIbIBATh
OpY:KHsl, a TIPUCTYNUTb K KOHCTPYKTHUBHOH pecdopme mnpernonaBanusi. Llesbio
SIBJISIETCS] MOAJIMHHOE MOHMMAHHE CYILeCTBa MaTeMaTHKH Kak OpraHHuecKoro
1eJIOTO U KaK OCHOBBI HAyUHOT'O MBILIJIEHUS] U JIEHCTBOBAHMSI.

Heckosibko GuiecTsiiinx KHUT GHOrpauyeckoro U MCTOPUUECKOTO COJIep-
JKaHUSl U KOoe-KaKue MyOJHIHUCTHUECKHE BBICTYIIEHUS pa3OyIuyiu B LIMPOKHUX
Kpyrax, kazajnoch 6bl, 6€3pa3iMuHbIX K MaTeMaTHKe, Ha CaMOM JleJle HUKOT/Ia He
yracaBluil K Hell uHTepec. Ho 3HaHHe He MOXKeT ObITh JOCTUTHYTO C MTOMOIIBIO
OJIHUX JIMLIb KOCBEHHBIX cpeacTB. [loHMMaHHe MaTeMaTHKH He rpHobperaeTcs
TOJIbKO 6e360JIe3HEHHO pa3BiieKaTesIbHbIMH Croco6aMi — TakK e Kak, Ha-
NpUMep, Bbl HE CMOXKETe MPUOOPECTH MY3bIKAJbHOH KyJIbTYpbl MyTEM UTeHHUs
JKypHaJIbHBIX CTaTel (Kak Obl SIPKO OHW HU ObIJIM HAMKCaHBbI ), €CJIM He HayunTech
CAYWwLame BHUIMATEJLHO U cocpesioToueHHo. Henb3st 060iTHCH 6e3 leficTBeHHO-
r0 COMPUKOCHOBEHUS C CaMUM cOOdepacariiem JKUBOH MaTeMaTHUECKOH HAYKH.
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C 1pyroil cTopoHbl, cJ/efoBano Obl H30eraTb BCEro CJMIIKOM TeXHHUECKOro
WM MCKYCCTBEHHOIO, Jleslasl M3/102KEeHHe MaTeMaTHKM B OJIMHAKOBOH CTelleHH
CBOOOJHBLIM OT JyXa LIKOJLHOH PYTHHbI U OT MEPTBALLEro J0rMaru3ma, oTkKa-
3bIBAIOLLIErOCsl OT MOTHBHPOBOK M YKa3aHHMs1 LieJield, — TOro CaMoro J0rMaTH3Ma,
KOTOPBIH TPEeACTaBAsAeT COOOH CTOJb HENPHUATHOE MPENATCTBHE JJIsT UECTHOIO
ycusus. HeTr HHUero HeBO3MOXKHOrO B TOM, UTOOLI, HAUMHAsi OT [EPBOOCHOB U
cJIeflysl 110 NPSIMOMY I1yTH, 100paThCsl 10 TAKUX BO3BLILLIEHHLIX TOYEK, C KOTO-
PBIX MOXKHO sICHO 0603peTb CaMylO CYLIHOCTb W JBHKYLLHE CHJIbI COBPEMEHHOH
MaTeMaTHKH.

Hacrosiiast kHMra jenaeT Takylo HMeHHO MoONbITKy. [lockosibKy oHa He
npejroJiaraeT MHbIX CBeIEHHH, KpOMe TeX, KOTOpble cOo0LIaloTCs B XOpoLleM
IIKOJIBHOM Kypce, ee MOxKHO Oblio Obl Ha3BaTh mnomyJsipHod. Ho ona — He
YCTYyIIKa ONAcHOH TeHJEHLMH YCTPAHUTb BCSIKOE HAIIPsiZKeHHEe MbIC/IM U yIpaxK-
Henre. OHa npejrnoJiaraeT M3BeCTHbIH YPOBEHb YMCTBEHHOH 3peJIoCTH M 20-
mosgHocmy ycsausamo npedaaeaemoe paccyscoerue. Knura namnucana ans
HAYMHAIOLIMX U U151 HAyYHbIX PaOOTHHUKOB, JUIsl yYalUXCs U 1JIs1 yYuTeses, 1
tu10c0(OB U /IS HHAKEHEPOB; OHA MOXKeT ObITb MCMOJb30BaHA Kak yyeOHOe
nocobue B yueOHbIX 3aBeleHUsIX U B OubsroTekax. MoxeTr OblTb, HaMepeHHe
00paTUTBLCSL K TAKOMY LLIMPOKOMY KPYTy UHTaTellell SIBJISETCSl Uepecuyp CMeJbIM
M CaMOHa/lesiHHbIM. Hy>KHO TpH3HATh, UTO MOJ JaBJEHHEM HHOH paGOoThl Mbl
BbIHY2K/IeHbl OblIM NPH MyOJ/IMKALMK 9TOH KHUIH UCKAaTb KOMIIPOMUCCDL: MOAr0-
TOBKa BeJ/1aCh MHOTHE IoJbl, HO TaK M He Obljla [10-HaCTosLeMy 3aKoHueHa. Mbl
OyaeM paabl KPUTHKE U FOTOBbI BbICJYLIATh [102KeJIaHHUS].

Ecsu 0oTBeTCTBEHHOCTh 3a TJIaH M (PusocohcKoe copaep:KaHne 3TOH My-
OJIMKALMK JIOXKUTCSl HA HU2KETOANUCABLLErocs, TO Bo3lasiHie ee JOCTOUHCTBAM
(ecsiM TakoBble UMeIOTCS) MHe nojobaeT pasaeutbh ¢ lep6eprom Po66uHcoMm.
C camoro MOMeHTa TPHUCOEJUHEHHST K 3alyMaHHOH paboTe OH oTaaJjcs el ¢
yBJleUeHHEM, KaK CBOEH cOOCTBEHHOH, U €ro COTPYHUUECTBO ChIFpaJo peluao-
LLy}0 POJIb B OKOHUATeJIbHOM MPUJIAHHH KHUTE ee HACTOosLIeH (OopMbl.

51 noJzkeH BbIPa3uTb CBOMW IMyOOKY0 6/1aroJapHOCTb 3a IOMOLLb MHOIO-
uluc/IeHHBIM Jpy3bsiM. Becemsl ¢ Humbcom Bopowm, Kyprom ®puapuxcom u
Otro Hefire6ayspom okasaju BJMSIHHE HA MOM MO3ULMH B BOIpocax (H/I0-
cohCKOro U HCTOPUYECKOro xapakrepa. boJiblioe KosuecTBO KOHCTPYKTHBHbIX
KPUTHUECKHX 3aMeuyaHHi ¢ TOUKM 3peHHsl rejarora BeicKasasna JDaHa Kpamep.
Hasuz [wnb6apr sanucast JeKLUHH, 10J10KeHHble 3aTeM B OCHOBY KHHIH. DpHeCT
Kypant, Hopman JleBunc, Yapabs ne Ilpuma, Anbdpen TopH, [ep6ept Munr-
uep, Bosbdranr BazoB u apyrue momorsii B MOUCTHHE OeCKOHEUHOH pabore
M0 nepereyaTke PyKONMUCH M BHECJH B Hee MHOXKECTBO yJiyulleHHid. JloHasun
dyeHaepc BHEC MHONO LEHHBIX NPEIOKEHHH M TILATEJbHO BbIBEPHJ PYKO-
nuch K neuatu. Jxkon Knyncen, Iepra don [ymnen6epr, Mpeuur Putrep u
Otro Heiire6aysp uarotoBu/u ueprexku. JacTb ynpaykHeHHi Jisl MPUJIOKEHUS
B KOHLE KHUTH UCXOAUT oT X. YUTHH. Kypchl JIeKUHH M CTaTbH, MOJIOXKEHHbIe
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B OCHOBY KHHI'H, ObLJIH OCYLLeCTBJEeHbl Osaroaaps weapoh noaiep:xke Otaena
HapoaHoro o6pasoBanusi Pokdesieposckoro donaa. 51 no/mken Takke nodsaa-
rofaputh uznatesbetBo Waverly Press, oco6enHo r-Ha Iposepa K. Opra, 3a
upe3BbIYAlHO KBasUUIMpoBaHHYI0 paboTy u usnarebctBo Oxford University
Press, oco6enHo r-na ®ununa Bojapena u r-na Y. OmaHa, 3a HHULMATHBY H
MOJUIEPAKKY.

Huio-Powens, Hoio-HMopk, P. Kypanm
22 aprycra 1941 r.

[IpeaucinoBue Ko BTOpoOMy, TpeTbeMYy U YeTBEPTOMY U3JAHUAM

B mocsiennuii ros, moj BO3AEHCTBHEM COBEPIIAIONINMXCS COOLITHI, BO3HHK
YCHJIEHHBIH CIIPOC Ha MaTeMaTHUeCKylo HH(MOPMALHMIO U COOTBETCTBYIOLIUI HH-
CTPYKTHBHBIN MaTepuas. Cefluac Gosbliie ueM Korza-/au60 CyllecTByeT ornac-
HOCTb BBIXOJIAIMBAHHS H PAa30UapOBAHHIl, €CJIH TOJILKO yualldecs (M yuuTe/st)
HE CYMEIOT YBHJIETb H CXBATHTb TO, UTO JIEKHT 3a (OpPMyJIaMH U Tpeobpa3oBa-
HUSIMM, — HCTHHHOE CYLLIECTBO H COJepr:KaHHe MaTeMaTuku. MIMeHHO 1/isl Tex,
KTO BHJUT I1yGxKe, OblJa HarmucaHa 3Ta KHHMra, H OTKJIHKH Ha TepBOe H3laHHe
TOJIEP?KUBAIOT B aBTOPAX HaJIeXkKLy, UTO OHA TPUHECET T0JIb3Y.

Bnaropapum untatesel, UubM KpUTHUECKHE 3aMeUaHUs O3BOJIUIHN BHECTH B
HOBBIE M3JaHHS MHOTOYMCJ/IEHHbIE MOMPABKH M YJyullleHusl. 3a OGOJBbIIyI0 MO-
MOILb B TIOATOTOBKE YETBEPTOro M3/1aHHs cepieuHo GJsarogapum r-xy Hararry
Aptun.

Huio-Pomwens, Hoio-HMopk, P. Kypanm
18 mapra 1943 1.

10 okrs6ps 1945 .

28 okrsi6ps 1947 1.



Kak noab3oBaTbCs KHUTOH

[TopsioK M3/10KeHHST B KHUI'€ — CHCTEMAaTHUECKHiH, HO 3TO He 3HAYHUT HH-
KOUM 00pa3oM, UTo uuTaTtesb 00513aH YNTaTh ee MOAPSA — CTpPaHHIly 3a CcTpa-
HHULIEH, IV1aBy 3a IVIaBOH. [J1aBbl B 3HAUHTEJIbHOH CTEMEeHH He3aBUCHMbI OfiHA OT
npyroi. HacTto HauaJs10 pasjesia MoKaxKeTcs JIErkKoA0CTYMHbIM, HO TOTOM J0pora
MOCTENEeHHO MONUAET BBEPX, CTAHOBSICh KPyue B KOHIIE TJ1aBbl U B JOTOJHEHHUSIX
K Hel. [TosTOMy unTaTe/b, HyKAAIOLIMICS cKopee B 00llel WHpOpPMAaLIUY, YeM
B TPUOOPETEHHH CleLMa/bHbIX 3HAHHMH, MOCTYMHUT MPaBUJIbLHO, €CJH yIOBJE-
TBOPUTCSl TAKUM OTOOPOM MaTtepuaJa, KOTOPbId MOKeT ObiThb OCYIIECTBJIEH 110
NpUHLMITY U30eranus GoJiee eTaJn3UPOBAHHBIX PACCMOTPEHHUH.

Yualuiicst ¢ orpaHHueHHON MaTeMaTHueCKOol MOArOTOBKOM MyCTh BbIOHPAET
MO0 CBOEMY BKYCY. 3BE3/I0UKAMU U MEJIKHM ILIPU(PTOM OTMEUEHO TO, UTO MOXKET
ObITb OMYyLLEHO MPHU MEPBOM UTeHHH 6e3 cepbesHoro yuiepba s NMOHUMaHHs
nocJseaytoulero. boJbuie Toro, 6esbl He OYIET, €CJIH P H3YUEHHH KHUTH UuTa-
TeJIb OTPAHUUMTCS TEMU pasjesiaMy MJH IJ1aBaMH, KOTOpble MPEeACTaBJSIOT 1151
Hero HauGoJIbIUMI UHTEpec. BoJbIIMHCTBO yripasKHEHUH He HOCHT YHCTO (hop-
MaJIbHOTO Xapakrepa; 6oJiee TpyIHble OTMeueHbl 3Be3/10uKoi. He Hano ciunikom
OropuaThCsl, €CJU Bbl HE CyMeeTe BbIMOJHHTh HEKOTOPbIE M3 HHX.

[IpenonaBatenu 1IKOJ HAWAYT B I/1aBax, MOCBSILIEHHBIX [EOMETPHUECKHM
MOCTPOEHHUSM M MakKCMMymMaM M MUHMMyMaMm, MaTepuasl, MOAXOMSALMH s
KPY’KKOBBIX 3aHSTHH WJM JUIs OTAEJbHBIX TPYII yUalluXcs.

Mb1 HaeeMcs1, UTO KHUTA CMOZKET MOCJYKHTh 1 yUallMMCsl Pa3HbIX KJ1acCcoB
KOJUIE/LKEH W JIMLAM TeX WJIM MHbIX npodeccuil, AeHCTBUTENbHO HHTEpeCylo-
MMcsl npo6seMaMi TOUHOTO 3HaHus. OHa MOXeT ObITh MOJI0XKEHa B OCHOBY
«CBOOOJHBIX» KYPCOB B KOJIJI€?KaX 10 OCHOBHBIM MOHSATHSIM MaTeMaTHKH. [na-
Bol I, [V u V noaxonar misi kypca reomerpun, torna Kak riasbl VI n VIII,
BMeCTe B3siTble, 00pasyloT 3aKOHUCHHOE H3JI02KEHHe OCHOB aHaslu3a C OINOpoH
CKOpee Ha MOHUMaHKe, UeM Ha JIOCTH2KEHHE TeXHUUECKOTro coBeplieHcTBa. OHU
MOTYT ObITb HCII0JIb30BAaHbl B KaueCTBe BBOAHOIO TEKCTa MperojaBaresieM, Ko-
TOPbIH T0KeJ1a Obl JOMOJHUTL yueOHBI Kypc B COOTBETCTBHHM C TEMH WJIM
MHBIMH CIELU(PUUECKUMU TOTPEGHOCTAMH, U B 0COOEHHOCTH — 0OOTaTHTb €ro
6osiee pasHOOOpa3HbIMU MPUMepaMu. MHoroumucJ/ieHHble yrpaxKHeH!s1 pa3épo-
caHbl 110 BCeH KHMIE; JOMOJMHUTENbHOE COOpaHHe yrpaXKHEHHH B KOHLE MOIJIO
Obl, KaK Mbl MoJjiaraemM, oO0JIeErYMTh €€ UCI0Jb30BaHUE B LIKOJIbHOH 0OCTaHOBKE.

Mbl Hajeemest, UTO U CrieLHaIUCT OOHAPYKUT KOe-UTO HHTepecHoe B AeTa-
JISIX ¥ B UHBIX 3J1EMEHTapHbIX PacCyKIeHHUsIX, cojepxKallux B cebe 3epHo Godiee
LIMPOKHX HIEH.
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Maremaruka conepKUT B cebe uepThbl BOJEBOH 1eATe/IbHOCTH, YMO3PUTE/b-
HOTO pPacCyKIEHHS U CTPEMJICHHUS K 5CTETUUECKOMY COBepLIeHCTBY. Ee ocHOB-
Hble U B3aUMHO MPOTHBOTMOJIOXKHBIE 3JIEMEHTbl — JIOTHKA ¥ HHTYMLHS, aHaJIu3 U
KOHCTPYKLHSI, OOLIHOCTD W KOHKPETHOCTb. Kak Obl HM ObLIH pas3/MUHbl TOUKH
3pEHUsl, THTaeMble TeMH WJIH HHBIMH TPAAHLIUSMH, TOJBKO COBMECTHOE JACHCTBHE
9THUX NOJISIPHBIX HauaJ M GopbOa 3a MX CHHTE3 00eCreuMBalOT KH3HEHHOCTD,
[10J1€3HOCTb U BbICOKYIO LIEHHOCTb MaTeMaTHUECKOU HayKH.

Bes comHeHus1, 1BHKEHHE BIiepe]l B 00/1aCTH MaTeMaTHKU 00YCJI0BJIEHO BO3-
HUKHOBEHHEM MOTpebHOCTeN, B 60JbLLIECH UM MEHbLLIEH Mepe HOCSIIMX MPaKTH-
yecku# xapakrep. Ho pa3 BosHuklIee, oHO HeH36€KHO NPHOOpPETaeT BHYTPEH-
HUH pa3Max ¥ BbIXOAMT 3a IPaHULbl HEMOCPeACTBEHHOH noJiesHocTH. CoBeplua-
folleecsl TakuM o0pa3oM MpeBpalleHde MPUKIAJHOH HayKH B TEOPETHUECKYIO
Ha0JI0laeTCsl B UCTOPUM JPEBHOCTH, HO HE B MEHbLIEH CTENEHU TaKxKe W B
HallK JHH: 0CTaTOUHO NMPHUHATH BO BHUMaHHWE TOT BKJAJ, KOTOPBIH ClesaH B
COBPEMEHHYIO MaTeMaTHKy MHXKeHepaMu M (pU3HKaMH.

Camble paHHHe W3 JIOLIEUINX 0 HAc 00PA3LOB MaTeMaTHUECKOH MbICJH
NosIBUJUCL HAa BocToke: 0K0JIO ABYX ThiCsue/IeTHH 10 Hallell 3pbl BaBUJIOHSIHE
cobpasii OOLIMPHBIA MaTepuaJs, KOTOPbIA Mbl CKJIOHHbI OblIM Obl B HAaCTOSI-
liee BpeMsi OTHECTH K 3J1eMeHTapHol ajre6pe. Ho kak Hayka B COBpeMEHHOM
CMbICJIe CJ10Ba MaTeMaTHKa BO3HUKAET [03/lHee Ha FPeUecKo 110uBe, B [STOM U
UETBEPTOM CTOJIETHSIX [0 Hallell spbl. Bee ycusnBarolieecsi COnpuKoCHOBEHHE
mexy Boctokom u Ipeuneil, Hauasiieecst Bo BpeMeHa [lepcuackoil umnepuu u
JIOCTHrLIee anoresi B epUOJl, HEMOCPEICTBEHHO CJEAYIONH 3a SKCIeAULHAMU
Aunekcanngpa MakeIoHCKOTO, 06€CTIeUnIo TpeKaM BO3MOMKHOCTD TepeHsITh J10-
CTH2KEHHS1 BaBMJIOHSIH B 00J1aCTH MaTeMaTHKM M acTpoHoMuH. MaTemartuka He
3aMeJIMIa CTaTh 00BEKTOM (DUJIOCOPCKUX AUCKYCCHH, OOBIUHBIX B FPEYecKHX
ropojax-rocyjaapctpax. Takum o6pasoM, rpedeckue MbICJUTENH OCO3HAJN 3HA-
UUTEJIbHbIE TPYIAHOCTH, CBSI3aHHblE C OCHOBHBIMM MaTeMaTHUECKHMH KOHLEI-
LUMSIMH — HEIPepbIBHOCTbIO, ABHXKEHHEM, OECKOHEUHOCTbIO — U ¢ NpobJseMoit
M3MEPEHHUS POU3BOJIbHBIX BEJMUMH JaHHbIMU 3apaHee eauHuuamu. Ho oGHa-
pyKuJach ¥ pelIMMOCTb MPEOA0JETh MPENATCTBUS: BO3HUKILIASL B pe3yJbTare
BEJIMKOJICTIHOTO YCUJIMSL MBICJIM €BJIOKCOBA TEOPHSI TeOMETPHUECKOr0 KOHTUHYY -
Ma NpeacTaBJsieT co00i TaKoe JOCTHKEHHE, KOTOPOE MOXKHO MOCTABUThb B OJIMH
PSIL TOJIBKO C COBPEMEHHOH Teopuel HppalKoHaJbHbIX ukces. OT EBrokca uuetr
aKCUOMaTHKO-I¢lyKTHBHOE HallpBJIeHUEe B MaTeMaTHKe, I1POsIBUBLIEECs BIOJIHE
otyetynBo B «Hauanax» EBkaupa.

XoTsl TEOPETUKO-TTOCTyNaTHBHAS! TEHICHUUS HE3bI0JEMO OCTAETCSsl OJIHON U3
caMblX SIPKMX 0COOEHHOCTE IpeuecKoll MaTeMaTHKH H, KaK TakoBasl, OKasaJa
6ecnipuMepHoOe BJMSIHME HA JaJibHelillee pa3BUTHE HAYKH, TEM He MeHee HeoO-
XOJIMMO CO BCEH SHEpruel yKasarb, UTO MpaKTHUeCKHe NMOTPeOHOCTH M CBfI3b
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¢ (u3HUeCcKOl peasibHOCTbIO yu4acTBOBAJM HMKAaK He B MEHbLIEH Mepe B CO-
3/IAaHUK AHTHYHOH MaTeMAaTHKHU U UTO H3JIOXKEHHIO, CBOOOTHOMY OT €BKJHIOBON
CTPOTOCTH, OUEHb YACTO OTJABAJOCh MPEANOUTEHHE.

He uckntoueHo, 4To UMEHHO CJIMIUKOM paHHee OTKPbITHE TPYAHOCTEM, CBSI-
3aHHBIX C «HECOU3MEPHMbIMHU» BEJMUMHAMH, TOMELIAN0 TPeKaM pas3BUTb HC-
KYCCTBO UHCJIEHHBIX OMepaluil, ciesaBliee B MPelIeCTBOBABIIME STOXH 3HA-
uuTesbHbIE yerexu Ha BocToke. BMecTo 3T0Or0 oHM cTanu uckath MyTH B 1e6psix
YMCTOH aKcMOMaTHYeCKOH reomeTpuu. Tak Hauasoch OHO U3 CTPAHHBIX OJ1yK-
JIAHWH B UCTOPHH HAYKH, H, MOXKET ObITh, ObIIM MPH 3TOM YIyILEHbl GJiecTsIIIe
BO3MOXKHOCTH. [10UTH Ha 1Ba ThICsYeIeTHSI aBTOPUTET IPeuecKoll reomMeTpHue-
CKOH TPaJMLMH 3ajep:Kajl HeH30eKHYIO0 IBOJIIOLMIO UJEH YHCsa U OYKBEHHOTO
MCUUCJICHUS], TTOJIOXKEHHBIX BIIOCJEICTHH B OCHOBY TOUHBIX HayK.

[Tocsie neprosa MeIEHHOTO HAKOMJIEHHST CHJl — € BO3HUKHOBeHHEM B X VII
CTOJIETUH aHAJUTHUECKON reOMeTpUH U T depeHLHaNbHOr0 U HHTErpaibHOro
MCUUC/IEHUH — OTKpbllach OypHasi peBOJIIOLUMOHHAsA (ha3a B Pa3BUTHM MaTe-
matuku U ¢usnku. B XVII u XVIII BB. rpeveckuil uaean akcuomaTHuecKou
KPUCTAJIM3ALMK U CHCTEMATHUECKOH JeyKLMH MOTYCKHEN U YTepsil CBOE BJIU-
siHHe, XOTsl aHTHUHAs eOMETPHUs MPOJIOJIXKAla BbICOKO paclieHuBaThes. Jlorn-
yecku 6e3yrnpeuHoe MbllIJIeHHE, OTIPABJSIOIEECS OT OTUETIUBbIX OMpPeleeHUI
M OUEBHJHBIX», B3aUMHO He MPOTHBOPEUALLMX AKCHOM, MepecTao HMIOHH-
poBaTh HOBBIM MHOHEPAM MaTeMaTHuecKoro 3HaHus. [IpenaBlinCh MOITHUHHOMN
Opru¥ HHTYUTHBHbIX JIOTAJIOK, MepeMellIMBast HEOCTIOPUMbIE 3aKJ/oueHus ¢ Gec-
CMBICJIEHHBIMH TTOJYMUCTHUECKUMH YTBEPXKICHUSIMH, CJIENO JOBEPSsCh CBEpX-
ueJI0BeUECKOl cuse popMasibHbIX MPOLELYp, OHU OTKPBIJIH HOBBIH MaTeMaTHue-
CKHMH MUp, MOJIHBII HecMeTHbIX 6oraTcTs. Ho Masio-nomally skctaTHueckoe co-
CTOSIHUE MbICJIH, YIIOCHHOH Ir0JIOBOKPYKHTEJLHBIMU YCIIeXaMH, YCTYIHIIO MECTO
JyXy ciep:kaHHocTH W Kputhuuama. B XIX crosetnn ocosnanne Heo6XoauMo-
CTH KOHCOJIUIMPOBATH HAyKy, OCOOEHHO B CBSI3M C HYXKJAMH BbICILIETO 06pa3o-
BaHusl, nocje PpaHiy3CKol peBOJIOLMH MOJYUHBLLETO LMPOKOE pacrnpocTpa-
HeHHe, MOBeJIO K PEBM3MM OCHOB HOBOH MaTeMaTHKM; B YaCTHOCTH, BHUMaHHE
OblJIO HAMpPaBJEHO K AU(QepeHIIHaibLHOMY U HHTErPAJbHOMY HCUHUCJIEHHSIM U K
YSCHEHHUIO 10Jpa3yMeBaeMoOro aHa/Ju30M MOHATHS npenesa. Takum o6pas3o,
XIX Bek He TOJBKO CTaJsl 3MOXOH HOBBIX yCIEXOB, HO W Obll O3HAMEHOBaH
MJIOZIOTBOPHBIM BO3BPAaTOM K KJIACCHUECKOMY HJleasy TOUHOCTH H CTPOTOCTH
J10Ka3aTesabCeTB. B 5TOM oTHOLIEeHHH rpeuecKuil o6pasell Obli 1axKe MPeB30HIEH.
Eute onMH pa3 MasTHUK KauHyJ/1Csl B CTOPOHY JIOTHUECKOH 6e3yNpeyHOCTH U OT-
BJIEUEHHOCTH. B HacTosilliee BpeMsi Mbl elile, MO-BUIMMOMY, He BbIILIH U3 ITOTO
MepUoa, XOTs MO3BOJUTENbHO HAEATLCS, UTO YCTAHOBUBLUMICS PUCKOPOHBIN
pas3pbiB MEK/y YHCTOH MAaTEeMaTHUKOH M €€ »KU3HEHHBbIMH MPUJIOKEHUSIMH, He-
1306€KHbBII, [10-BUAUMOMY, BO BpeMeHa KPUTHUECKUX PEBHU3HH, CMEHUTCS 3POH
6oJsiee TecHOro eMHeHusl. [IpHoOpeTeHHbI 3anac BHYTPEHHUX CHJ H, TOMHMO
BCEro Mpoyero, 4ypesBbluailHoe YNpPOLLEHHE, JAOCTHraeMoe Ha OCHOBE SICHOTO
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MOHWMaHHUsI, TI03BOJISIIOT CErojiHs MAHUIYJMPOBATh MaTeMaTHUECKOH TeopHeil
TakuM 006pa3oM, uToObl TPUIIOKEHHST HE YIyCKAIHCh U3 BHJLy. YCTAHOBHUTD ellle
pa3 OpraHHUecKylo CBfI3b MEXKJy UHUCTbIM W MPHUKJAAJHbIM 3HAHHEM, 30POBOE
paBHOBecHe Mexy abCTPakTHOH OOGIIHOCTbIO M MOJHOKPOBHOH KOHKPETHO-
CTbIO — BOT KaK HaM MPEJICTABJSETCS 3ajlaua MATEMATHKH B HEMOCPENCTBEHHO
0603pUMOM GyIyLLEM.

3/1ech He MECTO BXOJIUTh B MOAPOGHBIN (PUI0COMCKUI MITH TICHXOJIOTHUECKHI
aHaJiM3 MaTeMaTHKH. XoueTcsi OTMETUTb BCEe JKe HEKOTOpble MOMeHThl. Upe3s-
MepHOe MOJUePKHUBAHHE aKCHOMATHKO-JIEIyKTHBHOTO XapakTepa MaTeMaTHKH
MpeJICTaB/ISIETCST MHE BecbMa OMacHbIM. KoHeuHo, Hauyaso KOHCTPYKTHBHOIO
TBOpPUECTBA, MHTYUTHBHOE HAUaJo, SIBJSIONIEECS UCTOUHHKOM HAIMX HAeH U
JIOBOJIOB B HX T0JIb3Y, C TPYAOM YKJIabIBAIOTCS B MTPOCThIe (unocodckue pop-
MYJIMPOBKH; U TeM He MeHee HMEHHO 3TO HayaJso ecThb MOJJIHHHAS CYTh JIIO6G0T0
MaTeMaTHYeCKOro OTKPBITHS, IaXKe eCJi OHO OTHOCHUTCSI K CaMbIM abCTPaKTHBIM
obnactaM. Ecyii uesbio U siBseTcs ueTKasi IelyKTUBHAs (hopMa, TO IBHXKyIIast
CHJIa MaTeMaTHKH — 3TO UHTYHULMS U KOHCTPYKUMH. B jomnyliieHuu, uto mMate-
MaTHKa eCcTh He GoJjiee UeM CHCTeMa CJIeJICTBHH, U3BJeKaeMbIX U3 OMpejie/ieHui
¥ MOCTYJATOB, KOTOPbIE JOMXKHBI ObITh TOJILKO COBMECTHMbI MEXKIY COOOH, a B
OCTa/IbHOM $IBJISIIOTCS TPOAYKTOM CBOOOJAHOH (haHTA3WM MAaTEeMATHKOB, TAUTCS
cepbe3Hasi yrpos3a Jijisi CaMoro CyILIeCTBOBaHUSI HayKdH. Eciu 6bl 3TO ObLIO
JIEHCTBUTENILHO TaK, MaTeMaTHKa Oblia Obl 3aHSTHEM, HEJIOCTOHHLIM MbICJISI-
1iero yejoBeka. OHa Oblia Gbl TPOCTO UTPOH ¢ OMpeNleIeHUSIMH, TPABUJIaMH H
CHJIJIOTM3MaMH, He UMeIOlled HU MPUUHHBL, HU 1esd. [IpeicraBsienue, coryacHo
KOTOPOMY U€JIOBEUECKHH HHTEJJIEKT MOXKET TBOPHUTb JIMILIEHHbIE KAKOTO Obl TO
HH ObLJIO CMbICJIA CUCTEMBI TIOCTYJIATOB, €CTh 0OMaH, TOUHee, MoJIyrpaB/a.

[TonyuaTh pesy/ibTaThi, UMeEIOIME HAYUHYIO 1IEHHOCTb, CBOGOJHBIN pasym
MOZKET, TOJIbKO MOJUHHSASCH CYPOBOI OTBETCTBEHHOCTH Mepe TPUPOJIOH, TOJb-
KO CJIe[lys] HEKOell BHYTPEHHEH HeOOXOIMMOCTH.

XoTs cosepliatesibHOe HaMpaBJeHHe JIOTHUECKOTO aHaJIM3a U He NpejiCcTaB-
JISIeT BCell MaTeMaTHKH, OHO Croco6CcTBOBasio GoJiee TyGOKOMY MOHUMAHHIO
MaTeMaTHUeCKUX (DAKTOB M X B3aHMO3aBUCHUMOCTH U GoJiee ICHOMY OBJIAJICHHIO
CYIIECTBOM MaTeMaTHUeCKUX MOHATHH. FIMeHHO U3 3TOro HarpaBJjieHHst BbIPOC-
Jla COBpeMeHHasl TOUKa 3peHHsi Ha MaTeMaTHKy Kak Ha o6pasell yHUBepPCaJIbHO
MPUI0KUMOTO HAYUHOTO METOJIA.

Kakux 6bl husococknx Mo3ulMi Mbl HU TPUJEP’KUBAJINCH, BCe 3a/auu
Hay4YHOTO HCCJIeJI0BAHUS CBOJSTCS K HallleMy OTHOIIEHHIO K BOCTIPUHUMAEMbIM
00bEKTaM U HHCTPYMeHTaM HccsenoBanusi. KoneuHo, Bocnpusitie camo o cebe
ellle He eCTb HM 3HAHWe, HU MOHHWMAaHHUe; HYXKHO ellle CONIacoBaTh UX MEXJy
co00# M HCTOJIKOBATb B TEPMHHAX HEKOTOPBIX JIEXKAIMX 32 HUMH CYIIHOCTEH,
«Bellel B ceOe», He SBJSAIOUIMXCS MTPeJAMETaMU HEMOCPENCTBEHHO (DU3HUECKOTO
M3yueHHusi, a NpUHAJIEKAIMME K MeTaduauueckoil cdepe. Ho nys HayuyHoro
MeTO/la CYIIECTBEHHBIM SIBJSIETCS] OTKa3 OT MeTaU3WUeCKHX YMO3pDEHHH U, B
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KOHEUHOM cueTe, MpejAcTaB/eHHe BceX HabJjojaeMblx (akToB B dopme Mo-
HATHH U KOHCTPYKUMi. OTKa3 OT MpeTeH3UH TOHMMAHHUSI MPUPOJbl «Bellel B
cebe», OT IOCTHXKEHHSI €OKOHUATEeJbHOH MCTHHBLI», OT pas3rajkd BHyTpEHHeH
CYLLHOCTH MHpa, ObITb MOXKeT, OyleT [ICUXOJOTHYeCKH TSrOCTeH JJ/1s1 HAaUBHbIX
SHTY3HACTOB, HO Ha CaMOM-TO JeJIe 3TOT OTKA3 OKa3aJsCs B BbICLIEH CTENeHH
UIOAOTBOPHLIM [/l PA3BUTHSI COBPEMEHHOH HAYUHOH MbICJIH.

HexoTopbIM n3 BestuaiilMX OTKPBITHI (PU3UKH Mbl 00513aHbl CMEJIOMY CJle-
JIOBAaHUIO MPHHUMIY ycTpaHeHHst Meradusuku. Korjna DfiHITelH nombitancs
CBECTH [OHATHE €OJHOBPEMEHHbIX COOLITUH, MPOUCXOASLLUX B PA3HbIX MecTax»
K HaOJIIOJaeMbIM SIBJIEHHMSIM, KOLJA OH IIOHSJI, YTO Bepa B TO, YTO 3TO I10-
HATHE CaMo 110 ce0Oe HelpeMeHHO J0JKHO HMeTb KaKOH-TO TOUHBIA CMbICII,
€cTb MOMNPOCTy MeTapU3NUeCKHH MpeapacCyioK, B 3TOM OTKPHITHH Y:Ke Obl-
JIO 3aKJIIOUEHO JpO €ro Teopuu oTHocuTesbHocTH. Korna Husbe Bop u ero
YUEHHKH BIyMaJUCb B TOT (DAKT, uTo Jo60e puanueckoe HabJI0IcHHE CBsi3a-
HO C B3aUMOJCHCTBUEM MKy IPUOOPOM U HabJodaeMbiM 0OBEKTOM, TO UM
CTaJIo SICHO, YTO TOYHOE OJHOBPEMEHHOe OIlpele/IeHHe 0J0KEHUsT U CKOPOCTH
yacTHUbl B TOM CMbICJIe, B KAKOM 3TO [OHMMaeTcsl B (PU3UKE, HEBO3MOKHO.
Jlajieko uaylime CJeACTBHSI 3TOTO OTKPbLITHs, COCTaBUBLIHE COBPEMEHHYIO CH-
CTeMy KBaHTOBOH MeXaHHKH, XOPOILIO U3BECTHbI HbIHE KaxKaoMy (usuky. B XIX
CTOJIETHH TOCIOACTBOBAJA HJles], COIJIACHO KOTOPOH MeXaHHUeCKHe CHJIbL H Ie-
pEIBHKEHHSI YACTHLL B MPOCTPAHCTBE CYTb BEUIM B cebe, a 3JIEKTPUUECTBO,
CBET M MarHETU3M MOXKHO CBECTH K MEeXaHUUYECKUM siBJIeHUAM (MM «oObsc-
HUTb» B MeXaHHUeCKHX TepMHHAX), MOJOOHO TOMY KakK 3TO OblLIO CHENAHO C
Teopuel TeMIoTbl. bbla BbIABHHYTA KOHLIEMLMS TMIIOTETHUECKOH cpejibl — TaK
Ha3bIBAEMOro «3(Hpa»,— CHMOCOGHOH K He BIOJHE TMOHSITHBIM MEXaHHUECKHM
nepeIBHKEHUSIM, IPeJICTAB/IAIOLIMMCS HaM B KauecTBe CBeTa MJIM 3JeKTpHue-
ctBa. [TocTeneHHO BBISICHUIOCK, YTO STOT 3(DUP MPHHLHUITHAJIBHO HEHAOMIOAAEM,
T. €. 4TO 3TO MOHSITHE NPUHANIEKUT CKOpee MeTau3KKe, Hexen (husnke. Bua-
yaJjie ¢ coxkajleHHeM, a 3aTeM ¢ oOJIeryeHUueM uiest MeXaHu4eCKoro oO'bsiCHEeHUs
CBETOBbIX W 3JIEKTPHUYECKHMX fIBJICHUH — a BMeCTe C Hell M MOHsATHe 3¢dupa —
OblJ1a OKOHYATEJLHO OTOPOLLIECHA.

[Topo6Has ke cuTyauus, U gaxe eule 6oJee oTUeTIHBAsA, CO31aldach U B
MaTeMaTHKe. B TeueHue cToJleTHH MaTeMaTHKH paccMaTpHBaJ/Iid HHTepecylolle
1X 00bEKTbl — uucJla, NpsiMble U T. I. — KaK Hekue cyOCTaHLMH, Belld B ce-
6e. ITockosbKy, OJIHAKO, 3TH «CYLIHOCTH» YIIOPHO He MOJJIaBaJIuCh MOIbITKAM
TOUHOrO OINMCAHMSI MX MPUPOJbI, MaTeMaTHKH AeBATHAALATOIO CTOJIeTHSl CTa-
JI1 MIOHEMHOTY YKPEIUIATbCS B MbICJ/IM, UTO BOINPOC O 3HAUEHMM 3THX [OHATHH
KaK CcyOCTaHLMaJbHbIX 06bEKTOB B PAMKax MaTeMaTHKM (fa W rae Obl TO HHU
6bl10) MPOCTO HE MMeeT cMbicsa. MaTtemaTHueckue yTBep:K/IEHHs, B KOTOpbIe
BXOJSIT 3TH TEPMHHBI, OTHOCSITCSI BOBCE He K (DM3HUECKOH peasbHOCTH; OHH
JIMLIb YCTaHABJIMBAIOT B3aUMOCBA3H MeXK]y MaTeMaTHUeCKH «HeolpeleJMMbIMH
006'beKTaMK» U NPaBUJIa ONePUPOBaHHs ¢ HUMU. Borpoc o ToM, ueM «Ha caMoM
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JeJ1e» A8AA0MCS. TOUKH, NPSIMble M UMCJ/1a, He MOXKeT M He JI0JKHA 00CyKAaTb
MaTteMaThuecKasi Hayka. ﬂeﬁCTBHTeﬂbHO CYUIECTBECHHBIMH W UMEIOLIUMH HETo-
CPEJICTBEHHOE KaCaTeJbCTBO K «IIPOBEPsIEMBIM» (DAKTaM SIBJSIIOTCS CTPYKTypa
1 B3aUMOCBSI3H MeXKJly 3TUMH OO'beKTaMH: UTO JBE TOUKH ONpee/sioT NpsMylo,
UTO M3 YUCEJ MO ONpeAe/ICHHbIM MpaBuJ/aM MOoJydaloTCst Apyrue yucJgaa, u T. II.
SlcHoe ocosHaHue HeoOXOAMMOCTH OTKasa OT MpeACTaBJieHHss 00 OCHOBHbIX
MaTeMaTHUECKHX MOHATUSX KaK O peaslbHO CYLIeCTBYIOLIMX NpejaMeTax siBU-
JIOCb OJIHUM H3 CaMbIX Ba)KHbIX M IJI0JIOTBOPHbLIX 3aBOEBAHMII COBPEMEHHOro
AKCHUOMATUYECKOI'0 Pa3BUTHUs1 MAaTEMATHUKH.

K cuacTblo, TBOpUecKast MblCJIb 3a0bIBACT O JOrMaTHUCCKHX (PUIOCODCKHX
BEpPOBaHMUsIX, KaK TOJIbKO [IPUBSI3AHHOCTb K HUM CTAHOBUTCS HA ITyTH KOHCTPYK-
TUBHBIX OTKPBITHH. W /15 crieuuanucToB, U /s JioOuTe el He duaocodus, a
MMEHHO aKTHBHbIE 3aHATHSI CaMOH MaTeMaTHKOH CMOIYT J1aTh OTBET Ha BOMPOC:
Uro Takoe mMaTemaTuka?



TJIABA 1
HartypaabHble uucaa

BBenenue

Yucsi0 — 3T0 OCHOBHOE TIOHSITHE COBPEMEHHON MateMaTuku. Ho uto takoe
uncyio? Ecii Mbl TOBOPUM, UTO % + % =1, % . % = % i uto (—1)-(—1)=
=1, To KaKo# CMbICJI BKJIAIbIBACTCS B 3TH yTBep:KIAeHUs? B 1ikosie Mbl U3y-
yaeM TeXHHUKY JIEHCTBUH ¢ APOOSIMH M C OTPULATENLHBIMH UHCJIAMH, HO, UTO-
6bl MpUOOpeCTH MOJJIMHHOE MOHUMAHHE TOro, Kak YCTpoeHa CHCTeMa 4Hced,
HEJO0CTAaTOYHO OTPAHHUMBATHCS 3JIEMEHTAPHBIMH CBEICHUSIMU M HYAKHO TOHTH
HECKOJIbKO JaJibliie. [peku B IpeBHee BpeMs B OCHOBY CO3JaHHOH MMM Mare-
MAaTHKH MOJIOXKUJIH TeOMeTPUUECKHE KOHLIETIMH TOUKH M NPSMOH; PyKOBOJS-
LLIMM TIPUHLIMIIOM COBPEMEHHOH MaTeMaTHKH CTaJslo CBEAEHHE B KOHEUHOM cyeTe
BCEX YTBEPKIEHUH K YTBEPXKICHUSM, KACAIOLIUMCS HamypaivHolx wucea 1, 2,
3, ... «bor cospan HatypasbHBEIE UHCJIA, BCe Tpouee — A0 PYK UesJOBeKa».
Arumu caosamu Jleonosbn Kpounekep (1823—1891) onpenenun Tot npou-
HbIIl (DyHJaMEHT, Ha KOTOPOM MOXKET ObIThb TIOCTPOEHO 3/laHHE MaTEMATHKH.

Uucna, co3faHHble YeJIOBEUECKUM Pa3dyMOM JIjIsl TOTO, YTOObI CUHTATh 00b-
eKTbl, BXOJASLUME B COCTAB TeX WJH HHbIX OObEIMHEHUH WJM coOpaHui, pe-
IIUTEJILHO HUKAK HE CBSI3aHbl C MHIMBH/YaJbHON XapaKTEPUCTUKON CUNTAEMbIX
00beKTOB. Tak, UMCJIO «IIeCTh» eCTh pe3y/bTaT abCTparupoBaHus, MPOU3BOIU-
MOTO [PH PACCMOTPEHHH BCEBO3MOXKHBIX COBOKYITHOCTEH, COCTOSILLUMX U3 LIECTH
MPEAMETOB: OHO HUCKOJIbKO HE 3aBMCHT HM OT CIELM(PUUECKHX CBOHCTB 3THX
00'bEKTOB, HU OT ynoTpebJisieMblX CHMBOJIOB (0603HaueHuit). Ho abeTpakTHbIH
XapakTep MJeH YHCJ/a CTAHOBUTCS SICHBIM TOJIbKO HAa OUEHb BBICOKOH CTyMEHH
MHTEJJIEKTYallbHOTO Pa3BUTHS. B riiasax geTeil udcsia Bcerga ocTaioTcs co-
e/IMHEHHbIMH C CAMHMH 0CSI3a€MbIMH 00bEKTaMH — JIOMYCTHM, MajibLaMH HJIH
KaMeLIKaMH; B HEKOTOPbIX $I3bIKaX UMCJA TaKxkKe TPAKTYIOTCS KOHKPETHO: /sl
0603HaueHHsl MPEAMETOB PA3JIMUHBIX THIOB YMOTPEOJISIOTCS pas3jiMuHble coue-
TaHUS UUCJUTENbHBIX.

Mbl BocnoJib3yeMcsl TeM, UTO MaTeMaTHK (KakK TakoBoOi) He 00si3aH 3aHM-
Matbest (puIocoCKoil MpoOJaeMOol Mepexoaa OT COBOKYMHOCTEH KOHKPETHbIX
NPEeIMETOB K aOCTPAKTHOMY MOHATHIO UKcJia. Mbl NPpUMEM MOSTOMY HaTypaJsib-
Hble UMCJIa KaK JlaHHble BMECTE C JByMSl OCHOBHBIMM OMepaLMsMH, HaJl HUMH
COBEPUIAEMbIMHU: CJI0XKEHHEM H YMHOXKEHHEM.
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§ 1. Onepauuu Haja LEJbIMU YUCTAAMMU

1. 3akoHbl apudmeTuku. MaTeMaTHUECKYIO TEOPHIO HAMYPAALHOLX
(MHaue, yeablx NOAOMUMENbHbIX) Yuces Ha3bIBAOT apudmemuxor. Ira
TEOPHsi OCHOBaHA Ha TOM (haKTe, UTO CJIOXKEHHE W YMHOXKEHHE LIEJIbIX UHCes
MOJIUMHEHbI HEKOTOPbIM 3akoHaM. UToObl ChOpMyJHpPOBATH 3TH 3aKOHbI BO
BCell WX OOIIHOCTH, HeJb3si BOCMOJb30BaTbCs CHUMBOJaMHM Bpoae 1, 2, 3,
OTHOCSILIIUMHUCST K OTIpeJieJIeHHbIM, KOHKPETHBIM YHCJ/IaM. YTBepKieHHe

1+2=2+1

€CTb TOJILKO YaCTHbIH cJiydail oOLLero 3aKkoHa, cojepxkaHie KOToporo 3akjatoda-
eTCs B TOM, UTO CyMMa JIByX UMCEJl HE 3aBHCHUT OT MOPSJKA, B KOTOPOM Mbl
paccMaTpuBaeM 3TH uucsa. Ecjiu Mbl XOTHM BBIPA3UTb TY MbIC/b, UTO HEKO-
TOpPOE COOTHOLIEHHE MEXK/Y LIeJbIMU YHCJIAMH UMEeT MeCTO (OrpaBibiBaeTCs,
OCYLLECTBJISIETCS ), KAKOBbl Obl HM ObIM paccMaTpUBaeMble udcsa, To Oylem
00603HauaThb X CUMBOJIMUECKH, T. €. YCJIOBHO, OykBaMu a, b, ¢, ... Pa3 takoro
poja corviallleHue NMpUHATO, cPOPMyJIMPOBaTh MATb OCHOBHBbIX 3aKOHOB apud-
METHKH — OYEBUJHO, OJIM3KO 3HAKOMBIX UMTATEJI0 — He MPEACTABUT TPyAa:

Ya+b=0b0+a, 2) ab = ba, ya+(b+c)=(a+b)+c,
4) a(bc)=(ab)c, 5) a(b+c)=ab+ ac.

JIBa TepBbIX 3aKOHA — KOMMYMAMuBHoL (TIepeMeCTUTE/IbHBIH) 3aKOH CJI0-
JKEHUSI U KOMMYTATHBHbIH 3aKOH YMHOXKEHHSI — TOBOPSAT, UTO MPH CJIO0KEHHH U
MPH YMHOXKEHHH MOYKHO MEHSITb MOPSIIOK UMCe/, HaZl KOTOPbIMU COBEpLIAeTCs
neictBue. Tpetnit — accoyuamusroili (coueTaTesbHbIA) 3aKOH CJIOMKEHUST —
TJIACHT, UTO TIPU CJIOXKEHHU TPeX UMCEJ MOJYUAeTCs OJMH M TOT 2Ke pe3ysbTaT
He3aBUCHMO OT TOro, MPUOABHM JIM Mbl K MEPBOMY UHCJY CyMMY BTOpPOTO H
TPETbEr0, UJIH MPUGABUM TPEThE K CyMMe TIepPBOTO U BTOPOTo. UeTBePThIi 3aKOH
€CTb aCCOLMATHUBHBLIN 3aKOH yMHOXeHust. [locsennuit — ducmpubymusrolii
(pacnpese/iuTe/IbHbBIN) 3aKOH — YCTaHABJIMBAET TO OOCTOATENbCTBO, UTO TIPU
YMHOKEHHH CyMMbl Ha HEKOTOPOE LeJI0e UUCJIO0 MOKHO YMHOXKHUTb Ha 3TO UUCJIO
KaXKJI0€ CJIaraeMoe U MOJyUeHHbIe MTPOU3BENEHUS CJI0XKHUTD.

A1 apudmeTHUeCKHe 3aKOHbI COBCEM IMPOCTbI M, MOXKaJyH, MOTYT MoKa-
3aTbCsl OueBMAHBIMU. Ho cjienyeT Bce »Ke 3aMeTHTb, UTO K HHOTO poja 00b-
eKTaM — He K LeJIbIM UYHCJaM — OHH MOTYT OKa3aTbCsl U HENPUMEHHMbIMH.
Hanpumep, ecau a u b o6o3HaualoT He yMCJ/a, a XMMHUECKHE BeLLECTBA H
€CJIM «CJIOKEHHE» TMOHUMAETCsl B CMblcJie OObIUHOH peuH, TO JIETKO MOHSTb,
UTO KOMMYTATHBHbIH 3aKOH CJIOXKEHUSI He BCerjaa omnpapjbiBaercs. B camom
JieJie, ecJu, cKaxeM, K Bojie OyaeM npubaB/siTh CEPHYIO KMCJIOTY, TO MOJYUUTCS
pa30aBJieHHbIH pacTBOP, TOTJA KaK NpuOaBJ/eHHe BOJbI K UUCTON CEPHON KUCJI0-
TE MOXKET 3aKOHUMThCS HeGJIArononyuHo /s sKkcnepumenratopa. C nomoluipio
TaKUX K€ WJIIOCTPALMH MOXKHO 10Ka3aTh, UTO B XHMHUECKOH «apuU(MeTHKe»
MHOTJIa HapyLIaloTCs W acCOLMATUBHbIH, H IMCTPUOYTUBHbBIH 3aKOHbI CJI0KEHHUS.
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Hrak, M0o:kHO BOOOPA3UTh U TAKHe THUIbI apUPMETHUECKUX CUCTEM, B KOTOPbBIX
OJIMH WJIM HECKOJIbKO 3aKOHOB 1|)—5) TepstoT cuny. Takue cuctembl JeHCTBU-
TeJIbHO M3yYaJiCh COBPEMeHHOH MaTeMaTHKol. OCHOBa, Ha KOTOPOI MOKOSITCS
3aKOHbI 1)—5), aeTcsi KOHKPETHOH MOJIE/bI0 JIJIsi aGCTPAKTHOTO MOHSTHS 1ie-
Jioro yncsa. BmecTo TOro uto6bl MOJIb30BaThCsl OOLIKHOBEHHBIMU 3HaKaMu |,
2, 3 U T. 1., cTaHeM 0003HAuUaTh UMCJO TIPEMETOB B JIAHHOH COBOKYMHOCTH
(Hampumep, 6J10K Ha JIAHHOM JlepeBe) CUCTEMOH TOUEK B UETbIPEXYTrOJIbHOM
«SILMYKE» — TaKUM 00pa3oM, UTOObI KaxKJI0My MpeiMeTy COOTBETCTBOBAJIO MO
oiHO# Touke. Onepupysi STUMU ALIMUKAMH, Mbl CMOXKEM HCCJIEI0BATh 3aKOHbI
apuMeTHKH LesbIX ynces. UTo6bl CJI0KHUTD JBa LIeJIbIX uhcyaa a U b, Mbl CIBH-
raeM BMECTE€ COOTBETCTBYIOLIME SIIIMUKH U 3aT€M YHUUTOXKAEM Meperopojky.

‘.....‘+‘....‘:‘.........‘

Puc. 1. Cnoxenue

UroObl YMHOXKHUTb @ Ha b, Mbl BBICTPOMM TOUKH B JIBYX SIIMUKAX B psiji H
3aTeM YCTPOUM HOBBIH AILIMYEK, B KOTOPOM TOUKH OY/yT PACIOJIOKEHBI TaK, UTO
00pasyloT a ropu3oHTaNbHbIX U b BepTHKaNbHbIX psnoB. M Torna sicHo BUAHO,
yTo npaBuia 1)—5) BbIpaXKalOT HHTYUTHBHO OUEBHJHbIE CBOHCTBA BBEJEHHBIX
onepauui ¢ FIIHUYKAMH.

.....‘X‘.... =

Puc. 2. YMHoxenue

cee I x([se] + [eeeee])=

Puc. 3. luctpubyTHBHbBIH 3aKOH

Ha ocHoBe omnpejie/ieHHst CI0KEHHS ABYX LEJIbIX YHCEJ MOXKHO Tereph JaTh
onpejiesieHne Hepasercmsa. Kaxjioe U3 JIByX SKBHBAJEHTHBIX yTBEPMKICHHII,
MMeHHO a < b («a meHblile, ueM b») u b > a («b Goablie, yueM a» ), 0603HAYAET,
yTO SIIMYEK b MOXKeT GbIThb MOJyueH M3 fIMUKAa @ MOCPEACTBOM MpHOaBIe-
HUSl HaJJIeXKALUM 00Pa3oM BBIOPAHHOTO TPETbEro sAlMYKa ¢ TAKUM 00pPasoM,
yro b = a + ¢. Ecain 370 Tak, To Mbl Haruiiem

c=b-—a,

UeM U OIpeaesIsieTCs ornepalunst sol4umanus.
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Puc. 4. Boluntanue

CJl0XKeH1e M BbIUMTAHHE HA3BIBAIOT 0OPAMHbLMU OTIEPALMSIMH, TaK KaK eC-
JIM, HaNpUMep, K YHCJY @ TIPUOABUTb UKCJIO ¢, @ 3aTeM U3 TOTO, UTO MOJYUUTCS,
OTHSITb ¢/, TO MOJYYHUTCS CHOBA MCXOJHOE UUCJIO a:

(a+d)—d=a.

HyxXHo 3aMeTHTb, uTO uucao b — a OblI0 OMpeeseHO TOJbKO MPH yCJOBHHU
b > a. 3HaueHne cuMBOJIa b — @ KaK OMPuUyamesbHOe0 LeJoro Yhcaa MpH
ycJIoBUH b < a Oyner paccMmotpeHo najee (crp. 79 u chen.). Hacro GbiBa-
eT ylo0HO MOJb30BaThesi 0003HaueHueM b > a («b 6oJblie WM PaBHO a»)
Wi a < b («a MeHbllle WK paBHO b», «a He TPEeBOCXOJUT b»), OHUMasT TIO]L
THM HE UTO MHOE, KaK OTpHLIaHHe TOro, uto a > b. Takum o6Gpa3om, MOXKHO
Hamucath 2 > 2, ¥ MOXKHO TakKe Harucatb 3 = 2.

Mbl MOXKeM ellle HECKOJILKO pPaCUIMPUTh 06JIacTh MOJIOXKUTEIbHBIX LEeJbIX
urces, KOTopble Mbl H300paXkaeM sIlIMUKAaMH C TOuKamu. BBeneMm uesoe uuc-
JIO HYab, H300parkaeMoe COBEPLIEHHO MyCTbIM SIIMUKOM; YCJOBUMCS 0003HA-
yaTh TaKOH MycTo siluek o6bluHbIM cumBosioM 0. Torna, corsacHo Hatemy
OTIPEJIE/IEHHIO CJIOYKEHHS] U YMHOXKEHHS, KAKOBO Obl HU OBLIO LIEJI0e YHCJIO @,
MOJIYUaloTCsl COOTHOILICHHS

a+0=a, a-0=0.
JlefictBuTeNbHO, @ + 0 0603HauaeT npubaBJAEHHUE TYCTOTO AIMUKA K SIMUKY @,
a a - 0 o6o3HauaeT sIMYEK, B KOTOPOM BOBCE HET BEPTHKAJbHBIX PSIIOB, T. €.
nycTo# stiuuek. Toraa y»Ke BIOJIHE €CTECTBEHHO PACILIMPHTD ONpe/ieJieHHe Bbl-
UMTaHUs, noJjaras
a—a=0
npu Jto6oM a. TakoBbl XapaKTepHble apU(pMeTHUECKHE CBOUCTBA HYJIS.

[eomeTpuuecKre MOJIEH BPOJIE SILIIMUKOB C TOUKAMHU (CH0JIa OTHOCHTCSI JIPEB-
HUH abak) LIUPOKO MPUMEHSIUCH NPH apU(METHUECKUX BBbIUMCJIEHHSIX BIJIOTDH
JI0 KOHIIA CPEJIHEBEKOBbSl M TOJbKO Majio-MOMajly YCTYMHJH MECTO Topasiio
6oJiee COBEPIIEHHBIM CHMBOJIMUECKHM METOJIaM, OCHOBAHHBIM Ha JIECSHTHUHOM
CHUCTEME.

2. MpexacraBaeHue LeJdbIX YUCEJ € TOMOILbIO MUCbMEHHbIX 3HAKOB (HY-
mepauus). HeoOxonuMo oueHb TUIATEbHO JA€aTh Pa3/Hule MEXy LeJbiM
YHCJIOM M TEM CHMBOJIOM (Hanpumep, 5, V H T. I1.), KOTOPIM MOJIb3YIOTCST [JIsT €I0
MUCbMEHHOTO BOCIIPOM3Be/leHHsl. B Halllell 1ecsTHUHOH CHCTeMe HYJIb U IEBSTh
LeJIbIX HATypaJsibHbIX urces o6osHauatoTes uudpamu 0, 1, 2, 3, ..., 9. Uucnaa
60oJIblIIeH BEJUYNHDbI, KakK, CKaxKeM, «TPpUCTa CEMbACCAT ABa», MPEACTaBJIAIOTCS

B BHUIE
300+704+2=3-1024+7-10+2
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M B JIECATHUHOH CHCTEME 3aMMChIBAIOTCS CUMBOJIOM 372. CylliecTBEHHO B J1aH-
HOM CJlyuae TO, UTO CMBICJ KayKA0H U3 LHPP 3, 7, 2 3aBUCHUT OT ee MOJIOKEHHST —
OT TOT'0, CTOHUT JIM OHA Ha MeCTE €IMHHILL, AE€CATKOB UJIK COTECH. I/ICHOJIbSyﬂ «T10-
MecTHOE 3HaueHHe» LGP (MO3HUMOHHBIN MPUHLMIT), Mbl IMEEM BO3MOXKHOCTb
1306pa3uTh J060e HATypaJbHOE YHCJO0 C MOMOLIBIO BCETO JIUIIb AECSHTH LU(P
B MX pasjiMuHbIX KoMOuHauusx. Obliee NpaBUIo TaKOro H300paXKeHUs 1aeTcs
CXeMOH, KOTOpast HILTIOCTPUPYETCS PUMEPOM

z=a-10°4+b-10°+c-10+4d,

rie a, b, ¢, d npeicTaBstoT COGO0H LieJible UMC/Ia B MpeeIax oOT HyJsl 10 JAEBSITH.
Uucsio 2 B 3TOM cJjlydae COKpalleHHO 0603HAaUaeTCsi CHMBOJIOM

abced.

3ameTuM, MeXay MpPounM, uto Kos(duuuentsl d, ¢, b, a SBASIOTCS He ueM
MHBIM, KaK OCTaTKaMH MpH TOCJe0BaTebHOM AeseHut uncaa 2 Ha 10. Tak,
HarpUMep,
372 110
2 37 |10

7 5o
3 0

C nomolLbio HAMKMCAHHOTO BhILLIE BbIPAXKEHHs! /1S UHCJIa 2 MOXKHO H306paKaTb
TOJIbKO Te UYMCJ/a, KOTOpble MEHblIe NeCATH ThiCAY, TaK KaK uHc/a OoJbliue,
ueM JecsiTb ThiCsY, TPeOYIOT MATH Wik GoJbliero uncaa uugp. Ecan z ectb
4MCJI0, 3aK/II0YEHHOE MKy AeCATHIO ThICSYaMH M CTa ThICSYaMH, TO €r0 MOXKHO
pelcTaBUTb B BHIE

z=a-10"+06-10°+c-10°+d-10+e

¥ 3anucaTth CUMBOJIMUECKH Kak abede. [Tono6Hoe ke yTBeprKaeHHE CrIpaBeJIH-
BO OTHOCHTEJIbHO UMCeJl, 3aKJ/IOUEHHbIX MEX/y CTa ThiCAUaMU U OJHUM MUJLIH-
OHOM, U T. 1. Upe3BbluaiiHO BaxKHO pacrnoJaratb crnocotoM, MO3BOJISIIOLLUM Bbl-
CKasaTb pe3yJibTaT, K KOTOPOMY Mbl IIPUXOJUM, BO BCeH €ro oOLHOCTH Nocpes-
CTBOM OJIHOH-€IMHCTBEHHOH (hopMyJibl. MBI MOXKEM A0OHTBCS STOH LEJH, eC/IH
0603HaYNM pazjiuuHble KOS GHUIHEHTDI e, d, ¢, ... OJHOH U Toil XKe GYKBOH a ¢
pas3MUHbIMK 3HAUKaMH (MHIEKCaMH) do, dj, dg, ..., 4 TO 0OCTOSATEJBCTBO, UTO
creneny uncsaa 10 Moryt 6bITb CKOJIb YTOAHO OOJBIIMMH, BBIPA3UM TEM, UTO
BBICILYIO cTeneHb yucaa 10 o6osHaunm He 10° wau 10*, Kak B npembLLyLinx
npumepax, a craHeM nucatb 10", moHUMasl MO/ 7 COBEPLIEHHO MPOU3BOJIBHOE
HaTypaJ/bHOe uMcjo. B TakoM ciyuae Jio6oe Lie/1oe UHC/IO0 Z B AECATHUHOM
cUCTeMe MOXKET ObITb MPEACTABJECHO B BHE

z=a, - 10"+a, - 10" +.. . +a,-10+a, (1)
W 3aMUCaHo NOCPeICTBOM CHMBOJIA

a,a,_1Q,_9...01Q.
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Kak 1 B paccMOTpeHHOM BbIlLIE YACTHOM MPUMEpPe, Mbl 06HApYKHBAEM, UTO dy,
ai, s, ..., 4, FBJISIOTCS OCTaTKaMH MPH MOCJ/e10BaTeNbHOM JeseHnt 2 Ha 10.

B necsaTHuHOl cucTeMe UHC/I0 «JecsiTb» MrpaeT ocobylo poJib KaK «OCHO-
BaHHe» CHUCTeMbl. TOT, KOMy MPUXOIUTCS] BCTPEUATLCS JIMLIb C PAKTHUECKHMH
BbIUMCJIEHHSIMH, MOYKET HE OTAaBaTh ceHe OoTyeTa B TOM, UTO TaKoe BblIeJEHHE
YhCJIa JIECSATh HE SIBJISIETCS CYLIECTBEHHBIM M UTO POJiIb OCHOBAHHSI CIIOCOGHO
66110 Gbl UTpaTh J1060€ 11e70e uucio, 6oJbliee enuHulbl. Hanpumep, 6b1a 6ol
BI1OJIHE BO3MOXKHA CeMepHUHasi CUCTeMa ¢ OCHOBaHHEM ceMb. B Takoil cucreme
1eJ10e UMCJI0 NPEeACTaBIAI0ChH Obl B BUJE

by 7"+ b, -7 .. 4+b - T+ by, (2)

rine KOSCbeI/II_LI/IeHTbI b 0603HayYaIOT UKCIA B npeaesnax ot HyJist 10 WeCTH, U OHO
3aMnMchiBasoch Obl NoCpeaACTBOM CHMBOJIA

b,bu_y ... b1b.

Tak, umc/0 «CTO AEBATL» B CeMepUUHOH cucTeMe 0603Hauasoch Obl CHMBO-

JoMm 214, noromy uTo
109=2-7"41-7+4.

B kauecTBe ynpaKHEeHHSI UMTATEeJNb MOXKET BbIBECTH OOLLee MPaBHIIO s
nepexoja oT ocHoBaHUs 10 K JiI0OOMY OCHOBAHHIO B: HYXKHO BBIMOJHATbH MO-
cJlefloBaTebHbIE JeJIeHUsl Ha B, HauMHas ¢ JaHHOrO UMucJjia Z; OCTaTKH U Oy1yT
«uMppamMu» TIpU 3aMUCH YKCJA B cUCcTeMe ¢ ocHoBaHueM B. Hanpuwmep,

100 |7

4 15 |7
Tl
2 0

109 (B necsituunoii cucreme) = 214 (B ceMepuuHo# cucreme).

EcTecTBeHHO, BO3HUKAET BOMPOC: He Obl1 JM Obl 0COOEHHO KeJaTesbHbIM
BBIOOP KAKOT0-/IM60 CHELHANbHOT0 UHC/A B KAUeCTBE OCHOBAHHS CHCTEMbI CUH-
cjeHus1? Mbl yBHAMM JaJibliie, YTO CJMIIKOM MaJsleHbKOe OCHOBaHHE JOJIKHO
Obl710 Obl BbI3BaTh KOe-KaKue Heylo0CTBa; ¢ APYroil CTOPOHBI, CJAULIKOM 00Jb-
1I0€ OCHOBAHHe MOTpe6oBaso Obl 3ayUMBAHUSI MHOTHX LIU(P U 3HAHUS pACIIH-
peHHOH TabJIuLbl YMHOXKEHHSI. BbicKasbiBalnch cOOOpaKeHHUs B M0Jb3Y CHCTE-
Mbl C OCHOBaHHeM 12 («aBeHAJUATHPHUUHON»): yKa3blBaJI0OCh, UTo 12 nenntest
6e3 ocTaTKa Ha JiBa, Ha TPH, HA UETbIPe W Ha LIECTb, U TIOTOMY BbIUHCJEHHS,
CBSI3aHHblE C JICJICHUSAMH U APOOSMH, NPH OCHOBAHUU 12 ObliM Obl HECKOJIBKO
npoute. Yro6bl HamucaTb NPOU3BOJIbHOE UHCJIO B JIBEHAALATHPHUHON CHCTEME,
NoHa06WINCh OBl BE JHLIHME LUU(PLI — A1 0603HAUEHHS YHCEeN <JIECSTh» U
«oJuHHaAuaTh>. [TycTb o 0603Hauaso Obl AeCsATh, a 3 — oauHHaAuaThb. Toraa B
JIBEHA/ILIATHPHUHON CHCTEME «JIBEHAALATh>» MpHUILIoCh Obl HanucaTh B Buae 10,
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«JBajuaTh ABa» — B BUJe la, «JBajuath Tpu» — B BujJe 13, a «cTo TpUALATD
OJIMH» — B BHJE of.

N3o6perenre Mo3WIMOHHON HyMepalyd, OCHOBAHHOHW Ha MOMECTHOM 3Ha-
UEHUH LMpp, MPUMUCbIBAETCS LIyMepaM M BaBWJIOHSHAM; pa3BMTa Oblia Takas
HyMepauusi UHAyCaMH W UMeJa HeOLleHHMble TMOCJE/ICTBHS B MCTOPUH Ueso-
BeuecKol LMBUIM3aUMU. Bosiee npeBHHE cHcTeMbl HyMepaulu ObIM MOCTpoe-
HBI UCKJIIOUMTEJILHO Ha ajutuTHBHOM TipuHimme . Tak, B pUMCKOl HyMepalu
CXVIII o6osnauaer «cT0 + ACCATH + MATb + OJUH + OIMH + OAMH». Eruner-
cKasl, eBpefickas U rpeyeckasi CHCTEMbI OblIM Ha TOM ke yposHe. Heyno6cTBOM
UUCTO AJJUTUBHOU CHCTEMbI SIBJSIETCS] TO 0OCTOSITENLCTBO, UTO C YBEJHUEHH-
eM u300paxkaeMblX uuces TpeOyeTcsl HeOrpaHHUEHHOE UMCJIO HOBBIX CHMBO-
JoB. Ho rsnaBHeIINM HELOCTAaTKOM JPEBHUX CHCTEM (Bpoje PUMCKOMH) OblIO
TO, UTO cama Mpoleaypa cueTa Oblia OueHb TPyAHA: 3a1auyd, KpoMe cCaMblX
MPOCTBIX, MOIVIM PeLiaTh TOJMbKO crielnanuctbl. CoBceM MHaue 06CTOMUT €0
C pacnpoCTpaHEHHOW B Haule BpeMsl MHAYCCKOW <IO3HLMOHHOW» CHCTEMOH.
B cpennenekoBoli EBporie oHa nosiBu/ach uepes UTaNbsSHCKUX KyILOB, B CBOIO
ouepe/ib 3aMMCTBOBABILMX €€ y MycyJbMaH. [losuuuoHHas cucremMa obJanaet
TeM UPe3BbIUAHHO BBITOJHBIM CBOHCTBOM, UTO BCE UMCJ/IA, U MaJsble U GOJIbIIHE,
MOTYT ObITh 3aMHUCaHbI C MOMOLBI0 HEGOJIBLIIONO YMCJIa PA3IHUHBIX CHMBOJIOB; B
JIECSITHUHOH CUCTeMe TaKOBBIMM sIBJISIIOTCS «apabckue mwudper» 0, 1, 2, ..., 9.
He menbliee 3HaueHve nmeeT M JierkocTb cyera B 3Tod cucreme. [IpaBuna
NEHCTBUH ¢ YMCJIaMH, 3aMUCHIBAEMbIMH [0 TO3ULMOHHOMY MPHHLMIY, MOTYT
ObITb PE3IOMUPOBAHBI B BUJIE TAOJHLL CI0KEHUST H YMHOXKEHHSI U MOTYT ObITb pa3
HaBCcera BblyueHbl Ha mamsaTh. CTapUHHOMY METOJy cueTa, KOTOPbIM paHbliie
BJaJIeNIH JIMIb HEMHOTHe U30paHHble, Terepb 00y4aloT B HAauaJbHBIX LIKOJAX.
B ucropuu KyJsbTypbl HAlHIETCS HEMHOTO IPUMEPOB TOTO, YTOObI HAyUHbIH MPo-
rpecc okKasaJs Ha MPaKTHUECKYIO »KH3Hb CTOJb IMyOOKOe, CToJb o6Jerdaioniee
BJIHSTHUE.

3. Apuidmernueckue 1eiCTBUSA B HEIECATHYHBIX CUCTEMAX CUHUCJEHHUS.
VckountesbHasi poJib JlecsiTka BOCXOIUT K HCTOKAM LIUBHJIM3ALMK U Ge3 BCsi-
KOTO COMHEHHs CBfi3aHa CO CUETOM M0 MaJjbllaM Ha JAByX pykax. Ho Haume-
HOBaHHS UMCJMTEJbHBIX B Pa3HbIX SI3bIKaX YKA3blBAIOT M Ha Hajuuue (B Obl-
Jible BpeMeHa) MHLIX CHCTeM CUHCJIeHHsl, HMEHHO C OCHOBAHHUSIMM ABAAlaTh M
JBeHallaTh. B aHIVIMICKOM W HEMELKOM si3blKax cJioBa, oGoaHauaroime 11
v 12, mocTpoeHbl He MO JAECATUUHOMY MPUHLMITY, COUETAIOUIEMY AECATKH C
eIMHULAMH: OHHU JIMHIBUCTHUECKH HE3ABUCHMBI OT CJIOB, 0603HAYAIOLIMX UHC-
g0 10. Bo ¢panityackom sizbike ciioBa vingt u quatre-vingts, o6o3nauatonime 20
1 80, Mo3BOJIAIOT TIpernoJaraTh MnepBoHauaJbHOE CYLIECTBOBAHHE CHCTEMBI C

! Ha camom JieJie 3JIEMEHTbI «[TO3MLUMOHHOCTHU» €CThb U B pI/lMCKOI;I HyMmepaliu, BO BCSIKOM cJiyvae,

MOPSIIOK PACTIOJIOKEHHsT «Pa3psiioB» HUrpaer poib; Tak, VI=V + [, Ho [IV=V — [, LX =
=L+ X, 00 XL=L—Xurtn — [lpun. peo.
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ocHoBanueM 20. B natckom si3bike cgoBo halviirsinds-tyve, o6o3nauaioniee 70,
OYKBaJIbHO MEPEBOUTCS «MOJITYTH OT TPHK/bI JABAALATH 10 UEThIPEXK/Ibl Ba-
JaTh». BaBUlIOHCKYE aCTPOHOMBI M0JIb30BAJIMCH CHCTEMO, SBJISBILECHCS OTUA-
CTH LIECTHECSATEPUUHOM (¢ ocHOBaHHeM 60), H HMEHHO B 3TOM 0GCTOSITEIbCTRE
CJIe/lyeT UCKaTh 00bsICHEHHE TOro (PakTa, uTo yac W YrJOBOH Tpajyc mnojapas-
JieJieHbl Ha 60 MUHYT.

B HelleCSITHUHBIX CHCTEMAX CUMCJIeHHsT NpaBua apudMeTHKH, KOHEUHO, Te
JKe camble, HO TaGJIHIbI CJOXKEHHUST H YMHOXKEHHST OJIHO3HAUHBIX UMCET OTJHUHBI
OT HalIUX JeCATHUHbIX. Dyayuu npuyueHbl K JIeCATHUHOH CHCTEME W CBsi3a-
Hbl HAaUMEHOBAHUSIMH UHMCJIMTEJbHBIX B HAlleM SI3bIKE, Mbl, €CJIH IOIbITaeM-
Csl CUMTaTh MO MHBIM CHCTEMaM, CHauaja HCIMbITaeM H3BECTHOE Heyn06CTBO.
[ToripoGyeM TOyMpaXKHATLCSA B YMHOXKEHHH 1O ceMepuuHoil cucteme. [1pexne
yeM TIPUCTYIHTD K 3TOMY, PEKOMEH/IyeTCsl BbIUCATh JiBe TaGJHUKH, KOTOPbIMH
MPHETCS TT0JIb30BAThCS.

CJioxeHune YMHOXKEHHE

1 2 3 4 5 6 1 2 3 4 5 6
112 3 4 5 6 10 1{1 2 3 4 5 6
213 4 5 6 10 11 212 4 6 11 13 15
314 5 6 10 11 12 313 6 12 15 21 24
415 6 10 11 12 13 414 11 15 22 26 33
516 10 11 12 13 14 5|15 13 21 26 34 42
6 |10 11 12 13 14 15 6|6 15 24 33 42 5l

Cranem Tenepb yMHOXKaTh 265 Ha 24, mpuueM 3TH YMCJ/a MPEANOJaaraloTcs
HaMHCaHHBIMHU B ceMepHuHOi cucrteMme. (Ecau Hanucarb uuc/aa no AeCsITHUHOM
CUCTEME, TO peub HeT 06 yMHOXKeHHH 145 Ha 18.) Haunem ¢ ymHOXKeHHs1 5
Ha 4, uTo, KaK MoKaabiBaeT TabJulla yMHOXKeHHUs, naeT 26.

265
Y
1456

* 563

10416

Mbl nuiiem 6 Ha MecTe eIUHULBI, 3aTeM MEPEHOCHM JIBOHKY B CJIENYIOLIUH
paspsin. lanee, naxonum, uto 4 - 6 = 33 u uto 33 + 2 = 35. [1uuem B npousse-
JIeHUH 5 ¥ MPOJ0JIKAeM TaKUM Ke 06pa3oM, TIoKa YMHOKeHHe He 3aKOHUMTCSI.
[Tpu cyoxenuu uncen 1456 u 5630 Ha MecTe eauHuIL moJydyaem 6 + 0 = 6,
3ateM Ha MecTe ceMepoK D + 3 =11. [1umem 1 u 1 nepeHocum Ha MecCTO «co-
poKajeBaTok», rae nogaydaercs | + 6 4+ 4 = 14. OxoHuaTeJbLHBIH pe3yJsbTar:
265 - 24 = 10416.
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J171s1 TIpoBepKHU MpojiesiaeM TO 2Ke NeHCTBHE B IeCATHUHOH chcTeMe. HUToObI
nepenucars uncjo 10416 no gecATHuHo# cucTeMe, MPHUAETCS HAHTH CTere-
HU 7 BIJIOTH 10 ueTBeproit: 72 =49, 73 = 343, 7* = 2401. Orciona caenyer,
uyro 10416 = 2401 + 4 - 49 + 7 + 6, npuueM npasasi yacTb paBeHCTBA 3a-
nUcaHa yxe Mo AecATHUHOH cucteMe. CKaibiBasg uucsa, Mbl HaXOIUM, UTO
uncsio 10416, 3anucanHoe Mo ceMepUUHOl cucTeMe, paBHO uucay 2610, sanu-
CaHHOMY M0 JIECATHYHOM. YMHOXKHM Terepb 145 Ha 18 B necsTHUHON cHCTeMe:
noJiyyaercst Kak pas 2610.

YnpaxHenusa. 1) CocraBbre TaOJHLbI CJA0KEHUS U YMHOKEHHUS B IBEHAIATEPHU-
HOIl cuCTeMe U TpoJieJiaiiTe HECKOJIBKO TPUMEPOB BPOJIE MPUBEEHHOTO BbILLE.

2) Hanuure «TpuaLaTh» W «CTO TPUALATbL TPU» B CHCTEMax C OCHOBAHHSIMH 7,
11, 12.

3) Uro o6o3Hauator cumBoJibl 11111 1 21212 B 3THX cucremax?

4) CocraBbre TabJIHLbI CIOMKEHUSI U YMHOXKEHHsI JUIS CHCTEM C OCHOBAHHSIMH O,
11, 13.

C TeopeTHUeCKOH TOUKH 3PEHHSI CHCTEMA, MOCTPOEHHAS MO MO3HIIMOHHOMY
MPUHLIMITY C OCHOBAHUEM 2, BbIIeJII€TCS B TOM CMbICJIE, UTO 3TO OCHOBAaHHE —
HauMeHblllee BO3MOKHOe. B 310l dgouuroil (anannueckol, GUHAPHOI ) cUCcTe-
Me uMeloTcs Julb aBe widpbl: 0 U 1; Besikoe HHOE UMCJI0 3aMUChIBACTCS KaK
KOMOHHAUMS 3THUX CHMBOJIOB. TaGJHIbl CJAOMKEHUS U YMHOXKEHHS CBOJASATCS K
aym npasusam: 1 +1=10u 1-1=1. Ho y 310l cuctembl ecTb oueBH-
HbIH HEI0CTATOK ': uTOObI H306Pa3UTh yXKe HeGOJbLINe UMCJIa, HYXKHbI JJIHH-
Hble BblpayKeHHs. Tak, UMCJ0 «CEMbJECHAT JIEBATb», KOTOPOE TMpeacTaBJseTcs
BBUte 1 -204+0-224+0-2+1-224+1-2241-2+ 1, sanucbiBaercs B
nBouuHoi cucreme kak 1001 111.

UTo6bl MPOUJTIOCTPUPOBATD, HACKOJILKO MPOCTO MPOU3BOIUTCS YMHOKEHHE
B JIBOMUHOH CHCTeMe, MEePEMHOXKHM UHCJIa CeMb M MsITh, KOTOPbIE 3alHChiBa-
totcst cootBercTBeHHO B Bujle 111 u 101. T1punnmasi Bo BHUMaHue, 4TO B 3TOH
cucreme 1 + 1 =10, mbl nuiem:

111
101

111
+111

100011 =2°+2 + 1,

X

M B UTOTE, KaK M CJIEJ0BAJIO OXKHJATh, MOJydaeTcst TPUALATD TISTh.
Tordppun Buneressm Jle it 6 Huu (1646—1716), onun n3 BeMUafinx yMoB
CBOEro BPEMEHH, paclEHNBaJ JABOMYHYIO CHCTEMY UPE3BbIYAHHO BHICOKO. Bot

Kak nsBectHO, ceifuac ABOHUHASI CHCTEMa HMCMOJb3YETCsl JUIsl MPEACTABIECHHS UHCe] B KOM-
nblotepax. — [Ipum. ped. nacm. uso.
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YTO TOBOPHT 110 3TOMY NoBoJ1y J1ansac: «B cBoe# nBonuno apugmerrike J1ei6-
HULL BUIEJ npoo6p33 TBOPEHHUSI. EMy NpeacTaBJigdaoCh, UTO €AUHULA NPEICTaB-
Jsietr bora, a Hysb — HeObITHe, U uTo Bhiciiee CyllecTBO CO3/1aeT Bce cyliee
13 HeObITHSI TOUHO TaKUM »Ke 06pa3oM, Kak eIMHHUIA U HyJb B €ro CHCTEMe
BbIPaXKalOT BCE UMC/a».

YnpaxHenue. Mccaenyiite B 0011eM BHJe BONPOC O MPEJICTABJIEHUH UMCES B CH-
cTeMe ¢ OCHOBaHHeM a. UToObl Ha3biBaTh UMCJ/IA B 3TOH CHCTEME, HY>KHbl HAHMEHOBAHHUS
1151 onHo3Haunblx uucen 0, 1, ..., a — | u ana pasnuuHblx cTenewei a: a, a, a’, ...
CKOJIbKO HMEHHO UHMCJIHTEJIbHBIX NoTpebyeTcs, uToObl Ha3BaThb BCE UMCJ/A JI0 OJHOMN
TBICSIUM B CHCTeMax ¢ ocHoBaHueMm a = 2, 3, 4, 5, ..., 15? KakoBo 10/2KHO ObITH OCHO-
BaHHE @, YTOObI KOJIMUECTBO ITHX UMEH UHCJUTE/IbHBIX OblI0 HaWMeHblUM? ([Tpumepot:
ecan a = 10, TO Hy»KHO JeCSITb UMCJUTENbHBIX sl OJHO3HAYHBIX UMCeI. 3areM elle
TPH UMCaUTeNbHBIX, o603Hauatolwmx 10, 100 u 1000, Bcero — 13. Tlpu a = 20 HyxHO
JBAIaTh YHCJIUTE/IbHBIX JJIs1 OJHO3HAUHBIX YHCEJ U elle yucuTesbhble aisi 20 u 400;
Bcero — 22. [1lpu a = 100 nonanoburcs 101 uncaurensHoe. )

*§ 2. BeCKOHEeUHOCTb CUCTEMbI HATYPAJbHbIX YU CE.
MaremaTnueckass MHAYKLHUS

1. MpuHuun maremaTvueckoi uHAYKuMH. [locnenoBaresbHOCTb HaTy-
paJbHbIX umces 1, 2, 3, 4, ... He MMeeT KOHLA: JEHCTBUTEJBHO, KaK TOJBKO
JIOCTUraeTcsl HEKOTOPOe UHCJIO 71, BCJE[ 3a HUM ceduac »Ke MOXKHO HalucaTb
6JmeKaiilnee K HeMy HatypaJsbHoe uuciio n + 1. JKesast kak-HUOYAb Ha3BaTh
3TH CBOMCTBA NOCJIEL0BATENbHOCTH HATypalbHbIX UMCEJ], Mbl FOBOPUM, UTO 3THX
uncenl OeckoHeuHo MHo20. [locenoBaTebHOCT HATYPANBHBIX UMCES TIpefi-
CTaBJIsIeT MPOCTEHIIMH ¥ CaMblil €CTeCTBEHHbIH MpuMep GECKOHEYHOro (B Ma-
TeMaTHUEeCKOM CMbICJ/Ie ), UIPAIOLLEro roCHOACTBYIOLLYI0 POJb B COBPEMEHHOMH
MaremaTuke. He pa3 B 9Toli KHMre HaM IPUAETCS HMETb 1€J10 C COBOKYMHOCTSI-
MH, MJIH «MHOXKECTBAMHU>», collepaKallluMHi OECKOHEUHO MHOTO 00'bEKTOB; TAKOBA,
HanpuMep, COBOKYIHOCTb BCeX TOUEK Ha MPSIMOK JIMHUH UJIH COBOKYIHOCTb BCEX
TPEyroJlbHUKOB Ha mockoctd. Ho GeckoHeuHasi 1ocJiel0BaTe/bHOCTb HATy-
paJIbHBIX uMces 6€3yCJOBHO NPEACTABJISICT NPOCTEHILHUH MPUMepP GECKOHEUHOro
MHOXKeCTBa.

[TocsienoBaTe/IbHbIM, 1A 3a LLArOM, MepeXxol oT 1 K 71 + |, nopoxxjatoLuit
6eCKOHEUHYIO 0C/eI0BATE/IbHOCTL HATYPaJIbHbIX UMCEJ, BMECTE C TeM JIEKHT
B OCHOBE OJIHOTO M3 BaXKHEHLIMX W TUIMYHBIX VIS MaTeMaTHKH paccCy:KieHHH,
VMEHHO TIPUHIMMA MaTeMaTHUeCKOH HMHAYKIMH. «DMMHPHUECKAsT HHAYKLHS»,
NpUMEHsIeMasl B eCTECTBEHHbIX HayKax, HCXOJUT U3 YaCTHOTO psijia HaGJoIeHUH
HEKOTOPOTro SIBJEHUS U TPUXOAUT K KOHCTaTalUMH OOLIEro 3aKOHa, KOTOPOMY
TMOUHHSIETCS IBJIEHHE B €r0 Pa3iMuHbX opmax. CreneHb yBePEeHHOCTH, C KO-
TOPOH 3aKOH TaKUM 0Opa3oM yCTaHABJMBAETCSl, 3aBUCHUT OT YMCJa MOATBEP-
»KAaBLIMxcsl HabJoAeHnH. HacTo nogo6HOro pojia HHAYKTHBHbIE pacCyKaeHHs
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OBIBAIOT BIIOJIHE YOeIUTENLHBIMH; YTBEPXKIEHHE, UTO COJIHIE B30OHIET 3aBTpa
C BOCTOKA, CTOJb HECOMHEHHO, HACKOJIBKO 3TO BOOOLIE BO3MOXKHO; H BCE Ke
XapakTep KOHCTATalMM B JAAHHOM CJyuae COBCEM MHOH, ueM B CJyuae Teope-
MBI, J0Ka3blBaeMOH Ha OCHOBE CTPOTOTO JIOTHUECKOTO, T. €. MaTeMaTHUYeCKOro,
pacCyKaeHHs.

Uro Kacaercst mamemamuyeckol uHOyKyuu, To OHa MPUMEHSIETCST HHBIM,
OTJINYHBIM CIIOCOBOM C 11eJIbI0 YCTAHOBJIEHHSI HCTHHHOCTH MaTeMaTHYeCKOH Teo-
peMbl B 6€CKOHEUHOI MOC/IEN0BATENLHOCTH CJIydaeB (11epBOro, BTOPOTro, TPeThe-
ro W Tak jaajee — 6e3 BCAKOro UckiioueHus). O6o3Hauum ueped A HekoTo-
poe yTBep:KIeHHe, OTHOCSIIEeCs] K TPOM3BOJBLHOMY HATypasbHOMY UYHCJTY f1.
[lycte A Gynmer xoTst Gbl Takoe yTBepkieHue: «CymMMma YIJIOB B BBIMYKJIOM
MHOTOYTOJIbHUKE ¢ 11 + 2 cTopoHamu paBHa 180° - n». WMau ente: 0603HauuM
yepe3 A’ yTBep:KIeHHe: «IPOBOAS /1 MPSIMBIX Ha IMJIOCKOCTH, HeJb3sl pa3buTh
ee Gosiblile yeM Ha 2" uacteit». UToObl j0Ka3aThb MoJOGHOTO pojia Teopemy
JUISL NPOU3BOALHOCO 3HAUEHHUS 1, HEJOCTATOUHO J0Ka3aTbh ee OTAEJbHO JIsi
nepBbix 10, unu 100, wnu naxke 1000 3Hauenuii 1. DTo Kak pa3 COOTBETCTBO-
Basio Obl TPUHLMITY SMITHUPHUECKOH HHAYKIMH. BMecTo TOro Ham MpHUXOAHUTCS
BOCMOJIb30BaTbCS CTPOTO MAaTEMATHUECKUM W OTHIOJb HE SMIUPUUECKHM pac-
CY>KJIEHUEM; Mbl YSICHUM ce0e ero xapakTep Ha 4acTHBIX NMpUMepax J0Kas3a-
TeJILCTBA MPeIOKeHNH, KoTopble Mbl 0603HaunMK uepe3 A u A’. OcTaHoBUMCS
Ha mpemioxkennd A. Eciu n =1, To peub HUAET O TPEYroJbHUKE, U Mbl 3HA-
eM U3 3JIeMEHTApHOH reOMETPHH, UTO CyMMa YIJIOB TakoBoro pasHa 180° - 1.
B cJayuae yeTbIpexyrosibHUKa (7 = 2) Mbl IPOBOMM IHATOHAJb, PA3IEISIONLYIO
UEThIPEXYTOJIbHUK Ha JIBA TPEYroJbHUKA, U TOTJA ceiuac e CTAHOBUTCS SICHO,
YTO CyMMa YTJIOB UEThIPEXYTOJbHUKA PaBHA CYMME YIJIOB B IByX TPEYTOJIbHUKAX,
uMenHo paBHa 180° + 180° = 180° - 2. O6pauiasick K cJyyato MSTHYrOJbHH-
Ka (n = 3), Mbl pa30MBaeM €ro TakuM ke 06pa3oM Ha UeThIPEXyroJbHHK H
TpeyroJbHUK. Tak Kak MepBblii U3 Ha3BAHHBIX MHOTOYTOJIbHUKOB 110 JIOKA3aH-
HOMYy HMeeT cymmy yriioB 180° - 2, a Bropoit — 180° - 1, To Bcero B ciyuae
MSITHYTOJIbHAKA MbI 1Tosiyuaem cymmy yrioB 180° - 3. M Terepb HaM y:ke cTaHO-
BUTCS SICHO, UTO PACCYKJEHHE MOXKET ObIThb MPOJOJKEHO COBEPILIEHHO TaKUM
JKe 00pa3oM HeorpaHnyeHHO. MBI ToOKaxKeM TeopeMy Jisl caydast 1 = 4, 3aTeM
ISt cJiydasi n = 5, U T. 1. Kak U paHblile, Kax10e caeyioliee 3aK/I0ueHHe Hen3-
6eXXHO BbITEKAET U3 MPEJbIyILEro, U TeopeMa A oKasblBaeTcsi yCTaHOBJEHHOM
TIPU TPOU3BOJNLHOM 3HAUEHHH 1.

Tak e obcrout mesio u ¢ npennoxenueM A’. Tlpu n =1 oHo, oueBHaHO,
CTpaBeINBO, TAK KaK BCSKas MpsMasi JISJUT MJIOCKOCTb Ha 2 yactu. [IpoBenem
BTOpYIO TIpsimMyto. Kaxknast U3 IByX MpexKHHUX YacTeil pa3o6beTcs B CBOIO ouepelb
Ha JIBe YacTH — IIPU YCJIOBHH, YTO BTOpas TpsiMasi HerapaJsuieJbHa MepBOH.
Ho, kak 6bl To HE 6GbUIO, B CJydyae n = 2 BCEro oKaxercs He Gojee 4 = 22
yacreil. [lo6aBuM elle TpeTbio mpsimylo. Kaxnasi 3 y»ke UMeIOIMXCS YacTell
un OyneT pa3buTa Ha JBe YacTH, WM OCTaHeTcst HeTpoHyToH. Takum o6pas3om,
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YKMCJIO BHOBb M0JyYeHHbIX yacTell He npesbicut 22 -2 = 23, Cunrast 310 ycra-
HOBJICHHBIM, Mbl TOUHO TaK e MepeiieM K CJeIylolleMy caydaio u T. 1. — 6e3
KOHLIA.

CyIIHOCTb MPeIbIAYIIEro PACCy:KIEHUs 3aK/II0UaeTcsl B TOM, UTO, JKeJjasi
YCTAHOBUTbL CMPABEIJUBOCTb HEKOTOPOH 00llel TeopeMbl A MpH JitoObIX 3HA-
UEHHUSIX M1, Mbl JIOKA3bIBAEM 3Ty T€OPEMY IMOCJEN0BATEbHO /It GECKOHEUHOTO
psina crewuasbHbiX ciaydaeB A, Ay, ... B03M0OXKHOCTb 3TOTO paccy:KIeHHs
TIOKOUTCSI Ha JBYX TPeANOChUIKaX: a) uMeercsi 0OIIMH MeTOJ JI0Ka3aTebCTBa
TOTO, UTO ecAu CIpaBelJUBO yTBepxkIeHHe A,, To cjenyiollee Mo TOPSAKY
yTBepKIeHue A, makoce cripaBeluBo; 6) U38ECMHO, UTO MEPBOE YTBEPIK-
nenue A, crpaBemyiuBo. B TOM, UTO 3TH [Ba yCJOBHSI AOCTATOUHBI JAJISI TOTO,
uTOGbl CIIPABEAIUBOCTD 8cex yTBepKAeHUH A, Ay, As, ... Obla ycTaHOBIEHA,
3aKJII0YaeTCsT HEKOTOPBIH JIOTHUeCKHI PUHIUI, UMEIOIIHI B MaTeMaTHKe CTOJb
JKe (yHIaMeHTalbHOe 3HAUeHHe, KaK U KJacCHUeCKHe MPaBUla apUCTOTeIeBOH
JIOTHKH.

CcopmysupyeM 3TOT MPHHLHI caeayiolmM obpasom. [Ipennosnoxum, uto
TpebyeTcsi YCTAHOBUTb CIIPaBEUIMBOCTL GECKOHEUHOH T0CJIe0BaTebHOCTH
MaTeMaTHUEeCKUX MPeII0KEHNH

Alv AQv A3v R

KOTOpbIE BCE, COBMECTHO B3siTble, 06pa3yloT HeKoTopoe oflilee npeyioxKeHue A.
Honycmum, umo a) nposedeHo mMamemamuiecKkoe paccyxrcoenue, noKa-
svl8aroujee, umo ecal 8epro A,, mo sepno u A,.|, Kakogo 6oL Hu OLLAO
HamypaavHoe uucao r, u 6) ycmarnosaeno, umo A, sepro. Toeda sce
npedaodceHus Hauwlell nocaedo8amesvHOCmu 8epHol U, c1e008aMeAbHO,
npedaogncerue A 0okasamo.

Mbl npumeM npuHLMI MHAYKUMH 6e3 KoJleOaHUi (TaK »Ke KaK Mbl IPHHHU-
MaeM Bce TpaBu/a OObIKHOBEHHOH JIOTHKH) W OyJeM €ro paccMaTpuBaTh Kak
OCHOBHOM MPHHIIMI, HA KOTOPOM CTPOUTCSI MaTeMaTHUYECKOEe J0KA3aTesbCTBO.
B camom jeJie, Mbl MOXKeM YCTAHOBHTb CIPABEJJIMBOCTb KaXKI0r0 YTBEPKIie-
Husi A,, ucxonst U3 ponyiueHus 6) o Tom, uto A, cnpaBeyiMBO, M, MHOTOKpaT-
HO MOJIb3YSICh JIOMYLIEHHEM a), MOCJIe0BATENbHO YCTAHOBUM CIPaBEJIMBOCTD
yTBepaKIeHHl Ay, Az, Ay, U T. JI., TOKA He TOCTHIHEM yTBepkaeHus A,. [TpuHLHT
MaTeMaTHUeCKOH MHIYKIIMH BbITEKAeT, TaKuM 06pa3oM, U3 TOro (akra, uto 3a
KaX<JIbIM HATypasibHbIM UMCJOM 7 CJieflyeT (HErmoCcpeJCTBEHHO) JIpyroe Harty-
paJibHOe YHcsio 7+ 1 W uTO, OTHPABJSSACH OT HATypaJbHOro uucja 1, MOXKHO
nocJjie KOHEUHOTO UHCJIa TAaKUX TMEPEXOJIOB JAOCTHIHYTh JIIOOOTO HATYpaJibHOTO
ypesa 1.

Yacto npUHLIMI MaTeMaTHUECKOH MHAYKIMH MPUMEHSIOT 6e3 IBHOTO O TOM
YIOMHHAHHS WJIM K€ TIPOCTO OH CKpbIBaeTcsl 3a (hOpPMyJIOH «H Tak jajee.
Takasi ckpbiTasi popma NpUMEHEHHs MPUHLMITA HHAYKLIHH B 0COOEHHOCTH CBOM-
CTBEHHA TMpernojiaBaHuio 3JeMeHTapHOol MaTeMaTHKi. Ho B GoJiee TOHKHX f0Ka-
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3aTeJ/IbCTBaX 3TUM MPUHUHUIIOM MPUXOAUTCS MOJb30BaTbCs SIBHO. Mui npuBeaeM
JaJjiee HEKOTOPOE YHUCJ/AO0 OTHOCAUIMXCH CloJla MPOCTbIX M BCE 2K€ HE COBCEM
TPUBHAJIbHBIX TIPUMEPOB.

2. Apudmetnueckas nporpeccusi. Kaxoso 6vor Hu Obl10 3HAUeHUe N,
n(n+1)

5
Uro6bl 70Ka3aThb 3Ty TeOpeMy [0 MPUHLMUIY MaTeMaTHYeCKOH WHIYKIUH, Mbl
JIOJKHBI 17151 TIPOU3BOJIBHOTO 3HAUEHHSI A YCTAHOBUTH CIPaBEIMBOCTb COOT-

HoLIeHHsT A, n(n+1)

a) Ecau r — HeKOTOpoe HaTypasbHOE UHCJIO U ecAud U3BECTHO, UTO YTBEpPK-
IeHue A, CrpaBeNUBO, T. €. €CJIM H3BECTHO, UTO

l+2+3+...+r:w,

TO, npn6aBmm K 00€UM 4acTsiM MOCJIeIHETO paBeHCTBa 10 r + 1, MBI TToJIydaeMm:

cymma 1 +2+ 3+ ... 4+ n nepsoix n HAMYpPALLHOLX YUCes PABHA

r(r+1)

1 +243+...+r+(r+ I)ZT—i—(H—l):
_ r(r+1)+2(r+1) _ (r+1)r+2)
2 2 ’
a 3TO KaK pa3 M eCTb yTBepKjeHue A, .
6) YTBepxkKaeHue A;, OUEBHIHO, CTpaBEeIIMBO, TaK Kak | = % Hrak,

M0 TPUHLMITYy MAaTEMAaTHUECKON MHIYKIMH yTBepxiaeHue A, CrpaBemsuBo Mpu
JIIOGOM 71, 4TO U TPeGOBaJIOCh J0Ka3aTh.

OGBbIKHOBEHHO 3Ty T€OPEMY J0Ka3bIBAIOT HHbIM crioco6om. [TuiiyTr cymmy
1 +24+3+...4+n B AByX BUpax:

Sy=14+2+...4+(n—1)+n

S,=n+(n—-D+...+2+1.

CKJIaIlbIBaﬂ, Mbl BHAUM, 4YTO 4YMCJAa, CTOALIHME Ha OJIHOH BEPTHKaJH, BMECTE
COCTaBJSAIOT 11 + 1, H TaK KakK BepTHKaJIeﬁ BCEro UMeeTcs 1, ToO OTCroAa CJACNYET,

uTo
25, =n(n + 1),

M OCTaeTcs ellle pas3jiesiuTh Ha 2.
N3 dopmyJbl (1) cpady e BbiTekaeT o61asi popmydia ajsi cymmel (r 4 1)
MepBbIX UJIEHOB J060H apudMeTHUECKOH MPOrpecCHH:

Po=at(a+d)+(a+2d)+...+(a+nd)="HEHD g
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B camom neuste,
Po=(n+1a+(1+2+.. +n)d=(n+ Da+ ”(”Qﬂ -
_2An+Da+nn+1)d _ (n+1)2a 4+ nd)
- 2 o 2 ’
B cayuae, korna a =0, d = 1, nocnenHee cooTHOlLIEHHE MpeBpallaeTcs B CO-
otHomienue (1).

3. leomerpuueckasi nporpeccus. TakuMm ke 06pa3oM MOXKHO pacCyxk-
JaTh U M0 MOBOJy reOMeTPUUeCKOH porpeccuH (B obiieM Buje). Mbl moKaxkeM,
YTO, KaKOBO ObI HU OBLIO 11,

1 _ qn—H
I—q
(MbI mpeanosiaraem, uto g # 1: uHaue npaBasi yuacTh (3) JiMlIeHa CMbICJa. )

Hatire yTBepKIeHNe, HECOMHEHHO, CTIPABEIINBO MIPH 7 = 1, TaK Kak B 3TOM

cayuae

G,=a+ag+ag’+...+aq"=a (3)

1 —¢? 1 1 —
GI:a+aq=a(1_2):a( +1q_)(q q):a(l—i-q).
W ecau mbl nomyctum, uto
_ art+l
G,:a+aq+...+aq’:all_qq ,

TO, KaK CJIeICTBHE, OTCI0Ja HEMEIJICHHO BbITCKAECT:
Gri=(a+aqg+...+aq")+ag" =G, +aq™' =

ol 1 — r+1 r+11_
AL R e L s (e Y
l—gq l—gq
_ arl r+1 _ art2 — g2
_,1=q9" +q g _ 1=
l—gq l—gq

Ho 310 kak pa3 u ectb ytBepxaenue (3) npu n =r + l. JlokasarenbcTBo
3aKOHUEHO.
B asieMeHTapHBIX yueOHUKAX JaeTCs JIPYroe 10KazateabcTBO. [losoxum

G,=a+ag+...+aq"
YMHOXKas 06e yacTu Ha q, TIOJIy4Yum
gG,=aq+aq’ + ... +aq"".
Broruuras 3arem nocJjieHee paBeHCTBO U3 MPeEANocaAeHEero, noJjayyaem agaJnaee
G,—qG,=a—aq"",
(1 -¢)G, =a(l —g"*"),

_ an+l
G”:aliq'
l—g¢q
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4. Cymma n nepsbix kBaaparos. Cilelywollee HHTepeCHOe NpUMEHeHHe
MPUHLMIIA MATEMATHUECKOH HHIYKLHH OTHOCHTCS K CyMMe 7 [IePBbIX KBaAPAaTOB.
[TyTrem npo6 Mbl ycTaHaB/IHBaeM (10 KparHell Mepe /715l HeCKOJIbKUX HeOOJIbIINX
3HaYeHUH 1), 4To

2424304, = 2D (4)
TmocJie Yero eCTeCTBEHHO BBICKA3aTh B BHJE JAOTAIKH yTBepKJeHHe, UTO 3Ta
3aMeuatesibHast (hopMmyJia CTPaBENINBA MPH BCEX YECAbLX NONOMCUMENbHbLX
sHaueHnuax n. Utobel dokazame 31O, BOCMOJNb3yeMCS ONSATb METOJIOM Ma-
TeMaTHUeCKOH HHAYKUHU. 3aMeTHM IpeKIe BCEro, UTo ecau yTBepxKiaeHue A,
KOTOPO€E 3aKJ/IOUaeTcsl Kak pa3 B COOTHOLIEHWH (4), CTpaBeyIMBO TpU 1 = T,

TaK 4to r(r+ 1)2r+1)

6 b
TO, NpubaBasAs K 06euM yacTsm 1o (7 + 1)?, Mbl nosyuaem

24+2243+.. . +7=

P2 4P (=D l)éQH Doyra1p=
Crr+ D@2r+ D) +6(r+ 12 (r+ Dir(2r+ 1)+ 6(r+ 1)]
o 6 - 6
C(r+ )22+ T7r+6)  (r+1)r+2)2r+3)
o 6 o 6 ’
a 3T0 U eCTb yTBepXkKJeHHe A, |, TaK KaK OHO MOJYUaeTCs U3 COOTHOLIEHHS (4)
MOCPEACTBOM MOACTAHOBKH 7 + 1 BMecTo 7. UToObI 3aKOHUUTb J10Ka3aTesbCTBO,
JI0CTaTOuHO 06paTUTh BHUMaHHE Ha TO, 4TO yTBepkaeHHe A, KoTopoe CBOAUTCS
K PaBeHCTBY

L1241

=%

cnpaseaynso. Mrak, cooTHouieHue (4) BepHO MpH BceX 3HAYEHMSX /1.
[Togo6HOrO e pojga GoPMyJbl MOXKHO HAMUCATD /I CyMM TPETHUX U UET-

BEPTBIX CTeneHel, BooOIe st cymMMm Bupa 1% + 28 + 3% + .+ n*, e kb —

MPOU3BOJILHOE 11€J10€ TOJIOKHTEJIbHOE UHC/I0. B KauecTBe yrnparKHeHUs] YuTa-

TeJIb MOXKET JI0KA3aTh C MOMOIIbIO MATEMATHUECKOH HHIYKLMK OPMYJTy

2
P23+ pat = (M) (5)

Heo6xomnMo 3aMeTUTh B 3aK/IOUEHHe, YTO, XOTs MPHHLKIA MaTeMaTHye-
CKOH HHAYKLHMH COBEPILEHHO A0CTATOUHO JIsl TOro, uToObl doKazams Gpopmy-
Jy (5) — pa3 oHa yxKe HarMcaHa, 0JHaKO J10Ka3aTe/bCTBO He JaeT PeLUTeNbHO
HUKaKUX YKa3aHWH, Kak MPUITH K caMoil 9T0i opMysie: oueMy HMEHHO HY»KHO

n(n+ 1)\2
=)

12

JaorajibiBaTbCsl, YTO CyMMa /1 TI€PBbIX Ky6OB paBHa BbIpa>KE€HHIO (

n(n + 1)\?2
a He KakoMy-HUOYJb MHOMY B TaKOM Ke pOje, Harlpumep, (T) WJIH
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19n% — 41n + 24
3
3aKJ/I0YAETCsl B MPUMEHEHHH TAKMX-TO MPOCTHIX JIOTHUECKHUX TIPaBHJI, He OKa-

3bIBAET HM MaJieHllero BJMSHUS HAa TBOpYECKOEe HAuajo B MaTeMaTHKe, pOJib
KOTOpOro — Jles1aTh BbIGOp M3 GECKOHEUHOr0 MHOXKECTBA BO3HMKAIOUIMX BO3-
MOXKHOCTelH. Bompoc o ToM, Kak BO3HHKaeT eunomesa (D), MPUHANIEKHUT K
TOH 00J1aCTH, B KOTOPOH HET HUKAKHX OOLIMX MPaBUJI; 31eCh ACJAIOT CBOE JIeJ10
9KCIIEPUMEHT, aHAJIOTHsI, KOHCTPYKTUBHASI HHAYKIHMS. Pa3 ToJbKo nmpaBu/bHast
runoresa copMyIHpOBaHA, MPUHLMIA MaTeMaTHUECKOH MHAYKLHH 4acTo Obl-
BaeT JI0CTAaTOYHO, uToObl Teopema Oblia jokazaHa. Ho Tak kak camo Takoe
JIOKa3aTeJbCTBO HUKAK HE YKa3bIBA€T MyTH K OTKPLITHIO, TO €ro Jyuile ObLI0
Obl HAa3bIBATb NPOBEPKOIL.

, 1 T. 1. Bei6op Besk! ToT hakt, 4To 10Ka3aTeNLCTBO TEOPEMDI

*5. OnHO BaXKHOE HEPABEHCTBO. B ciienyioliiell r/iaBe HaM MOHaA00OUTCS
HEPaBEHCTBO
(I+p) =1+np, (6)

MMelolllee MECTO MPH BCAKOM p, YAOBJETBOPSIOUIEM YCJOBHIO p > —1, U TpH
J0OOM 11eJIOM TOJIOXKUTEJbHOM 3HaueHuH 7. (Paau ob1HOCTH Mbl TpenBoc-
XULIAeM 31ech NMPUMEHEHHEe OTPULATE/IbHBIX M HElleJbIX Ydces, nperodaras,
YTO p MOKET ObITh JIIOOBIM UHCsIOM, GoJbliuuM yeM —I. J[lokazaresbeTBO Hepa-
BEHCTBA OJIHO M TO K€, HE3aBUCHMO OT TOTO, KAKOBO UHCJIO p.) Mbl BOCMOJIb-
3yeMcsi M Ha 3TOT pa3 MaTeMaTHYeCKOH HHAYKLHEH.

a) Ecau BepHo, uto (1 4+ p) > 1 + rp, To, yMHOXKast 06e YacTH HEPABEHCTBA
Ha TIOJIOXKHUTENbHOE UHCO0 | + p, Mbl MoJlydaem:

(L4+py™ = 1+rmp+p+rp’

Ot6pacbiBast BOBCE MOJIOMKHTE/IbHBIH UJIeH rp?, Mbl TOJNBKO YCHJIMM 3TO
HepaBeHCTBO; MTaK,

(L+p)y™' =14+ (r+1)p.

[TostyueHHBII pe3ysibTaT MOKa3bIBAeT, UTO HEPABEHCTBO (6) HMeeT MecTo H
npun=r+ 1.

6) CosepiieHHo oueBuaHO, uto (1 + p)' > 1 + p. Takum o6pasom, 10Kkasa-
TEJNILCTBO 3aKOHUEHO.

OrpanuueHHe, 3akjtouarolleecss B yCeJoBud p > —1, cyiiectBeHHo. Ecau
p < —1, o | + p orpuuaresbHo, U paccyxKJIeHHe a) OTMafaeT, Tak KaK TpH
YMHOXKEHHH 00enX uyacTell HepaBeHCTBA Ha OTPULATEJbHOE UHCJIO 3HAK He-
paBeHcTBa J0JUKeH u3MeHHTbes. (Hanpumep, ymHoxass o6e yacTi HepaBeH-
cTBa 3 > 2 Ha —1, Mbl nosiyunsiu Obl —3 > —2, a 3TO HEBEPHO. )

*6. buHomuanbHas Teopema. Yacro 6GbiBaeT HYXKHO HarucaTb B paCKpbi-
TOM BHJIe BbipakeHue Jiisi n-# crernenu 6uHoma (a + b)"'. HenocpenctBenHoe



§2 BECKOHEUHOCTb CMCTEMbI HATYPAJIbHbBIX UM CEJI 41

BBIUHCJIHHE TOKA3BIBAET, UTO
mpun=1 (a+b) =a+b,
npun=2 (a+by=(a+b)a+b)=
=a(a+b)+bla+b)=a’+ 2ab+ b,
npun=3 (a+by=(a+b)a+b)=
=a(a® + 2ab + b*) + b(a® + 2ab + b*) = a® + 3a’b + 3ab® + b,

¥ TaK jpajee. Ho Kakoi oOIIMH 3aKOH CKPbIBAeTCsl 3a CJOBAMH «H TaK Ja-
nee»? [lpoananusupyem npouecce Bbiuucaenus (a + b)2. Tak kak (a + b)? =
=(a + b)a+ b), To Mbl TONYuHIH BbIpaXkeHHe 151 (@ + b)?, yMHOXKAS KaXKIblit
yjieH BbipaxkeHHsi @ + b Ha @, 3aTeM Ha b W CKJaublBask TO, UYTO IOJyYH-
Jock. Ty ke mpoleaypy NpUILIOCH TPUMEHHTh NPH BbiukcaeHHH (a + b)® =
=(a+b)a+ b). Tak xe Touno olumcasores (a + b)*, (a + b)° u tak nanee
10 6eckoHeyHOCTH. Boiparkenue st (a + b)" Mbl TOJy4HM, YMHOXKas BbIpaKke-
nue (a + b)"~! cuauasna Ha @, NOTOM Ha b, 3aTeM CKAAbIBAs TO, UTO TOJYUHTCS.
DTO MPUBOMUT K CJIEAYIOLIEH AHarpamMmme;

a+b = f/a\f+f/b\i

(a+by= a’ , T, 2ab  + b? ,
v X ¥ X ¥ X

(a+b)= a®  + 3a*h + 2 b*

b b dab . b
o N Ny N o N
(a+b)= a' + 4a’b + 6a°6*> + 4ab® + b,
MO3BOJISIIOLIEH cpa3y pa3oOpaTbes B 06111eM 3aKOHE COCTaBJIEHUS KOI(DDHUIIMEH-
TOB B pasJioxKeHuH (a + b)". Mbl CTPOUM TPeyroJibHyl0 CXeMY U3 HaTypaJlbHbIX
uyces, HaunHasi ¢ Kos(duimentos 1, 1 aByunena a + b takuM 06pas3om, 4To
KaxKaoe 4YnucJio B TPEYroJibHUKE sIBJISICTCS CyMMOIjI JBYX yuceJi, CTOAIUX Ha HUM
B MpeIblIyIeil CTpoKe (cieBa u cripaBa). Takasi cxeMa H3BeCTHA 110]] HA3BaHHEM
mpeyeoavnurka lackaas.

Kosgppuyuenmor 8 pasaoscenuu (a + b)' no ybusarowum cmenewsan a u
so3pacmarouum cmenenam b cmoam 8 n-ii cmpoke 3Moil cxemol.
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Taxk, Hanpumep,
(a+b)Y =a" +7a°% +21a°b* + 35a*b* + 35a°b* + 21a°b° + Tab® + b'.
C momolIbio OUeHb CKAThIX 0603HAUEHHH, HCIOMb3YIOUINX HUXKHIAE U BepXHHe

3HAUKK (MHJEKCHI), 3aldlIeM YUCJa, CTOSIIME B A-H CTPOKE TPeyroJibHHKA
[Tackansi, caenyromnm o6pasom:

C'=1, C, ¢ C ..., C' C'=1.

n

Torna o6uieit hopmydie aJist pazsoxkenust (a + b)" MOXKHO NMPUIATH BUJL
(a+b)y'=a"+Cla"'b+ C2a"?b* + ...+ C"'ab"" + b". (7)

CorJyiacHo 3aKOHY, JieKallleMy B OCHOBE€ IMOCTPOECHUS TPEYTroJbHUKa HaCKaJIH,
Mbl UMeeM COOTHOILLEHHUe ; i1 ;
Cn = Cnfl + Cn—l' (8)

B kauecTBe ynpaxXHeHHsl UMTaTellb, UMEIOLLIMH y>Ke HeKOTOPbIH OMbIT B NpUMe-
HEHWM MaTeMaTHUeCKON HHIYKLHMH, MOXKET BOCMOJb30BATbCH ITUM MPHHIIUIIOM
(1 oueBumHbIMH paBercTBamu C® = Cl = 1) mais1 oKasatesbeTBa 061Iel Gop-
MYJIbI

i:n(rz—l)(n—Q)...(n—i—&—l): n! (9)
" 1-2-3....-i i(n—i)

(I'lpu mo6oM e/ oM MOJNOXKHUTEIBHOM 3HAU€HHH 1 CHUMBOJ n! (uuTaercs
«n-thakTopuan») 0003HauaeT NPOU3BEJCHHE £ INEPBbIX HATypaJbHbIX UMCEJ:
nl=1-2.-3....-n. Yno6Ho nonoxuth no onpeneynenuto 0! = 1, uro6ul pop-
myJa (9) onpapabiBajach Takxke  Mpu i, paBHom O uju n.)

BriBoy 3TOi pacKpeITOil (opMyJbl AT KO3(DOHUIMEHTOB OMHOMHANBHO-
ro pasJ/oyKeHUsl MHOrJa AaeTcsl HauMEHOBaHWe OUHOMUAAbHOL meopemsl
(cM. Takxke cTp. 504).

C

YI'Ipa)KHeHl/lﬂ. I[OKE[}KI/ITG C MOMOUIbIO MeTO0JIa MaTeMaTHUeCKOon UHAYKUHUH CJIeNy-
IolllMe paBeHCTBa:
1 1 1 n

Distesttamsn = net
1 2 3 n_ o n+2
D gtmtmt  tw=2-"F

I — (n+ 1)g" + ng"t!
(I—qy '
. " l 2u+l
) (1+ )1+ @)1 +4¢*)...(1+4¢%)= e
Haiinure cymmy ciieytolyx reoMeTpuuecKuxX MporpeccHii:
1 1 1
5 . 9.9 L] .
) l+x2+(1+x2)2+ +(1+x2)n
2 n
6) 1+ 25+ o
et Tt
2

7) XZ—y +()C2—]/2)2+ +(x2_y2)n
)CQ-‘ryQ )C2+]/2 )CQ-‘ryQ .

*3) 1 +2¢+3¢>+ ... +ng" ' =
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[Tosb3ysich opmysiamu (4) u (D), 10KaXKUTe paBeHCTBA:
“8) 1248 4 (204 1p = LELEIEIEED)
Q) P+33+...+@2n+ 1P =(n+1P?2n+4n+ 1)
10) To xe camoe JJ0KaXKUTe HEMOCPEICTBEHHO METOJI0OM MaTEMATHUECKOH HHYKLIHH.

7. JanbHeiiuiie 3aMeyaHusi MO MOBOJY METOAAa MAaTeMaTHYeCKOW MHIYKLHH.
[IpuHUMIT MaTeMaTHuecKOH HWHIAYKLUMH MOXKeT ObiTb cJierka O00OOLIeH CJeLyloLIUM
o6pasoM: ecau umeemcs nocaedosamenvrnocmo ymsepooenuti As, Asyi, Asyo, ...,
ede S — HeKOmopoe NOAONCUMEALHOE HUCAO, U eCAll

a) NPU BCAKOM 3HAUEHUU I' = S CNPagedAus8ocms A, caedyem u3 cnpaseoiu-
socmu Ay, u

6) ussecmmo, umo As cnpasedauso,
mo sce ymsepacoenus As, Asi1, Asto, ... cnpasedausol. Vnaue rosopsi, A, «cnpa-
BEUIMBO NpH Jilo6oM 1 > s». To ke camoe paccy:kleHHe, KOTOpoe TMPHUBEJNO Hac K
0ObIKHOBEHHOMY MPHHLMIY MATEMATHUECKON HHAYKIMH, IPUIOJHO U B JIAHHOM CJlyuae,
TOJIBKO T10CJIe0BaTEJbHOCTD |, 2, 3, ... 3aMeHsieTcsi Ha 3TOT pas Moj00HOM el mocJie-
oBaTesbHOCTBIO S, S+ 1, s +2, s + 3, ...

[To/sb3ysich MPUHLMITOM HHAYKUHH B 5TOH (hOpMe, Mbl MOKEM YCHJIUTh HEPABEHCTBO
(6) na ctp. 40, uckiouas BO3MOXKHOCTL 3HaKa paBeHcTBa. VmeHnHo: xkakogo 6oL Hu
66110 p#0 u > —1 u Kakoso ObL Hu OLIAO Yeaoe HucAo n = 2, umeem mecmo
HepaseHcmao (L+p)' > 1+ np. (10)
J1oKa3aTesibCTBO MPelOCTaB/SETCS UNTATEIIO.

C NpPUHUMIIOM MaTeMaTHUECKON MHIYKUHMH TECHO CBSI3aH <IPHUHLMIT HAWMEHbLIEro
LeJIOr0 UHCJIa», YTBEPXKAAIOLINH, UTO 80 8CAKOM Henycmom mroscecmse C Hamy-
PANbHLLX Hices umeemcs Haumerouiee 4ucao. MHoKecTBO C MOXKET ObITb KOHEUHBIM,
Kak, Harpumep, MHO>KecTBO 1, 2, 3, 4, 5, uin 6eCKOHEUHbIM, KakK, HalpUMep MHOXKECTBO
BCeX UeTHbIX uucen 2, 4, 6, 8, 10, ... MHoxecTBO Ha3blBaeTCsl nycmoiM, €CJId OHO
He COJIEPXKUT HH OJIHOTO 3JIEMEHTA; MPUMEPOM IMYCTOr0 MHOXECTBA MOXKET CJIYXKHUTb
MHOKECTBO BCEX KPYrOB, OJHOBPEMEHHO SIBJISIIOLLMXCS NPSMBIMH JIMHUAMH, UJIH MHO-
YKECTBO HATypasibHbIX UHCEJI 11, YJIOBJETBOPSIIOLIMX COOTHOLLIEHHIO /7 > 1. [10 MOHSTHBIM
MpPUUMHAM Mbl OrOBapvBaeM B (POPMYJHPOBKE <IPHHIMIA HAHUMEHBILErO 11€J10r0 UNC-
Jla», uTO MyCTble MHOXECTBA HCKJoualoTcsi. Beskoe Henycroe MHO:KecTBO C LEJbIX
yHuCeJsl HEMPEMEHHO COLEPXKHT XOTb OJHO UMCJIO, HANIPUMEp /1, U TOrJa HauMeHblliee U3
uncen 1, 2, 3, ..., n, npuHayiexkaliee MHOKeCTBY C, €CTb HauMeHblllee 1eJoe YUCJI0
MHOK€eCTBA.

YroObl ySICHUTb 3HAaUEHKHE TOTO NPUHLIMIA, CJEyeT YKa3aTh Ha TO, UTO OH, BOOOLLE

roBopsi, HEBEPEH JIs1 MHOXKECTB, COCTOALIMUX U3 HELLEJ/IbIX YHMCeJI; HAIPpUMEP, MHO2KECTBO
I 1 1

12737 477

C 4HCTO JIOTHUECKOH TOUKH 3peHHst HeGEe3bIHTEPECHO OTMETHTb TO 00CTOSATE/NbCT-
BO, UTO C MOMOLIIbIO TPUHIMIIA HAMMEHBLIETO 1eJIOr0 UHCJA MPUHLMIT MAaTeMATHUECKO
HHJYKLHH JoKka3vleaemcs Kak Teopema. B camoM jeJsie, MycTb MMeeTCst MOCJ€el10Ba-
TEJILHOCTb TaKUX yTBepxKieHuil Ay, Ag, As, ..., uto

a) npu JitoGOM 7 CrIPaBeVIMBOCTb A,y | BbITEKAeT U3 CrpaBeIMBOCTH A,

6) H3BECTHO, UTO A CIpaBeJIMBO.

[OJIO2KHUTEJIbHbIX LLpO6HbIX yucen 1 He COAEP2KHUT HaWUMEHLLIEro yucJa.
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Mbl JloKaxKeM, UTO MPeANoJIoKeHHe O TOM, UTO XOTb OJHO U3 yTBepkKJeHHl A He-
crpaBelJIMBO, NpUeTcsl OTOPOCHTD. JleficTBUTe/IbHO, eci Obl XOTb OJIHO M3 yTBEep2K/e-
HUIl A OblIO HEBEPHBIM, TO MHOXKECTBO BCEX HATypaslbHBIX UMCes A, A5 KOTOpbIX Aj
HeBepHO, He Obl10 Obl MycTbIM. Toraa corylacHoO NPUHLMILY HaUMEHbLLIEro Le/10ro YhcJa
OHO coJlepxKaJlo Obl HaMMeHblllee UMCJIO p, KOTOpOe BCJeACTBHe 0) LOJIKHO Obl10 Obl
6bITb GoJiblie ueMm 1. Ho Torna A, 6bl10 Obl HeBepHO, @ A, BepHO. DTO NIPOTHBOPEUUT
YCJIOBHIO a).

[TonuepkHeM ellle pas, uTO MPUHLMI MaTeMAaTHUECKOH HHIYKLHUH PE3KO
OTJIMYaeTCst OT SMIHUPHUYECKOH WHIYKIUH, CBOFCTBEHHOH eCTeCTBEHHBIM Ha-
ykam. [loarBepikieHune oOlIero 3akoHa HAa KOHEUHOM YHCJe CJydaeB (Kak
6bl 3TO YHCJO HU ObLIO BEJAWKO) HUKOUM 06pa3oM He MpeacTaBJsieT coboi
JI0Ka3aTesbCTBA B MAaTeMaTHYECKOM CMBICJIE, 1aXKe eCJIM HeM3BEeCTHO HU OJTHOTO
uckmoueHnsi. [lpy Takux 06CTOsITENbCTBAX paccMaTpHBaeMoe YTBep:KIeHHe,
WM «3aKOH», €CTb He UTO MHOE, KaK BIIOJIHE pagymHasi eunomesaa, KOTOPYIO
MOTYT BHUJIOUSMEHUTH pPE3YyJbTaTbl 6yIIyLUJ/IX 9KCIIEPHUMEHTOB. B marematuke
«3aKOH» MOKET CUHTAThCsl OKA3aHHLIM TOJILKO TOT[a, KOTJa OH BbIBEEH Kak
Hen30eXKHOe JIOTHUECKOE CJIEACTBHE M3 MPENOCHIIOK, PHU3HABAEMbIX Clpa-
BE€IAJIUBbIMHU. Cy[lleCTByeT HEMaJIo MPUMEPOB MaTEeMaTHUUCCKHUX yTBep)KILeHI/II:I,
KOTOpbIe ObUIM TIPOBEPEHbI H ONPAB/BIBAMMCH BO BCEX 10 HACTOSIIIErO BpeMeHH
pacCMOTPEHHbIX YAaCTHBLIX CJydasiX, HO MJisi KOTOPbIX €LIE HE ObLJI0 HanIIIeHO
o0lIero JlokasaTeabcTBa (CM. MpuUMep Ha cTp. 55). MoxkHO nodoapesameo,
YTO TeopeMa CIIpaBelyIiBa BO BCell OGIIHOCTH, €CJIM OHA TMOATBEpPXKIaeTcsi Ha
GOJIBLIOM UHCJIE IPUMEPOB, M TOTJIA €CTh OCHOBAHHE MbITAThCS JOKA3AMb €€ ¢
[TOMOILbIO MaTeMaTH4eCcKon UHAYKIHHA. Ecuu nonbiTka yaaetrcsd, To TeEM CaMbIM
CTpaBe/IMBOCTL TEOPEMbl YCTAHABJUBAETCS; B MPOTHBHOM CJydae BOMPOC O
TOM, BepHa WM HeBepHa TeopeMa, OCTAaeTCsi OTKPLITHIM, H OHa MOXKET ObITh
JI0OKa3aHa WJIM ONPOBEPrHyTa Korjga-HUOyAb B OyIylleM y»Ke HHbIMH METOJaMH.

[TpuMeHsis MPUHLMIT MATEMaTHUECKOH HHIYKLMHM, HEOOXOAMMO BCErja TLIATeJIbHO
CJIE[IUTh 3a TeM, UTOObI yC/I0BUs1 ) U 6) OblIM AeHCTBUTELHO BbINOMHEHbL. FHaue MOXKHO
WHOH pa3 TpHiITH U K abcypay. MBI ipejyiaraeM UMTaTeMo paso6paThest B CJAELyOLIEM
coduame. Mbl «JoKaxkeM» cefuac, 4To .1100ble 08a Yeablx NOAONCUMENbHbLX HUCAA
pasHol meacdy coboil; nanpumep, 5 = 10. Haunem ¢ onpenesennsi. Ecin a u b —
1B HEPaBHBIX MeX1y cOOOH LeJbIX MO0JIOKHTEIbHBIX Uhc/a, TO uepe3 max(a, b) Oy-
JeM 0603HauaTh @ WM b, CMOTpsl MO TOMY, Kakoe M3 unces GoJblle: a Wiad b; ecau
ke a = b, to nojoxum max(a, b) = a = b. Tak, max(3, 5) = max(5, 3) = 5, Torna
Kak max(4, 4) = 4. Haznee, uepe3 A, o603nauuM cJjenyiollee yTep:kuenue: «Ecan a
1 b — JBa TaKUX LeJbIX MOJI0KUTEIbHBIX Uhca, uto max(a, b) =n, 1o a = b».

a) [Tpeanosoxum, uro A, BepHo. IlycTb a n b — 1Ba TaKKX LeJbIX MOJOKHTEILHBIX
uucJa, uto max(a, b)=r + 1. Paccmorpum uucaa

a=a—1, B=0b-1,

torna max(a, 3) =r. B Takom cayuae o =3, Tak kak A, BepHo. Ho orciona cinenyer,
yTo @ = b; 3HAUMT, BepHO U A 4.



§1 [TPOCTBIE UHMCJIA 45

6) A, oueBH/IHO, BEpHO, TaK Kak ecau max(a, b)=1, To a u b (1o npenoJoxe-
HHUIO — LI&JIble MTOJIOXKUTEJIbHbIE UHCJIA) IOJDKHBI ObITh KaXKJ10€ B OT/Ie/JbHOCTH PaBHbI 1.

Mrak, no npuHLKMIY MaTeMaTHUeCKON MHAYKLHH A, BEPHO NpH JIIOGOM 1.

[Tyctb Ternepb @ U b — JiBa MPOU3BOJILHBIX LEJbIX MOJOKHUTENbHBIX UHCJIA; M0JI0-
UM max(a, b) = r. Bbuio nokazaxo, uto A, BepHO NpH JIOOGOM 11, 3HAUMT, B YACTHOCTH,
BepHo A,. CienoBaresbHo, a = b.

JIOTIOJTHEHUE K IJIABE I
Teopus uucen

BBeneHue

MucTtrueckue u cyeBepHble NPEJCTaB/EHHS], CBS3bIBABILMECS TI€PBOHAYAJb-
HO C LEJBbIMH YUCJAMH, Maslo-MOMaJly H3MVIaJAWJIMCh, HO CpPed MaTeMaTHKOB
MHTepec K uncyam He ocqaabeBas Hukoraa. EBxkau a (okono 300 r. no Haureit
9pbl), TPOMKasl cjaBa KOTOpPoro oGbscHsieTcs TOH yacTbio ero «Hauan», kKo-
TOpasi TOCBsILLEHA OCHOBAM I'eOMETPUH (H3yuyaeMbIM B LLKOJE), TI0-BUAUMOMY,
c/lesia]l OPUTHHAJIbHBIE OTKPBITHS B 06JIACTH TEOPUH YHCEJI, TOTJIA KaK ero reo-
METpHsl B 3HAUUTE/bHOH CTENEeHH NPeACTaBIseT COO0H KOMIUJSLMIO paHee Mo-
JIyUeHHBIX pe3yJbTatoB. Jluodan T Asekcanapuidckuil (okoso 275 T. Hallel
3pBI), OUH U3 MEpBbIX aJAre6PAHCTOB, OCTABHJ TAKXKe CJe]l B TEOPHH UYHCE.
[Tbep ®epma (1601—1665), kupumit B Tysyse, M0 CreUHasbHOCTH HOPHUCT,
BMeCTe C TeM 3aMeuaTesbHEHIIHH MaTeMaTHK CBOEH 3MO0XHM, MOJIOXKHJ Hauya-
JIO COBPEMEHHBIM TEOPETHKO-UMCJIOBBIM H3bICKaHUsIM. D Hiaep (1707—1783),
HanboJiee U3yMUTENbHbBIH U3 MaTeMaTHKOB B CMblcJe 6OraTcTBa MpoayKUHH, B
CBOMX MCCJIEIOBAHUSIX BecbMa yacTo yraybJsijics B 06/1acTb Teopuu unces. Cro-
J1a 2Ke cJielyeT MPUOABUTh PSiJL HHBIX HMEH, 3HAMEHHUTBIX B aHHA/JaX MaTeMaTHKHU:
Jlexxannp, Hupuxae, Puman. Taycc (1777—1855), BunHenmmii us
MaTeMaTHKoB 6oJiee 6JIM3KON K HaM 3MT0XH, B PaBHOW CTeMeHH OT/aBaBLIni ceOs
PA3JIMUHBIM OTPACJSM MaTEeMAaTHKH, CJEIyIOLMMH CJIOBAMH OMPEeUN CBOE
OTHOLIIEHHE K TEOPHH uuces: «MartemaTHka — LapHlla HayK, TEOpHs Uhces] —
Luapuua MaTeMaTHKH».

§ 1. MpocTbie uncaa

1. OcHoBHble ¢akTbl. MHoTHe yTBepxKjieHHsI B 06JIACTH TEOPUM UYHCE,
KaK U MaTeMaTHKH BOOOIle, OTHOCATCS He K OT/AE/NbHbIM 00bEKTaM, CKaxeM,
K UHCJy D WM YHCy 32, a K LeJoMy KJaaccy 00bEKTOB, HMEIOLINX KAaKOe-TO
oblilee CBOHNCTBO; MPUMEPAMH MOTYT CJIY?KHTb KJIaCC BCEX UETHBIX UHCEJ

2, 4, 6, 8 ...,
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WJIH KJ1acC YhCeJI, JeJsIIINXCs Ha 3,

3, 6,9 12, ...,
WJTH KJ1aCcC KBaJIPaToOB LEJbIX YHCE

1, 4, 9, 16,

¥ Tak jaJgee.

B Teopuu uncesn 0coGeHHO BaxKHYIO POJib UTPAET KJACC BCEX NPOCHIbLX
yycen. OueHb MHOTHE UHC/IA MOTYT ObIThb PA3/oKeHbl HA MEHbIIHE MHOXKHUTEJH:
10=2-5 111=3-37, 144=3-3-2-2-2-2, u 1. n. Yucaa, KoTopble
TaKUM 006pa3oM He pasJaratorcs, HocsT Ha3BaHue npocThiX. TouHee, npocmoin
HA3bl8AeMCA MAKOE Yeaoe Yo p, bosvuiee eOUHULbL, KOMOpPOe He UMme-
em uHblX MHOMcUumeAel, kpome edunuysl 1 canozo cebs. (Uucno a ecmeo
MHOJMCUMeNb, UK Oeaumens, yicaa b uim deaum uuciio b, ecyiv cyllecTByeT
TaKoe yeaoe uucyo ¢, uto b =ac.) Yucna 2, 3, 5, 7, 11, 13, 17, — npocrbie,
TOTJIa KaK, HampuMep, uuc/o 12 He siBasieTcsl MPOCTHIM, Tak Kak 12 =3 - 4.
3HaueHHe KJacca MPOCTbIX YHCEJ 3aKJ0UYAETCs B TOM, UTO Kadoe UUcyo Mo-
JKET ObITh MPEJCTABJECHO KaK npousgedene npocmolX: eCan JaHHOE YUCII0 He
MPOCTOE, TO €r0 MOXKHO MOCJ/Ie0BATENLHO Pa3jaraTb Ha MHOXKHUTEJH JI0 TeX 10p,
MOKa BCe MHOYKUTEJIM He OKaXKyTcsl TIPOCTBIMU; TaK, Hanpumep, 360 =3 - 120 =
=3-30-4=3-3-10-2-2=3-3-5-2-2-2=2%.3%.5. YucJ0, OTJIMUHOE
ot 0 1 | ¥ He fABJAsIIONIEECS MTPOCTBIM, HA3LIBAETCS COCMABHbIM.

O/MH M3 MepBbIX BOMPOCOB, BO3HMKAIOLIMX [0 MOBOJY KJacca MPOCTbIX
yrces, 3aKA0UYAETCS B TOM, CYLIECTBYET JI TOJbKO KOHEUHOE YHCJIO PA3THUHBIX
MPOCTBIX UHCEJ HUJIU K€ KJIAcC MPOCTbIX UMCE] COMAEPKUT GECKOHEUHOE UMCJIO
4JIeHOB MOJO0CHO KJlacCy BCEX LeJbIX YHCEJl, YACTbIO KOTOPOIrO OH SIBJISIETCSI.
OTBeT TaKOB: npocmolx 4uces cyuecmsyem OecKOHeuHoe MHOIECmaOo.

JlanHoe EBK/INIOM 10KA3aTe/bCTBO CYIIECTBOBAHUS OECKOHEUHOTO MHOYKE-
CTBA MPOCTbIX YHCEJ NPeCcTaB/seT co60H THIHUHBIA 00pa3ell MaTeMaTHYeCKO-
ro paccyxiueHusi. B ocHoBe ero JiexKMT «KOCBEHHbIH MeTo» (10Ka3aTesbCTBO
OT MPOTHBHOTO, TpuBeieHHe K abcypay). ClenaeM MOMBITKY JNOMYCTHTb, UTO
paccmaTpuBaeMoe MpeloxKeHHe HeBepHO. DTO 03Hauaso Obl, UTO CYLLECTBYET
JIMLIb KOHEYHOE YHUCJIO MPOCTBIX YHCEJ, XOTS, MOXKET ObITb, H OUeHb MHOIO —
CKaxKeM, OKOJI0 MUJIJIHApPJa; TOTJa JOMYyCTHM, UTO 3TO UHCJIO, MPEACTaBIEHHOE
B «00lel» W «HeomnpejieseHHOH» opme, OyneT 1. Mbl MoxkeM 0603HAUYNTD
BCE MPOCTble UMCJ/A uepe3 Py, P, ..., Pn. BCAKOE HHOE YHCJIO TE€M CaMbIM
COCTABHOE U JIOMKHO JIEJIUTHCS MO MEHbLIEH Mepe Ha OJIHO M3 MPOCThbIX UH-
cenpy, Pay ..., Po. A TENEPH MBI IPUIEM K TPOTHBOPEUHIO, 8 UMEHHO, MOCTPOUM
uncsio A, KoTopoe GyIeT OTJIMYHO OT KayKAOTO U3 UUCeN Py, Pa, - .., Pu, TAK KaK
6yner GoJibllie UX BCEX U TeM He MeHee He GyIeT AeMUTbCS HU Ha OJHO U3 HHUX.
Bot 370 uncio:

A=pips...p.+ L
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Kak BuiiHO, 0HO paBHO eMHHUIIE TJIIOC TTPOM3BEJIEHHE TeX YHCEJ, KOTOpble 06pa-
3YIOT COBOKYMHOCTb BCeX TPOCThIX uuces. Hucao A GoJblie, yeM J1060e U3
yhces p, U MOTOMY JOJKHO ObITh cocTaBHbIM. Ho npu neneHun Ha p;, HA po
M T. 1. A jnaeT BCsKMH pa3 octaTok 1, Takum obGpasom, A He NeJUTCsS HH
Ha ofHO M3 uucea p. ChenaHHoe HAMHU JIOMYyLIEHHE, UTO CYLIECTBYET JIHIIb
KOHEUHOE UMCJIO MPOCTHIX UMCEJI, TPUBOJHT, TAKHM 00pa3oM, K MPOTHBOPEUHIO,
TaK UTO TMPHUXOJUTCS 3aKJIOUUTh, UTO 3TO JIOMyllleHHe OIMGOUHO, a CJie0Ba-
TeJIbHO, UCTUHHBIM MOKeT ObITh TOJILKO MPOTHBOMNOJIOXKHOE eMy. MTak, Teopema
JI0Ka3aHa.

XoTs1 9T0 10Ka3aTe/bCTBO M KKOCBEHHOT0» XapakTepa, Bce xKe HeG0JIbLI0e €ro BU10-
M3MEHEHHe MTPUBOJIHUT, 0 KPaHel Mepe TeOPeTHUYECKH, K METO/Ly ITOCTPOEHHS O@CKOHe -
HOH T10C/Ie10BATEbHOCTH MPOCThIX unces. [Ipennosnokum, 4to, HCXOAs U3 HEKOTOPOTO
MPOCTOrO UMCJ/IA, CKAXKEM p| = 2, Mbl yXKe HallJIi A NPOCTbIX UHCEN Py, P2, ..., Pu;
3aMETHM, JlaJjiee, UTo YUCJI0 PiP2 ... s + | WM TPOCTOE, WM COLEPKHUT MHOXKUTEEM
MPOCTOE UHUCJIO, OTJHUHOE OT TeX, KOTOpble y:Ke HaHaeHbl. Tak Kak Takod MHOXKHUTesb
BCerja MoKeT ObIThb HakaeH (XOTsi Obl HEMOCPEeJCTBEHHLIMH Tpo6Gamu), ToO B 060MX
Ha3BaHHBIX CJy4aslX Mbl B MTOre M0JyyaeM HOBOE€ MPOCTO€ UHCJIO Dyyi; NPOAOJKAs
TakMM 2Ke oOpas3oM jaJblie, yOex1aeMcs, UTO M0C/eL10BaTe/bHOCTb MPOCTLIX YHCE/,
KOTOpPbI€ Mbl I€HCTBUTEJBHO MOXKEM MOCTPOUTD, HE UMeeT KOHLIA.

YnpaxHeHue. BbiloJHUTE HaMEUeHHOE MOCTPOEHHE, HAuMHAasi C MPOCTbIX UYHCE
p1 =2, pe = 3; HalijuTe ellle NATb MPOCTHIX UHCEI.

Ecsin Kakoe-HUOY/b UUCJIO MPEACTABJACHO B BUJE TPOU3BEACHHS MTPOCTBIX
MHO)KI/ITeJlefI, TO 3TH MHO2KHUTEJIM MO2KHO pacioJiaraTb B KaKOM YroaHoO I10-
psiake. 3aHUMAsiCh Pa3JoXKEHHEeM 4YHCesl Ha MPOCTble MHOXKHTEJH, Mbl OUeHb
CKOPO MPUXOJUM K 3aKJIOUYEHHIO, UTO C TOUHOCTBIO 110 TOPSIKA COMHOXKUTEJEH
passioxkenue J060ro uucja N Ha NpocTble MHOXKUTEIH 00/1a1aeT CBOHCTBOM
eIMHCTBEHHOCTH: Kaxcdoe HamypaivHoe yucao N, boavuiee edunuyol, Mo-
orcem OvLMb PA3AONCEHO HA NPOCTIbLe MHOICUMEAU MOAbKO OOHUM CNOCO-
OoM. DTO yTBEPKJEHUE KaxKeTCsl Ha TMEPBbIH B3MVISAL TAKHM OUEBMAHBIM, UTO
HeCMeLHaIUCT CKJIOHEH OObIKHOBEHHO OTBepraTb HeoOXOAMMOCTb €ro JoKasda-
TesbeTBa. OJHAKO paccMaTpUBaeMoe MpeloKeHHe OTHIOAb He TPUBHAJIBHO
M €ro JI0Ka3aTeJbCTBO, XOTSl U COBCEM 3JIEMEHTApHOro cojlepxKaHus, TpedyeT
6oJiee WM MeHee TOHKMX paccykaeHuil. Kmaccrnueckoe 10Ka3aTesbCTBO 3TOH
«OCHOBHOH TeopeMbl apU(pMETHKH», NaHHOe EBKAMIOM, 6a3upyeTcs: Ha METO-
Je («aJropuTMe») HaxoxKAeHHsT 0OLLero HauOOJbLIEro ACJUTEs IBYX UMCEJI.
DToT MeToA OyaeT HAMH pacCMOTpeH Ha cTp. 67. 37ech e Mbl TPHUBEAEM
J10Ka3aTeJbCTBO MeHee MOUTEHHOH NaBHOCTH, KOTOPOE HECKOJIbKO Kopoue H,
BO3MOKHO, CJIO’KHEe, ueM JokasaTesbeTBo EBkanna. OHO TakxkKe sBJseTcs
THUITUYHBIM O6p83LLOM KKOCBEHHOT'0» pacCyxKIeHHUsI. Mul JOMYCTHUM, 4YTO CyIle-
CTBYET TaKO€ UHCJI0, KOTOPOE MOXKET ObITh Pa3JIOXKEHO Ha MPOCTble MHOKUTEJIH
JIByM$1 CYLLECTBEHHO Pa3JIMUHBbIMK CI10CO6aMHU, M 3TO JOMYyLIEHHE MPUBELET HAC
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K TIPOTHBOpeurio. Bo3HUKHOBeHHe MPOTHBOpeUHsi OyIeT CBUIETENbCTBOBATh O
TOM, YTO THIOTE3a O CYLIECTBOBAHHU UMCJIA, AOMYCKAIOLIEro ABa CyLIeCTBEHHO
Pa3IMUHBIX PA3JIOXKEHUs Ha MPOCTble MHOXKHUTEJH, HECOCTOSATENbHA; U OTCIO-
Jla Mbl 3aKJIIOUHM, UTO pa3jioyKeHHe YhCeJl Ha MPOCTble MHOXKHTEH 06JaaaeT
CBOHCTBOM €JIMHCTBEHHOCTH.

* Ec/i cyllecTByeT XOTb OAHO UHCJO, JOMyCKalollee JBa CYyLIeCTBEHHO
pa3JIMUHBIX Pa3/oXKeHHsl Ha MPOCTble MHOMKHUTEJH, TO CYIIECTBYeT HellpeMeHHO
U HaumeHbulee yucio, obJiajaioliee TakuM CBOUCTBOM (cM. cTp. 43),

m=pips...pr=¢qq2...qs, (1)

rae uepes p u g 0603HaUEHbI MpOCTbIE YHCJa. MGHHH, €CJIu HOTp€6yeTCH,
NOPAA0OK ITHX MHO)KI/ITGJIGIZ, MbI MO2KeM JOIYCTHUTDL, UTO

pL<pe<...<p, G <@<...<(s

3ametuM, UTo p; OTJIMUHO OT ¢;: HHAUe, 1e/s paBeHCTBO (1) Ha o6l MpocToi
MHOXKHTEJ/Ib, Mbl MOJYYHJM Obl JBA CYLLECTBEHHO PA3JIMUHbIX PA3JIOKEHUS Ha
MPOCTble MHOXKUTEJHU UMCJ/a, KOTopoe Gbl1o Obl MeHblle, YeM 171, U 3TO MPOTH-
BOPEUMJIO Obl MPEJIOKEHHIO O TOM, UTO /71 — HaUMeHbllee YucJ0, obJaiaioliee
TakuM cBoHcTBOM. CJjlef0BaTesbHO, OHO M3 IBYX: WJIH p; < gi, WIH ¢, < p;.
[Tyctb pi < g,. (Ecam 6Bl 0Kkasasoch g, < py, TO B AaJibHEHLIEM PacCyKICHHH
JIOCTAaTOYHO OblIO Obl MOMEHSITb MecTaMu OyKBbl p M ¢.) PaccmoTpum wesoe
UMCII0

m'=m —(pigaqs . . . qs). (2)

[ToacTtaBnsisi BMeCTo m JBa ero BbIpaxK€HHUs1, B3ATbl€ U3 PABEHCTBA (l), MbI
MOXKEM MpeACTaBUTb YHUCJIO m’ B n060M U3 JABYX BHIOB!:

m' =(pips...pr) = (P1G2qs. .. qs) = pi(P2 ... Pr — G2G53. .. qs), (3)
m' =(q192...95) = (P1G2q5 ... q5) = (g1 — P1)G2Gs . . . Gs. (4)

W3 paBenctsa (4) cienyer, uto m’ — MOJ0KUTENbHOE UUCJIO, TAaK KaK p; < §y;
M3 paBeHCTBa (2) CJeayeT, ¢ JPYroil CTOpOHHI, uTo ' MeHblie ueM m. Ho
pa3 Tak, TO pasJioxKeHHe 1M’ Ha MHOXHTENH JOJKHO ObITh e0UHCMBEeHHbIM
(c TOuHOCTBIO JI0 TIOpsiiKa coMHOXKHTeJsiel). M3 paBenctBa (3) nasnee BUIHO,
YTO p; BXOMMT MHOXHTEeJNEM B /1'; 3HAUUT, U3 PaBeHCTBA (4) MOXKHO B TaKOM
cJlyuae 3aKJIOUUTb, UTO i BXOJUT MHOXKHUTEIEM HIU B ¢ — Py, WU B o3 . . . 5.
(D710 BBITEKAET U3 €MHCTBEHHOCTH Pa3JyioXKeHUs ' Ha MPOCTble MHOXKHUTEJH;
CM. paccysKjieHHe B cJielyioleM ab3alle.) Ho nocsieiHee HeBO3MOXKHO, TaK Kak
Bce g Gosblie ueMm p,. [Tostomy p, M0O/ZKHO BXOMUTb MHOXKHTENEM B ¢, — pj,
T. €. §; — pi JOJKHO JIEMUThCS HAa py. JIpyrHMH CJI0BaMM, CYLIECTBYET TaKoe
11eJ10€ YUCJIO /1, UTO

g —pr=pi-h, wwm g =ph+1)
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Ho 310 3HAuKT, UTO ¢ AEAUTCS HA P, YETO, OJHAKO, ObITh HE MOXKET, TaK KaK, 110
MPENoNONKEHUI0, ¢ — uncyo npocroe. [IpoTHBOpeure, K KOTOPOMY Mbl TIPH-
ILIJTH, TTOKA3bIBAET HECOCTOSITE/ILHOCTD ME€PBOHAYAJIBHO CIEMAHHOTO TOTYILIEHHUS,
yeM M 3aKaHUHMBAETCsl JIOKA3aTeJIbCTBO OCHOBHOK T€OpeMbl apU(PMETHKH.

BoT onHO BaxHOE CJI€ACTBHE OCHOBHOH TeOpeMbl. Ecau npocmoe 4ucio p
8xoodum MHoNcumesem 8 npousdsederue ab, mo OHO HenpemernHo 8x00um
MHOMCUmMenrem ul 8 a, uiu 8 b. B camom neJie, ecii Gbl p He BXOAUIO MHO-
JKUTEJIEM HH B @, HU B b, TO, IEPEMHOKast pa3JIoKeHHsI Ha MPOCTble MHOXHTEJH
ypces @ U b, Mbl TIOJIyudJd Obl Pa3ioKeHHe HA TPOCThbIE MHOXKUTEJH YKca ab,
He codepacaujee mroxcumens p. C Ipyroii CTOPOHBI, TaK Kak MperoJiaraercs,
YTO P BXOJHUT MHOXKHTEJIEM B TPOU3BEJIeHHE ab, TO 5TO 3HAUHUT, UTO CYILECTBYET
Takoe 11eJIoe YUCJIO £, 4TO

ab=pt.

[TosTomy, mepemMHOXasi p U pasjioKeHHE HA TMPOCTble MHOXKUTEJH uucaa f,
Mbl TIOJIYUMM pasJioxKeHHe Ha MpOCTble MHOXHTEJNH uucia ab, codepacaujee
mHoxMcumeno p. Takum o6pa3om, MPUXOAUTCS MPU3HATh, UTO CYLIECTBYET JBa
Pa3JIMUHBIX PA3JIOXKEHUS UUCa ab Ha MPOCTble MHOXKHUTEJH, & 3TO MPOTHBOPE-
YUT OCHOBHOH TeopeMe.

[Mpumepsnl. Ecau ycranosseno, uro 2652 nenurcs Ha 13 u uro 2652 =
=6-442, To oTCIONA MOXKHO CJeJaTh 3akJioueHnue, uro 442 neaurcst Ha 13.
C npyro#i ctoponbl, 240 nenurcst Ha 6 u nputom 240 =15 - 16, Ho HHU 15, HU 16
He JlesIATCs Ha 6. DTOT MpUMep MOKA3bIBAET, UTO YCJOBHE OCHOBHOW T€OpEMbI
OTHOCHTEJILHO TOTO, UTO UUCJIO p — MPOCTOE, ABJSETCS CYUIECTBEHHBIM.

YnpaxHenue. UroObl HaiiTH BCe JIEJNUTENN UYUCIa @, JAOCTATOUHO Pa3JjIOKHTh 4 B
[Npou3sBeeHne
%% ar
a=pypy ---Pr,
rjie BC€ MHO2KHUTEJIM p — MPOCTbIE U pa3J/IMUHble, TPUUYEM Ka}Kﬂblﬁ W3 HUX BO3BOJAHUTCSH B
HEKOTOPYIO CTEMEHb. Bee JEJIMTEJIM YUCJla @ UMEIOT BUL
_ BB B
b=pi'py...p",
rje rokasaTesu (3 — NPOU3BOJIbHBIE LieJIble UHCIa, MOJUHHEHHbIE YCJIOBUSIM
0<Br<a, 0<Pa<<ay, ..., 0<KB <o

Jlokaxxute 3T0 yTBepKJeHHe. B KauecTBe CJ/IeICTBUS YCTAHOBUTE, UTO UYHCJO BCEX Jle-
Jrtesiel a (Bkatodast | U caMo a) paBHO NPOU3BEJIEHHUIO

(o + 1)ao+1). .. (s + 1)

Tak, nanpumep, R
144=2"-3

umeet b - 3 gesureneid. Bor onu: 1, 2, 4, 8, 16, 3, 6, 12, 24, 48, 9, 18, 36, 72, 144.

2. Pacnpeue.nemle NPOCTbLIX YHUCEJ. MOKHO COCTaBUTb CITHCOK BCEX
[MPOCTHIX YHUCEJI, HE MPEBLIIAIOIINX KAaKOTO-TO JAaHHOT'O YHCJIa N, CJIeAyIOIUM
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obpazoM. Hanuiuem noapsin Bce HatypasbHble uucaa oT 2 1o N, 3ateM
BbIUEPKHEM BCE UHCJIA, SIBJSIOINECS KPATHBIMU 2 (He cuuTast caMoro umcaa 2),
BCE uMcJia, ABJSIOLIMECs KpaTHIMH 3 (He cuutasi 3), U T. ., TIOKa He OyayT
BbIUEPKHYTBI BCE COCTABHbIE Uhca. DTa MpoLelypa, H3BECTHAs M0/L Ha3BaHHEM
«perleta dpaTocheHa», O3BOJUT BBUIOBUTb BCE MPOCThIE UHCJA B Mpeesaax
oT 2 1o N. YCOBEpIIEHCTBOBAHUS 3TOr0 MeTOJAA MaJo-IoMajy TpUBENH K
TOMY, UTO B HACTOsILLLee BPEMsl COCTaBJIeHbl TAGJULLbI IPOCTBIX YHCEJ TIPUMEPHO
no 10000000. Ouu npenocTaBisiioT B Hallle pacriopsikeHue OOGIIHPHEHIINH
SMIIUPUUYECKUH MaTepHall, MO3BOJAIOLUIMN CYIUTb O PACIIPECTCHUN H CBONCTBAX
npocTbix uuces. OCHOBbIBasiCh HA 3TUX TabJIMLAX, Mbl MOXKEM BbICKa3aTb PsijL
B BbICILIEH CTeNeHH MPaBAONOA0CHbBIX THIIOTE3 — COBEPLUEHHO TaK, Kak OYATo
66l Teopusl uMces Oblla KCTIEPUMEHTANbHON HayKoH. HacTo 10Ka3aTesbCTBO
9THX TUIIOTE3 OKA3bIBAETCSl HEOObIYAlHO 3aTPyAHHTE/bHBIM.

a. Dopmyael, darowue npocmole YUCAQ

Bbli cliesiaHbl TIOMBITKA HAUTH 3JieMeHTapHble apudMeTHuecKre HopMy.Ibl,
KOTOpbIe JaBajii Obl TOJBKO MPOCThbIE UUCa, X0Ts Obl 6e3 TpeGoBaHUsl, UTOObI
OHHM JaBajiu 8ce mpocTble uncaa. Oepma BbicKasas MpeanosnoKeHue (He Bbl-
CTaBJISIl €r0 B KAUeCTBE MOJOKHUTENLHOTO YTBEPXKIECHHS ), UTO BCE UKMC/ia BUJA

Fn)=2"+1
ABJSIOTCS MPOCThIMU. B camom nene, npu n =1, 2, 3, 4 Mbl noJiyuaem
F(1)=2*4+1=5,
F(2) = 222+1 2+ 1=17,
F3)= 97 41 =24 1 =257,
F(4)=22" +1=2% 1 1=65537

— Bcé npocthle yucna. Ho B 1732 1. Diinep passioxKusm Ha MHOXKMTENIH YKC-
10 22 41 =641 - 6700417; takum o6pasoM, uucjo F(5)— yxxe He TMPOCTOE.
[ToznHee cpenn atux «unces Gepma» ynanoch 0GHAPYKUTH IPYTHE COCTABHbIE
yycdia, MpUYeM BBHILY HEMTPEOJONUMbIX TPYAHOCTEH, ¢ KOTOPBIMU ObIJIH CBSI3aHbI
HernocpeaCcTBeHHbIe MPOObI, B KAXKA0M cJiyuae OblM BbipaboTaHbl 6oJee riy6o-
KHe TeOPETUKO-UHCJIOBbIE METO/Ib. B HacTosllee BpeMsi OCTAeTCs HEU3BECTHDIM
Jlaxe To, AaeT Ju popmyna Pepma GeCKOHEUHOE MHOXKECTBO TPOCTBIX UMCEI.

Bor apyroe npoctoe 1 3ameuate/ibHOE BblpaxKeHHe, Aatollee MHOTO TPOCThIX

umMce:
f(n)y=n> —n+41.

[lpun=1,2,3,...,40 f(n) ectb npocToe uncJ0; HO yxke npu n = 41 npo-
CTOrO YMCJ/Ia He MOoJIyYaeTcs:
f(41) =41
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Bripaxenue
n* —79n + 1601
JlaeT MpOCTble yucaa 10 1 = 79 BKAOUNTEbHO; npu # = 80 moJyuaetcs co-
CTaBHOE YHCJIO.

B urore MoXKHO cKa3aTh, UTO TOHMCKH 3JeMeHTapHbIX (GOpPMyJI, NAIOIIUX
TOJIBKO TIPOCTbIE UHCJIa, OKA3alHCh TIETHBIMH. Ellle MeHee o6HaleXHUBaOLIEH
CJleflyeT CUMTaThb 3ajauy HaXOXKEHHsl TaKOH (popMyJibl, KOTOpasi naBaja Obl
TOJIBKO MPOCTbIE UHCJ/Ia M TIPUTOM BCe MPOCThIE UHCIIA.

6. [Ipocmele yucara 8 apugpmemuueckix npoepeccusx

EcJ/in 10Ka3aTeIbcTBO TOTO, UTO B MOCJIEN0BATENLHOCTH BCEX HATYPAJIbHBIX
uncen n =1, 2, 3, 4, ... conepxkutcsi 6eCKOHEUHOE MHOXKECTBO MPOCTHIX YH-
ceJl, HOCUT BIIOJIHE 3JIEMEHTAPHbIH XapakTep, TO CJAEIYIOUIMH 1Iar B CTOPOHY
TaKUX MOCJeJ0BaTeNIbHOCTEH, KaK, Hanpumep, 1, 4, 7, 10, 13, ... wm 3, 7, 11,
15, 19, ..., uau, BooGlile TOBOPS, B CTOPOHY MPOU3BOJILHOH apuUdMeTHUECKOH
nporpeccud @, a +d, a+2d, ..., a+nd, ... (tne a u d He UMelOT OOLIUX
MHOXKUTEJIEH ), 0Ka3ascsl CBS3aHHBIM C TOpas3io OOJbLIIMMH TPYyAHOCTAMU. Bee
HaOJIIJIEHUsT TOJILKO TOJATBEPKAAIN TOT (haKT, uTo 8 Kaxcdol makot npo-
epeccuu codepacumcs GECKOHEUHOe YUCAO NPOCMbLX HUCeA, KaK U B MPO-
creitiuert u3 Hux 1, 2, 3, ... Ho noHano6u/nch Besryaiiliine yCUJIUst JJist TOTO,
uToObl 10Ka3aTh 3Ty 0011ylo TeopeMy. Yerex 6ot gocTurHyT [I.T. Tupuxne
(1805—1859), ogHuM U3 Beaylinx MaTeMaTikoB XIX BeKa, KOTOPBIH MPUMEHHI
MpH J0KA3aTeJbCTBE CaMble YCOBEPILIEHCTBOBAHHBIE CPEICTBA MATEMATHUECKO-
ro aHaJjiM3a M3 HU3BECTHBIX B TO BpeMs. Ero sameuatesibHble paGoThl B 3TOM
00JIaCTH JlaxKke JIJIsi HACTOSIILEr0 BPEMEHH OCTAIOTCsl B UMCJIE BEJHUANIINX J0-
CTHKEHHMH; MPOLILIO OKOJIO CTa JIET, HO JloKaszaTeabcTBa JlupuxJje Bce elle He
YIPOLIEHbI HACTOJBKO, YTOObI OHH MOTJIM OBbIThb MOHSITHI TEMH, KTO He OBJIaJe
MOJIHOCTbIO TEXHHKON MaTeMaTHUECKOrO aHaJIM3a W TeopHel (hyHKIHE.

Mbl He GyneM 31ech NbITAThCS MPUBECTH J0KA3aTeJNbCTBO 001l TeopeMbl
JlupuxJie, a OorpaHHUUMCsi pacCMOTpeHHeM GoJiee JIeTKOH 3ajiauu: o60GILUM
eBKJIMJIOBO JI0KA3aTeNbCTBO O CYLIECTBOBAHHH GECKOHEUHOTO MHOXKECTBA MpOo-
CTBIX UMCeJ TaKUM 00pa3oM, 4TOObl OHO OXBATHJIO HEKOTOPbIE CHeylanbHbLe
nporpeccuu, Hanpumep 4n + 3 uiau 61 + 5. PaccMoTpuM nepByto U3 3THX Mpo-
rpeccHil. 3aMeTHM TPEXK/e BCEro, UTo BCSKOE MPOCTOE YHCJI0, GoJibliiee 2, —
HeMpeMeHHO HeueTHoe (HHAue OHO JIeUI0Ch Obl Ha 2) U, CJI€10BATENbHO, UIMEET
Bua1 4n + | unu 4n + 3 (npu uenom n). Jlanee, Npou3BeleHHE NBYX UHCEJ
BUIa 4n + | TakKe €CTh YHCJIO TOTO YK€ BHJA, TaK Kak

(4a +1)4b+1)=16ab+4a +4b+1=4(4ab+a+b)+ 1.

JlonmycTUM Terepb, uTO CYLIECTBYET JIMIIb KOHEUHOE UHMCJIO TMPOCThIX UHCEl
BUja 4n + 3; 0603HAUYUM UX Py, P2, ..., Py ¥ PACCMOTPUM UMCJIO

N=4pipz...p.)=1=4pi...p, — 1)+ 3.



52 TEOPHS YHHCEJI r |

OpHo u3 aByx: m60 urcsao N — mpocroe, u60 OHO passaraercsi B Mpou3Be-
JIeHHe TIPOCThIX YHCEJ, CPEeAH KOTOPBIX, OJHAKO, HE MOXKET ObITb HU OJIHOTO H3
quces pi, Po, ..., Pu, TAK KaK 3TH urcnaa aeadar N ¢ octatkom —1.

3aMeTuM Jasiee, UTO BCe MHOXKHUTEJH, BXoJsline B N, He MOTYT GbiTb BH-
na 4n + 1, tak kak camo N He 3TOro BHMJIa, a Mbl BHIEJH, UTO MPOU3BEIEHHE
yuces Bupa 4n + | siBAseTCs YMCJOM TOro »Ke Buaa. KTak, XOTb OOMH W3
MHOXKHTeJIEH, BXOISIIMX B N, 1o/uKkeH ObiTh BUAa 41 + 3, a 3TO HEBO3MOXKHO,
TaK Kak HU OJIHO U3 UMCEJI p He BXOJUT MHOXKUTeJieM B N, a uncjiaMmu p Bee po-
CTbl€ YHC/a BUJA 471 + 3 10 MPENoJIoKeHUo ucuepnbiBaloTes. Takum o6pasom,
JIOMyCKasl, UTO CYILECTBYET JIMIIb KOHEUHOE UMCJIO0 POCThIX UUCes BUa 41 + 3,
Mbl IPUXOJIUM K MPOTHBOPEUMIO, U 3HAUUT, TAKUX uynces HeCKOHeYHO MHOTO.

YnpaxHenue. J[okaxKuTe COOTBETCTBYIOLLYIO TEOpeMY Jiisl Iporpeccuu 6n + 5.
8. Teopema o pacnpedesenuu npocmoix ducen

B uccrenoBaHusX, CBSI3aHHBIX C 3aKOHOM pacrpelesieHUsi TPOCThIX UH-
CeJl, PelNTeNbHBIA 1ar OblI ClesaH TOT/a, KOTrjla MaTeMaTHKU OTKa3aJjuCh OT
TILETHBIX MOTIBITOK HAUTH 3J€MEHTapHYI0 MaTeMaTHUeCKYyIo (opMyJly, KoTopast
JaBaja Obl BCe MPOCTbIE UHCJA WM Ke TOUHOE YHCJO MPOCTHIX UHCEJ, CO-
JleprKalMXCsl CPeld 11 TIePBbIX HATypaJbHBIX YMCEJN, H COCPELOTOUUIH BMECTO
TOTO BHHUMaHWe Ha paclipelesieHHH B cpedHem TPOCTbIX UHCeJ Cpeld BCex
HaTypaJibHbIX.

[Tpu BesikoM 1esioM 1 0603HauMM yepe3d A, UMCJIO MPOCTHIX YHCEN Cpeiu
uhcen 1, 2, 3, ..., n. Ec/n Mbl BbII&IUM CPeIU TEPBbIX YHUCEJ HATYypaJbHOTO
psina

1234567891011 12 13 14 15 16 17 18 19 ...

Te, KOTOpbIe SIBJISIOTCS MPOCTBIMU, TO HE COCTABUT TPy MOJACUMTAThL Psijl 3HA-
yeHu# A,:

A =0, Ay=1 A3=A,=2, A;=A4:=3,

Ar=As=Ag=An=4, An=Ap=5,

Apy=Auy=As=A4A5=6, Ay=As=7 Ay=8 uru

BosbmeM Tenepb Kakyro-HUOYAb HEOTPAHHUEHHO BO3PACTAIOLLYIO TOCJ/e10-
BATEJIbHOCTb 3HAUEHWH 11, HAIIPUMED
n=10, 10°, 10°, 10*, .. ;
TOrJia COOTBETCTRYIOLIME 3HaUeHust A,
AlOa Alo% A103» Alo*»

TaKxke OyIyT Bo3pacTaTbh Ge3rpaHuuHO (XOTs W OoJjiee MelyieHHO). JleficTBu-
TEJIbHO, MHOXKECTBO MPOCTBIX UMCEJI, KAK Mbl y2Ke 3HaeM, 6€CKOHEUHO, U TOTOMY
3HaueHnst A, paHO WM TO3IHO CTAHYT GOJblle JIOGOr0 HA3HAUEHHOTO YHCJIA.
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«ITnotHOCTL» pacnpeneseHus MpoCTbIX YUCEJ Cpeld 71 NMEePBLIX YHUCEeJJ HaTy-

A
paJibHOTO psiia 1aeTCsl OTHOLIECHHEM 7”; HE MpeacTaBJsieT ocoboro Tpyaa ¢

A
MOMOILBIO TabJINLL MPOCTLIX YHUCEJI MOJACYHUTATb 3HAUCHHUsA 7” pu 10CTaTOYHO
O0JIbIIMX 3HAUEHHUSIX /1:

n A
n

10° | 0,168
10° | 0,078498
107 | 0,050847478

[Tocniennsisi, ckazkeM, U3 BBIMMCAHHBIX CTPOUEK B MPUBEAEHHOH TabJMUKe AaeTr
BEPOAMHOCHL TOTO, UTO UMCJIO, CayyaidHo BbixBaueHHoe u3 10° mepBbix uu-
ceJl HAaTYpaJIbHOIO Psijla, OKAXKETCsl MPOCThIM: Beero uMeercs: 10° BO3MOMKHBIX
BbIGOPOB, U3 HUX A g9 COOTBETCTBYIOT MPOCTbIM UHCJIAM.

Pacnpenenenyne oTaebHBIX MPOCTHIX UHCE OTJIMYAETCS YpE3BbIUAHHO He-
NpaBUJIbHBIM XapakTepoM. Ho 3Ta HenpaBUbHOCTL «B MajioM» MCUe3aeT, eCn
Mbl HarnpaBUM BHHMaHHe K pacripeesieHdI0 «B CpelHeM», HaxOslleMy CBOe

BbIpaxK€HHE€ B U3MEHECHUsIX OTHOLLICHHS — MpyU HEOTpaHUYEHHO pacTylleM 1.
n

[IpocToil 3aKOH, KOTOPOMY MOAUMHSIETCSl MOBEAECHHE 3TOrO0 OTHOLLUEHHMS], CJle-
JlyeT OTHECTH K UMCJy CaMbIX 3aMeUaTesbHbIX OTKPBITHH, CIeJaHHBbIX BO BCEH
mMaTtematuke. Jl1st Toro 4to6el chopMyIHPOBATh meopemy o pacnpedeseHuu
npocmolX 4ucei, K KOTOPoH Mbl Tenepb
MOJXO/IMM, HEOOXOMMMO TpelBapuTesb- Yy
HO Pa3bsICHUTb, UTO TAaKOE <«HATypaJsb-
HBIH Jlorapudm» uncaa a. s sTof Le-
JI1 BO3bMEM B TJIOCKOCTH JIB€ B3aHMHO
nepreHnKysipHble OCH H PacCMOTPHUM
reoMeTpHuecKoe MeCTO TaKHUX TOueK Ha
TJIOCKOCTH, JJIST KOTOPBIX MPOU3BEACHHE
PACCTOAHUE X U Y OT ABYX OCEH PaBHO
envnuie. B TepMuHax KoopauHaT X W Y
3TO Te€OMeTPHUECKOe MeCTO eCTb PaBHO-
CTOPOHHsIS TurnepboJia, ypaBHEHHe KO-  Pyc. 5. [ljomams 3aiiTpHxoBaHHOM
Topoil umeeT BuA xy = l. Mbl onpeie- o6aactu nox runep6oJoii onpeselsi-
JuM In n Kak naowade (puc. 5) Gurypsi, erlnn
OrpaHUUeHHOH THNepboJol U IBYMsl BEPTHKAJIbHBIMU NPSIMBIMU X = | U X = 1.
(Bouiee netanbHO Jorapugm 1 ero cBoiicTBa OyayT paccMoTpeHbl B ryae VIIIL.)
YucTo ciyuaiiHo, B CBSI3U € H3yueHHeM TalJHLbl TPOCThIX uucel, [aycc 3ame-

1 n X

A 1
THJI, YTO OTHOLIEHHE 7” HpI/I6JII/I3I/IT€JIbHO paBHO m H 4YTO TOYHOCTL 3TOI'O
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HpI/I6JII/I}K€HI/IH, NOo-BHAUMOMY, YyJyulllaeTCsl MPH BO3paCTaHWUH 11. Hackousbko

A 1
YAOBJIETBOPUTEJILHO HpH@JIH}KeHHG, MO2KHO CYIHUTH 1O OTHOLLIEHHIO 7" . W’

3nadenust koroporo npu n = 1000, 1000000, 1000000000 nokasaubl B cie-
nytoue# TabJJanuKe:

An 1 An 1
n = — = —

n Inn n Inn
10° | 0,168 0,145 1,159
10% | 0,078498 0,072382 1,084

10° | 0,050847478 | 0,048254942 | 1,053

OcHoBBIBasiCh Ha TAKOTO POJia IMIHPHUECKOH OUeBHAHOCTH, [aycc BecKasan B

A 1
KayeCTBEC MPEATNOJO2KEHHs1, YTO OTHOLLIEHHE — «KaACUMIITOTUYECKH paBHO>» l_
n nn

CMbICJT 3TOTO YTBEP2KICHHUs 3aKJ/AI0HaeTCs B CJACAYIOIIEM: €CJIM BO3bMEM I10C/1e-
JI0BATeJIbHOCTh 3HAUEHHUH 7, CTAHOBSILIMXCS BCe 6oJbllle U 60JII>LU€, HanpuMmep,

10, 10%, 10°, 10, ...
(KaK Mbl JieJ1a/ld U paHblie), TO OTHOLIEHHe
An 1

n lnn’
BbIUHUCJIAEMOE JId 9THX MMOCJEO0BATEJbHO paCCManl/lBaeMle 3Ha‘{€Hl/leI n, 6y—
JIeT CTAaHOBUThCS Bce GoJjiee U Hosiee GJIM3KUM K unc/y |, a MMeHHO, pa3HOCThb
MeXJy YKa3aHHbIM OTHOLIEHUEM W eJMHHUIleH OyJeT aejaTbesi CTOJb MaJioH,
cKosib OyaeT Ha3HaueHo, JiMUIb Obl TOJBKO Mbl paccMaTpHUBa/M JOCTATOUHO
6oJiblIME 3HAUEHUST /1. TaKoro pojia COOTHOLIEHHE CHMBOJIHUECKH BbIPaXKaeTcst
n 1 Ay

1
3HAKOM ~ . — ~ —— 03HauaerT, YT0O — : —— I[IPU BO3PACTAHUU 7 CTPEMHUTCS
n Inn n Inn

K 1. Uro 3HaK ~ He MOXKET ObITb 3aMEHEH 3HAKOM OObIKHOBEHHOIO PaBEHCT-
Ba (=), sicHo XoTsl 6Bl U3 TOro (hakra, uto A, — HelpeMeHHO LeJ0e YUCIIO,

n
Torga Kak m He ABJIFACTCA TAKOBbIM.

To o6cTosATEeLCTBO, UTO pacnpeiesieHHe MPOCTBIX YHCEJT XOPOLIO ONHChIBA-
eTCsl C MOMOLLbIO Jlorapu@MUUecKOl (DYHKLMH, HeJlb3sl He NPU3HATh MOMCTHHE
NopasuTe/bHbIM, TaK Kak 3/eCh BCTYNaloT B TEeCHOE COMNPUKOCHOBEHHE JBa
MaTeMaTHUeCKHX MOHSITHSI, Ka3aJoch Obl He HMEIOLIHe APYT K JAPYry HHKAKOTro
OTHOLLEHHUSI.

XoTsl cXBaTHTb COJEpKaHHE BbICKA3aHHOrO layccom MpearoJioKeHust He
npejcTaBJseT 0co60i TPYAHOCTH, OJHAKO €ro CTPOroe MaTeMaTHueckoe J0-
KasaTe/bCTBO BO BpeMeHa [aycca Obuio 3a npejejaMd BO3MOXHOCTEH Ma-
TemaTHueckoil Hayku. Iyt Toro uToObl J0KasaTb TEOpeMy O paclpejiesieHHH
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TMPOCTBIX YHCEJI, TOBOPSIILYIO JIUIIL O CaMbIX 3JeMeHTapHbIX MaTeMaTHueCKHX
MOHATUAX, HEU30EKHO HY?KHO MPUOETHYTh K CaMbIM MOLIHBIM METOJAM COBpe-
MEeHHOH MarteMaTuKH. [IpullIoch »KAaTh MOUTH CTO JIET, MOKA aHaJ/IU3 TOJIy-
YHJ JIOCTATOYHOE pa3BUTHE AJsi Toro, uto6bl A mamap (1896) B Ilapuxke u
Baanne-Ilyccen (1896) B JlyBeHe cMor/in aTh HCueprbiBalollee JJ0Ka3a-
TEJILCTBO TEOPEMbI O PACHPEeN€HHH TIPOCTHIX UUCeJl. YTIPOIIEHUS U BaKHbIe
JIONOJIHEHUsT OblIM 3aTeM BHeceHbl MaHTosnbaTOM W J. Jlannay. 3a-
JOJITO 10 AamMapa 3HauUTesbHOE MPOJBHIKEHHE B 3TOH 06J1acTH OBLIO CleNaH0
Pumanowm (1826—1866) B ero 3HameHuTo# paboTe, HaMeualollel OCHOBHbIE
cTpaTernueckue JIMHUM npenctosiiiedl ataku. CoBceM HeJIaBHO aMepHKAHCKHI
mateMatik HopGepr Bunep cymesn BHIOH3MEHHTb NOKA3aTEJIbCTBO TAKHM
00pa3oM, uToObl H30€XKAaTh TPUMEHEHHS KOMIJIEKCHBIX UHCE B Y3JIOBBbIX MO-
MeHTax TMPOBOMMMBIX paccyxieHuil. Ho Bce e 10Ka3aTesqbCTBO TEOpEMBI O
pacrpefiesieHHH MPOCTHIX UMCEJN OCTAETCS CJHIIKOM CJIOXKHBIM ISl TOTO, UTOGHI
€ro MOXKHO OblJIO MPEJIOKUTh HauMHatolleMy. Mbl BepHeMcst K 3TOMY BOMPOCY
Ha ctp. b11 u caenytommx.

e. lse euje He peuleHHole 3adauu o npocmolx vucaax

Ecsin mpobJiema pacrpesiesieHust NPOCTbIX UKuCes («B cpefHeM» ) Oblia pas-
pellleHa yIOBJIETBOPUTENLHO, TO CIIPABEIMBOCTD psifia IPYTHX THIOTE3, IMITH-
pHUECKH COBEpLIEHHO HECOMHEHHAsl, BCe ellle He JIoKa3aHa.

Ciola OTHOCHTCSI TIpexJie Bcero sHameHurtast eunomesda [oav0db6axa.
Tonbnbax (1690—1764) cam no cebGe He OCTaBUJ HUKAKOTO CJiefia B UCTOPUU
MaTeMaTHKU: OH MPOCJABUJICS TOJBKO MPOGJIEMOH, KOTOPYIO MPEIoKUII Jiise-
py B nucbMe, oTHOCsIeMest K 1742 r. OH o6paTus BHUMaHHe Ha TOT (PaKT, 4To
eMy BCerJia yaaBasjoch MpPeICcTaBUTh Jo60e UeTHoe YUCso (KpoMe 2, KOTOpoe
CaMo eCTb MPOCTOE UUCJI0) B BUJIE CyMMbI JIBYX pocThix. Hanpumep, 4 =2 + 2,
6=3+4+3,8=5+3,10=5+5,12=5+4+7,14=7+7, 16 =13+ 3,
18=114+7,20=13+7,...,48=29+19,...,100=97+3 u T 1.

Tonba6ax cripammBal y Jiiepa, MOKET JIM TOT J0Ka3aTh, UTO TAKOTO POfa
NpeacTaBAeHHEe BO3MOXHO [/l BCSAKOTO UETHOTO UWCJA, WM K€, HATNpOTHB,
CMOXKeT yKasaTb IpHUMep, ONPOBepralluil Takoe npenoJoxeHue. Jisiep Tak
W He JaJl OTBeTa; He Jas ero HUKTO W B JasibHeHIleM. DMIUpHUecKast oue-
BUJHOCTb rurnote3bl [osbadaxa, Kak JIerko MpOBEPUTb, BIOJIHE yOeIUTebHA.
VcTOYHMK Ke BO3HMKAIOMIMX 3aTPYyAHEHHI — B TOM, YTO MOHSTHE MPOCTOTO
UHCcJIa OTIpeflesisieTCsl B TepMHHAX YMHOJMCeHUs, TOTIa Kak cama MpobJseMa
Kacaetcs caonxceHus. Boobllle, HAXOIUTb CBSI3U MEXKY MYJbTHIIIUKATUBHBIMU
¥ aJ/IMTUBHBIMU CBOMCTBAMHU YHCEJ OYeHb TPYIHO.

Jlo HenaBHEro BpeMeHH J10Ka3aTesbCTBO IunoTe3bl [osbadaxa Kasanoch 3a-
Jlauell coBeplIeHHO HenmpueTynHOH. CeromHs eno o6CTOUT yke He Tak. OueHb
3HAUYUTENIbHBIH yCIIeX, OKa3aBLIMHCS HEOKUTAHHBIM U OPA3UTENbHBIM JJIs1 BCEX
CTIELIMAJIMCTOB MO JaHHOMY BOTPOCY, 6bl TOCTUTHYT B 1931 I. HEHM3BECTHBIM B TO
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BpeMsi MOJIOJIbIM pyccKuM MaTemaTukoM Illunupesnbmanom (1905—1938),
KOTOPBI JI0Ka3aJl, UTO 8CAKOE YeA0e NOAOMUMEAbHOE HUCAO MOdKHEem Oblmb
npedcmasaero 8 gude cymmol He 6oaee ywem 800000 npocmorx. Xotsi 5TOT
pe3yJibTaT U MPOM3BOJIUT HECKOJNBKO KOMUUECKO€ BIleuaT/eHHe (M0 CpaBHEHHIO
C MepBOHAUA/bLHO MOCTABJIECHHOH Lie/blo J0KasaTh runoredy lonbadaxa), Tem
He MeHee OH CTaJjl MEPBbIM 1IAroM B JOJKHOM HampajeHuH. [lokazaTesb-
ctBo llHupesbMana — mpsiMOe W HOCHT KOHCTPYKTHBHBIH Xapakrtep, XOTs H
He 06ecrieunBaeT MPAKTHUECKOTO METO/a JJIsI MPEeCTABJIEH ST TPOU3BOJBLHOTO
IeJIOTO UMCJIa B BHJIE CYMMbI MpocThiX. Ellle mo3nHee pycckuil e MaTeMaTHK
Bunorpanos, nombaysicb Metonamu Xapau, JIMTTIBYIa ¥ UX TIOUCTHHE Be-
JIMKOTO COTpyAHHKA Mo paboTe MHIyca PamaHyI)KaHa, cyMel MOHU3UTh
uhcJio caaraemMbix B opmysupoBke Hlnupenbmana ¢ 800000 no 4. Ito yxke
ropazno 6Jmke K pelneHuio npobsemsl [ombadaxa. Ho mexuy pesysbraTamu
[luupenbmana u BuHorpanoBa uMeercsi oueHb pe3Koe pasinune — GoJjiee pes-
Koe, ueM paznuune Mexxay unciaamu 800000 u 4. Teopema Bunorpanosa 6biia
JI0Ka3aHa UM JIHIIb JJIsT BCeX «I0CTAaTOUHO OOJBIIMX» YHCEN; TOUHee TOBOPS,
BuHorpanoB ycTaHOBUI cyujecmeosanie Takoro uncaa N, 4To BCSIKOe Liesoe
uncsio 1 > N MoxKeT ObIThb MPENCTABJAEHO B BHIE CYMMbl UEThIPEX MPOCTHIX
uyhces. Meton BuHorpamoBa He Mo3BoJISIeT HHUKAK CyauTb O BesauuuHe N; B
TMPOTHBOMOJOXKHOCTb MeTozy LIIHnpesbMaHna, OH — CyIIeCTBEHHO «KOCBEHHBIH»
1 HEKOHCTPYKTHBHbIH. [0 cyliecTBy, BuHOrpanos nokasas ciejytolee: 10Myc-
Kasl, 4TO CYLLECTBYET OECKOHEUHOC MHONECMBO HlUCeN, He NPeOCmasUMbLX 8
sude cymmol wemolpex (UL MeHEe MO20) NPOCbLY HUCeA, MOYKHO TIOJNyUHTD
NpoTHBOpeure. 3/1ech Nepel HaMKu NPEeKPaCHbIl MpUMep, MOKA3bIBAIOIIMH TJTy-
60KOe pasnuue MEXKy JIByMs THIIAMHU J0KA3aTeJbCTB — MNPSMbIM U KOCBEHHbIM
(cM. oblee 06CYKIEHHE 3TOrO Bompoca Ha cTp. 46) 1.

Caienytonias npo6Jema, elile GoJiee JioOONbITHASA, YeM npobiema Tosbaba-
Xa, HUCKOJIbKO He MPHOJU3WIACh K CBOEMY pa3pelieHHi0. Bbuio moaMeueHo,
YTO MPOCThIE YUCIA HEPEKO BCTPEYAIOTCS TTapaMu B Bule p U p + 2. TakoBbl 3
b, 11 ul3,29u 31 ur n [lpennonoxenne o cyliecTBOBaHUH GECKOHEUHOTO
MHO2KECTBA TAKUX «OJIH3HELOB» KaXKeTCsl BeCbMa MPaBionof0GHbIM, HO JI0 CHX
Mop He yIaJoch Jaxe MPUOIHUHTLCS K €ro 10Ka3aTelbeTBy 2.

I OcHosHoit pesyssrar M. M. Bunorpajosa (1937) ycTamapimpaer cyllecTBOBaHHE TaKOro

HaTypasbHoro N, uTo BCsiKoe Heuwemroe n > N TIpeJcTaBUMO B BHJE CYMMbl TPeX MPOCTHIX
yuces:

n=py+ps+ps, ()
U3 Uero, pasymeercsi, BBITEKAET yxKe MPeACTaBUMOCTb 2100020 Hatypasbhoro n > N + 2 B
BHJIE CYMMbI 4emolpex MpocThiX unces. K HacTosileMy BpeMeHH OT OrOBOPKH O «J0CTaTOYHO
6oJIbLIMX>» UHCax yaanoch udbasutbest: B 2013 r. Xapasba Xesab@roTr gokasas, uto B Buje (*)
TpeJICTaB/IsIeTCs] BCSIKOe HeuéTHoe 1, HauuHast ¢ 7. — [Ipum. ped. Hacm. u3o.
Xorst runore3a o GJM3HELAX OCTAETCSl HEAOKA3aHHOH, K HACTOSILEMY BPEMEHH JIOKa3aHbl ee
ocJyiabsennble Bapuanthl. Tak, B 2013 r. amepukanckuii matematuk Ykan Mrtan nokasasn, uro
CYLLECTBYET GECKOHEUHO MHOTO Map MpOoCTbIX UHces (py, Pg), YAOBJIETBOPSIOLIMX HEPABEHCTBY
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§ 2. CpaBHeHus

1. O6wue noHsitusi. Beskuil pas, Korna NPUXOAUTCS TOBOPUTh O GJTHMO-
CTH LIeJIbIX UHCEJ HAa HEKOTOpOe OIpejie/leHHOoe LeJ10e UUC/I0 d, BCe paccyxie-
HHUS1 CTAHOBATCS siCHEE W IPOLLe, €CJIM [0/1b30BaTbCsl OTHOLLEHHEM CPaBHEHHUS,
BBeJleHHbIM [ayccoM, U COOTBETCTBYIOLUMMH 0003HAUCHUSMH.

YroObl BBECTH MOHSITHE CPABHEHUs, PACCMOTPUM OCTATKH, MoJyvarollyecs
TNpH JeNEHUH PA3JIMUHBIX UMCeJl, HanmpuMep, Ha 5. Mbl oJyuaem:

0=0-5+0 7=1-5+2 —1=-1-5+14
1=0-5+1 8=1-5+3 —2=—-1-5+3
2=0-5+2 9=1-5+4 —-3=—-1-5+42
3=0-5+3 10=2-5+4+0 —4=—1-5+1
4=0-5+4 11=2-5+1 -5=-1-5+0
5=1-5+40 12=2.5+2 —-6=-2-5+4
6=1-5+1 U T. 1. U T. I

3aMeTHM, UTO OCTATKOM TIpH JIEJE€HHH Ha D MOXKET ObIThb TOJBKO OJHO H3 UH-
cen 0, 1, 2, 3, 4. ToBopsr, uro aBa uncia a u b cpasHumor no modynio 5,
ecsIM TIPU JIeJICHUH Ha O OHH JAIOT 00uM u mom e ocmamok. Tak, Bce
uena 2, 7,12, 17,22, ..., =3, =8, —13, —18, ... cpaBHUMbI MO0 MOYJIIO D,
TaK Kak MpH JIeJeHHH Ha 5 Bce OHM JaloT octaTtok 2. Boobiie, ropopsit, uto
JIBa unucaa a v b cpagrumol 1o modymio d (rae d — HEKOTOpoe 1eJ10e UUCJIO),
€CJIM TIpU JIeJIeHUH Ha d OHU Jal0T OJIMH U TOT K€ OCTATOK; JPYTMMH CJIOBaMH,
€CJIM CYILLECTBYET TaKOe LIeJI0e UHCIO 71 (MOJOXKHUTEIbHOE, OTPHLIATENbHOE HJIH
HyJb), uTo @ — b = nd. Hanpumep, 27 u 15 cpaBHUMBI IO MOJyJI0 4, TaK Kak
27=6-4+43,15=3-4+3.

JIJ1st OTHOLLIEHUST CpaBHEHHsT BBEJIEHO CrelHabHOe 0603HAUEHHEe — eCJIH
v b cpaBHuMbl 10 Moayno d, To mumyT: @ = b (mod d). [Ecau ke a He
cpaBHUMO ¢ b no moaysio d, To muuyT a #Z b (mod d).] Ecan sicHo, Kakoi
MOJlyJib HMEETCs1 B BHJLY, TO MPUIUCKY «mod d» omycKaroT.

CpaBHEeHHS 4acTO BCTPEUAIOTCs B MOBCEIHEBHOM K13HU. Hanpumep, ctpes-
KM 4aCOB YKa3bIBAIOT BpeMsi M0 MO0 12; aBTOMOGHIILHBIA CUETUHK OTMEUAET
npoitieHHble pacctosinus o moayso 100000 (MuIb UM KUJIOMETPOB).

p1 < pa < pp + 70000000. HecmoTpsi Ha OrpoMHOCTb BTOPOTO CJ1araeMoro (BCTIOMHHTE
wnupesbmanoekre 800000), sToT pedysbrar Obll HacTosiell cencauueil. Ecan 6bl BTopoe
cjlaraemoe B 1paBofi YacTH yAaJ0Ch YMEHbIIHTD J10 2, TO THIOTe3a 0 6ECKOHEUHOCTH MHOXKECTBA
MPOCTbIX OJIM3HELOB Oblia Obl JIOKAa3aHa, HO MOKa YTO 3TO YMCJO YIAN0Ch YMEHBIIHTL TOJNBKO
no 246. — [Ipum. peod. nacm. uso.
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[Ipexkne uem nepeiiti K GoJiee A€TaJbLHOMY PACCMOTPEHHIO CPABHEHHH U HX
CBOKCTB, MyCTb UMTATEJIb MPOBEPUT, UTO CJIEIYIOIINE YTBEPXKIEHHUS B TOUHOCTH
KBUBAJICHTHbI:

1) a cpaBuumo ¢ b mo mMoayJo d.

2) a=b+ nd, rne n — uenoe.

3) a — b nenutcs Ha d.

Beenennole [ayccom o6osHaueHust Iyisi cpaBHEHHH MOAYEPKHUBAIOT TO 006-
CTOSITEJIbCTBO, UTO CPaBHEHMs 00/1aal0T MHOTHMH CBOHCTBAMH OOBIUHBIX pa-
BeHCTB. Hamomuum 3T cBolicTBa:

1) Bcerna a=a.

2) Ecmma=05b,10 b=a.

3) Ecnmua=bub=c,toa=c.
Kpowme Toro, eciu a =a’ u b ="b', 10

4) a+b=a +70.

5) a—b=a —b".

6) ab=a'b".
DTH Ke CBOHUCTBA COXPAHSIIOTCSI, €CJIU COOTHOLIIEHHe PaBeHCTBA @ = b 3aMeHsi-
eTCsl COOTHOLIeHHeM cpaBHeHust @ = b (mod d). VimeHHo:

1) Beerna a =a (mod d).

2"y Ecim a=b (mod d), o b =a (mod d).

3) Ecima=b (mod d) u b=c (mod d), To a =c¢ (mod d).
(ITpoBepbTe — 3TO HETPYMHO.)
Touno Tak xe, ecniu a =a’ (mod d) u b =0’ (mod d), To

4y a+b=a +0b0 (mod d).

%) a—b=a — b (mod d).

6') ab=a’b’ (mod d).
Takum 06pasom, cpasHeHus N0 0OHOMY U MOMY Hee MOOYMO MONCHO CKAA-
dolsame, soLuumame 1 ymHoxcame. B camom nene, us

a=a +rd, b="b"+sd
BBITEKAET o
a+b=a +b +(r+s)d,
a—b=a —b +(r—s),
ab=a'b' +(a's + b'r + rsd)d,
YTO W TPUBOJUT K HYXKHBIM 3aKJIIOUEHHSIM.
CpaBHeHHs1 JONYCKAIOT HAIISAHOE TeOMETPHUeCcKoe IMpeiacTapjende. Ec-
JIW XOTAT HaTb reomeTqueCKoe l'IpeILCTaBJIeHHe LeJibiIM 4yucJaM, TO OOBIKHO-

BE€HHO BbI6I/Ipa}0T HpHMOJIHHefIHbIﬁ OTPE30K €JIMHUYHON JIJIMHBI U 3aTeM OT-
KJIaJIbIBalOT KpaTHbI€ OTPE3KH B obe CTOPOHBI. Takum 06pa30M, JJIT KaK0Iro
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L1eJI0T0 YKCJIa MoJyyaeTcst COOTBETCTBYIOLIAs eMy TOUKa Ha MPsSMOH — 4ucJlo-
Bol ocH (puc. 6). Ho ecan npuxoaurcss UMeTh €10 C UHUCJAAMH MO JaHHOMY

-3 -2 -1 0 1 2 3

Puc. 6. Teomerpuueckoe npejicTaBieHne LeJbIX UHCe

MOIIyJHO d, JBa CpaBHl/lelX yucJga — HOCKOJIbe peqb HUIET O N1eJIUMOCTH Ha d_
paccMaTpUBAlOTCSl KaK HEUTO HEepa3iMuuMoe, TakK Kak JaloT OJHH H Te XKe
ocraTku. YToObl H306pa3uTh BCe 3TO FeOMETPUUECKH, BO3bMEM OKDPYXKHOCTb,
pasziesieHHyl0 Ha d paBHBbIX yacTeill. Besikoe 1iesioe uucsio Tpu AedeHnu Ha d
JlaeT B KauecTBe ocTtaTka oaHo u3 uucen 0, 1, 2, ..., d — 1; 5T uncsa Mbl U
paccTaBUM IO OKPYXKHOCTH Ha paBHbIX paccTosiHusix. Kaxknoe unciio cpaBHUMO
C OJIHUM M3 3THX UMCEJ 10 MOAyJo d H, CJea0-
BaTeJbHO, MPEJICTABJSETCA COOTBETCTBYHOLIEH
TOYKOH; JIBA YHCJIA CPABHUMBI, €CJIM H306paa- |
I0TCST OJIHOHM W TOH »Ke TOoukKoH. Puc. 7 cuenan 8 7
ans caydas d = 6. Ludep6iar yacos mMoxeT ' '
TaK¥Ke CJIYXKHUTb MOJIEJbIO.

B kauecTBe mpumepa npuMeHEHHST MYJbTH-
MUIMKATUBHOTO CBOKCTBA CpaBHeHHH 6') onpeje-
JIUM OCTaTKH, TOJIyyalollMecst Npu JeJIeHUH Ha
OJIHO ¥ TO K€ UHCJIO TIOCJIeJOBATEIbHBIX CTere-
Hell unciia 10. Tak kak 10=—1 411, T0

10=—-1 (mod 11).

YMHOKas1 MHOTOKPATHO 3TO CPaBHEHHE CaMo Ha 4 5
ce0s, 1oJiyyaeM JaJjiblie

10°=(—1)—1)=1 (mod 11),

4 _5
2

Low .
w
Sgoo- -

X Puc. 7. Teomerpuueckoe npen-
10°=(-1) (mod 11), CTaBJleHHe LEJBbIX UHCes 110

10" =1 (mod 11) wu T 1 mozyJtio 6

OTCIOILa MO>KHO 3aKJIIOUMTh, YTO BCSKOE 1leJI0e YUCJI0, 3aMKUCh MO JIECATHUHOH
CUCTEME KOTOPOIr'o UMEET BUI

z=ao+a, - 10+ay-10°+...+a,-10",

JaeT TOT 2K€ OCTAaTOK IpH AECJEHUH Ha 11, 4YToO U CyMMa €ro U,I/Iq.)p, B3dTas C
yepeayrolunuMUCsT 3SHaKaMHu:

t:ao—al-l—ag—...
B camom nese, Mbl nmeem
z—t=a;- 114+ ay(10° = 1)+ a3(10° + 1) + ay(10* — 1) + ...
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Tak kak Bce Bbipaxenust 10> — 1, 10° + 1, ... cpaBHHMBI C HyJIEM 110 MOJY-
amo 11, To 2 — ¢ TakxKe CpaBHUMO C HyJIeM, U [TOTOMY 2 TIpH AeseHuu Ha 11 naer
TOT K€ OCTaTOK, uTo U f. B uactHocTy, uncio nenurcsiHa 11, 1. e. naet ocratok 0
TNpU JIeJIeHHH, B TOM M TOJIbKO TOM CJydyae, eCJi 3HaKOUepeaylolasicsi cyMMa
ero wudp aenurcs Ha 11. Hanpumep, uncso z = 3162819 nenurest Ha 11, Tak
Kak 3 — 1 + 6 — 24+ 8 — 1 + 9 =22 nesutcs Ha 1 1. Haiitu Takum ke oGpazom
MPU3HAK JIEJIMMOCTH Ha 3 wiKn Ha 9 elie nipoiite, Tak Kak 10 =1 (mod 3 u 9),
u rotomy 10" =1 (mod 3 u 9) npu ymo6om 1. OTCloja CJeayeT, UTO UUCIO0 2
JeJUTCSl Ha 3 U Ha 9 B TOM M TOJIBKO TOM CJIydae, ecjii CymMma ero uudgp

S:a0+a1+a2+...+an

JIeJIUTCS COOTBETCTBEHHO Ha 3 M Ha 9.
Ecsin B KauecTBe MOJyJIsl BO3bMEM 7, TO MOJYUUM

10=3, 10°=2, 10°=-1, 10'=-3, 10°=-2, 10°=1.

Janee ocratku nopropsitorcst. Taknum o6paszom, 2 AeanTest Ha 7 B TOM U TOJIBKO
TOM CJlyyae, eCJii BbipaxKeHHue

r=ay+3a, +2ay, —as — 3a, — 2as +ag +3a; + ...
JleIuTCs Ha 7.
YnpaxHenue. Hatinure nogo6Hbli ke MpU3HaK J1eJUMOCTH Ha 13.

CkJ1aJIpiBasi U yMHOXKasl CpaBHEHHsI 110 OMNPeIeJeHHOMY MOJIYJIO, CKaXKeM
d =5, MOXKHO Bceraa 00eCcreunTb TO, YTOObI BXOASAIINE UKCJ/Ia He CTAHOBHJIMCH
CJIMLIKOM GOJIbIIUMHE, 3aMEHsisi BCSIKHH pa3 BCTPEUAIONIEeCs] YMCJIO OIHHM M3
qpces

0, 1, 2, 3, 4,

a UMEHHO TeM, C KOTOprM OHO CpaBHHMO. TaK, BbIUHUCJISAA CyMMbl 151 npon3Be—
JICHHUST PA3JIMUHBIX YKCEJ [0 MOJYJIO D, Hy»KHO TOJILKO M0JIb30BATLCS CJAEIYIO-
IIMMH TaGJHLIAMH CJIOMKEHHST 1 YMHOYKEHHSI:

a+b ab
b=0 1 2 3 4 b=0 1 2 3 4
a=0 0 1 2 3 4 a=0 0 0 0 0 O
1 1 2 3 4 0 1 01 2 3 4
2 2 3 4 0 1 2 0 2 41 3
33 401 2 30 3 1 4 2
4 4 01 2 3 4 0 4 3 2 1

M3 BTopo#i TabJ/ulbl BUHO, UTO NPOU3Be/IeHHEe ab CPaBHUMO C HyJIEM 10 MOJLy-
JII0 5 TOJIBKO B TOM cJiydae, ecaiu @ win b =0 (mod 5). DTo HABOJUT Ha MbIC/Ib
0 CYIIECTBOBAHHH CJIEYIOLIEro OOLIEro 3akoHa:
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7) ab=0 (mod d) Tosbko B ToM cayuae, ecaid a =0 uam b =0 (mod d),
UTO SBJISIETCS PACTIPOCTPAHEHHEM XOPOLLIO HU3BECTHOTO CBOHCTBA OOBIKHOBEH-
HOTO YMHOXKEHHUS:

ab =0 tosbKo B ToM ciyuae, ecar @ =0 uim b = 0.

Ho 3akon 7) deticmeumenern moavko npu mom ycaosuu, 4mo mooyse d
ecmo npocmoe 4ucao. JIeiCTBUTENbHO, CpaBHEHHE

ab=0 (mod d)

o3HayaeT, yto ab jnesuTcst Ha d, a Mbl yXKe BHJIEJH, YTO TPOH3BejeHHe ab
JIEJIUTCSI Ha TIPOCTOe d B TOM M TOJIbKO TOM CJIydae, eCJIH OIMH U3 MHOXKHTEJIeH &
WK b gesurest Ha d, T. e. eCJH

a=0 (modd) uwmm b=0 (mod d).

C Jpyroél CTOPOHbBI, 3aKOH TepsieT CUJIy TpU d COCTABHOM: MOXKHO TOTJa
Hanucatb d = r - S, rie 06a MHOXKHTEJIST U S MeHbIIe ueM d, TaK uTo

r£0 (mod d), s#0 (mod d)

", OJHAKO,
rs=d=0 (mod d).

Hanpumep, 2# 0 (mod 6) u 3# 0 (mod 6), Ho 2-3=6=0 (mod 6).

YnpaxHenus. 1) [Tokaxure, uTo /sl CPaBHEHWI [0 MPOCTOMY MOJYJIO HMeeT
MeCTO cJielylolllee npasuro cokpaujerus: eca ab=ac v a#0, o b=c.

2) C kaxkum uncyioM B ipefesax ot 0 1o 6 BK/IOUHTENbHO cpaBHUMO umcsio 11 - 18 x
x 2322 - 13- 19 no moayJio 7?

3) C xaxkum uncjiom B npenesax ot 0 1o 12 BK/IIOUNTENBHO CPABHUMO UHCIIO 3 - 7 X
x 11-17-19-23-29- 113 no moayso 137

4) C kaxkuM uncjiom B npeziesiax oT 0 10 4 BK/IIOUUTEBHO CPaBHUMA cymMa 1 + 2 +
+22 4+ ...+ 2" no momysmo 5?

2. Teopema ®epma. B XVII cronerun ®epma, ocHOBaTe/ b COBPEMEHHOH
TEOPHH UMCesl, OTKPbII Upe3BbYAlHO BaxkKHYI0 TeopeMy. Ecau p — npocmoe
YUCAO, He Oeasujee Yeaoeo Hucaa a, mo

a*'=1 (mod p).

Jlpyrumu cjioBamu, (p — 1)-s cTeneHb a NpH jieJieHUH Ha p JIaeT ocTaTok 1.
HexoTopble U3 paHee TIpoH3BeleHHBIX HAMH BBIUMCJIEHHE MOATBEPMKIAIOT
3Ty TeopeMmy: TaK, Mbl Buaum, uto 105 =1 (mod 7), 102 =1 (mod 3)n 10" =1
(mod 11). Takum ke 06pa3om JIerko npoBeputhb, uto 2!2 =1 (mod 13) u 5! =
=1 (mod 11). Ilng sTo# 11e11 HET HEOOXOAUMOCTH HAa CAMOM JleJie BBIUUC/ISATD
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CTOJIb BBICOKHE CTEMEHH JaHHBIX YHCEJI; JOCTATOYHO HCIO0JIb30BaTh MYJILTHIIH-
KAaTUBHOE CBOHCTBO CPABHEHMI:

2'=16=3 (mod 13), 5*=3 (mod 11),
2¥=9=-+4 (mod 13), 5'=9=-2 (mod 11),
22=_-4.3=-12=1 (mod 13), 5°'=4 (mod 11),

50=3.4=12=1 (mod 11).

O6paluascs K 10Ka3ateJbCTBY TeopeMbl Pepma, paccMOTPHM UMCJIa, KpaT-
HblE @:

my=a, my=2a, my=3a, ..., m,_=(p—1a.

Hukakune 1Ba 13 3THX uuces He MOTYT ObITh MEXLy COO0H CpaBHUMBI 110 MO -
Jqo p. B npotuBHOM cjydae p 10/LKHO ObLIO Obl AEMUTb PA3HOCTb M1, — My =
=(r —s)a, rae r, s Obuia Obl Mapa LeJbIX YMCeJ, TOJUHHEHHBIX OrpaHuue-
Hato 1 <r<s <(p —1). Ho u3 3akona 7) cJjejyer, 4To 3TOr0 He MOXKET
CJYUYHTHCS: TaK KaK S — 7 MEHbLIE UeM p, TO p He JIeJUT S — r; C APYTOH CTOPO-
Hbl, 10 MPEANOJ0KEHHIO, p He ACJUT U a. TakuM ke 06pa3oM Mbl yoexnaemcs,
YTO HU OJIHO M3 UKCEJI /71 HE CPABHUMO ¢ HyJeM. OTcio/a caelyerT, uTo uucsa my,
My, ..., M,_| COOTBETCTBEHHO CPABHUMBI C uncaaMu 1, 2, ..., p — |, B3ITBIMH
B HEKOTOPOH UX nepecTaHoBKe. Jladblie 3ak/aouaem:

mmy...m, ;=1-2-3..(p—1a""'=1-2-3...(p—1) (mod p),
WK Ke, nojiarast pajau kpatkoeth K=1-2-3...(p — 1),
K@@' —=1)=0 (mod p).

Uucsio K He esvTest Ha p, TaK Kak HU OJIMH U3 BXOJSAIIMX B HEMO MHOXKUTEJEN
He JIeJIMTCS Ha p; 3HAYMT, COMNIACHO 3akoHy 7) (@P~' — 1) HO/DKHO NeNHTHCS
Ha p, T.e€.
a”'—1=0 (mod p).
I10 U ecTb Teopema depma.
[TpoBepum 31y TeopeMy elile pa3. BoabMeM p = 23 u a = 5; Torna nosyyaem
no MojyJio 23

=2 5b'=4 5=16=-7, 59=49=3, 5 =12, F2=24=1.
Ecau Bo3bMeM a = 4 BMecTO 5, TO OyjieM UMETb, ONSIThb-TAKH 110 MOYJII0 23,
42=_7 43=-98=-5, 4'=-920=3, 484=9, 4'=—-45=1, 42=1.

B npumepe, rine 6bu1o B3dAto a =4, p = 23 (Kak ¥ BO MHOTHX HHBIX), MOXHO
3aMeTUTh, UTO He TOJbKO (p — 1)-51 cTeneHb, HO U G0Jlee HU3KAsl CTeNeHb a yiKe
OKa3bIBaeTCsl CPABHUMOI C elMHULIeH. HauMeHbllasi Takas cTerneHb — B HalleM
npuMepe cterenb 11 — nenpemenno ecTb Jenutesib yucaa p — 1 (cMm. Huxe,
yrpaxkHeHue 3).
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YnpaxHenus. 1) C nomolibio noJO6HBIX XKe BbIUMCJAEHUN MPOBEPLTE, UTO
=1 (mod 17), 3¥=—1 (mod 17), 3"=—1 (mod 29),
o2 =_1 (mod 29), 4" =1 (mod 29), 5" =1 (mod 29).

2) Ilposepsre Teopemy Pepma, B3siB p =5, 7, 11, 17 u 23 n npunasas unciy a
pasJinuHble 3HAUEHHUSI.

3) Ilokaxkure 0OILyl0 TeOpeMy: HaumeHovuiee 4ucA0 e, 011 Komopoeo a‘ = |
(mod p), doaxcro 6oimoe deaumenem p — 1. [Ykasanue: npoussenure nenexue p — 1
Ha e, rnoJiyuast

p—1l=ke+r,

rae 0 < r < e, u Jajiblie BOCHOJb3YHTECH TeM OGCTOATEJNLCTBOM, uTo a’~! = a® =
(mod p).]

3. KBagparuueckue Bbiuetsl. O6palniasch CHOBa K IpUMepam, HJLIIO-
cTpupytolmM Teopemy Pepma, Mbl MOXKEM TMOJAMETHTb, UTO He TOJIBKO BCerja
cripaBeinBo cpashenue a”’~! =1 (mod p), HO (IPEANOIOKUM, UTO P eCTh
MPOCTOE UUCJIO, OTJHUHOE OT 2, 3HAUUT, — HeueTHoe, p = 2p’ + 1) npu Heko-

—_

/ p=1
TOpbIX 3HAUEHHUSIX @ CIPaBEUIMBO TakxKe cpaBHeHue a” =a 2 =1 (mod p).
IT0 06CTOSATELCTBO BbI3bIBAET PSIJL 3aC/YKUBAIOLLIMX BHUMAHHUST COOOpaKeHUH.
Teopemy ®depma MoKHO 3amucaTh B CJEIyIOLIEM BHJE:

= l=a* —1=(a" —1)a”" +1)=0 (mod p).

Tak kak npousBelieHHe JEJNUTCS HA p TOJLKO B TOM CJlyuae, eCJd OJUH M3
MHOXKHTEJIeH JEeNUTCA Ha p, TO, 3HAUMUT, OJHO U3 UHUCEeJ a’ — 1 wm a” + 1
JIOJDKHO JIEIUThCS HA p; IOITOMY, KAKOBO Obl HH ObIO MPOCTOE UUCJO p > 2 U
KaKoBO Obl HU ObLJIO UMCJIO @, He JeJsilleecs Ha p, HelIPeMeHHO J0J/KHO UMeThb
MEeCTO OJHO U3 ABYX CpPaBHEHHH

p—1 p—1

a2 =1 HJIH a?2 =-1 (modp).

Hauunasi ¢ caMoro BO3HMKHOBEHHs] COBPEMEHHO TeOPHH UHCeJ, MaTeMa-
THKH GbLIH 3aHHTEPECOBAHbI BLIACHEHHEM BOTIPOCA: JUIsl KAKHX UHCEN @ OTpaB-
JbIBAeTCS MepBoe CpaBHeHHe, a Jis KakhX — BTopoe? [Ipearnosioxkum, uto a
CPaBHUMO TI0 MOJIYJIIO P C KBaJPaTOM HEKOTOPOTO UHCJA X,

1 a=x* (mod p).
Torma @ 2 = x’~', u coracko teopeme depMa npapas, a CJeJ0BATENLHO, H
JieBagd 4acTu CpaBHeHl/lﬂ JOJI2KHbI ObITb CpaBHHMbI C 1 o MoayJo p. TaKoe
unea0 a (He ABJsIOIeECs KPATHBIM p), KOTOPOE M0 MOMAYJIO ) CPaBHHMO C
KBaJpaTOM HEKOTOPOTO UHCJA, HA3LIBAETCS KBAOPAMUUECKUM BbLUemOM P,
HanpOTl/lB, YUCJO b, HE KpaTHoe p, KOTOpoe HE CpaBHHMO HU C KaKUM KBaLLpaTOM
10 MOJIYJIIO P, HA3LIBACTCS KBAOPAMILUECKUM HeBbl4enoM p. Mbl TOILKO u4TO
BHJIEJIH, UTO BCAKMII KBaJpaTHUECKHII BLIUET @ UHCJA p YIOBJIETBOPSIET CpaBHe-

p=1
Huto a 2 =1 (mod p). JloBOJILHO JIETKO YCTAHOBUTb, UTO BCSKUH HEBbIUET b
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p—1

yhcJa p yIoBJeTBOpsieT cpaBHeHuto b 2 = —1 (mod p). Kpome Toro, Mbl

noKaxkeM (HeCKOJIbKO JaJibliie), uTo cpeau uucen 1, 2, 3, ..., p — | umeercs
1 _

B TouHOCTH 2 g KBaJIpaTHUECKHX BbIUETOB H P g HeBbIUeTOB.

XOTs1 ¢ MOMOUIBIO MPSIMBIX TT0JICYETOB MOXKHO ObIIIO cO6paTh HEMAJIO SMITH-
pHYeCcKHX AAHHBLIX, HO OTKPBLITH Cpasy oOlle 3aKOHbI, PEryJHpyIolHe pacrpe-
Jle/leHre KBaJpaTHYeCKHX BblUeTOB, OblIo Heserko. [lepoe riy6oko Jexkaliee
CBOKCTBO 3THX BbIUETOB OblI0 MojmMeueHo JI ek aHap oM (1752—1833); nosn-
Hee [aycc Ha3Bas ero KgadpamuuHoim 3aKOHOM B3AUMHOCTHIL. DTOT 3aKOH
KacaeTcs B3aUMOOTHOLIEHHS MEXy ByMsI Pa3/JHUHbIMH MPOCTHIMU UHCJAAMH P
1 ¢. OH 3aK/iouaeTcs B CJeLyIoLIeM:

1 _
1) Tlpennonoxknum, uto MpoU3BeJIeHHEe P 5 g g uerHoe. Torna g ectb

BbIYET p B TOM H TOJIbKO TOM CJlyuyae, eCJid p €CTh BbIUET §.

2) I1peanosioKuM, HarMpoOTHB, UTO YKA3aHHOE MPOU3BEJIEHHE — HeuemHoe.
Torna curyauusi peako MeHsieTCs: ¢ €CTh BBIUET P, €CJIM P €CTh Hegbluem ¢, u
Hao60poT.

[TepBoe cTporoe 10Ka3aTebCTBO 3aKOHA B3aMMHOCTH, JIOJIFOE BPEMsl OCTa-
BaBILIErOCST THIIOTE30H, NaHHOe [ayccoM ellle B MOJIOJIOCTH, SIBUJIOCH OJHHM U3
KPYMHbIX ero poctuxkeHui. JlokaszarenbctBo laycca HUKOMM 06pa3oM Hesb3s
Ha3BaTb MPOCTHIM, U B Hallle BpeMsi IPOBECTH JI0KA3aTeJbCTBO 3aKOHA B3aHM-
HOCTH CTOMT H3BECTHOTO TPY/A, XOTsI KOJIHUECTBO PA3JHUHBIX OMYOGJHKOBAHHBIX
JI0KA3aTe/IbCTB OUEHb BEJIMKO. VICTHHHBIN CMbICJ 3aKOHA B3AHMHOCTH BCKPbUICS
JIMIIb B HeJlaBHee BPeMsi — B CBSI3H C HOBEHLIMM pas3BHTHEM aJjireGpanuecKoi
TEOPHH YHCEJI.

B kauecTBe mpumepa, WIIIOCTPUPYIOLIETO pacrpeeseHle KBaapaTHIeCKUX
BbIUETOB, Bo3bMeM p = 7. Tak kak ro moayJio 7

0’°=0, 1’=1, 2°=4, 3*=2, 4*=2 5'=4, 6’=1

M TaK Kak JaJjibHeHlIne KBaJpaThl MOBTOPSIOT 3Ty MOCJEN0BATENLHOCTD, TO
KBaJpaTHUECKUMU BblUETAMH UMCJIa 7 SABAAIOTCS UMcJ/a, cpaBHUMble ¢ 1,21 4, a
HEBbIUETAMH — UHCJIa, CPAaBHUMBIE ¢ 3, 5 U 6. B 06111eM ciyuae KBagpaTHuecKue
BBIUETHI P COCTABJSIOTCS U3 YUCEJI, CPABHUMBIX ¢ uncaamu 12, 22, ... (p — 1 )2
Ho 3Tu nocJiefHne nonapHo cpaBHUMbI, TaK Kak

¥=(p—x) (modp)  (nmanpumep, 2°=5> (mod 7)).

HeficteutennHo, (p — xf = p? — 2px + x* = x* (mod p). 3nauuT, nosoBUHA
uucen 1, 2, ..., p — | npexacrapJsieT co600 KBajpaTHUECKHe BbIUETHI YHCJIA P,
a Jipyrasi MoJIOBMHA — HEBbIYETHI.

YrtoO6bl 1aTh HIIOCTPALIMIO TAKXKE H 3aKOHY B3aUMHOCTH, TOJIOXKHUM p = D,
g=11. Tak xak 11 = 12 (mod 5), To 1l ecTb KBagpaTHUeCKHil BbIUET IO
5—-1 11-1

2 2
COIJIACHO 3aKOHY B3aMMHOCTH O JI0JIKHO ObITh TAKXKE KBAJIPATHUECKHM BbIUETOM

MO/J1yJIIO 5, h TaK Kak, Kpome Toro, npou3BelcHHE 4yeTHoe, TO



§3 [TMPATOPOBBI UHMCJIA M BOJIbIIASI TEOPEMA ®EPMA 65

mo mMomyJio 11; u B camom jesie, Mbl BHauM, uto 5 =42 (mod 11). C npyroii

-1 11-1
2

¥ B 3TOM cayyae 11 ectb Boiuer no moayJiio 7 (tak kak 11 =22 (mod 7)), a7 —

HeBbIUeT Mo mojyJio 11.

7
CTOPOHBI, noJsioxkuM p =7, g = 1 1. Torna nponssenenue HeyeTHo,

Ynpaxuenus. 1) 62 =36= 13 (mod 23). Spasercs u 23 KBaapaTHUECKHM Bbi-
yeToM 1o Mojyso 13?

2) Mol Busesu, uto x% = (p — x)?> (mod p). [Tokaxute, UTO MHOTO BUJA CPABHEHHII
Mexy uucaamu 12, 22, 3% ... (p — 1)? GbITb He MOXKeT.

§ 3. Iudaroposbl uncaa u 60gabuiasg Teopema Pepma

WurepecHsiii Borpoc 13 06/1acTH TEOPUH UHCes cBsizaH ¢ Teopemoit [Tnda-
ropa. Teopema 3Ta, KaK H3BECTHO, ajre0panyecKd BbIPaxKaeTCsl paBEeHCTBOM

a’+b*=¢?, (1)

e a U b — JIUIUHBI KaTeToB, a ¢ — JUIMHA TUIoTeHy3bl. [1po6ieMa pasbicKaHus
8cex NMPSIMOYTOJIbHBIX TPEYTOJbHUKOB, CTOPOHBI KOTOPBIX BbIPAXKAIOTCS LIE/bIMHU
yhcJaMH, TaKuM 006pa3oM, SKBHBaJieHTHa MpobJeMe HaXOXJIEHUs BCeX pelle-
Hui (a, b, c) B uenbix uncnax ypaBHenus (1). Kaxknasi Tpofika Lesibix uuced
(a, b, ¢), yIOBJETBOPSAIOIIMX 3TOMY YPaBHEHHIO, HOCHT Ha3BaHue nugaeopo-
80il mpolKu.

Bce mucaropoBbl TPORKH MOTYT ObITh HaHIeHbl AOBOJBHO TpocTo. [1ycTh

nesele unucgaa a, b u ¢ o6pasyioT MU(aropoBy TPOKKY, T. €. CBSI3aHbl COOT-

a b
Howenuem a’ + b? = ¢2. [TonoKUM paji KpaTKOCTH =X T=y Torna x

M Y — pauMoHasibHble uMcJ/a, CBaA3aHHble paseHcTBOM X2 + y? = 1. M3 mo-
1 —x
Y — =% O6uee snauenue
14+ x Y
JIByX OTHOLUEHHH B MOJyYEHHOH MPOMOPLUH €CTh UUCO f, KOTOPOE MOXKET ObITh
u
MPECTAB/IEHO KaK OTHOLLIEHHE JIBYX LEJIbIX UHCes —. MoxxHo, nanee, Hanucars:

canennero caenyer: y® = (1 — x)(1 + x) nau

y=H1l+x)u(l —x)="ty, nm xe
tx —y=—t, x+ty=1.
M3 noJiyueHHO! CUCTEMbI YpABHEHHE HEMEIJEHHO CJIEyeT, UTO

- o
Ty YT iEe

a b u
[ToncraBass = M - BMECTO X H § U — BMECTO t, OyaeM UMeThb

a v:—u? b 2uv

c w40 c w40
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OTcrozia BbITEKaeT s 9
a=(v"—ur,

b =(2uv)r, (2)

c=(u+ ),

TJle 7 — HEKOTOPBIH pallMOHa/bHBIH MHOXKHTEJ/b MPONOPLHOHaIbHOCTH. HTaK,
ecau uncaa (a, b, ¢) o6pasyoT nUdaropoBy TPOUKY, TO OHH COOTBETCTBEHHO
NPONOPUHOHA/ILHBI uncaam Buaa v? — u?, 2uv, u? + v2. O6paTHO, JIETKO Tpo-
BEpPHUTb, UTO BCAKHE TPU uucaa (a, b, ¢), onpeliesieHHble paBeHCTBAMH BUa (2),
06pasyloT nugaropoBy TPOHKY, TaK Kak U3 PaBeHCTB (2) ciejyeT

a® = (u* — 2u*0* + v*)r?,

b? = (4u*v®)r,

¢ =(u' + 2u0* + '),
Tak uto a? + b = 2.

ITOT pe3yJIbTaT MOKHO HECKOJIBKO YIIPOCTUTh. K13 HeKoTOpOIl HaropoBoi
TPOHKH (@, b, ¢) nerko BHIBOAUTCS 6CKOHEUHOE MHOXKECTBO JIPYIUX MUaropo-
BbIX TPOEK (Sa, sb, S¢), KaKoBO Obl HH ObLIO LeJ0e NoJoXKUTeNbHOE S. Tak, 13
(3, 4, 5) noayyatorest (6, 8, 10), (9, 12, 15) u . 1. Takne TpOHKH He SBJSAIOTCS
CYLIECTBEHHO PA3JIMUHBIMK, TaK KaK COOTBETCTBYIOT MOMOGHBIM TPEYTroJbHUKAM.

Mbl ycJI0BUMCS TOBOPUTb O NPUMUMUBHOL TTHPAropOBOH TPOKKE, eC/d uhca
a, b v ¢ He UMerOT O6IIEro MHOXKHUTEJST. MOXKHO 1MOKa3aTh, UTO (hopmyioL

a=v"—u,
b =2uv,
c=u’+v%

ede u, v — nPou3BoAbHbLE Yeavle NOAONUMeNbHble YicAa (V> U), He ume-
roujue obujux MHoxMcumenell 1 He s8asouuecs 00HOBPEMEHHO HeuenHobl-
MU, darom HaAM 8ce NpumMuUmusHole nughacoposel MpoiKi.

* YnpaxHenue. Jlokaxure rocJie/iHee yTBEpK/IEHHUE.

BoT npumMepsl TPUMUTHBHBIX MH(ATOPOBLIX TPOEK:
v=2, u=1 (3,4,5), v =4, u=3 (7,24, 25),
v=3, u=2 (5,12, 13), v=10, u=7 (51,140, 149) wurn
B cBsisu ¢ paccmoTpeHueM Mudaroposblx uuces GoJsiee UM MeHee ecTe-
CTBEHHO BO3HHMKAeT BOIPOC O BO3MOXKHOCTH CJle/lylollero 00001eHHsT 3a1aUu:
MOXKHO JIM HalTH Takue Lie/ble MOJNOXKUTeNbHbIe UuCIa a, b, ¢, KOTopble Y10B-

JIeTBOpsiiM Obl ypaBHenuio a® + b® = ¢, wim ypasuenuio a' + b* = ¢*, wm,
BOOOLIE TOBOPS, YPABHEHHUIO

a"+b"=c", (3)
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rjie noKasaredb 1 — LieJj1oe Yicdo, 6odbliee 2? depma npeayioxKus OTBET cJie-
JyIOLM HeoObluHbIM 06pasoM. MimMenHo, @epma uayuan onHo counHenue Jno-
(haHTa, U3BECTHOrO MaTeMaTHKa IPEBHOCTH, 3aHUMABILErOCS TEOPHEH uucel, U
1MeJ1 0ObIKHOBEHHE Je/1aTh IPUMEUaHHsl Ha MOJISIX KHUIH. XOTsl OH He 3aTpyIHs1I
cebs TeM, uTOObl MPUBOJIUTH TYT K€ J0KA3aTeJbCTBA MHOTHX BbICKa3aHHbIX
MM TeOopeM, HO BCE OHH TOCTENEHHO B jaJjibHelilleM OblIH J0Ka3aHbl — 3a
OJIHMM BeCbMa 3HauMTeJbHbIM HcKitoueHneM. [To nmoBoay nucaropoBbix yucel
depma cpenall OMETKY, UTo ypasHerue (3) Hepaspeuumo 8 Yeavlx 4uciax,
ecau n > 2, HO 4TO HalJIeHHOE UM OCTPOYMHOE I0Ka3aTeJbCTBO 3TOH TEOpEeMbl
CJIMLUKOM JJIHHHO, YTOObI €r0 MOXKHO OblLIO TOMECTUTb Ha MOJSIX KHHIH, C
KOTOPOH OH paboTadl.

Ato ytBepxkaeHue Gepma B ero obuieil popMe HUKOTAA U HUKEM BIOCJE/-
CTBHM He ObIO HM J0KAa3aHO, HU OMPOBEPTHYTO, HECMOTPS HA YCHJIUS LLEJIOTO
psifia KpynHe#mx Matematikos . [TpaB/a, Teopema Gblia JJokazaHa Jijisi OYeHb
MHOTHX 3HAueHHWH 71, B YaCTHOCTH, Ui Bcex 1 < 619, HO He 1/ BCeX BO3MOXK -~
HbIX 3HAUEHHUH 71; BMECTe C TeM He Obl10 yKa3aHo M NpUMepa, OlpoBepraroLero
TeopeMy. XoTsl cama 1o cebe TeopeMa U He UMeeT oueHb GO0JIbILOro 3HaUeHHUs B
MaTeMaTHUeCKOM CMbICJIE, HO MOMBITKH JIOKA3aTh €€ MOJIOXKHU/IN Haualo MHOTHM
BaXKHEHILIMM HCCJe0BaHUAM B o6JslacTH Teopuu uuces. [Ipobrema Bbi3Basa
60JbLIOH MHTepec W B GoJiee LIHPOKUX Kpyrax — oT4acTH Gsaroiapsi npeMHuu
pasmepoM B 100000 mapok, mpenHa3HaueHHOH Ui JMLA, KOTOPOE BIEpBbIE
JlacT pellieHHe, TIpUUeM MPUCYKAeHHE TIPEMUH OblI0 MOpydeHO [eTTHHreHCKOH
Akanemuu. Iloka mocsieBoenHast uH(usAUs B [epMaHnu He cBesla Ha HeT Je-
HEXKHYIO 1LIeHHOCTb 3TOH MPEMHH, €XKeroHO MPeACTaB/ISIIOCh TPOMAAHOE YHCJIO
«pelIeHni», coaepxKallnx olMoKH. Jlaxe crneuuanucTbl-MaTeMaTHKA HHOH pa3
0OMaHbIBAJIUCh W TIPEACTABJISIM WK MYOJUKOBaIM 10Ka3aTeslbCTBA, KOTOPbIE
3areM OTNAAAJU [0cse 00HAPYKEHUSI B HUX MHOH pa3 KakuX-HUOYIb MOBepX-
HOCTHBIX He0cMOTPoB. Co BpeMeHH MajieHUsl Kypca MapKd a)HOTaXK BOKPYT
npo6JsieMbl Pepma HeCKOJIbKO MPUYTHX; W BCE Ke Mpecca He repecTaeT Bpems
OT BPEMEHH OCBEIOMJISITb HAC O TOM, YTO peLICHHE HaHAeHO KaKMM-HHOYIb
HOBOSIBJIGHHBIM «T€HHEM>.

§ 4. Aaroputrm EBkaupna

1. O6was reopusi. Uuratesb npekpacHo 3HaKOM C OOLIKHOBEHHOW MPO-
LellypoH JieJieHus1 B CTOJOHK OJHOTO LIEJIOTO YWCJa @ Ha JAPYroe 4ucjao b u
3HAEeT, YTO 3Ty MPOLEIYPY MOXKHO MPOAOJIKATH A0 TeX MOp, MOKa OCTAaTOK He
CTaHEeT MeHbllle, YeM JlesuTesb. Tak, ecs a = 648 u b =7, To Mbl NoJTyuaem

' Teopema ®epma Gbia nokasana B 1995 r. TToapoGiyio HCTOPHIO I0KA3aTeJIbCTBA STOH TEOPeMb

MokHO Haiith B kHure: Cunex C. Bemukas teopema ®epma. M.: MITHMO, 2000. — [Ipun.
ped. Hacm. uso.
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yacTHoe ¢ = 92 u ocratok r = 4.
648 |7
63 92 648 =7-92 + 4.
18
14

4

[To 3TOMY MOBOJY MOXKHO CPOPMYJIMPOBATh CJEAYIOLLYI0 OOILYI0 TEOpeMy: ec-
au a ub— yenvie uucaa, npuvem b omauuHo om HYasL, MO MONHO 8cecda
Hatimu maxkoe yeaoe 4ucio g, 4mo

a=b-g+r, (1)
ede r ecmo yeaoe wuciro, ydosaemsopsioujee Hepagserncmsy 0 < r < b.

JlokazkeM 3Ty TeopeMy He3aBUCHMO OT jleJieHus B CTOJOMK. JIoCcTaTOuHO 3aMeTUTb,
UTO UMCJIO @ WM CaMO eCTb KpaTHOE UHCJIA b, WM XKe JIEKHT MeXJy JIBYMs MocJ/e10-
BaTebHBIMH KPATHBIMHU b,

bg<a<blg+1)=bg+0.
B nepsom ciyuae pasenctso (1) onpasasizaercs, npuuem r = 0. Bo Bropom ciyuae u3
T1ePBOr0 HEPABEHCTBA BBITEKAET, UTO
a—bg=r>0,
a U3 BTOPOTO — UTO
a—bg=r<b,

TaK UTO UMCJIO /' B 3TOM CJlydae yjaoBjerBopsier ycsosuio 0 < r < b.

M3 yka3zaHHOTO 06CTOATENBCTBA MOYKHO BBIBECTH OOJbIIOE UMCJIO PA3JIHU-
HBIX BAXKHBIX cJie/ICTBUIH. [TepBoe U3 HUX — 39TO METO JI/Is1 HAXOXKJIEHHUS 0O1IEr0
HaUGOJIbILIErO JIEJUTENS ABYX LENbIX UHCE.

[lycTb a 1 b — nBa KAKHX-TO 11€JIbIX YHCJIA, HE PABHBIX OIHOBPEMEHHO HYJIIO;
pPaccMOTPUM COBOKYMHOCTb BCEX UMCEJI, HA KOTOPbIE AEATCA U a U b. DTa coBO-
KYTTHOCTb, HECOMHEHHO, KOHEUHas1, TaK KaK ecJii, Hanpumep, a # 0, To HUKakoe
yhcJio, GoJibliiee YeM @, He MOXKET ObITb jesiuteseM a. OTCIoa CJeLyeT, uTo
UrCJI0 OOUINX JeUTe el a@ U b KOHEUHO; MycTh uepe3 d 0603HaUeH HAaHGObIIUHI
13 Hux. Hucisio d HasbiBaetcst obujum Hauborouium deaumenem a v b, u Mbl
ycsioBumesi o6o3Hauath ero d = (a, b). Tak, ecau a =8, b = 12, To Henocpen-
CTBEHHAsl MpoBepKa MokasbiBaet, uto (8, 12) =4; ecsit a =5, b =9, T0 Mbl
TOYHO TaK e noJsyuaeM (5, 9) = 1. Ecan @ u b — nocrarouHo 6oJibllie Ynca,
Harpumep a = 1804, b = 328, To MOMbLITKK HAUTH OOLIMH HAUOOJBIINUE JIeH-
TeJIb C MOMOLBIO HEMOCPEJCTBEHHBIX MPOO JI0BOJILHO YTOMUTEbHBI. KOpoTKuii
¥ BIIOJIHE HAJEXKHBIE METOJl BbiTeKaeT U3 aseopumma Esxauda. (AnaropurmMom
Ha3bIBAIOT BCSKUE CHCTEMATH3HPOBAHHbIH MpHeM BbiunceHHs1.) OH OCHOBaH Ha
TOM OOCTOSITE/IbCTBE, UTO U3 COOTHOLIEHHS BHJA

a=b-g+r (2)
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HEe0OXOAUMO CJICAYET, UTO
(a, b)=(b, r). (3)

B camom seJie, BCAKOE UMCTIO ¢, KOTOPOE OJIHOBPEMEHHO NEJUT U a U b,
a=su, b=tu,

JIEJIUT TaKxKe W r, Tak Kak r =a — bqg = su — qtu = (s — qt)u; v obpatHo,
BCSIKOE UHCJIO U, KOTOPOE OJTHOBPEMEHHO JIEJIUT b U 1,
b=ys'v, r=1t'v,

JeJUT TaKkKe M a, TaK Kak a = bg + r = s'vg + t'v = (s'q + {')v. 3Hauur,
KaXK[Ibld OOLIMH IeJuTesb @ ¥ b ecThb BMecTe ¢ TeM OOLIMH JAejuTesb b u r,
1 obparHo. Ho pa3 coBokymHOCTb gcex oO6IIMX AenuTeel a U b coBnaaaer ¢
COBOKYIMHOCTBIO BCeX OOUIMX JesuTesiell b 1 r, TO sICHO, UTO 06LIMH Hauboob-
wiuil 1ennuTesb a U b 1o/KeH COBMajaTh ¢ O6LIMM HaubOAbWUM IeuTeeM b
v r. A 3T0 1 BeIpaxkeHo paBeHCTBOM (3). MbI ceifuac ybemumcst B MOJME3HOCTH
YCTAHOBJIEHHOTO 06CTOSITENLCTBA.

Jloist 3TOrO BepHeMCs K MPUMepPY HaXO0XKJIeHHs 0611ero HauboJIbILEro Jeu-
tesst uncen 1804 u 328. OObIKHOBEHHOE JieIEHHE B CTOJIOUK

1804 | 328
1640 5
164

MPUBOJIMT HAC K 3aKJIOYEHHIO, U4TO
1804 =5 - 328 + 164.
Ortciofa B cuaty (3) cieayer, uto
(1804, 328) = (328, 164).

3ameTnm, uTo 3aj1a4a BblUMCJeHUst 0611ero HauboJbiiero aeautens (1804, 328)
3aMeHeHa Telepb aHaJIOrMYHOM 3aauell, HO AJ1s1 MEeHbLIMX unces. MoxKHO npo-
JI0JKaTh 3Ty npouenypy. Tak kKak

328 | 164
328 2
0

TO Mbl NoJyyaeM jajblie 328 = 2 - 164 + 0, tak uro (328, 164) = (164, 0) =
= 164. 3nauurt, (1804, 328) = (328, 164) = (164, 0) = 164, u o6uwmii Hau-
O0JIbLINI JeuTeNb HalleH.

dra camas npoleaypa HaxoxjieHns o61Iero HauboJbIIero JeaUTes ABYX
yyces B reoMeTpHueckoil hopme onucana B «Hauanax» EBkimpa. Mbl faaum ee
o6lllee onucaHue B apupmMeTHuecKol opMe, HCXOJS U3 TIPOU3BOJIbHBIX 11eJIbIX
uhces a U b, Kotopble 06a OJIHOBPEMEHHO HE PABHbBI HYJIIO.
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Tak kak cpasy sicHo, uto (a, 0) = @, To MOXHO JOMyCTHThb, uTo b # 0.
[TocnenoBaTe/ibHble IeN€HUsT MPUBOJAT HAC K LEMH PABEHCTB

a=bg, +r, (0<r <b)

b=rigo+r, (O<ry<ry)
ri=reqs+ry (0<ry<ry) (4)
ro=r3q,+ry (0<ry<rs)

Jenenue mpojoJiKaercsi, Moka KakoH-HUOYIb W3 OCTAaTKOB Iy, Iy, I, ... HE

obparurcs B HyJb. PaccmarpuBasi HepaBeHCTBA, BbITUCAHHbIE CIIPABa, Mbl BH-
JIMM, UTO TOCJIE0BATEIbHO TI0JyuaeMble OCTaTKH 00PasyloT YObIBAIOILYIO MO-
CJIEI0BATENBLHOCTD MOJIOKUTEJIbHBIX UMCET:

b>ri>rg>ry3>ry>...>0. ()

Otcioa sicHO, UTO TI0CJIe KOHEUHOTO Uhcia JieieHnH (HyKHO cjiesaTh He 6oJiee b
orepauMii, HO 4acTO ropasao MeHblle, TaK KaK PA3HOCTH MEXKJy COCEAHUMH I
OOBIKHOBEHHO MPEBBIIAIOT €UHULLY ) IO/KEH TOJMyunThesi octaTok O
Fn—o = TI'n_1qn + I,
i1 = FyGuer + 0.
Kak TosbKo 3T0 moJsiyunsioch, Mbl MOXKEM yTBEPXKIAThb, UTO
(a, b)=ry;

dpyeumu crosamu, obujuii Hauborouiui deaumensv (a, b) paser nocieod-
HeMy HeHrynresomy ocmamky 8 nocaedosamesviocmu (5). 1o caeayer u3
MHOTOKPaTHOTO TIpYUMeHEeHHs1 paBEHCTBA (3) K COOTHOILIEHHUSIM (4 ); B caMoM JieJie,
M3 3TUX COOTHOLLIEHHH CJIeIyerT:

(a, b)=(b, ), (b, ri)=(r, ra), (r1, re) =(ro, r3),
(ro, r3)=(rs, r4), .., (ro_1, ry)=(ry, 0)=r,.

YnpaxHenue. BoinosiHute aaroput™ EBK/NIA ¢ LEMb0 HAX0XKIeH sl 0611Ero Hau-
6oJbliero fenutens uucen: a) 187, 77; 6) 105, 385; B) 245, 193.

N3 paBeHcTB (4) MOXXHO BBIBECTH OJIHO UPE3BbIUANHO BaXKHOE CBOHCTBO
o61iero Haubodsibliiero aenutens (a, b): ecau d = (a, b), mo moxucHo Hatimu
makue yeaole NOA0HUMEAbHbIE UM OMpUyamenvrole yucaa k u l, umo

d = ka + Ib. (6)

YroObl yOEIUTLCS B 9TOM, PACCMOTPHM ToCJeI0BaTe/bHble ocTaTKh (5). [lep-
BO€ M3 paBeHCTB (4) HaM jaeT

rn=a-—qb,
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TakK 4To /| MOXKeT ObITh 3anucano B ¢opme kja + [1b (B nanHom ciayuae Ry =1,
[y = —q,). M3 caenyiouiero paBeHCTBa MoJyyaercs
ro=>b—qyry =0 —qo(kRia+1,b)=(—=gsk )a + (1 — gal,)b = kya + L5b.
OueBHIHO, TaKOe K& PACCyXJIeHHe MOXKHO IO Ouepei NMPUMEHHTb KO BCEM
OCTaTKaMm f3, 7y, ..., IOKA Mbl HE TIPUAEM K MPEICTABACHHIO
r,=ka + b,

KOTOPOE U KeJaJH TOJyYHTb.

B kauecTBe TpuMepa paccMOTpUM ajroputM EBK/HIA B NMpUMEHEHHH K
HaxoxjieHnto (61, 24): o6uimii HauGOJbILIKMH JenTeNb ecTh |, U UHTepecyiollee
Hac MpeJcTaBleHNe UMC/Ia | MosydaeTcs U3 PaBEHCTB

61=2-24+13,  24=1-13+11, 13=1-11+2,
11=5-241,  2=2-1+0.
Hepsoe U3 9THUX PABEHCTB Ja€T
13=61—2-24,
BTOpOE —
11=24—13=24— (61 —2-24)=—61 +3 .24,

TpeTbe —

2=13—11=(61 —2-24)— (—61 +3-24)=2-61 — 5-24
1, HAKOHel, YeTBepToe —

1=11-5-2=(—61+3-24)—52-61 —5-24)=—11-61 + 28 - 24.

2. lpumeHeHHe K OCHOBHOH Teopeme apudmMeTuku. ToT dakt, uTo
d =(a, b) Bcerna moxet ObITh 3anucaHo B ¢opme d = ka + [b, N03BOJUT HaM
MPHUBECTH JIOKA3aTeIbCTBO OCHOBHOH TeOpeMbl apU(PMETHKH, OTJHUHOE OT TOTO,
KOTOpPOe ObLIO H3J103KeHO Ha cTp. 48. CHauaJsia B KauecTBe JIEMMbl Mbl IOKAXKeM
CJIeICTBHE, NPUBEIEHHOE HA CcTp. 49, a 3aTeM y)Ke U3 HEro BbIBEIEM TEOpEMY.
Takum 06paszoM, X0/ Mbic/Iell OyeT Ternepb MPOTHBOMOJIOXKEH MPEXKHEMY.

Jlemma. Ecau npoussedenue ab Odeaumcs Ha npocmoe 4ucio p, mo
uau a, uau b deaumces ma p.

[Ipeanosoxkum, 4To a He AeJUTCA Ha p; Toraa (a, p) = 1, Tak Kak p uMeer
JIMLIb JIBA JesuTesis: p i 1. B TakoM ciyuae MOXKHO HAlTH Takhe LieJible uhcsa R
u [, uto

| =ka+Ip.

YMHOKast o6e yacTh paBE€HCTBA Ha b, MOJTyUnM:

b= kab + Ipb.
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Tak Kak ab jgequtes Ha p, TO MOXKHO HalHCaThb
ab=pr,
Tak 4To
b=kpr+ lpb = p(kr+ 1b),

M OTCIOJa SICHO, uTO b jesiutTcst Ha p. TakuM 06pasoMm, Mbl YCTAHOBHJIH, YTO
ecau ab nenuTcst HA p, HO @ HE JEJNUTCS, TO b HENPEeMEHHO AEJHUTCS Ha p;
3HAYMT, BO BCSIKOM CJlydae, WM @, WK b jesuTest Ha p, pa3 ab neJuTcst Ha p.

O6061ieHKe Ha ciydail POM3BEAEHHsT TPEX HJlK GOJIBLIETO YHCIa MHOYKHTE -
Jiell He mpencrasssier Tpyaa. Hanpumep, ecau abe aeauresi Ha p, TO 10CTATOUHO
JIBaXK/bl MTPUMEHHTDL JIEMMY, YTOObI TOJyYHTh 3aKJIOYEeHHe, YTO 110 MeHbIIeH
Mepe OJIMH U3 TPeX MHOXKHTe/el ab U ¢ nesuTest Ha p. B camoM Jiesie, ecyii p He
JIGJIUT HU @, HU b, HU ¢, TO He JeJUT ab U, cleoBaTe/bHO, He 1eauT (ab)c = abce.

Ynpaxnenue. O6oOLieHHe STOr0 PACCyXKAEHUS HA CJlyyail TPOU3BENEHHS U3 PO-
M3BOJILHOTO YHCJIA A MHOXKHTEJ/1eH TpeOyeT IBHOTO MJIH HEeSIBHOTO PUMEHEHH s TIPHHLIMIIA
MaTeMaTHuecKoll HHAyKUuH. Bocnpouspenute Bce jeTajd COOTBETCTBYIOLIMX PaccyK-
JIeHHUH.

M3 nonydennoro pesy/brata HeMeIJEHHO IOJydaeTcsl OCHOBHAs TeopeMma
apudmeTnku. IIpeanosoxKum, uto HMeIOTCs 1Ba pasJfoKeHus 1esoro uncaa N
Ha MPOCTbIE MHOKHTEJH:

N=pips...p,=01q2...qs.

TaK KaK pl JEJIUT JleByIO yacCTb paBeHCTBa, TO HOOJI2KHO O€JIUNTbhb U npaByfo H,
3HAUUT (CM. MpeblIylliee ypayKHEHHe ), JOKHO JIENUTh OJUH U3 MHOXKHTE-
Jer g,. Ho g, — npoctoe umncsio; 3Hauut, p; A0/KHO paBHATbCS Gj,. COKpaTUB
pPaBEeHCTBO Ha OOILUMH MHOXHTENb p; = G, 0OpaTUMCS K MHOXKUTEJIO Py H
YCTAHOBUM MaKuM sce 06pa3om, 4mo oH pager Hekomopomy ;. CokpaTus
Ha pe = G;, NIEPEXOJIUM, Jlajiee, K MHOXKHUTENIO p3, U T. 1. B KOHIle KOHIIOB
COKpATATCS BCe MHOXHTEJNM p, U cjeBa ocraHercs |. Tak kak g — uesible
[MOJIO2KHUTEJIbHbIE YHCJA, TO U cnpaBa He MOXKET OCTaTbCyd HHYEro, Kpome 1
Wrak, uucia p u yncaa g 6yayT MonapHO paBHbI, HE3ABUCHMO OT MOPSIJIKa,
3HAYUT, 0062 Pa3JOKEHHsT TOXKIECTBEHHHI.

3. ®ynkuus inepa @(n). Ewe pas o reopeme ®epma. Tosopsrt, uto
JIBa 1IeJIbIX UdCa a U b 83aumMHO npocmele, ecau ux obujutl Haubosowull
deaumenv pagew 1:

(a, b)=1.
Hanpumep, uncaa 24 u 35 B3aumHo npocTsle, HO uncaa 12 u 18 ne B3auMHO
npocThle.

Ecau a u b 83aumno npocmeie, mo moxHo nodobpame maxue yeavle
yucaa k u l, umo

ka+1b=1.

dto cnenyet u3 cBocTBa (a, b), oTmeuenHoro Ha ctp. 70.
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YnpaxHenue. [lokaxkute Teopemy: ecau npoussederue ab deaumcs na r, npu-
wem r u a 83aumHo npocmole, mo b deaumcs Ha r. (¥xkazarnue: eciv r v @ B3aUMHO
NpOCTble, TO MOXKHO HAUTH Takue LeJ/ble uucaa k u [, uto

kr+la=1.
3aTeM yMHOKbTe 00€ UaCTH paBeHCTBa Ha b). DTa TeopeMa 06001LaeT JieMMy o cTp. 71,

TaK KaK IPOCTOE YUCJO p B TOM U TOJIbKO B TOM cCJiyuae siBJISIETCSI B3AUMHO IPOCTbIM
C a, eCJiM a He NCeJUTCA Ha p.

[IycTb 1 — npousBoJIbHOE LiesI0e MOJI0XKUTEIbHOE YUCJ0; 0003HAUMM Ye-
pes ¢(n) KOJIMUeCTBO TaKUX LEJ/BbIX UMCe/ B peaenax ot 1 1o 1, KoTopbie sBJIsi-
I0TCS B3aUMHO MPOCTBIMK C YUCJIOM n1. BblpaxkeHue (1), BIepBble BBEJECHHOE
Alinepom, npeacrasisieT o0 0ueHb BaXKHYIO0 TEOPETHKO-UHCJIOBYIO (PYHKLHIO.
Jlerko moxpcunrtarth 3HaueHus (1) 11 HECKOJMBbKUX NEPBbLIX 3HAUCHUH A

o(1)=1, rakkak 1 SIBJISIETCS] B3AHMHO TPOCTOM ¢ 1
(P(Q) =1, » » 1 » » 2
o(3) =2, » » 1u2 SIBJISIIOTCS] B3AUMHO TIPOCTBIMH ¢ 3
(9(4) =2, »  » 1u3l » » 4
(9(5) =4, »  » 1, 2,3, 4 » » 5
(9(6) =2, » » 1, » » §)
o(7)=06, » » 1,2,3,4,5,6 » » 7
(9(8) =4, » » 1,3,5 7 » » 8
p(9) =16, » » 1,2,4,5,7,8 » » 9
¢©(10) =4, »  » 1,3,7,9 » » 10
U T. L.
3amerum, uto @(p)=p — 1, ecan p — NMPOCTOE UMCJIO; B CAMOM jeJe, y
uhcsa p HeT aesutesied, kpome | u p, u noromy Bce uucaa 1,2, ..., p—1

SIBJISIIOTCSl BBAUMHO IMPOCTBIMH C p. Eciou n cocraBHOe U ero pasJiozKeHue Ha
MPOCTble MHOXKUTEJM UMEET BUL
% %2
n=p'py...p;,
rJie Ynucsaa p 0603HAUAI0T Pas/HUHbIe POCThIe MHOYKHUTEJH, KAaXK/Ibli U3 KOTOPBIX
BO3BOJUTCSA B HEKOTOPYIO CTEIE€Hb, TO TOrAA

q;(n):n(l—pil)(l—p%)...(l—pir).

Hanpumep, u3 pasioxkenus 12 =22 - 3 caenyer

an=iz(1-3) (1) =2 (4) (2) =

4TO JIETKO MPOBEPHUTb U HETTOCPEICTBEHHO. ﬂOKaP}aTeJIbCTBO HpHBeILeHHOfI TeOo-
pEMbI COBEPIIEHHO 2JIEMEHTApPHO, HO Mbl €ro HE MPUBOJAUM.
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Ynpaxnenue. [Tonbsysicb dyHkumneil dinepa ¢(n), obobumre Teopemy Pepma,
npusesieHHyo Ha cTp. 61. O6ob1ienHast TeopeMa HOPMyYJIUPYETCS CIeLyIOLUM 06pa30M:
ecall N — Yeaoe HUucAo u a 83AUMHO NPOCMO C 1, MO

a*'=1 (mod n).

4. HenpepsbiBHblie 1po6u. JuodantoBbl ypaBHeHus. Asroputm EBkiu-
Jla, CJy»KalMi U1 HAXOXK/IEHHUS OOLero HauOOJIbLIErO ACJNUTES ABYX LeJbIX
ypcels, cpasy e MPUBOJUT K OUeHb BaXKHOMY METOJly MpeaCTaB/eHUs] OTHOLIe-
HHS [BYX LIJIBIX UMCEJ B BUJIE HEKOTOPOH CJIOXKHOH JpoOH 0co60ro BHAA.

Hanpumep, B npumenenun k uncaam 840 u 611 anroputm EBkmupa naer
psiJL paBeHCTB

840=1-611+ 229, 611 =2-229 + 153,
229 =1-153 + 76, 153=2-76+1,

KOTOpble, MeXjy MpouuM, nokaswiBaioT, uto (840, 611) = 1. Ho u3 stux pa-
BEHCTB, C JPYrOf CTOPOHBI, MOJYYAIOTCs CJIeIyIOLIHe:

840 229 1
GT_1+631_1_1+ (w)
29
611 153 1
906 — 2T o9 =2+ E)
153
229 76 1
m =1t =1+ )
7
153 1
% — 2 + 7_6-
Kom6uHupysi nmocJieiHie paBeHCTBA, Mbl MPUXOJUM K CJIEIYIOLIEMY Pa3JioxkKe-
HUIO YyUCJIA ——.
611 840 1
ot 1
2+ I
1+ T
2+ 76
Bblpa}KeHHG BUJlA |
a=ay+ i : (7)
Mt 1
as + -
.+ o

TJIe BCE UMCJIa @ LeJIble TTOJI0KHTEIbHbIE, Ha3bIBACTCST Henpepuleot Opoboio !
Anroputm EBKanAA 1aeT METON Uit MPEACTABACHUS BCSIKOTO PAlHOHATBHOTO
yhcsia B BUJE TaKOH HenpepblBHOH NPOOH.

' Wau yennoii dpobeio. — [1pun. ped. nacm. uso.
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YnpaxHenue. Pasnoxute B HerpepbIBHbIE Ipo6H palliOHAIbHbIE UKCIa
2 43 169
5 300 70"

* HenpepbiBHbIE 1po6U UTPAIOT BaXKHYIO PoJib B TOH 06/1aCTH BhIClIel apudMETHKH,
KOTOPYIO HHOTJIA HA3bIBAIOT AMO(AHTOBBIM aHAIM30M. uodanmoso ypasrerue — 3To
anreGpanueckoe ypaBHeHHe C OJIHUM HJIM C HECKOJIbKUMH HEM3BECTHBIMH, Bce KOSPPHU-
LIHEHTBI KOTOPOTO — yeble YUCJa, PUYeM CTaBUTCS 3ajaya OTHICKAHUS JIUIIb 4eablX
ero KopHeil. Takoe ypaBHeHHe MOXKET WJIM BOBCE He UMETb pelleHHH, WJIM MMETb HX
KOHEYHOE YHCJI0, UJIH, HAaKOHell, UMeTb 6eCKOHeUHOe MHOXKeCTBO peluenuil. [Ipocreiiiee
J10o(aHTOBO ypaBHEHHE — AUHellHOe, C IBYMs] HEH3BECTHBIMMU:

ax+ by =c, (8)
rie a, b, c — naHHble Lesble uncaa, U TpebyeTcst HaWTH Uesble peulenus x, y. [Tos-
HOe pellleHHe ypaBHEHHsI TOTO THMA MOXKeT ObiTb HAWIEHO MOCPEICTBOM aJropuTMa
EBknuna.

[Tpexx/ie BCero sToT ajiIrOpUTM MO3BOJIUT HaM onpelenuTs d = (a, b); 3ateM, Kak Mbl
3HaeM, MpHU HajJIexKalleM BbIGope 1eJIbIX Uhces £ U [ BBIMOJIHSETCsS] pABEHCTBO

ak +bl=d. (9)
Urak, ypaBHeHue (8) uMeer yacTHoe pelleHre x =k, y =1 B TOM cJjyuae, ecju ¢ = d.
Boob6uiie, ecan ¢ ecTb KpartHoe d,

c=d-q,
TO U3 paBeHcTBa (9) Mbl BBIBOJAUM
a(kq) + b(lg) = dg = c,

TaK UTO B 3TOM CJlyuae ypaBHeHHe (8) UMeeT uacTHoe pelleHne x = x* = kg, y=y* =
= lg. O6patHo, ecsii ypaBHeHHe (8) HMeeT NP JIaHHOM € XOTb OJIHO peLlieHHe X, Y, TO ¢
JIOJKHO ObITh KpaTHbIM d = (@, b): neficTBUTeNbHO, d JeUT U a U b, cjenoBaTesibHO,
JIOJIKHO JIeJIUTh ¢. Mbl 10Ka3ajiu, TakiM 06pa3om, uto ypaBHeHHe (8) nmeeT (XOTb 0JIHO)
pellieHHe B TOM H TOJIbKO TOM CJlydae, ecJii ¢ KpatHo (a, b).

[TocMmoTpuMm Tenepnb, Kak, 3Hasi OHO pellieHne X = x*, y = y* ypaBHeHus (8), onpe-
JIeJIUTh BCe npoure petenus. [lyctb x = x’, y =y’ ecTb Kakoe-AH00 HHOE pELIEHHE;
Torna x = x' —x*, y =y’ — y* ecTb pelleHHe KOAHOPOJHOTO» ypaBHEHHSI

ax + by =0. (10)
JleficTBUTE/IbHO, U3 PABEHCTB
ax' +by =c n ax*+ by =c
M0CPECTBOM BbIUMTAHHUS MOJyUaeM
a(x" —x*)+ by —y*)=0.

O6paiasich Tenepb K ypaBHeHuto (10), Mbl BUAUM, u4TO 06lllee ero pellleHHe HMeeT
rb ra

@b Y= @b rie r — npousBoJsibHOe Liesoe uncdo. (IIpenocrasisem

JI0Ka3aTe/IbCTBO UMTATEIO B KauecTBe yNpaykHeHHsl. YkazaHue: pasjeaute Ha (a, b) u

BOCIOJIb3YHTECh YIPAXKHEHHEM Ha CTp. 73.) 3aTeM OKOHYaTesbHO OyleM HMeTh obliee

pelienue ypaBHeHust (8):

BUI X =

* rb ra

X=X +(—a,b)’ y=y _(a,b)'
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[Tonsenem utoru. Jluneiinoe nuodanToBO ypaBHeHue ax + by =c, rne a, b u ¢ —
LieJIble YHCIIa, HMeeT LieJible PellieHHsl B TOM U TOJIbKO TOM CJlyuae, ecjii ¢ KpaTHo (a, b).
B sTOoM ciiyuae uacTHoe pellieHHe X = x*, y = y* MoxeT ObITb HaiiJIeHO MOCPEACTBOM

ajaroput™a EBkinaa, a camoe oflilee UMeeT BHJL
* rb *
X=x +— =y —
@) y=y
TA€ r — IPOU3BOJILHOE LEJIOe UMCIIO.

_ra
(a, b)’

[Mpumepnl. YpaBuenue 3x + 6y = 22 He UMeeT LeJIbIX pellieHui, Tak Kak (3, 6) = 3
He JiesuT 22.

YpaBHenue 7x + lly = 13 umeer uactHoe peulenue x = —39, y = 26, Kotopoe
HaXOJUTCS C MOMOLIbIO CJICYIOLIHX BbIUMCJIEHHUIL:

Il=1-7+4, 7=1-443, 4=1-3+1, (7,11)=1,
1=4-3=4—(7T-4)=2-4-7=211-7)—7=2-11-3.-7.

Orciofa cJenyer:
7-(=3)+11-(2)=1,

7-(=39)+ 11-(26)=13.
OcraJibHble pellieHust garTesi GopmysiamMu
x==-39+1lr, y=26-"7r,

e 7 — IMPOU3BOJIbHOE LIEJI0C YHUCJIO.

YnpaxHenue. Peuinte n1uodaHToBbl ypaBHEHUS:
a) 3x —4y =29

6) llx+ 12y =58;

B) 153x — 34y =51.



[JTABA 1I
MartemaTnueckasi UMcJa0oBas cucTema

BBenenue

B nasnbHeiilieM Mbl 10JKHBI B OU€Hb 3HAUYHTEJBHOH CTENEHH PaCLIMPHUTD
MOHATHE UMCJIA, CBA3BIBAEMOE MEPBOHAYAJBHO C HATYPAJbHBIM PALOM, IS TO-
ro 4ToObl CKOHCTPYMPOBATb MOLLHBIE HHCTPYMEHT, CIIOCOOHBIN yIOBJIETBOPSAThH
noTpeOHOCTSIM U NMPaKTHKK, U TeopuH. McTopuueckn — B mpouecce J0Jro# u
HEMpsIMOH 9BOJIIOLIMY — HYJIb, LleJIble OTPULIATE/IbHBIC UMC/a U pallOHa/bHbIC
JpoOU NpHOOPEJH MOCTENEHHO Te 2Ke MPaBa, YTo U UMCJIa HATyPaJIbHOTO Psfia, U
B HalllM JHW TPaBUJIAMH JIeHCTBHH CO BCEMH 3THMH UHMCJAMHU MTPEKPACHO OBJa-
JieBaeT 0ObIYHBIN MKOJMBHUK. Ho 115 Toro uTo6b! 06ecneunTh MOoJHYI0 CBOGOTY
B aJreOpanvyeCcKUX onepauusx, Hy>KHO UITH U Jlajiblile BBECTH HPpaLMOHAJ/bHbIE
1 KOMIUIEKCHbIe uncsia. XoTsl 3TH 0000LLIeHH s TIOHATHSL Uhc/1a YoTpeb IsinCh
y2Ke CTOJIETHsI TOMY Ha3aJl U Ha HUX 6a3upyeTcs BCsl COBPEMEHHAsi MaTeMaTHKa,
Ha TIPOUHBIH JIOTHUECKUI (PYHIAMEHT OHU ObUIM MMOCTABJEHBI JIMIIb B HEJlaBHEE
Bpems. B Hacrosiulell ryiaBe Mbl 1a MM OYEPK OCHOBHBIX 3TAroB 3TOrO pag-
BUTHS.

§ 1. PauvoHanbHble yncaa

1. PaunoHasnbHble yncaa Kak cpeacTBo uamepenusi. HarypasbHble unc-
Jla BO3HUKAIOT KaK a0CTpakKLMs B rpoliecce cyeta 06beKTOB, 00pa3yoLnX Ko-
HeuHble COBOKYMHOCTH. Ho B MOBCEHEBHOI 2KH3HU HAM TIPUXOJUTCS HE TOJIBKO
cuumameo NpeMETbl, HO H U3MEePANb BEAUULHbL, HATIPUMEDP TaKHe, KaK JJIHHA,
nJioliaib, Bec, BpeMsi. Ec/in Mbl X0TUM obecreunTb cBOOOLY orepauuil ¢ pe-
3yJIbTaTaAMH H3MEPEHUS TAKUX BEJHUMH, MOTYILMX HEOTPAHUUEHHO JIEJUThCS HA
YacTH, HaM HeoOXOAMMO, He OrpaHUUMBASICh HATYPaJbHBIM PSIIOM, PACLIMPHUTD
npeaesbl apuPMETHKH U co31aTb HOBbLIH MUp unces. [1epBblii lwar 3akiouaeTcs
B TOM, 4TOObI Po6JIeMy H3MepeHHsT CBECTH K npobJeme cueta. Mebl BoiGHpaem
CHaua/a COBEpLUEHHO MPOU3BOJIbHO eduruyy uameperus — QyT, M, JUOHM,
(yHT, TpaMM — CMOTPSl 1O CJyyailo, U 3TOH eMHHLE MpPUMUCbIBaeM Mepy 1.
3areM Mbl CUMUTAEM UHCJIO TAKHX €IUHULL, BXOJAIIMX B H3MEPSEMYIO BEJUUHHY.
Mozker cayuuTbesi, UTO JaHHBIH KyCOK CBMHIIA BeCHT poBHO 04 dynta. Ho B
o0lLeM cJyuae, Kak Mbl 3aMeyaeM, PoLecc cyeTa «He CXOAUTCSI»: JaHHAas! BEJIH-
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uMHA He H3MepsieTcst aGCOJTIOTHO TOUHO BLIOPAHHOH €IMHULIEH, He OKA3bIBAETCS
eit kpaTHOl. Camoe GoJibllee, UTO Mbl MOXKEM CKa3aTb B 3TOM CJlyuae, — 3TO TO,
YTO OHA 3aKJIOUeHa MeXKy ABYMsI M0CJIe10BaTebHBIMU KPATHBIMH 3TOMH €HHH -
LLbI, IOTIYCTHM, MeK1y 53 1 54 dyHramu. Ecsii Tak 1€ACTBUTENLHO MPOUCXO/IUT,
TO MBI JIeJIaeM CJIeIOIHH 11ar 1 BBOAUM HOBbIE MObEIMHHULIBI, TTOJTyUalOLIHecs
OT MOJpa3ae/eHHs MepBOHAUAMBHON €IHHUIIBl HA HEKOTOPOE YHCJIO A PABHBIX
yacrefl. Ha 0OGbIKHOBEHHOM $I3bIKE 3TH HOBbIE TOJLbEIHHHLLI MOTYT UMETH Te
WJIM MHBbIE HA3BaHWsl, HanpuMep, QyT Mojapasaensercs Ha 12 aioiiMoB, MeTp —
Ha 100 cantumerpos, gyt — Ha 16 yHumi, yac — Ha 60 MUHYT, MHHyTa — Ha
60 cekynn, u T. 1. OnHako B 06lIeH MaTeMaTHUECKOH CHMBOJIMKE MOIbEAMHH-
11a, rnosiydaeMasi MpH T10/ipa3/ieeHuy NepBoHava bHON €IMHULbI Ha A yacTed,

0603HauaeTcsi CMMBOJIOM ;, H eCJIn paccMaTpuBaeMasi BeJUYHHaA COACPKHUT

m
POBHO /M TakKuX NMOABbEAHWHHLL, TO €€ Mepa Toraa €CTb E DTOT CUMBOJ Ha-

3bIBaeTcsi 0poboio U omuouwequem (MHorna numyt m: n). Ilocaennuii, u
CaMblil CyLIeCTBEHHbIH, ar OblI COBEpLIEH YKe OCO3HAHHO, MOCJe MHOTHX

o o m
CTOJICTHH HAKOIIJIEHHUSI OTAEJbHbIX YCHJIUH: CUMBOJI E Obla OCBO60)KII€H OT €ro

KOHerTHOﬁ CBsI3U C MpOLECCOM HU3MEPEHHUs1 U CAMUMHU H3MEPsSAEMbIMU BEJU-
YHHAMHU K CTaJl paCcCMaTpUBaTbCsl KakK OTBJICUEHHOE HUCA0, CaMOCTOSITC/IbHAsA
CYIIHOCTb, YpaBHEHHAs1 B CBOUX MpaBax ¢ HATypaJibHbIM YACJIOM. Ecnumun—

m
HaTypaJibHbl€ YHUCJia, TO CUMBOJI ; Ha3bIBa€TCsl payUuoOHANbHOIM YUCAOM.

YnorpebseHue TepMUHA «UUCJI0» (MepBOHAYAJIBHO MO «UMCJIaMHU» MOHH-
MaJli TOJIbKO HaTypaJibHble UUCJIa) MPUMEHNTENbHO K HOBbIM CHMBOJIAM OMpPaB-
JIbIBAETCS TeM 0OCTOSITE/IbCTBOM, UTO CJI0KEHHE U YMHOXKEHHE ITHX CUMBOJIOB
MOJUMHAIOTCS] TEM K€ 3aKOHAM, UTO M COOTBETCTBYIOLLME ONepalMu Hajl HaTy-
pasbHBIMU uncaaMu. UToObl B 3TOM yOeauTbCsl, HYy>KHO CHauasa OrpeesHTh,
B UeM 3aKJIOUAIOTCSl CJIOXKEHHE M YMHOXKEeHHEe palliOHAJbHBIX YHCeJ, a TaKxKe
ONpesesIUTh, KAKHEe pallHOHaJ/IbHbIE UMCJ/1a TPU3HAIOTCS PABHBIMH MeXK1y COGO0H.
ITH onpejeseHns, KaK BCEM H3BECTHO, TAKOBbI:

ac a ac _a

_ad+bc

C a C
YIS T 0 b d" b a” b T (1)

>

rie a, b, ¢, d — Npou3BoJibHbIE HATypaJibHble uncaa. Hanpumep,

2 4 25434 10412 22 2 4 2.4 8
35" 35 ~ 15 15 35 35 15
3_, 8 _24_2
3 ’ 12 3-4 3°

DTU camble orpeiesieHus1 Mbl BbLHyWCdQHbL [PUHATDH, €CJIM UMEEM B BUAY HC-
oJib30BaThb pallHOHAJIbHbIE YHCJA /51 U3MEPEHHUsT IJIUH, nJjomanesd v T. 1.
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Ho ¢ 6osiee crporoil Jiornueckod TOUKH 3peHHsi 3TH TpaBUJa CJIOXKEHUs H
YMHOXKEHHST U 9TO TOJIKOBAHHE PABEHCTBA MO OTHOLIEHHIO KO BHOBb BBOJMMbIM
CHUMBOJIaM YCTaHABJMBAIOTCSI HE3ABUCHMO T10 OTpeJiesieHuIo, He OyLyun 06ycJ/0-
BJIEHbl KaKOH-JUOO0 MHOH HEO0OXOAMMOCTbIO, KPOME B3aUMHOH COBMECTHMOCTH
(HeNpPOTHBOPEUHBOCTH ) M PUTOJTHOCTH K TIPAKTHUECKUM MpUoKeHusM. Mexons
13 onpejiesieHui (1), MOXKHO MOKa3aTh, UTO OCHOBHbLE 3AKOHbL apugmemu-
KU HAMYPALLHOLX YUuces NPOOOANCAIOM COXPAHAMbCA U 8 00AQCMU BCeX
PAYUOHANbHBLX ULUCEN:

p+qg=qg+p (KOMMYTATHBHBIH 3aKOH CJIOXKEHHS ),
p+(q@+r)=(p+qg)+r (accoumaTuBHbI} 3aKOH CJIOXKEHHS),
pg=gp (KOMMYTaTHBHBIH 3aKOH YMHOXKEHHUS ), (2)
(

p(gr)=(pg)r ACCOLIMATUBHBIN 3aKOH YMHOXKEHHS ),

plg +r)=pqg+ pr (AMCTPUOYTHBHBII 3aKOH ).

Tak, nanpumep, 10Kka3aTesbCTBO KOMMYTATHBHOTO 3aKOHA CJI0XKEHHS B CJyuae
Jpobeil ICHO U3 CJeIyIOLIMX PABEHCTB!

a+ ¢ _ad+bc cb+da ¢ +a_

b d  bd ~— db ~ d b’
3/1eCb epBOE U I0CJE[Hee PABEHCTBA ONPABABIBAIOTCA OINPELACJICHUEM CJIO-
»KeHust (1), a cpentee ecTb C/eACTBHE KOMMYTATHBHbBIX 3aKOHOB CJIOYKEHHS U
YMHOXKeHHsI B 00J1aCTH HaTypasibHbIX ynces. UuTaTesb CMOXKET, €CJIH MoXKesaeT,
NPOBEPUTb TAKUM Ke 06pa30M UeTblpe OCTaJbHbIX 3aKOHA.

2. Bo3nukHOBeHHe HAAOOHOCTH B pPalLMOHANbHBIX YUCAAX BHYTPHU ca-
moii marematuku. [IpuHunn o606wenuns. HesaBucumo ot «npakTuyeckoro»
OCHOBAaHUs JJIs1 BBEIEHUS PALIMOHAJbHBIX UMCEeJl CYLLeCTBYeT OCHOBaHUe GoJlee
r1ly0oKo€e M HOcsilllee B U3BECTHOM CMbICJ/e elle 0oJjiee MPUHYIUTENbHbIA Xa-
pakTep. DTy CTOPOHY Jesa Mbl PACCMOTPHM 3/eCb COBEPLICHHO HE3aBHCHMO
OT MPHBEJIEHHBIX BhIIIE paccykaeHuil. B o6pruHoll apuMeTHKe HATypasbHbIX
uycesl Mbl BCerja MOXKeM BbIIOJHATL OCHOBHbIE npsAMble Olepalud — CJ10XKe-
HUe W yMHOXKeHHe. Ho obpammoie onepaluun — BblUMTaHHE U JeJI€HHE — He
BCeraa BBIMOJHUMBL. PasHocTb b — a IByX HaTypasbHBIX uucesn a U b ecTb Mo
OMpe/e/IeHHIO TaKoe HaTypaJbHOe YHCJIO ¢, UTO @ + ¢ = b, T. . 3TO eCTb pellle-
HUe ypaBHeHus a + x = b. Ho B o6sacTH HaTypasibHbIX UMCes CUMBOJI b — a
MMEeeT CMBICJI JILIb NPH OTPaHHueHUH b > @, TaK Kak TOJIbKO MPH 9TOM YCJIOBHH
ypaBHeHHe a + X = b UMeeT pellleHHeM HaTypasibHoe unucyo. Ha myTH K cHstHIO
3TOr0 OrpaHUYeHHs CePbe3HbIH Lar Obll CleJlaH yzKe TOraa, Korjaa Obli BBeleH
cumBog O st o6o3HaueHust a — a. Ho eile GoJiee 3HAUMTEbHBIM yCHEXOM
OblJI0 BBeJIeHHE CUMBOJIOB — 1, —2, —3, ... 1 BMeCTe C TeM OmpejiesieHus

(b—a)=—(a—b)
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JUIst ciydasi b < a: mocJie 3TOro MOXKHO OblIO yTBEPXKJAaTh, YTO M BbIUHTA-
HHe o0JaaeT CBOMCTBOM HEOrPAHUUEHHOH BBLITOJHUMOCTH 8 004acmu 8cex
UeabLx — NOAONHCUMENbHBLX L OMPULamesbHblx — ducen. BBOJS HOBblE CUM-
BOJIbI —1, —2, —3, ... M TeM CaMbIM PaCILIUPSsist YUCJIOBYHO 00J1aCTb, Mbl 00513a-
Hbl, KOHEUHO, onpedeaums onepayut, co BHOBb BBOJAUMBIMH UHCJAMH TaKUM
00pa3oM, uToObl 1nep8OHAUAAbHbLE NPABUAA apuphmemutecKkux onepayui
He Ooblau Hapyuierol. Tak, HapUMep, PaBUJIO

(=D-(==1, (3)

KOTOPOE JIEKUT B OCHOBE YMHOXKEHHsI OTPHLIATEJbHBIX UMCEJ], €CTh CJIEACTBUE
HalIEro XKeJlaHUusl COXPaHUTb AUCTPUOYTUBHBIHA 3aKoH a(b + ¢) = ab + ac. Ileii-
CTBUTEJIbHO, €csii Obl Mbl, CKaXKeM, JiekaapupoBasu, uto (—1)-(—1)=—1, To,
nojarasi a = —1, b =1, c = —1, nonyuusu 661 (—1)- (1 = 1)=—-1—-1=-2,
Torja kak Ha camoM jesie (—1)-(1 —1)=(—1)-0=0.

[ToHano6uI0CH HEMAIO BpEMEHH, UTOOBI CPelld MATEMATHKOB ObLJIO XOPOLIIO
OCO3HAHO, UTO IIPaBMJIO 3HAKOB>» (3) U BMECTE C HUM BCe MPOUMe Orpee/eHusl,
OTHOCSILLMECS KaK K OTPULATE/IbHBIM UMCJ/1aM, TaK U K IpoOsiM, HUKAK He MOTYT
66T «J0KasaHel». OHH co3daromces, UMM JEKAApUPYIOTCSl, HAMH CaMHMH C
ue/blo obecneynTb cBOOOLY orepaurii U MpuToM 6e3 HapylUeHHs] OCHOBHbIX
apUpMeTHUECKUX 3aKOHOB. UTO MOXKeT — M J0/KHO — ObITb JI0Ka3bIBAEMO, TaK
9TO TOJIBKO TO, UTO €CJIM STH ONpPeJIeJIeHUs IPUHATDI, TO TeM CAMbIM COXPaHEHbI
OCHOBHbIE 3aKOHbI apU(METHKH: KOMMYTATHBHbIH, aCCOLUMATUBHbIA W AUCTPH-
6yTuBHBIH. Jlaxe BesMKUN Dilep MoJib30BaJICs COBEPIIEHHO HeyOeaUuTeNbHON
aprymeHTauuei, »eJasi nokasarb, uto (—1)-(—1) «1o/mKkHO» paBHATbCA +1.
On roeopuJi: «PaccmaTpruBaeMoe npousBesieHHe MOKET ObITb TOJbKO WU + 1,
win —1; Ho —1 ObITh He MOXKeT, TaK Kak —1 = (+1)-(—1).»

CoBeplieHHO MOJ0GHO TOMY, KaK BBEJIeHHE OTPULATE/bHBIX Le/bIX UACeN U
HYJIsl pacudilaeT MyTb JJIsi HEOrPAHUUEHHOH BBIOJHAMOCTH BbIUMTAHHUS, BBE-
JleHHe IPOCHBIX YMCeJl yCTpaHseT apuMeTHUeCKHe TPensiTCTBUS, Mellatollile

BBITTOJIHATL  ACJICHHE. OTHOLLIQHI/IQ, WK 4YaCTHOe, X = — JBYX LEJIbIX YHCEJI
a
onpenessieTCsd Kak pelieHue ypaBHEHU A

ax=1»5 (4)
¥ CYLIECTBYET KaK {e40€e 41CA0 TOJBLKO B TOM CJIydae, eCJii @ eCThb JIeJUTeb b.
Ho ecsin 310 He tak (Hanpumep, nipu a = 2, b = 3), TO Mbl IPOCTO BBOJIMM HOBBIH

b . .
CHUMBOJI E, Ha3bIBa€MbIH Ilp06bl0 W MMOAYHHEHHDbIH YCJIOBHIO, BbIpazKarolleMycCsi

b b
ABEHCTBOM a - — = b, TaKk 4TO — €CTb pelleHde (4) «Io omnpeaeneHHIo».
a a

Msobperenue 1pobeit Kak HOBBIX UMCJOBBIX CHMBOJIOB 0O€CMeurBaeT HeorpaHu-
YEHHYIO BLITIOJIHUMOCTD JIeJIEHUS], 34 UCKAIOUeHUEeM OeACHUSL HA HYAb, KOTOPOE
Uckalo4aemes pas Hasceeoaq.
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1 3 0
Bpra)KeHI/IH Bpoae 6, 6, 6 U T. T1. OCTaHyTCs AJis1 HaC CUMBOJIaMHU, JIMIIEH-

HbIMH cMbica. Ecin 6bl Mbl jonycTiin aeseHde Ha 0, To U3 BEPHOTO paBeH-
crBa 0-1=0-2 BuiBesu 661 HeBepHOe caefcTBHe | = 2. MHoraa 6biBaer Lie-
JiecooOpas3Ho 0603HAYAThH TAKHE BbIPaXKEHHsST CHMBOJIOM 00 («GECKOHEUHOCTh > ),
00HAKO ¢ ycrosuem, 4mobdol He 0eaaroce dadgice NONLLMKIL ONepUpo8anty
AMUM CUMBOAOM MAK, KAK 6yOmo Ovl OH NOOUUHAACS ODbLUHbIM 3AKOHAM
apugpmemuri.

Tenepb HaM siICHbI MPHHLMIIBI, COMJIACHO KOTOPBIM CKOHCTPYHpPOBaHa CHC-
TeMa 8CeX PAYUOHAAbHLLX HUCeA — UEJbIX U JAPOOHbBIX, MOJOKHUTEJbHBIX U
oTpHLATe IbHBIX. B 9T0il paciiupeHHOl 06J1aCTH HE TOJLKO TMOJHOCTbIO ONpaB-
JIbIBalOTCst (hopMasibHble 3aKOHbl — ACCOLMATHBHBIN, KOMMYTATHBHBIH U JHC-
TPUOYTHUBHBIH, — HO W YpaBHeHUs @ + X = b U ax = b Bcerja UMEIOT pelle-

b . .
HUE X =b —a u x = E C €IMHCTBEHHOW OrOBOPKOH, UTO B CJyydae BTOPOTO

ypaBHEHUsI @ He JIO/DKHO PaBHATbCA HyJo. MHbIMU csoBamu, B obJacTH pa-
IIMOHAJILHBIX UHMCEJ TaK Ha3bBaeMblE PaYUOHAAbHbIE ONepalil — CJIOKEHHE,
BbIUUTAHHE, YMHOXKEHHE U JieJieHHe — BBITOJHAMbI HEOTPAHUUEHHO U HE BBIBO-
ISIT 3a npenesibl 061acTi. Takue 3aMKHYTbIe YMCJIOBbIEe 06JIACTH HA3bIBAIOTCS
noasmu. Mbl NoBeTpeyaeMcsl ¢ JabHEHIIMMH TPUMepaMH M0JIel HUKe, B 9TOH
»Ke rJiaBe, a Takxke B riase 11

Paciimpenue 06/1aCTH TOCPEACTBOM BBEJICHHST HOBBIX CHMBOJIOB, COBEpIlIa-
eMoe TakuM 00pa3oM, UTO 3aKOHBI, KOTOPble HMeJIM MECTO B MepBOHAYAIBLHON
06JIaCTH, COXPAHSIIOTCSI U B PACLIUPEHHON, SIBJISIETCST THITMUHBIM ITPUMEPOM Xa-
PaKTEpHOTo /It MaTeMaTHKU npuxyuna obobujenus. Ilepexon nyrem 0606-
HIEHHST OT HaTypaJIbHbIX YACEJ K palluOHaJIbHBIM Y10BJIETBOPSIET OJAHOBPEMEHHO
Y TEOPETHUECKOH MOTPEGHOCTH B CHSATHH OrpaHUUeHHH, KOTOpble HaJOXKeHbl Ha
BbIYUTAHHE U JeJIECHUE, U BMECTE C TEM — HpaKTquCKOﬁ HOTp€6HOCTH B yHUCJIax,
TMIPUTOMIHBIX ISl (PUKCALMK Pe3yJbTaToB U3MepeHHil. VMMeHHO TOT akT, 4TO
paluoHaJbHbIe YMCJIa HIYT HABCTPeUy cpasy TeOpPeTHYeCKOH U MpaKTHUeCKOH
NoTPeOHOCTAM, MPUAAET UM 0cOOYI0 BaXKHOCTb. Kak Mbl BUAe/H, pacludpeHue
[MOHATHA YHUCJIa COBEPUIWJIOCH MYTEM BBEACHHST HOBbIX a6CTpaKTHbIX CHUMBO-

3
JoB Bpone 0, —2 uju T B Haule BpeMsi Mbl onepupyeM 3THMH CHMBOJIAMH

6€ersio U yBepeHHO, He BIYyMbIBAsICh B UX MPUPOLY, U TPYIHO Aaxe cebe npej-
craBuTh, uto eile B XVII crosetnn oHu noJsib3oBasMch J0OBEPHEM TroOpasjio
B MeHbLIeH CTereHH, ueM HaTypaJibHble UMCJa, YTO HMH €CJH W T0Jib30Ba-
JIUCh, TO C U3BECTHBIM COMHEHHEM U TpeneroM. CBOHCTBEHHOE UEJOBEUECKOMY
CO3HAHHIO CTpeMJIeHHE LEMAThCS 3a KKOHKPETHOE» — BOIJIOLIAeMOe B psijie
HaTypaJibHbIX Ukces — 00yCJIOBJMBAET TY MEJJIEHHOCTb, C KOTOPOK MpoTeKasa
HenzbexkHast sBosmolusi. Jlornueckn GesynpeuHasi apHgMeTHuecKasi cHCTeMa
MOKeT ObITb CKOHCTPYHpOBAHa He HHaue Kak B OTBJICUEHHH OT JEHCTBHTEJb-
HOCTH.
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3. leomeTpuyeckoe mpeacTaBieHUe PalMOHAJbHBIX YKcel. Bbipasu-
TeJIbHOE TeoMeTpHUecKoe MpeACTaBJdeHHe CHCTEMbl PALMOHAMbHBIX UHCEN MO-
JKeT OBITb MOJYYEHO CJELYIONIUM 06pa3oM.

Ha HekoTOpOI MPsIMOI JIMHUH, «UMCJTOBOK OCH», OTMeTHM 0Tpe3ok ot 0 10 1
(puc. 8). TeM cambiM ycTaHaBJIMBAETCS JUIMHA €IMHHUHOTO OTpe3Ka, KOTopas,
BoOO1Ile TOBOPSI, MOXKeT ObITb BhiOpaHa NMpouaBoJbHO. [losoxuTenbHEIE U OT-
pHLATe/bHBIE [IeJIble YhCJ/Ia TOrIa H306paXKaloTest COBOKYITHOCTbIO PAaBHOOTCTO-
SILIMX TOUEK Ha YHUCJIOBOH OCHM, HMEHHO, MOJIOXKUTEJbHbIE UHCJA OTMeUaloTCs
BIPaBO, a OTpHLATesNbHBIe — BJeBO OT TOUYkH 0. UToGBl M306pasuTh uncia
CO 3HaMeHaTeJleM /1, Pa3leUM KaKIblil U3 TI0JyYeHHBIX OTPe3KOB eIUHUYHON
JUIMHBl Ha £ PaBHBIX YacTel; TOUKH JesieHHst OymyT H306payKaTb IpoOU CO
3HaMeHaTtesieM 7. Ec/n crenaTh Tak AJst 3HaU€HHH 11, COOTBETCTBYIOLIUX BCEM
HaTypaJibHBIM UHCJIaM, TO KayKloe palHoHajJbHOe YHCJI0 OyIeT H306paxKeHo
HEKOTOPOH TOYKOH UHMCJIOBOH OCH. DTH TOUKH MBI YCJIOBHMCSI Ha3blBaTh «pa-
LIMOHANBHBIMU»; BOOOILE, TEPMHHBI «PALMOHAJIBHOE UUCJI0» U «palHOHAJbHAS
Touka» OyleM yrnoTpebJsTh KaK CHHOHUMBL.

-3 -2 -1 0 1 2 3

Puc. 8. UucsoBast ocb

B raaBe [, § 1 6b1710 onpenesieHo cooTHollleHHe HepaBeHcTBa A < B 1i1st Ha-
TypaJsibHbIX unces. Ha uncjoBo# ocH 3TO COOTHOILIEHHE OTPAKEHO CJIEYIOLHM
06pasoM: ec/ii HaTypasbHOe 4HCJI0 A MeHbllle, YeM HaTypaJbHOe uuc/o B, To
Touka A JieKuT JieBee TOUKH B. Tak Kak yKazaHHOe reOMeTpHUeCKOe COOTHOLIIe-
HHE yCTaHABIUBAECTCS sl 210001 napol PALHOHABHBIX TOUEK, TO €CTECTBEHHO
MBITaTbCs 0600LIUTE apH(MeTHUeCKOe OTHOLIEHHEe HepaBeHCTBA TakuM oOpa-
30M, UTOGBI COXPAHUTH 3TOT FeOMETPHUUYECKHI TOPSIIOK ISl paccMaTpHUBaEMbIX
TOUeK. DTO YJAeTcsi, eCJU NMPHUHATh CJelylolllee OIpeseseHHe: rOBOPSIT, UTO
palyoHasibHOe uncsio A menobuie, ueM palmoHaabHoe uncsio B (A < B), uiu uto
uncsio B 60abuie, ueM uncio A (B > A), ecau pagHocts B — A nosoxuTesbHA.
Orcrona caenyet (npu A < B), uro Touku (uucaa) mexucdy A u B — 310 Te,
KOTOpble oHOBpeMeHHo > A n < B. Kaxknas taxast napa touek A u B, BMecTe
CO BCEMH TOUKAMH MKy HUMH, HasblBaeTcst ompeadkom u o6o3nauaercst [A, B]
(a MHOXKECTBO OJHHMX TOJILKO MPOMEXKYTOUHBIX TOUEK — UHMep8asom (WK
npomencymron), o6o3nauaembim (A, B)).

Paccrosinne npousBosbHOl Touku A ot Hauvasma 0, paccmatprBaeMoe Kak
TOJIO2KUTENIbHOE UMCJI0, Ha3biBaeTcsl abcoaromuotl seaudurol A n o6o3na-
yaercst cumBosioM |A|. [ToHsTHe «abcolioTHAs BEJIMUHHA» ONpeJesieTcs ce-
aylolum o6pasom: ecan A > 0, to |A| = A; ecain A <0, To |A| = —A. SlcHo,
yTO ecJsii yhcsia A u B UMEIOT OIMH U TOT 2Ke 3HaK, TO CIIPaBeIHBO PABEHCTBO
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|A + B| =|A| + |B|; ecim ke A u B umeioT pasuble 3Hakd, 10 |A 4+ B| <
< |A| + |B|. Coenunsisi 371 J1Ba pesysibTata BMECTe, Mbl IPUXOJUM K 00OLIEMY
HEPaBEHCTBY
A+ Bl <|A[+B],

KOTOpOE CIpaBeJIMBO HE3aBUCHMO OT 3HaKoB A u B.

dakr (yHraMeHTaNbHOH BAXKHOCTH BbIpa)KaeTcsi CJACIYIOUIUM NPeIJIokKe-
HUEM: DAYUOHAAbHbLE MOUKU PACAOAOICEHbL HA YUCA0BOL NPAMOL 8C1O0Y
naomuo. CMbIC] 3TOTO YTBEPXK/IEHHsI TOT, UTO BHYTPH BCSIKOrO HHTEpPBAJA,
KakK Obl OH HH Obl1 MaJl, COAepKaTCs palMoHasbHble TOUKH. UToOb! yOeuTbes
B CIIPaBEVIMBOCTH BHICKA3aHHOTO YTBEPXKAEHUS, AOCTATOUHO B3STh UHCJO A

1 .
HaCTOJIbKO 6OJIbLHO€, UYTO UHTEPBAJI (O, E) 6yILeT MEHbLIE, YEM NJaHHbIM UHTEP-

o m
BaJl (A, B), TOra 1Mo MEHbUIEU Mepe OJIHa U3 TOUEK BHa ; OKaxKeTCsl BHYTPHU

JIAHHOTO HHTepBaJsa. Mrak, He cyllecTByeT Takoro, CKoJb yrojiHoO MaJjoro, HH-
TepBaJia Ha YUCJI0OBOH OCH, BHYTPH KOTOPOT0 He ObLI0 Obl PALIMOHAJBHBIX TOUYEK.
Ortcro1a BbITeKaeT JajibHellllee cye/CTBHe: BO BCSKOM HHTepBaJle COJeprKUTCS
6eCKOHEUHOe MHOXKECTBO pallMOHa/bHBIX Touek. JleficTBUTebHO, ecJid Obl B
HEKOTOPOM HHTEpBaJIe COAEPXKAIOCh JIMIIb KOHEYHOE UMCJIO PALIMOHANBHBIX TO-
4ekK, TO BHYTPH HUHTEpPBaJa, O6pa3OBaHHOFO JABYyMs COCEIHUMH TaKUMH TOUKaMH,
palMOHAJBHBIX TOYEK y2Ke He OblJI0 Obl, @ 3TO IIPOTUBOPEUUT TOMY, YTO TOJIBLKO
4TO OBLJIO IOKA3aHO.

§ 2. Hecousmepumbie OTpe3KH.
UppauroHaabHble uMcaa, npejebl

1. BBenenue. Ecsm Mbl cTaHeM CpaBHMBATh M0 BeJMYHHE ABA MPSIMOJH-
HeHHBbIX OTpe3Ka a W b, TO He UCKJIOUeHA BO3MOXKHOCTb, UTO @ COJEPIKUTCS
B b B TOUHOCTH LleJIoe UMCJ0 pa3 r. B Takom ciydae mjiMHa oTpe3ka b oueHb
MPOCTO BbIpaxKaeTcs uepe3 JUIMHY OTpe3Ka a: JJIMHA b B r pa3 GoJiblile, ueM
JUiMHa a. MoXeT clyuuThCs U Tak, 4To 11eJ0T0 YHCJa 1, KOTOpoe 06Jsanano 6kl
YKa3aHHbIM CBOHCTBOM, He CYLIECTBYET; HO MTPH 3TOM BO3MOKHO, UTO, Pa3JeJuB

o a
OTPE30K a4 Ha HEKOTOPOE YUCJIO, CKA2KEM 71, DPABHbIX HaCTEH | KaxK/1asi JJUHbI E)

W B341B LEJIO€ YHUCJIO /11 TaKUX ‘{aCTefl, Mbl B TOYHOCTH TOJYUUM OTPE3OK b:

m

b=—a. 1

" (1)
Ecau ocyuiectsisieTcst cooTHolleHue Baa (1), To ropopsiT, uTo JBa oTpe3ka a
u b cousmepunol, Tak Kak OHH 00J1a1AI0T HEKOTOPOH «0O611Iell MepOH»: TAKOBOH

a o

ABSICTCS OTPE3OK JUIMHBI -, KOTOPBIiT COJCPAKHTCA B OTPESKE @ POBHO 7 pas, a

B oTpe3Ke b poBHO m pa3. HekoTopblil 0Tpe30K b coM3MEpUM UM HECOU3MEPHUM
C OTPE3KOM a B 3aBUCHMOCTH OT TOTO, MOXKHO WJIM HeJsb3si Mojao0paTh [1Ba
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TAKUX HATypaJbHbIX udcnaa m u n (n # 0), uto uMeer mMecto paBeHCTBO ().
O6patasicb K puc. 9, TpeanoioxKuM, UTo B KauecTBe oTpe3Ka a U3bpaH ein-
HUYHBIH 0Tpe3ok [0, 1], 1 paccMOTPUM BCEBO3MOKHBIE OTPE3KH, Y KOTOPBIX OfHH
13 KoHIOB coBragaer ¢ 0. Torma M3 3THX OTPE3KOB Te U TOJBKO Te OyIyT
COM3MEPHMBI C eIMHHUHBIM OTPE3KOM, y KOTOPBIX BTOPOH KOHEL| COBMAJAeT C

HEKOTOPOH PaLMOHAJbHOH TOUYKOH e

e
Slen

—2-2 | 1 3 2 3

Puc. 9. PaunoHaJibHbie TOUYKU

JIast IpakTHUECKOH 11eJIM U3MEPEHHsI PallMOHAJIbHBIX UHCEJs BCerjaa CoBep-
ILIEHHO J0CTaTouHO. Jlaske ¢ TOUKH 3PEHHsT TeOPETHUECKOH, TTOCKOJbKY Palno-
HaJIbHble TOUKH PacroJioxKeHbl BCIOy MJIOTHO, MOMVIO Obl M0KA3aTbCsl, UTO BCe
TOUKM Ha UYHCJIOBOH OCH — paLuoOHaJ/bHble. Ecau Obl 1e10 00CTOANI0 HMEHHO
TaK, TO BCSIKHUI OTPe30K Obl1 Obl COM3MEpUM C eAMHMYHBIM. Ho neso o6cTout
He TaK MPOCTO, U B YCTAHOBJIEHHH 3TOr0 OOCTOSITE/LCTBA 3AKJ/IOUAECTCS OJIHO
M3 CaMbIX MOPA3UTEJbHBIX OTKPBITHH B MaTeMaTHKe: OHO ObIO CHEJNAHO YKe B
NpeBHediine BpeMeHa (B wkoJe [Tucaropa). Cywecmsyrom Hecouamepumolie
ompesKu, UM HHaue (ecJii Mbl 1OMYCTHM, UTO KaxK/1I0My OTPE3KY COOTBETCTBYET
HEKOTOpOE UMCJIO, Bblparkarolllee ero JUIMHY), CYu,ecmsayon uppayuoHalo-
note yucaa. Oco3HaHue 3Toro akra ObLIO HAyUHbIM COOBbITHEM BesMuaiilei
3HAUMMOCTH. BecbMa BO3MOKHO, UTO HMEHHO OHO TOJIOXKHJIO HAYaJlo TOMY, UTO
Mbl Terepb CUUTAeM CTPOrHM MaTeMaTHUECKHM METOJOM H paccMaTpUBaeM Kak
BKJIal B HayKy, CILe.HaHHbeI JPEBHUMHU I'peUECKUMU MaTEeMaTHKaMHU. bes comue-
HHUsI, 5TO 3amMeuaTe/ibHOe OTKPbITHE IVIyGOKO MOBJMSIO HA BCIO MaTeMaTHKY H
Jaxke uaocoduIo OT APEBHUX BPEMeH W 10 HALUHUX JHEH.

EBILOKCOBZI TEOpHUA HECOU3IMEPHUMbIX BEJIMUUH, U3JI0OKEHHAs1 B reOMeTpuye-
ckoil opme B «Hauanax» EBk/auna, npeacrapisieT co60# ToHUakllee JTOCTH-
JKEHHE IpeyecKoil MaTeMaTHKH (ee H3JoxKeHHe OObIKHOBEHHO MpomycKaercsl B
pa3xKHKEHHbIX Tepeckadax EBK.J]I/IIIZI, npeaHasHadyeHHbIX AJis1 KOJbHOTO O6y—
ueHMs1). DTa TEOpUsl MOJyunusaa MoA0OAIoLLyI0 el BBICOKYIO OLEHKY JHIIb B
koHlle XIX crosietust — nocJie Toro kak ycuiusimMu Jlenekuuna, Kauntopa
uBeitepuwTpacca 6bl1a co3nana cTporasi TEOpHUsi HPPALMOHAJBHBIX UUCE.
Mbl U3/102KUM B JaJIbHEHIIEM 3Ty TEOPHIO B €€ COBPEMEHHOM apU(PMETHUECKOM
acriekre.

[Ipexxae Bcero ycTaHOBUM: Oua2OHaAb KBAOPAMA HECOUMepumMa ¢ eeo
cmoporoii. ITpeanosoxkum, 4To CTOpoHa KBajpaTa u3bpaHa B KauecTBe eIMHU-
bl AJIMHBI, AJIHHY 2Ke AHaroHaju o603Hauum uepes x. Toraa, coryiacHo Teopeme
[Tucbaropa, Mbl nostyuaem:

C=P+1P=2
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(Taxoe uncsi0 X 0603HauaIOT cUMBOJIOM V/2.) Ec/in 6b1 X GbIIO COM3MEPHMO C

eJIMHULLEH, TO MOKHO OblJI0 Obl HAUTH JIBA TAKUX LIEJbIX YHCA P U ¢, UTO X = %,

W TOorja Mbl MPULLIA Obl K paBeHCTBY

P’ =2q". (2)

MoxkHo jomn CTUTb, UTO I 06b 4 HeCOKpaTHMa, HHaue Mbl C CaMOI'o HaydaJia
q

cokpatuiu 6bl ee Ha OOIIMH HAUGOJBIINK JenuTesb uncesa p u g. C npaBoi
CTOPOHDBI UMeeTCst 2 B KaueCTBE MHOXKHTEJS, M NOTOMY p? €CTh YETHOE UHMCJIO,
¥, 3HAUUT, CAMO p — TaKXKe UETHOE, TaK KaK KBajpaT HEUETHOr0 YHC/IA eCTh He-
yeTHOe YyucJo. B TakoMm ciryuae MoxKHO MoJioxKuTh p = 2r. Torjpa paBeHCTBO (2)
MPUHUMAET BUJL
4P =2¢°, wm  2r =g

Tax Kak ¢ JIEBOH CTOPOHbBI TENePh MMEETCS 2 B KAUECTBE MHOXKHTEJIS, 3HAUHT, G2,
a cJiefloBatesibHO, U ¢ — ueTHoe. MTak, U p U ¢ — ueTHble Uuca, T. €. JAesATCs

Ha 2, a 3TO MPOTHBOPEUHUT JOMYLIEHHIO, UTO APOOb % HecokpaTuma. Mrtak,

PaBeHCTBO (2) HEBO3MOXKHO, U X HE MOXKET ObITh PallMOHAJILHBIM UMCJIOM.

Muaue 3TOT pe3yJbTaT MOKHO CPOPMYIHPOBATh, YTBEPXKIAS, UTO V2 ecth
YUCJIO UppallMOHAJIbHOE.

TosbKo uTO MpUBeieHHOE paccyXjleHHe MMOoKa3bIBaeT, UTO UHOH pa3 camoe
npocreriliee reoMeTpUUECKOe MOCTPOEHHE TIPUBOJIUT K OTPE3KY, HECOU3MepH-
MOMy ¢ efuHHLEeH. Eca Takoll oTpe3ok 6yaeT OT/I0KeH ¢ MOMOUIbIO LHPKY.JIs
Ha uucJoBOH ocu oT Toukd 0, To mocTpoeH-

Hast TakuM 06pa3oM Touka (KOHel| OTpe3Ka) He

COBIAJAeT HU C KAKOH PallMOHA/JIbHOH TOUKOH.

Hrak, cucrema payuonaroHelx mouex (Xo-

TS W BCIOLY IJIOTHAsi) He nokpeoleaem 8cell

yucaosoll ocu. HauBHOMY CO3HAHHIO, HECO-

MHEHHO, MOKET MOKa3aThCsl CTPAHHBIM U Tapa- 0 G
JIOKCAJIbHBIM, UTO BCIOJIy MJIOTHOE MHOXECTBO

palMOHaJIbHBIX TOUEK He MOKPbIBAET BCEH MPsi-  Puc. 10. TToctpoenue uncaa v/2
Mo#. Hukakas Haia «MHTYHIMS» HE MOMOXKET

HaM «YBUJIETb» HPpPAlMOHAJbHbIE TOUKH HJIH OTJIHUUTH UX OT palliOHAJbHbBIX.
Het nuuero YAUBUTEJIbHOTO B TOM, YTO OTKPbLITHE HECOU3MEPUMOIO MOTPsCO
rpeyecKuX MaTeMAaTHKOB U MBICJIMTEJIEH 1 UTO €ro CyIleCTBOBaHWE U B HALIW JIHHU
MPOJI0JIKAeT NMPOU3BOJIUThL BIleUyaTeHue Ha JiIoJieH, CKJIOHHBIX K Yry6/eHHbIM
pa3MblIlJICHUSAM.

He npencraBuiio 661 Tpyia CKOHCTPYHPOBATh CTOJILKO OTPE3KOB, HECOU3Me-
PUMBIX C eIMHUIIEH, CKOJILKO Obl Mbl 10KeJ1asid. KoHIlbl BceX TaKuX 0TPE3KOB —
MpH YCJOBHUH, UTO X HauaJjia COBNAMAIOT ¢ TOUKOH 0,— 06pasyioT COBOKYMHOCTb
MppalMoHa/lbHBIX TOUEK. 3aMeTHM Tellepb, UTO HAlllUM PYKOBOJSIIUM MPHHIIH-
MOM Y2Ke TIpU BBEJIEHHH pallMOHaJIbLHBIX ApoOell OblIo XKejaHue obecnequmno




86 MATEMATHUYECKAS UMCJIOBASI CUCTEMA ra. 11

BO3MONCHOCb UBMEPEeHUsL OAUH OMPE3KO8 NOCPEeOCBOM HUCEA, U TOT Ke
NPUHLHI MPOAOJ/KACT PYKOBOAUTL HaMH W TOrjaa, Koraa pedb HWAET O HECOU3-
MepuMbIX oTpe3dkax. Ec/in Mbl TpeGyeM, uToObl CyLLEeCTBOBAJIO B3aHMHOE COOT-
BETCTBHE MEXK/Iy UHCJIaMH, C OJHOH CTOPOHBI, H TOUKAMH Ha TPSIMOH JIMHUH — C
JIPYroi, TO HEU30€KHO MPUXOAUTCS BBECTH B PACCMOTPEHHUE UPPAYLOHAAbHOLE
qucaa.

[TonBonst UTOrM 10 CHX MOP CKAa3aHHOMY, Mbl KOHCTaTHpyeM, UTO Hppa-
LIMOHaJIbHOE UhcyIo 0603HauaeT JJIMHY OTpe3Ka, HECOU3MEPHUMOTo C eHHHLEH.
B caenyroux pasnesax Mbl L10JLKHbI Oy1eM YTOUHHTb 9TO HECKOJIbKO CMYTHOE H
BCELeJIO TeOMeTPHUECKOoe ONpeie/ieHle H B pe3yJibTaTe MPUIEM K OMpee/IeHHIO,
6oJiee y10BJAETBOPUTEJIbHOMY C TOUKH 3PEHHsI JIOTHUECKOH cTporocTd. Pacemar-
puBast 5TOT BOTIPOC, MbI 6y11eM BHa4daJie HCXOJUTb U3 NECATHUHBIX npo6e171.

YnpaxHenus. 1) Jlokaxure, uto umucia \3/5, V3, V5, I3 UppalroHalbHbIE.
(¥xaszanue: BocnosbayiiTech JJeMMoit Ha cTp. 71.)

2) Ilokaxute, uto uncaa V2 + 3 u v2 + V2 vppalroHaJsbHble. (Ykasarnue:
ecJii Obl, HAaTIPUMeEP, MEPBOE U3 ITHX UHCeJ! ObIO pallHOHAJIBHBIM UMCJIOM 7, TO, HANHCAB
V3 =r— /2 1 BO3Bela B KBaJPaT, Mbl 3aKJIOUHAH Gbl, 4TO v/2 €CTh palHOHAJbHOE
UMCJI0.)

3) Hokasxure, uto uncio v/2 4 /3 + /5 nppaunonanshoe. IonpoGyiite npuy-
MaTh ellle nojo0Hble U 6oJiee 00llMe TPUMEpBI.

2. JlecsiTuunble ApoOM: KOHeYHble U GecKoHeuHble. UTOOBI MOKPHITH
UMCJIOBYIO OCh Be3Jle TJIOTHbIM MHOXKECTBOM TOUEK, HET HeOOXOAUMOCTH HC-
TM0JIb30BATh 8C/O COBOKYMHOCTb PALMOHAJBHBIX YHCEN: LOCTATOUHO, HATIpUMep,
OTPaHHUYUTBLCS TOJMBKO TEMH UHCJaMH, KOTOPble BO3HHMKAIOT MPH MOApasaese-
HUM equHuuHOro otpesaka Ha 10, morom Ha 100, 1000 u T. 1. paBHBIX Yac-
teft. [losyuaionmecst Ipu TOM TOUKH JeJIEHHS] COOTBETCTBYIOT «JIECSTHUHBIM

npo6sim». Tak, uucay 0,12 = % + 1% COOTBETCTBYET TOUKA, PACMOJOKEHHAs

B MMepBOM €IMHWUYHOM HHTEpPBaJi€, BO BTOPOM <«IIOAbIHTEPBaJi€>» IJIMHbI 1071, H
HUMEHHO OHa €CTb HaudaJlbHasi TOUKa TPETLEro «IMOANOAbIHTEPBaJia» AJUHbI 102

1
(a*” 03Hayaer ﬁ)' Ecau takoro pona decamuunas dpodb CONEPIKUT 1 3HA-

KOB TOCJIe 3aIlsiTOH, TO OHA UMEET BHUJ
f=z+a -107" 4+a,- 102 +a5- 10+ ... +a,- 107",
rjie z — leJoe uuctio, a kosdduumentsl a — widpet 0, 1, 2, ..., 9, o6o3Ha-
yalolye YUCJ0 JECATBIX, COThIX U T. 1. COKpalleHHO UKCJI0 [ 3amuchiBaeTcs B
JIECSITHUHON CHCTeMe CJIeyIolM 00pasoM: 2,a,aqeas . . . a,. Mbl yb6exxnaemcs
HernocpeJICTBEHHO, UTO TAKOTO poja JeCsITHUHble APpOGH MOTYT Tpe/ICTaBJeHbl
BUJIe OOBIKHOBEHHbIX ApoOei g, rie g = 10"; tak, Hanpumep,
4 1314

5
[=1314=1+ {5+ 155 * 1500 = T000°
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Ecan okaxercs:, uTo p U ¢ UMEIOT OOLLMH MHOXKUTEJNb, TO APO6b MOXKHO COKpa-
TUTb, U TOTJIa 3HAMEHATe/b Oy/IeT HEKOTOPbIM JenuTeneM uncaa 10", C apyro#
CTOPOHBI, HECOKpaTUMasi ApoOb, Y KOTOPOH 3HAMEHATe/b He €CTb JEJHTE/b
Hekotopoil ctenenn 10, He MoxKeT ObITb NpeicTaB/eHa B BHIAE JAECATHUHOH

2 S 4 ) 1
1—0 = 0,2, ﬁ = —1000 = 0,004, HO 3

He MOXKET ObITb HamucaHa Kak AecsiTHUHasi 1poOb ¢ KOHEYHbIM UHUCJOM 7 Jie-
CATHUUHBIX 3HAKOB, Kak Obl HU ObLIO BEJHUKO 71: B CaMOM JeJie, U3 PAaBEHCTBA
BHUA

1
1po6u ykaszaHHoro Tuna. Hanpumep, 5=

1_ b

3107
cJ1e10Basio Obl

10" = 30,

a mocJjiejiHee paBeHCTBO HEBO3MOXKHO, TaK KaK 3 He BXOJIUT MHOXKHTEJEM HH B
Kakyio cternenb uucga 10.

BoabMmeM Tenepb Ha uMCJI0BOH OCH KaKyl-HUOYAb TOuky P, KoTopas He
COOTBETCTBYET HUKAKOH KOHEUHOH JeCATUUHOH IPOOH; MOXKHO, HAITPUMEP, B3ATb

1
PaLMOHAILHYIO TOUKY = WM HPPALHOHANILHYIO TOUKY V2. Torma B npotec-

ce MocJIeIoBaTeIbHOTO TOJIpa3ie/icH!si eIMHUUHOTO MHTepBasa Ha 10 paBHbIX
yacTell Touka P HUKOTJa He OKAXeTCsl B UUCJIe TOUEK JieJIeHus1: oHa OyleT Haxo-
JIUTbCS BHYTPH JECATHUHBIX HHTEPBAJIOB, JIMHA KOTOPBIX OY1€T HEOrPAHUUEHHO
YMEHbIIATLCS; KOHIIbI THX HHTEPBAJIOB COOTBETCTBYIOT KOHEUHBIM JIECATHUHBIM
Jpo6sIM U MpUGHKAIOT TOUKY P ¢ KaKOH YroJiHO CTereHbio TouHoCTH. PacemoT-
PHUM HECKOJIbKO MOJAPOOHEe 3TOT MPOLECC MPUOJIIIKEHHS.

[Ipeanosoxkum, uTo Touka P JIEKUT B EPBOM €IMHUUHOM HHTepBase. Cre-
JlaeM mojpazjesieHde 3Toro uHTepBasia Ha 10 paBHBIX yacTel, Kaxknas mJIHM-
Hel 107!, 1 mpeanosoxkum, uTo Touka P Monajaaer, CKaXkeM, B TPETHH M3 3THX
vHTepBaoB. Ha 310l cTagnu Mbl MOXKEM YTBEPKAATb, UTO P 3aK/I0ueHa MEXIy
necsitnunbiMu 1po6simu 0,2 u 0,3. [Tonpasnensiem cHoBa untepsaJ ot 0,2 1o 0,3
Ha 10 paBHbIX yacTeil, Kaxnas auHbl 1072, U oOHapyKuM, 4To P monajaer,
JIOTIyCTHM, B UeTBEpTBbI U3 3TUX MHTepBaJoB. [lojpasjiesiss ero, Kak paHb-
le, BUAMM, YTO TOYKa P rnomagaer B nepsbiil unTepas midael 1073, Tenepb
MO2KHO CKa3aTb, uTo Touka P 3akmiouena mexay 0,230 u 0,231. dtoT npouecc
MOZKET ObITb [1POLOJIKEH 10 OECKOHEUHOCTH U IPUBOAUT K OECKOHEUHOH 1ocle-
JoBatesbHOCTH Wwdp ay, aq, as, ..., a,, ..., 00Jaga0Eeld TAKUM CBOHCTBOM:
KakoBO Obl HM ObLIO 71, TOUKA P 3aKJ/ioueHa B HHTepBaJe [,, y KOTOPOro Hauajb-
Hasi Touka ectb 0,a,a203...a,_,a,, a koveudasi — 0,a,a.as3...a,_(a, + 1),
npudem juinHa [, pasHa 10~". Ecau craHeM mnoJiarath 1o nopsiiky n = 1, 2,
3,4, ..., TO YBUIUM, UTO KaxKIbl W3 WHTepBaJOB [, [y, I3, ... comepKUT-
ca B mpeapyayiem, npuyem ux juianbl 107! 1072, 1072, ... HeorpannueHHO
yMeHblaloTcst. Mbl ckaxkeM, 60Jiee KpaTKo, UTO TouKa P 3akJoueHa B crmsaeu-
B8aIOUYIOCS NOCACO0BANMEAbHOCMb decamudHblX uHmepsasos. Hanpumep,
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ecJIM Touka P ecTb TO BCe LUUPPHI a, as, A3, ... PaBHBI 3, U P 3ak/ioye-

1
37
Ha B Jio6oMm unrtepBasie [, ot 0,333...33 no 0,333...34, T.e. % 60JIblLe

uem 0,333 .. .33 u menblie uem 0,333 ... 34, cko/bKO Obl HH B35ATb LIU(P Nocye
3ansaToil. Mbl Cka)xeM B 3THX OGCTOSITENLCTBAX, UTO /1-3HAUHASH JIECHTHUHAS

1
npo6b 0,333...33 «cTpemurcs K 77 KOTJa uHeio LM(p 1 HEOTPaHUUEHHO
Bo3pacraet. M Mbl yCJIOBHMCS NHCATh

1
§:O,333...,

NpHUUEM TOUKH 0003HAUAIOT, UTO JeCATHUHAS APOOb MOXKET ObITb NPOJJIEHA «JI0
GECKOHEUHOCTH».

WppauyoHasbsHas Touka /2, KoTopasi Gblia pacCMOTpeHa B MyHKTe |, Tak-
JKe TIPUBOJIUT K GeCKOHEeuHoH JecsitTuuHol apo6u. Ho 3akon, kotopomy mnoj-
UMHSIIOTCS MOCJIEN0BaTE/NbHbIE LIU(PPBI AECATHUHOTO PA3JIOKEHHS, HA STOT pas
JlasieKo He oueBHJeH. Mbl 3aTpyaHsieMcsl yKadaTb (Gopmydy, KoTopasi 1aBaJja
Obl LGPy, CTOSILLYIO HA 11-M MeCTe, XOTS MOXKHO BBIUMCJHTb CTOJILKO LUP,
CKOJIbKO Mbl MoxKeJsa/id Obl cebe 3apaHee HA3HAUUTD!

P=1<2<2"=4
(1,4 =196<2< (1,6 =225
(1,41 = 1,9881 < 2 < (1,42) = 2,0264
(1,414)* = 1,999396 < 2 < (1,415)* = 2,002225
(1,4142)* =1,99996164 < 2 < (1,4143)* =2,00024449 wu . 1.

B kauecTBe o611lero omnpejeseHust Mbl CKaKeM, 4To Todyka P, KoTopasi He
MOXKET ObITb NPEACTABJICHA B BUJAC ACCATHYHOH APOOU C KOHEUHBIM UHMCJIOM
JIECSITHUHBIX 3HAKOB, MPEJICTABJISIETCS B BUJle OeCKOHeUu ol decamuiHoi Opo-
6u 2,a,a:0; ..., €CcJi, KAKOBO Obl HU ObLIO 71, TOUKA P JIeXKUT B MHTepBaJe
JquHbl 107" ¢ HayaJbHOH TOUKOH 2,a1A9qs . . . Q.

Takum o6pa3om, Mbl yCTaHABJIMBAeM COOTBETCTBHE MEXKJy BCEMH TOUKAMH
YHCJIOBOH OCH U BCEMH (KOHEUHBIMU MJIM 6ECKOHEUHBIMH ) JIeCATHUHBIMU 1POOSi-
mu. Tenepb Mbl MOTBITAEMCST BBECTH TPeBAPUTEIbHOE OMpPee/ieHHe: <UUCTI0»
eCTb KOMeuHas uil beckoHeuras decamuuras dpobs. Te GecKoHeUHbIE Jle-
CSATHYHbIE IPOGH, KOTOpPbIe He MPEeCTaBJSIOT PallMOHANLHOTO YHCJa, Ha3blBa-
10TCs uppayuonarvroimu wucaamu. Jlo cepennnbl XIX crosetus coobpaxe-
HHUS1, MOJ06HBIE TIPUBEJEHHBIM BhIllle, Ka3a/JUCh JIOCTATOUHBIMU Jiis 00bsicHe-
HHU$1 TOTO, KaK yCTpOeHa cUcTeMa pallioHabHBIX U HPPAlMOHAJIbHBIX UMCe] —
qucao8ol kKoHmuryym. Heobblualinble ycrexu MaTeMaTHKH, JOCTHTHYThIE Ha-
upHast ¢ XVII croserusi, B 4acTHOCTH, pa3BUTHE aHAJUTHUECKOH TeOMeTpHU
1 auddepeHIHaIbHOTO U UHTErPalibHOTO HCUMCJIEHHH, TBepo 6a3upoBaJich
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MMEHHO Ha TaKOM IMpeACTaBAeHUH 0 cucTeMe uuces. OHAKO B MEPHOJL KPUTHUE-
CKOr'0 [lepecMOTpa PUHLIMIIOB ¥ KOHCOJIUJALMH Pe3y/IbTaToOB CTaJlo OLLLIAThCS
Bce 0oJiee U 6oJjiee IBCTBEHHO, UTO MOHATHE MPPALMOHAILHOIO UUCJa JOJIKHO
ObITb MOJABEPTHYTO GoJsiee TOUHOMY M TuiyGoKoMmy aHanusy. Ho, npexne uem
NEePeHTH K OUEPKY COBPEMEHHOH TEOPHH UUCJOBOTO KOHTHHYYMa, HaM MPUIETCS
paccMmoTpeThb M pazoOpaTbh — Ha 60J1ee UM MEHee HHTYHTHBHON OCHOBE — OJIHO
13 MaTeMaTHYeCKUX MOHSATHH KalmuTajJbHOH 3HAaUMMOCTH — IOHATHE npedeiq.

3 3 .
YnpaxHenue. Boiuncsure npub/nKeHHO V2 u V/5 ¢ ownbKoi, He npeBbIlIalo-
510—2

e 1072,

3. Mpeneasl. BeckoHeuHble reomeTpuueckue nporpeccuu. Kak Mbl BU-
JIeJI B TIPEJbIIYIIEeM MYHKTE, MHOTJA CJIydaeTcsi, UTO HEKOTOPOe paldoHaJb-
HO€E YHCJIO S IPHOJIHKAETCS TTOC/IEI0BATENbHOCTBIO APYTHX PALMOHAbHbIX YH-
cesl S,, MPUUEM HHJEKC A TPUHUMAET MOCJEN0BATE/NbLHO BCce 3HaueHus 1, 2,

7, Tora s; = 0,3, s, =0,33, s3 =

0,333 u 1. 1. Bor eute npumep. Pazo6bem eHUUHBIA HHTEPBAJ Ha JIBE PaBHbIE
YacTH, BTOPYIO MOJIOBHHY — CHOBA Ha JIBe paBHbIE YACTH, BTOPYIO U3 TIOJydeH-
HBIX JIByX UacTell — CHOBA HA JIBe PaBHble UACTH U T. I., TOKA HAUMEHBIIHH U3
T0JIyYeHHbIX TAKHM 06pa3oM HHTEPBAJIOB He CTAHET PaBHBIM 2", TJie 11 — CKOJIb
yrojiHo GoJibllioe Hamepes 3ajaHHoe uucyio, Hanpumep, n = 100, n = 100000
M T. . 3aTeM, CKJ/ajblBasi BMECTe BCe MHTEpBaJbl, KpOME CaMOro TOoCJ/IeaHero,
MBI MoJlydaeM OOLLyI0 JJIMHY

1

1 1 1 1
Sn—§+z+§+l—6+...+2—ﬂ. (3)

3, ... Tak, Hanpumep, MOXKHO B3SITb! § =

2
BUTCsI CKOJIb YITOAHO MaJIOﬁ, WA «CTPEMHUTCS K HYJII0», TIPU HEO'PAaHUUYEHHOM

Bo3pactaHuu 7. [OBOpPHUTL, YTO 3Ta Pa3HOCTb PABHA HYJIO, KOTAA 11 PABHO
«BECKOHEUHOCTH», HE HMEET HHKAKOro CMbic/a. DeckoHeuHoe B MareMaruke
CBSI3bIBAETCS C HEKOTOPBIM MPOUEeccoM, He UMEILIHUM KOHIA, U HUKOTIA He
CBSI3bIBAETCST C aKTyaslbHOU seauuunoi. yKenasi onucarb MoBeleHHE S,, Mb
TOBOPUM, UTO cymma S, cmpemumcs K npedeay 1, koeda n cmpemumes K
OecKOHeUHOCMU, U TTHIIEM

1 n
Jlerko noHsiTh, uTo S, OTJIMYaeTcsl OT 1 Ha (—) M UTO 3Ta Pa3HOCTb CTaHO-

1 1 1 1
l=g+g+tgTit o (4)
npuyeM TO, YTO BO3HHUKAET ClipaBa, €CTb beckoHeunbLl pﬂd HOCJIGILHGG «pa-
BEHCTBO» HeE CJIeyeT NMMOHUMATb B TOM CMbICJIE€, UTO UMEETCsI B BULY CJIO2KHUTDH
BMecTe OeCKOHEUHOe UHCJIO CJaraeMbIX: 3TO TOJBbKO COKpaujeHHaslt 3arnucb
TOT'O anKTa, yto 1 ecTb npeaes KOHEUYHbIX CYMM S, HOJIy'-IalOLH.I/IfICH, Korga n
CMpemumcs K OeCKOHEeUHOCTH (I/I HHU B KOEM CJlyuae He pasHO 66CKOH€'—IHOCTI/I).
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Hrak, paBeHcTBO (4), 3aKaHUMBaOLLEECs! HEOTIPeeJIeHHbIM CUMBOJIOM <+ . .. »
€CTb COKpAllleHHasl 3aMUCh JIsl CJETYIOLIEr0 YTBEPXKICHHUS:
«1 paBHa mpepeny (MpH A1, cTpeMsillieMcsT K 6€CKOHEUHOCTH ) BhIPAXKEHHST

1 1 1
—2—|—22 y-l-...-l—?—n» (5)

Eute 6osee kpaTko 1 60J1€e BbIPA3UTENBHO MHUILYT CJAEeAYIOUIMM 06pa3oM:
s,— 1 npu n— oo (6)

[oBopst 0 mpenenax, paccMoTpuM elile npumep. [1ycTb nepen Hamu UmMeeTcs
6eCKOHeUHasl 10CJ1e10BaTe/IbHOCTb PA3JIMUHbBIX CTENeHel uhcda g:

n

9, ¢ ¢, ¢, ..., q",

Ecin —1 < g < 1, Hanpumep, g = - WU g = TO g" CTPEMUTCS K HYJIIO

1 4
3 5
MPH HEOrPaHHUEHHOM BO3pacTaHud n. [lpu 3TOM ecyu g — OTpHUATE]bHOE
UMCJIO, TO 3HAKH ¢" uepelyloTcs: 3a + cJjelyeT —, U 00paTHO; TakuM o0pa-

30M, §" CTpPeMHTCS] K HyJIo «c AByX crtopon». Tak, ecau g = 70 10 q° =

ga
s 1 | ; HO eCJll g = ! TO ! ! !
q 7,q FTRRE q= BCR (] 4»q S’q 6

Mbl yTBepXKIaeM, uto npedea q", koeda n cmpemumcs K OecKoHeuHocmu,
paseH HYAO, WK, CUMBOJMYECKH,

qg"—0 nmpu n—oo, ecm-—l<g<l. (7)

(Mexny npouum, eca ¢ > 1 uian g < —1, 10 ¢" yKe He CTpeMUTCS K HYJIIO, a
HeorpaHHYeHHO BO3pacTaeT 10 abCOJIOTHON BeJHYHHE. )

[1puBenem crporoe 0Ka3aTeJbLCTBO yTBepxKaeHusi (7). Mbl Bugesn Ha
ctp. 40, uTo TpU JIOOOM LEJNOM MOJIOKHUTEJIBHOM 3HAUEHHH A U NP YCJIO-
BUH p > — | uMeeT MecTo HepaBeHCTBO (1 4+ p)' = | + np. [1yctb ¢ — Kakoe-TO

[MOJIOKHUTEJIbHOE YHCJIO, MEHblIEE €IMHHUILbI, HallpuMep, g = — . Torpa MoxKHO

MOJIOXKUTb § = rie p > 0. OTciona cienyer

1
T+p
1
7
WK ke (cM. ompenesienue (4) Ha ctp. 80)

o

=(1+p)'=214+np>np,

1 1
3HAUUT, ¢" 3aKJIIOUEHO MEX/1y MOCTOSIHHBIM YHcjioM O 1 ukcJIoM E T KOTOpOE

CTPEMHTCS K HYJIIO MIPH HEOTPaHUUYEHHOM BO3pACTaHHH /1 (TaK Kak p — MOCTO-
stuHoe). [Tocsie aToro sicho, uto ¢" — 0. Ecain ¢ — oTpHiiaTesibHOE YHCJTI0, TO Mbl
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1
[MOJIO2KUM ¢ — — , U TOT1a q” 6yILeT 3aKJIOYEHO MEXKAY YHCJIaMH _F .

l+p n
158 % . %; pacCyKJACHHE 3aKaAaHYMBAETCs TAK K€, KaK paHblle.
PaCCMOTpI/IM TeIepb ceomempuiecKkyro npoepeccuro
Sa=14+q¢+¢@+¢+...+q" (8)

., . 1
(HacTHbiil cayuah g = 5 6bl1 paccMoTpeH Bbillle.) Kak yxe 6bl10 MokazaHo

(cM. ctp. 38), cymma s, MOXKeT ObITh MpecTaBjaeHa B GoJiee MPOCTOH U CKATOH
tdopme. YMHOXKAS S, HA ¢, Mbl MIOJyUaeM

gsn=q+q +q¢* +q¢" +... +q""! (8a)

u, Bbiuutasi (8a) us (8), ybexknaemcst, uto Bce ujieHbl, Kpome 1 1 ¢"+', B3anmuo
yHudtoxKaioTes. B pesysibrate Oynem umeTb

(1 =¢q)s,=1-q"",
WK Ke, neis Ha | — g,

1 — n+1 1 n+1
s, =14 q

l—q 1—q 1-g

C nousTtHeM npejieia Mbl BCTPETUMCS, €CJIH 3aCTaBUM 11 HEOTPAHUUEHHO BO3-
pacrath. Mbl BHIeH TOJBKO UTO, 4TO ¢"T' = ¢ - ¢" CTPeMUTCS K HYJIO, €CJii
—1 < g <1, uorciona MoxKeM 3aKJIIOUUTD:

1

S"_)m npu n—oo, ecau —l<g<l. (9)
ToT »Ke pesy/ibTaT MOXKHO 3aMucaTh, MOJb3YsICh OECKOHeUHbLM PAOOM
1+q+q?+f+.n=T}? e —1 < g < 1. (10)
Hanpuwmep,
NS UG U T R
tgtgtyto =T
2
B MOJIHOM COOTBETCTBHH C PaBEHCTBOM (4); MOJOOHBIM »Ke 06pa3oM
9 9 9 9 9 1
[T T T T [ R E
10
win, uHaue, 0,9999... = 1. CoBepiueHHo Tak ke KoHeuHasi po6b 0,2374 u

6eckoHeuHasi 1po6b 0,23739999. .. npeacTaBASIOT OJIHO U TO K€ YUCJIO.
B raBe VI Mbl BepHeMcst K 0611eMy 0GCYKJIEHHIO TIOHSITHS TPejiesia, pac-
CMAaTpHBasi BONPOC C COBPEMEHHOI, JIOTHUECKH G0Jiee CTPOrOH TOUKH 3pPEHHSI.

Ynpaxuenus. 1) Jlokaxure, uto

l—q+q2—q3+q4—...:lqu, eca |g| < 1.
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n_»
2) KakoB npenes nocJieoBaTeJIbHOCTH aj, A9, A3, ..., TIE Ay = PR (¥rasa-
n
Hue: HAMHUINTE JaHHOe BhPAKEHHEe ' B BHle 1 - o 1 o6paruTe BHUMaHHe Ha
TO, UTO BbIUUTAEMOE CTPEMHUTCS K HYJIIO.)
n?+n+1
3) Kakos npenesn o LR 00? (Ykasarue: HAMMILINTE STO BbIpArKEHHE
n“—n-+
B BHUjIE | |
I+—+ -5
n n
1 1
| — = 4+ —
n + ﬂZ

4) Ilpennonarasi ¢ mo a6co/OTHOH BeJMUYHHE MEHBLIIUM 4eM |, J0KaxKuTe, 4TO
1 4+ 2g + 3¢ + 4¢° + ... !

S (—g
ynpaxkHeHust 3 Ha ctp. 42.)
5) Kakos npenen 6eckoneuHoro psija

1 —2g+43¢> —4q
6) Boluncsute npeesibl BblpaxeHuit

14243+...+n 1249224324 4n 13425434 4+n

/ZZ ’ l’l3 ’ l’l4

(¥Ykasarue: BOCNOJB3YHTECH PE3YJLTATOM

S

(¥xasanue: Bocrosb3yiiTech pedysbTaTaMH, MOJydyeHHBIMH Ha CTp. 37—39.)

4. PauuoHajbHble YKcaa U EPHOAUUECKHUE IeCATHUHbIe 1poou. Takue

pallMOHaJIbHbIE YHUCJla %, KOTOpbI€ HE MOTYT ObITb npeacTaBJ/J€Hbl B BUAE KO-

HeUHbIX JeCSTHUHBIX ApoOeH, passaraloTcsi B OeCKOHeUHble JeCsiTHUHble 1po6H
MOCPeACTBOM OOBIKHOBEHHOTO JeJeHHst B cToNOUK. Ha Kaxkioil cTyneHn 3toro
npouecca BO3HHKAET OCTATOK, He paBHbIA HyJ0, HHaue ApoOb oKasasachb Obl
KOHEUHOH. PassinuHble BO3HHUKAIOLIME OCTAaTKH MOTYT ObIThb TOJBKO 1leJbIMH
uhcsamu oT | 10 ¢ — 1, Tak uto umeercst Bcero ¢ — | BO3MOXKHOCTEH /151 3HA-
YEHUH THX OCTATKOB. DTO 3HAUMT, UTO T0CJE ¢ JeJEHUH HEKOTOPBIH OCTAaTOK &
nosiBuTcsl Bo BTopoil pa3. Ho torna Bce cienyrolie ocTaTku TakkKe OyayT
MOBTOPSATLCS B TOM K€ TMOPsIAKE, B KAKOM OHH Y»Ke MOSIBJSUINCH TOCJe Trep-
BOrO BO3HHKHOBEHHS ocTatKa k. TakuMm o6pas3oM, decamuuroe pasioicerue
8CAK020 PAUUOHAALHO20 Hucaa obaadaem c80UcmeoM NepuodutHoCmu,
nocJje HEKOTOPOro uucJsa JEeCHTHUHBIX 3HAKOB OJHA M Ta »Ke rpyrnmna aecs-

THYHBIX 3HAKOB HAUYWHAET IMOBTOPATbLCS OeCKOHEeUHOe UYHCJI0 pas. HaanMep,
1 1 1

£ = 0,166666666...; 1 = 0,142857142857142857. . - =0,09090909 .. ;
% =0,1109090909 .. ; & =0,122222299 . u 7.1 (3amern o mosozy

TeX palMOHAJbHBIX UMCEJ, KOTOpble MPEICTaB/SAIOTCS B BUAE KOHEUHOH aecsi-
THUUHOH IPOOH, UTO y ITOH KOHEUHOH APOOH MOXKHO BOOOPA3UTh MOCJE MOCJ/e/]-
HEro ee JeCATUYHOro 3Haka GeCKOHeUHOo noBTopsioliytocs uugpy 0, H, Takum
00pa3oM, paccMaTpUBaeMble palMOHa/bHbIE UHCJ/IA HEe UCKJIIOUAIOTCS U3 1aHHOH
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Bbillie 0611el GOpMYJIHPOBKH. ) 13 MpHBeIeHHBIX TPUMEPOB BHJIHO, UTO Y HEKO-
TOPbIX U3 JIECATHUHBIX PA3JI02KEHHH, COOTBETCTBYIONIMX PALMOHANBHBIM UHCJIAM,
MEePUOJMUECKOMY «XBOCTY>» MPELIECTBYET HEMEPHOANUECKAS <TOJIOBAY.

O6partHo, MOXKHO T0Ka3aTh, UTO gce nepuoduueckue opobu npedcmas-
agiom coboil payuoratvHole 4ucaa. PaccMoTpuM, Harnpumep, 6GeCKOHEUHYIO
MEePHOIMIECKYIO 1poOb

p =0,3322222 ..

MoKHO HamHCaTh: p = % +1073-2(1 + 107" + 1072 + .. .). Bolpaxenue B
CKOOKaXx ecTb GECKOHEUHasi reOMeTPUUECKast POrPECCHs:

107 10724107 4 .. = — = 2.

=10

3nauur,

33 s o 102070420 2990 _ 299

p_100+10 2 9 9.10®) ~ 9000 900

B ofuiem ciyyae 10Ka3aTeibCTBO CTPOUTCS TaKHM 2Ke 06pa3oM, HO 3aTpy/i-
HEHO HeOOXOAMMOCTBIO BBOJMTb HECKOJIbKO I'PoMO3fikHe oGo3HaueHusi. Pac-
CMOTPHM TIEePHOAHIECKYIO Apo6h 001ero Bua

p= O,alazag .. .amblbzbg .. .bnblbzbg .. .bn e

O603naunm yepe3 B = 0,b,b505 . . . b, nepuoanuecKyo 4acTh Hallero pasJsoxe-
nust. Torjga MOXKHO HamucaTb

p=0,aaa;3...a, +107"B(1 + 107"+ 107> + 107" + . ..).

BbipaxkeHue B ckoOKax — GECKOHeUHasi TeOMETPHUECKast POTPECCH s, ISl KO-
Topoit ¢ = 107". CymMma 3Toii nporpeccuu, coriacHo dopmyJe (10) npeabiay-

LIero MnyHkTa, paBHa h MOTOMY

1 —10—"’

10-m. B

1 —10—""

YnpaxHenus. 1) Pasjoxure B jiecsiTuuHble JpOGH CJlelytollie paloHabHble

1 1 2 3 1 2

ﬁv Ev Ev 1_37 ﬁv ﬁv
*2) Uucno 142857 obaanaer TeM CBOHCTBOM, UTO MPH YMHOXKEHHH ero Ha 2, 3, 4,

5 Wi 6 B HeM COBEPIIAIOTCS TOJNLKO MepecTaHoBKU Lupp. OObSICHUTE 9TO CBOKCTBO,

p=0,aaas...a, +

yucaa: 1 ONpeJle/IuTe NEePUO/Ibl Pa3JIoKEHHH.

1
UCXO0s1 U3 Pal3JlIo2KEHHsT YncJjia 7 B JA€CATUYHYIO llp06b.

3) Passioxkute uucsia, npuBelieHHble B yrpaxkHeHud 1, B GecKOHeuHble IPOOH C
OCHOBaHHSIMH D, 7 1 12.

4) Paznoxure umcio % B JIBOMUHYIO 1POOb.

5) Hanuumre pasnoxenue 0,11212121... YcraHoBuTe, Kakoe YHCJIO OHO TIpeJ-
CTaBJIsIeT NPH OCHOBAHHUSIX 3 HJH D.
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5. O6uiee onpeneseHre MppaLMOHANbHbIX YHCEJ NOCPEACTBOM CTSTHU-
BalOLMXCSl OTPe3KOB. Ha cTp. 88 Mbl BBesH MpeABapUTENbHOE OTIpeAeeHHE:
«YUCJIO» eCcTh KOHeUHasi UM OecKoHeuHasi JecsiTHuHasi 1po6b. Mbl yc/oBH-
JIICb BMeCTe C TeM JIeCATHUHbIe JpoOH, He TMpeACTaBJsIoLIMe PALMOHAIbHOTO
yhcIia, Ha3blBaTh MPPaLMOHaNbHBIMU uhcaamMd. Ha ocHoBe pedy/ibTaToB, MmoJy-
YEHHBIX B TIPE/bIAYLIEM MyHKTe, Mbl MOXKEM Terepb MPEJIOKHUTh CJIeYIOLLyI0
(hOPMYJIUPOBKY: «4UCAOB0U KOHMUHYYM, UAU CUCMEMA OelicmBUmenbHolLx
yucen («1eUCTBUTENbHbIE» UMC/A MPOTHBOMNOCTABJSIIOTCS 3/1eCh <MHHMBIM>,
WJH <KOMIJIEKCHBIM», CM. § D), ecmb cOB0KYNHOCMb BCEBO3MOMHOLX HECKO-
HeuHblx Oecamuunolx Opobeil». (IlpunuceiBast HyJiM, MOXKHO, KaK yxKe ObLIO
OTMEUEHO, KOHEUHYIO JIeCATHUYHYI0 1poOb Hamucath B BHJe OECKOHEUHOH, WJH
ecTb JIPYroil cnoco0: Moc/e/HIon UU(Py ApodU a 3aMeHUTb HAa @ — | U K Hell
npunucaTbh OECUUCJIEHHOE MHOXKECTBO JEBSATOK. Tak, Mbl BHJEJH, Hanpumep,
uyro 0,999...=1,—cm. 1. 3.)

Payuornanrvrole wucia cymo nepuodudeckue 0podu; uppayloHalbHoLe
yucaa cymo Henepuodudeckue Opodu. Ho u Takoe onpenesieHue He npeacra-
BJISIETCS BIIOJIHE YJOBJETBOPUTEJIbHBIM: IEHCTBUTEIbHO, Mbl BUEJH B riase |,
4TO CaMOU NMPHPOAOH BeIEH AeCATHUHAS CHCTEMa HMYeM OCOOBIM He Bblle-
JIIETCA U3 JPYTHX BO3MOJXKHBIX; TAKHUM K€ 00pPa30M MOXKHO ObLIO Obl OIepH-
poBaTh, Harpumep, IBOMYHOH cucTeMol. [1o 3Toil mpuunHe sBAsIeTCS Upe3Bbl-
YalHHO 2KeJ1aTeNbHBbIM JaTh OoJiee ofllee OMpeAe/eHHe YHCI0BOIO KOHTHHYYMa,
HE3aBHCHMOE OT CrelHaJbHOro BeiGopa ocHoBanusi 10 min so60ro HHOTO.
BeposiTHo, npocTefilinil MeTo /151 BBEJEHHSI TaKOro 06001LIeHHS 3aKJ0UaeTCs
B CJICYIOLIEM.

PaccmoTpuM Ha uMC/I0BOM OCH HEKOTOpYylO TocJenoBaTesqbHOCTb /i, [o,
Iy, ..., [,, ... OTPE3KOB ¢ paUMOHANbHBIMH KOHLUAMH; [PEANOJI0KUM, UTO
KaXKIbIH CJIEMYIOLMH OTPE30K COMEPIKUTCS B MPEAbIAYILEM H UTO AJIMHA f1-TO
oTpe3Ka [, CTpEeMHUTCS K HyJIIO TIPH HeOrpaHWUeHHOM Bo3pacTanuu n. Takyio ro-
CJIeJI0BATEJIbHOCTb «BJIOXKEHHBIX» JPYT B Jpyra OTpe3KoB Mbl OyJieM Ha3blBaTb
nocaedo8amesbHOCbIO CMAUBAOUUXCA Oompe3Kos. B ciyuae necsiTHUHBIX
OTPE3KOB JiIMHA [, paBHa 10™", HO C TaKUM Ke YCTIeXOM OHa MOTJla Obl PABHATb-
csl, CKaxkeM, 27", WM MOXKHO OFPAHHUHUTLCS XOTs1 Obl TeM TpeGOBaHHEM, UTOObI

1
oHa Obl1a MeHbIlIe e Janum Tenepsb cieaylolLyio (OPMyJIHPOBKY, KOTOPYIO

6y11€M paccMaTpuBaTb Kak OCHOBHOH I‘eOMeTpH'—leCKI/IfI [IOCTYyJIaT: KaxKkosa Obl
HU Oblaa NOCAe00BAMENbHOCHTb cmAaeusarnwuxcss ompe3Kkos, cyujecmasyeri
00HA U MOALKO 00HQ MOYKA HUCAOBOLL ocu, Komopas OdHOBpEMeHHO
codepyfcumwz 80 68Cex ompes3Kkax. (COBGpLUeHHO SICHO, UTO CYUIECTBYET HE
0oJiee OJHON TaKOH TOUYKH, TAK KaK AJHHbI OTPE3KOB CTPEMSATCs K HYJIIO, a IBE
pa3JinuHble TOYKH HE MOTJIU Obl COZlepKAaThbCA B OTPE3KE, AJUHA KOTOPOTO Oblia
Obl MEHbIIE, YEM PACCTOSIHUE MEXKY TO'—IKaMI/I.) dta TOUKa, 110 OIpeae/eHnto, U
HasbIBaeTCsl OelicmBumenbHolm HUCAOM; €CJIK OHa HE SBJISIETCST pallMOHAJIb-
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HOM, TO Ha3blBaETCS UPPAYUOHAAbHUIM HucaoMm. C TIOMOLIBIO TAKOTO ONpesie-
JIEHHS] Mbl YCTaHaBJMBAeM IOJHOE COOTBETCTBHE MEXKIY TOUKAMHM U UHUCJAMH.
3n1ech He MPUOABJAEHO HUUErO CYIIECTBEHHO HOBOTO: BCETO JIMIIb ONpeeeHHIO
uhcsia Kak 6eCKOHeuHoH JecsiTHuHOH Jpobu npujaHa GoJiee obuiast opma.

Il * * |

-
T
Puc. 11. CraruBatouinecs orpesku. [Ipenensl nocsenoBarenbHOCTEl

Bce aice wvumameansn 8 amom mecme moeym oX8amumo U36eCcnHsle co-
MHeHUs, KOTopble cJleyeT MpU3HaTh BIOJHE 000CHOBaHHBIMH. UTo xe Ha
CaMoM JeJie MPEACTaB/IsAeT COOOH Ta «TOUYKa» Ha UMCJIOBOH OCH, KOTOpast, KaK
Mbl J0ITyCKaeM, COAEPKUTCS OJIHOBPEMEHHO BO BCEX CTAIMBAIOLLUXCS OTPE3Kax
MOCJ/Ie/I0BAaTeIbHOCTH B CJy4ae, €CJId OHa He COOTBETCTBYET pallMOHAJbHOMY
uncy? Har oTBer TakoB: cyliecTBOBaHHE Ha YHCJIOBOH OCH (paccMaTpHBaeMoi
KaK reOMETpUUECKHH 00pa3) TOUKH, cojlepKalleiicss BO BCEX CTATHBAIOLINX-
csl OTpe3Kax C palUMOHAJbHBIMH KOHLAMH, €CThb OCHOBHOH eeomempuueckut
nocmyaam. Her HafoGHOCTH fe/1aTh PelyKUHMIO, TPUBOS €ro K MHbIM MaTeMa-
THUECKUM N1peyIoKeHUsAM. Mbl IpUHUMaeM €ro, Kak pHHUMaeM B MaTeMaTHKe
JIpyrie akCHOMBI WJIM TOCTYJaThl, OCHOBBIBAsICb Ha €ro HHTYMTHBHOH MpaB-
JIONOOOHOCTH M Ha €ro IoJIe3HOCTH, OOHAapyKHUBAIOLLEHCs MPH MOCTPOCHUH
JIOTUYECKH [10CJ/1€10BATe/IbHON CHCTEMbl MaTeMaTHUECKUX NPeI0KeHUH. HueTo
thopMasIbHO Mbl MOTJIH Obl HCXOAUTb M3 UMCJOBOH MPSIMOH, KOTOPYIO MbIC/IHJIH
Obl KaK COBOKYIMHOCTb OJHHX TOJIbKO pPAlMOHAJbHBIX TOYEK, M 3aTeM OIpe-
Jeaum O6bl HPPALMOHAJIBHYIO TOUKY KaK CUMB0.A, 0003HA4AOWUE HeKOmo-
PYI0 NOCAe008aMENbHOCMb CMAUSAIOUuXcs ompe3kos. ppauronaJsbHasi
TOYKa MOJIHOCTBIO OTpe/iesisieTCs MOC/Ie/I0BATeNbHOCTbIO CTATHBAIOLIMXCS pal-
OHAJIbHBIX OTPE3KOB, AJIHHBI KOTOPBIX CTPEMSITCS K HyJl0. 3HAUHUT, HALI OCHOB-
HOM MOCTYJIaT Ha CaMOM JieJie CIoCOoOeH CJYyKUTb onpejesneHreM. [IpuHaATh Ta-
KOe OIpe/iesieHHe, MocJ/Ie TOro KakK Mbl ObLIH TPUBEIeHB! K M0C/1e10BaTe/IbHOCTH
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CTAIMBAIOLIMXCSl OTPE3KOB MHTYMTHBHBIM OLIYyLICHHEM, yTBepPXKIAIOUM «Cy-
LLIeCTBOBAHUE» HUPPALMOHAJ/BLHON TOUKM, — 3HAUUT OTOPOCHUTb «KOCTLWIM MH-
TYMLMU», HA KOTOpble OMMPasOCh Hallle pacCyKieHHe, U OCO3HaTb, UTO BCe
mamemamudecKue C80UCMEBa UPPAUUOHANbHBIX TOUEK MOTYT ObIThb NOHHMa-
eMbl W MpeJACTaBJisieMbl KaK CBOHCTBA I10CJI€10BATE/bHOCTEH CTArUBAIOLLIUMXCS
OTPE3KOB.

DTO THUMHUHBIA PUMep (HUJIOCOPCKOro M0X0/a, ONUCAHHOTO B MPEIHC/I0-
BMH K Hallell KHUre: 0OTOPOCHUTb HAMBHBIH «peajMCTHYeCKUI» MOAXO0[, NPH KO-
TOPOM Mbl paccMaTpUBaeM MaTeMaTHUeCKHH 00bEeKT Kak «Bellb B cefe», CBOH-
CTBa KOTOPOH Mbl CKPOMHO MCCJIe[lyeM, H 0CO3HATb, YTO €IMHCTBEHHO BaKHbIN
JUIS1 HAC acCIeKT CyLleCTBOBAHUs MaTeMaTHUeCKUX 00'beKTOB COCTOUT B X MaTe-
MaTHYeCKHX CBOHCTBAX U B3aHMOCBSI3SIX. DTHMH CBOHCTBAMH M B3aHMOCBSI3SIMH
MCYEPIbIBAIOTCS BCE BO3MOXKHbIE CIIOCOODbI, KOTOPBIMH MaTeMaTHUeCKHI 00 beKT
MOXKeT y4acTBOBaThb B AesATEJbHOCTH MaTeMaTHKOB. Mbl oT6packiBaeM MaTeMa-
THUECKHE «BellH B cebe», KaK (PU3NKH OTOPOCHJIH KOHLIETIHIO HeHAOJII01aeMOro
sdupa. B 9TOM cMbICs «BHYTpPEHHEro» ornpejiesieHHsl HPPaLMOHAJIbHOIO YHCIa
KaK 110CJIe/I0BaTeJbHOCTH BJIOXKEHHBIX OTPE3KOB.

C uMCcTO MaTeMaTHuecKo! TOUKH 3peHHsT B IaHHOM CJlyyae BasKHO TO 06CTO-
ITeJILCTBO, UTO, MPUHSB OMpe/lesleHHe UPPALMOHAILHOIO UMC/a KaK 110CJe10-
BaTe/IbHOCTH CTSITMBAIOLIMXCA OTPE3KOB, Mbl IPHOOPETaeM BO3MOXKHOCTb AATh
onpe/iesIeHUs] CJIOKEeHHsl, YMHOXKEHHS U T. [I., @ TAKXKE OTHOLLIEHUH HEPaBEHCTBA,
SIBJISIIOLLMXCS] HENOCPeACTBEHHbIM 0000LIEeHHeM COOTBETCTBYIOLIMX OIpejeJie-
HUH B I10Jle pPAlMOHAJbHBIX YHCeJI, U NPUTOM C COXPaHEHHEM BCeX OCHOBHBIX
3aKOHOB, JCHCTBYIOLLUX B I10Jle palMOHAJbHBIX uMces. Tak, Harnpumep, uToObl
ONpee/HTb CyMMY JBYX MPpalMOHA/bHBIX UMCEJ o M [3 MCXOAA M3 IBYX MO-
CJIe/I0BaTe/IbHOCTEH CTATMBAIOLIMXCS OTPE3KOB, OMpelelIsioliX uhcaa o u 3,
[IOCTPOUM HOBYIO [10CJIEJ0BATEbHOCTb CTAMMBAIOLLUXCS OTPE3KOB, CKJ/a/blBast
COOTBETCTBEHHO HauaJ/lbHble U KOHEeUHble TOUKH OTPE3KOB, BXOMSLIUX B COCTAB
JIaHHbIX T0c/enoBaTebHOCTell. To XKe MOXKHO cle/1aTh ¢ NpOU3BeJleHHeM of3,
Pa3HOCTbIO o — 3 1 yacTHbIM o/B. Yl MOXKHO MOKa3aTh Ha OCHOBE 3THX OIpe-
JIeJIEHHI, UTO apU(MeTHUECKHe 3aKOHbI, paCCMOTpeHHbIe B § 1 3TOM Ty1aBbl, MpH
nepexojie K UppalMOHA/NbHBIM YHcsaaM He Hapyuiatotes. [Toapo6HocTh, croja
OTHOCSILLMECs], Mbl OITyCKaeM.

[IpoBepka Bcex 3TUX 3aKOHOB NPOCTa W NPOU3BOAUTCS HEOCPEACTBEHHO
6e3 0coObIX 3aTpyAHEHHH, HO Moryia Obl MOKa3aTbCsl HECKOJBKO CKYYHOBATOH
HaYMHAIOLLEMY YMTaTeJI0, KOTOPbIH, eCTeCTBEHHO, MHTepecyeTcsl CKopee TeM,
UTO MOXKHO cjieJlaThb C MOMOLIbI0 MaTeMaTHKH, YeM aHaJM30M ee JIOTHUEeCKHX
ocHoB. Hepenko cityuaercsi, uto Hopelillne yueOHUKH MaTeMATHKK OTTAJIKHBAIOT
yyTaTe/1s1 HMEHHO TeM, UTO C MePBLIX 2Ke CTPAaHHMLL 1al0T I1elaHTHYeCKoe 060CHO-
BaHHe CHUCTEMbl JeHCTBUTE/bHLIX Ydcell. HuTartelb, CIOKOHHO HTHOPHPYIOLLMN
3TH CTPaAHULb, MyCTb YCHOKOMT CBOK COBECTb CO3HAHHEM TOro (akra, 4To
BIJIOTb J10 KOHLA XIX cTo/1eTHs Bce BeJIMKHEe MaTeMaTHKH J1e/1a/1H CBOH OTKPbI-
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THSI HA OCHOBE «HAWBHOW» KOHLEMNLMH YHUCJIOBOIO KOHTHHYyMa, A0CTaBJIsSIeMOH
HEMOCPEICTBEHHO UHTYHLHEH.

Haxkownen, ¢ Qusnueckoil TOUKH 3peHHs], ONpefeseHHe HPPaLUOHAIbHOTO
yycJia MOCPeICTBOM I10CJ/IeI0BAaTeJbHOCTH CTATMBAIOLLIMXCSl OTPE3KOB ecTe-
CTBEHHO YMOAOOJIETCA OMNMPELEJEHHIO UYHCJI0BOrO 3HAUYEHHS HEKOTOPOH J0-
CTYNHOH HAOJIONCHHIO BEJIHUMHBI — IMyTEeM psAla H3MEPEHHH, MPOM3BOJUMbIX
10CJIe[I0BaTe/bHO CO BCe Bo3pacTaiollieil TouHocTblo. Besikasi onepauusi, co-
BeplaeMasl, CKaxKeM, ¢ LeJblo olpejlesleHust IJIMHbl HeKOTOPOTro OTpe3Ka, NpakK-
THUECKHM OCMBIC/IEHA JIMLIb B MpelejaX HeKOTOPOH BO3MOXKHOH MOIPELIHOCTH,
BEJIMUMHY KOTOPOH ONpejieisieT TOUHOCTb HHCTPyMeHTa. Tak Kak pallMoHasbHble
uMc/a pachoJ/ioXKeHbl Ha INPsAMOH BClOJY MJIOTHO, TO HHUKaKas (uauueckas
onepalusi, Kak Obl TOUHA OHa HH Obljla, He [03BOJIMT Pa3JIMUUTD, SIBJSETCS JIU
JlaHHas! JJIMHA paLMOHaIbHON HJIK XKe UppaltoHaabHOl. Takum 06pasoM, MorJio
Obl 110Ka3aTbCsl, YTO B MUPPALMOHAJBHBIX YHCJ/IAX HET HUKAKOH He0OXOIMMOCTH
JUIsT aJleKBaTHOTO ONHCaHusl (uandeckux sipienuil. Ho, kak Mbel yBHIUM B
rnase VI, npu maremMaTHuecKoM OMHCAHUH (DU3MUECKHX SIBJEHHH HCTHHHOE
PeuMyLIeCTBO, IpHoOpeTaeMoe MoCPeICTBOM MPUBJIEYEHHsT UPPALMOHAbHbIX
uycell, 3aK/II04aeTCs B UPe3BbIUaHHOM YIIPOLLEHUH 9TOTO OMUCAHUS — UMEHHO
Gsarojgapsi CBOOOIHOMY HCIOJIb30BAHUIO MOHATHSA Mpejiesia, OCHOBOH KOTOPOro
SIBJISIETCS] YUCJIOBOH KOHTHHYYM.

*6. UHble MeToabl onpeleseHnss UppaLMOHAJIbHbIX uKhced. JleneKnH-
JIOBbl ceueHUs. Heckosbko HHOH TyTb I OMpefeeHnsl UppallHOHATbHBIX
unces 6bl1 u3bpan Puxapnaom Henekuupom (1831—1916), onuum u3 ca-
MBIX BBIIAIOLIUXCSI OCHOBOTIOJNOKHUKOB JIOTHUECKOTO U (PUIIOCO(CKOTO aHaNN3a
ocHoOB MaTeMaTHKH. Ero crathu — «Stetigkeit und irrationale Zahlen» ' (1872)
u «Was sind und was sollen die Zahlen?»? (1887) — oxasaiu rny6okoe
BJIMSTHYE Ha HCCJIeJOBaHHEe OCHOBHBIX TPHHLIMIIOB MaTeMaTuKy. JleneKuH pes-
nountas obuie aGCTPAKTHble KOHIIEMIMH KOHKPETHBIM TOCTPOEHUSIM BpOJIE
TocJieI0BaTeJbHOCTEH CTArHBAIOIIMXCSl 0Tpe3KoB. Ero nmpouenypa 6asupyercs
Ha UJlee «CeueHHsI»; Mbl Cefuac OMHUILEM, UTO ITO TAKOe.

[Ipenmnosioxkum, 4To KaKUM-TO CrocoOOM yaanoch pa3éUTb COBOKYMHOCTb
BCEX pallMOHANBHBIX YHCes Ha ABa Knacca A U B TakuM o6pa3oM, UTO BCSIKOE
urcsio b xnacca B GoJiblile, 4eM BesiKoe UnCI0 a Kiacca A. Besikoe paz6uenue
TAKOTO poJla Ha3blBaeTcsl ceyeHuem B o6JACTH pallMOHAJbHBIX uuces. Eciu
MPOU3BENICHO CEUeHHUe, TO JOJLKHA OCYLIECTBUTHCS OJIHA M3 CJELYIOLIHUX TPeX
JIOTHUECKH MBICJUMbBIX BO3MOYKHOCTEN.

1) Cywecmsyem nauborvuiuii sremenm a* 6 kaacce A. Takoe nosoxe-
HUe Bellell HMeeT MeCTo, HallpUMep, B TOM cJlydae, ecJ/id K Kaaccy A oTHeceHbl
BCe pallMoHa/bHBle ynucaa < 1, K kimaccy B — Bce panmoHalsbHble yncaa > 1.

1
2

«HenpepblBHOCTb M MppalMoHa/bHble uucaa». — [Ipun. peo.
«UTto Takoe uncaa ¥ UeM OHH JIOJKHBI ObITh?» — [Ipum. ped.
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2) Cywecmsyem Haumerouiuil snemenm b* 8 kaacce B. D1o npoucxo-
JIUT, HATIPUMEP, B TOM CJyuae, ecyi K knaccy A OTHeCeHbl Bce palliOHa/bHbIE
yhesa < 1, K kimaccy B — Bce pauuoHasbHble uncaa > 1.

3) Hem nu Haubosvuieeo sremenma 8 Karacce A, HU HaumeHvuLeeo 8
kaacce B. CeueHue 3TOro pojia MOJYUUTCS, HAMPUMEP, B TOM CJyuae, ecJju
K kaaccy A oTHeceHbl Bce pallMOHAJbHbIE UMCJA, KBAAPAT KOTOPBIX MEHbIIE
yeM 2, a K Kjaccy B — Bce palMOHa/bHble YHCJa, KBAAPAT KOTOPBIX GoJbliie
yeM 2. Knaccamu A u B ucueprbiBaloTesi Bce palldoHAJbHbBIE UHCHA, TaK KaK
OblJIO TOKAa3aHO, UTO TAKOTO PallHOHAJILHOTO YHC/A, KBAJIpaT KOTOPOTO paBeH 2,
He CyLIeCTBYeT.

Tako#i cayuaii, Korna B Ki1acce A ecTb HaUGOJIbIINK 3JIEMEHT a* U BMeCTe
C TeM B Kjacce B — HauMeHbIINH 3JeMEHT b*, JIOTHUECKH HEMBICJIUM, TaK Kak
a* + b*

2
6b1J10 ObI GoJIbLIE, UeM HAUOOJbIIWH 3J1eMeHT B A, U MeHbllle, 4eM HaUMEeHbIIHH
3J1IeMeHT B B, 1, 3HAuuT, He MOTJIo Gbl PUHAIEXKATh HU K A, HH K B.

B Tperbem ciyuae, Korna HeT HM HaMOOJbILIErO PallMOHANBHOTO YHCJA B
Kjacce A, HU HaUMeHbLIIETO B KJ1acce B, Toraa, rno [le1eKuHmy, ceueHue onpese-
JISIET, WK, Jyullle, npedcmasasiem cobotl, HeKOTOPOe HPPALMOHAJIBHOE YHCIIO.
He cocraBur Tpyna npoBeputhb, uTo onpejenenve leneknnaa corsacyercs ¢
onpesiesieHUeM, B OCHOBE KOTOPOrO HAXOJATCS BJIOXKEHHbIE OTPE3KH: U3 BCSKOM
MOC/IEI0BATEJILHOCTH BJIOKEHHBIX OTPE3KOB /1, [o, I3, ... Mbl MoJyuaeM ceue-
HHUe, eCJIM OTHeCeM K Kaaccy A Bce Te pallMOHa/bHbIE UHC/IA, KOTOPblE MEHbIIE,
ueM JIeBbIH KOHell X0oTsl Obl OJHOr0 MHTepBaJa /,, K Kaaccy B — Bce npouue
palMoHaJsIbHble YHCJIa.

TOrga palloHaJbHOE YHUCJIO , 3aKJIIOUEHHOE KaK pa3 MexK1y a* u b*,

B ¢duiocodckom oTHOLIEHHH ompefie/ieHHe HPPALMOHaA/bHBIX udcel 1o JlenekuHuy
HaXoAUTCsl Ha GoJlee BLICOKOM ypoBHe aGCTPAKLMH, TaK KaK OHO He OrpaHHuUBaET HU B
yeM TOr0 MaTeMaTHUeCKOro 3aKOHa, KOTOPLIH onpenesset kiacesl A u B. Ilpyroii, 6oJee
KOHKDPETHbI{ METOL U151 OIpe/lesIeHHs1 KOHTHHYYMa J1eHCTBUTe/bHBIX YUCeJl IPHHALIEKUT
Teopry Kanrtopy (1845—1918). Ha nepsblit B3/ pe3Ko OTJIMUHBIA KaK OT MeToJa
BJIO2KEHHBIX OTPE3KOB, TaK M OT METOJA CEeUeHHH, OH, OJHAKO, SKBUBAJEHTEH JIIOGOMY
M3 HUX B TOM CMbICJIe, UTO UMCJIOBOI KOHTHHYYM, MOJIy4alOLIHICsl HA OCHOBE BCEX Tpex
MeTOJ10B, 00JajlaeT OJJHUMH U TeMu ke cBoiictBamu. Mues Kanropa 6asupyercs Ha Tex
06CTOSITENILCTBAX, UTO 1) efiCTBUTE/IbHbIE UHC/IA MOXKHO TPAKTOBATh KaK OeCKOHEeUHble
JecsITHUHble IpoOH, 2) GecKoHeuHble AeCSTHUHble APOOH MOXKHO paccMaTpUBATh Kak
npejieJibl KOHeUHbIX JAeCATHUHbIX Apobeil. UToObl He cBsA3blBaTb cebsl 3aBUCHMOCTBIO
OT JeCATHUHBIX Apo6eil, Mbl, cienyst Kautopy, mpuHHMaeM, UTO BCSIKAsl «CXOASLLAsICS»
10CJ/1e/10BaTe/bHOCTb PALMOHAJbBHBIX UHCEN A1, 2, A3, ... ONPELeJsieT NeHCTBUTENbHOE
uucaio. Ilpu 9TOM «CXOIMMOCTb» MOHMMAETCsl B TOM CMbICJ/Ie, UTO PA3HOCTb (m — Qn)
Me2KJly BYMsl UleHaMH [10CJ/1e10BaTeJIbHOCTH CTPEMHUTCS K HYJIIO, €CJIU /71 U 11 OIHOBpe-
MEHHO M He3aBHCHMO ApYr OT Apyra HeorpaHHueHHO BoapactaioT. (Kak pas mocieno-
BaTeJIbHble J1eCATHUHble PHOJIMAKEHHUs] 00/1a1al0T STUM CBOHCTBOM: JtoOble JBa M3 HUX
1ocJie 71-ro oT/uuatoTes Metble yeM Ha 107".) Tak Kak oJlHO U TO Ke JeHCTBUTe/bHOE
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yKiesI0 1o Metoy KaHtopa MoxKeT GbITh OIpeJesisieMO CaMbIMH Pa3HO0GPa3HbIMH M0CJ1e-
JIOBATEJIbHOCTAMH PAllHOHAJIBHBIX UMCEJI, TO TPUXOIUTCS J0OABUTD, UTO JIBE 110CJIe10Ba-
TEJILHOCTH a1, A2, A3, ... U by, bo, b3, ... ONpPENENSIOT OJIHO U TO XKe JeHCTBUTEIbHOE
YKCJI0, €CJIH PA3HOCTb @y — b,y CTPEMUTCS K HYJIIO NIPH HEOTPAHHUEHHOM BO3pACTaHUH 71.
Wnst o nyTH, HameueHHOMY KaHTOPOM, HETPY/IHO ONpPE/IE/UTh CJIOMKEHHE U T. .

§ 3. 3ameuanus U3 06JacTH aHATUTHYECKO# reoMeTpun |

1. OcHoBHOI# npuHuMN. Y>ke HauuHas ¢ XVII B. uHC/IOBOH KOHTHHYYM,
MPUHUMAEMbIH KaK HEUYTO caMoO coOOH padyMmerolleecs MJIM Ke MOABEpraeMblil
6oJiee WM MeHee MOBEPXHOCTHOMY KPHTHUECKOMY aHaJIM3y, CTal OCHOBOH Ma-
TEeMaTHKM, B YaCTHOCTH, aHAJUTHUECCKOH reoMeTpuH M AuddepeHIHalbHOro 1
MHTErpajbHOrO0 MCUMCJICHUH.

BBenenne 4nc/0BOro KOHTHHYYMA JAeT BO3MOXKHOCTb COMOCTABHTb KAJH-
domy ompe3xy nNpAMOL B KaueCTBe €ro «JIMHbI» HEKOTOpPOE OINpeie/eHHOe
JedcTBUTeNbHOE uKcao. Ho MoxHO mofith v pagbiie. He TosbKo IUiMHA, HO
U 8CAKUil 8000we ceomempuueckuli 00veKm, 8CaKas 2eOMempuUecKas
onepayus moeym Hatimu cgoe mecmo 8 yapcmee uucen. PelurenbHble
111ard B HarpaBJ/ieHUd apudMeTH3alny reoMmerpuu 6bl1 cliesanbl eile B 1629 r.
Gepma (1601-1665) u B 1637 . lekapTtom (1596—1650). OcHoBHAast
uaesl aHaJMTHUECKOH TeOMETPUM 3aK/ouaeTcsl B HCMOJb30BAHMH <KOODPIH-
HaT» — uuceJl, CBA3aHHbIX (KOOPAMHHPOBAHHBIX) C IAaHHBIM eeoMempuiecKum
00'bEKTOM U [10JIHOCTbIO 3TOT 0ObEKT XapaKTepusylolux. boJblunHeTBy uMTa-
TeJlell H3BECTHBI TaK HA3bIBaeMble MPSIMOYTOJIBHbIE, HIIH IeKapPTOBBI, KOOPIHHA-
Thbl, CJ1y2Kalllke Jyisl TOro, UToObl (PUKCUPOBATD MOJOKEHHE TIPOU3BOJIBHON TOUKH
Ha MJOCKOCTH. Mbl HCXOMUM U3 JIBYX HEMOJBHNK-

HbIX B3aWMHO MEPHEHAUKYJSPHBIX TPSAMbIX Ha y
TUIOCKOCTH, €OCH X» H €OCH y», U K HAM OTHOCHM ,
KaXK/IyI0 TOUKY. DTH OCH pacCcMaTpHBAIOTCS Kak L i
OPHUEHTHPOBAHHBIE UUCJOBbIE TpPSIMble, MpPUUEM |
M3MepeHHe COBepLIAeTCsl ¢ MOMOLLBIO OJHOTO H }
TOTO 2Ke eIMHUYHOro oTpe3ka. Kaxno# touke P |
(puc. 12) conocTaBJ/ieHbl 1Be KOOPAUHATBI X U Y. 0 X prX
Onu nosyuatotest cjenytolium obpasom. Pac-
CMOTPHM OPHEHTHPOBAHHBI OTPE3OK (BEKTOP),  Pyc. 12. [TpsvoyrobHbie Ko-
UAyLwmi u3 «Havasna» O B TOUKy P, H 3aTeM cripo- OPAHHATBI TOUKH
eKTUPYEM OPTOrOHAJILHO 3TOT BEKTOp Ha 06e ocH,

noJiyyasi OpMeHTHpOBaHHbI 0Tpe3ok OP’ Ha ocu x U Takoil e oTpe3ok O’
Ha ocH y. JlBa uMcaa X U Yy, U3MepSIOIINe COOTBETCTBEHHO OPHEHTHPOBAH-

Y

' Yurareno, He BrosHe 0CBOMBILIEMYCsl ¢ MPEAMETOM 3TOTO Maparpacda, pekoMenayercst o6pa-

TUTLCSI K YNpaxKHEHUsIM, KOTOPbI€ MOMELIEHbI B MPHJIO0KEHWH B KOHLE KHHUIH, CTP. 519 u
JaJiblie.
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11 I Y2

O X
11 v v
0
Puc. 13. Uerbipe kBagpaHTa Puc. 14. Paccrosinie Mexy 1ByMst TOUKaMU

Hyl0 AJuHy oTpe3koB OP' u OQ', HasblBalOTCA KOOpOuHAmamu TOUKH P.
OO6paTHO, ecaid x U Yy — JBa TIPOM3BOJIbHBIX Harepej 3aJ@HHbIX UMCJa, TO
COOTBETCTBYIOLIAsl TouKa P omnpenessiercsi ofHo3HauHo. Ecau unesa x u y o6a
MOJIOKUTENbHBIE, TO P MoMnaiaeT B nepsolii K8AOPAHN KOOPAUHATHOH CUCTEMbI
(puc. 13); ecam oba oTpulaTe/bHBIE, TO B TPETHH, €CJH X MOJOKUTEbHO,
a y OTPUUATENLHO, TO B UETBEPTBIH, W, HAKOHELl, €CJU X OTPULIATENBHO, a Y
MOJIOXKHUTEJbHO, TO BO BTOPOU.

Paccrosinne mexkay Touko# P; ¢ KOOpJMHATaMH X, Y; ¥ TOUKOH Py ¢ KO-
OpIMHATAMH X3, Yo NaeTcst GopMyJIoi

d*=(x1 = x2 ) + (g1 — ya . (1)
ATo HeMeJJIeHHO CJleflyeT U3 MudaropoBoil TeopeMsbl (puc. 14).

2. YpaBHeHUs NpAMbIX U KpUBbIX JuHuid. Ecsiu C ecTb HenojBuxKHasi
TOUKA C KOOpJAMHATAMH X = @, y = b, TO reoMeTpHUeCKOe MEeCTO BCeX TO-
ueK P, HaxoAdluXcs oT Touku C Ha JIAHHOM PACCTOSIHUM f, €CTh OKPY2KHOCTb
¢ uentpom C u pamuycom r. M3 Qopmysbl 1Jisi paccTOSIHUS MeXy JABYMs

ToukamMu (1) cremyer, uTO TOUKM 3TOH

y OKPY>KHOCTH UMEIOT KOOPJMHATLI X, Y, YA0-
BJICTBOPSAIOLIHE YPABHECHHIO
R (x—a) +(y—by=r. (2)

DT0 ypaBHeHHe HA3bIBACTCS YpAGHE-
HUeM OKPYICHOCMIL, TAK KAK OHO BbIPAYKa-
eT mosinoe (HeOOXOMMOe U JI0CTATOUHOE)
yC/IOBHE TOTO, 4TO Touka P ¢ KoopjuHaTa-
MH X, i JIEXKHT Ha OKPYKHOCTH € teHTpom C
0 ¥ u pamuycom r. Ecau CKOGKH PackKpbiTh,
ypaBHeHHe MPHHAMAET BHJL

Puc. 15. OkpyxHocTb X2+ y* — 2ax — 2by = k, (3)
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rae k= r?> — a? — b2 O6paTHo, eciu 3a1aHo ypaBHeHHe Buaa (3), npuyem a, b
¥ k — NpPoOM3BOMIbHBIE MOCTOSIHHBIE U CyMMa k + a? + b? nosoxkuTenbHa, To ¢
MOMOIIBIO are6panyecKol MPOLELyPbl € IOMOJHEHHST 10 KBaJpaTa®» Mbl MOXKEM
Hamucath TO 2Ke ypaBHeHHe B opme
(x—af+(y—-0by=r,

rne r2 =k + a®? + b2 Y toraa sicHo, uTo ypasHeHHe (3) onpeensieT OKpyK-
HOCTb pajiyca r, UeHTp KOTopoil — B Touke C ¢ KOOpAWHATaMH a, b.

YpaBHenue npsiMOi JIMHUI ellle npolle 1o cBoeill dopme. Tak, Hampumep,
ypaBHeHne ocu x umeer B y = 0, Tak Kak KOOpJAWHATA y paBHA HYJIO Iyisi
BCEX TOYEK TOH OCH M HU JJIsi KAKHX MHBLIX TOueK. TOUHO TaK »Ke OCh Y HMeeT
ypaBHenne x = 0. [IpsiMble, MpoxoJsiilie yepe3 HAyado H JeJsilHe MOroJgaM

YIJIb MEXKY OCSIMH, UMEIOT YpaBHEHUsS X = y U x = —y. JIerko nokasarb, 4to
BCSIKas NpsiMasi JIMHUSI HMeET ypaBHEHHE BUA
ax+by=c, (4)

rae a, b, ¢ — nocTosiHHble, XapakTepusylouue 3Ty npsmyto. Kak u B npy-
THX CJlydasiX, CMbICJ ypaBHeHHUs (4) TOT, UTO Mapbl NEHCTBUTE/NbHBIX UHCEJ X
U Y, YJIOBJETBOPSIIOUIMX 3TOMY YPaBHEHHIO, SIBJASIOTCS KOOPAMHATAMH HEKOTO-
POl TOUKH Ha MpsIMOH, U 0OPaTHO.

BI

Puc. 16. Daumnc ¢ dpoxycamu
Moxxer ObITb, UMTaTENb 3HAET, UTO YPAaBHEHHE BHJA
L =1 (5)

npenacrapasier aaaunc (puc. 16). dra kpuBas mnepecekaer ocb X B TOU-
Kax A(p, 0) u A'(—p, 0) u ocb y B Toukax B(0, g) u B'(0, —q). (O6o3Ha-
uenne P(x, y) wiy, elile Kopoue, (X, y), BBOAUTCS Pajy KPATKOCTH U JOJXKHO
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OBITh paclIM(ppOBaHO TaK: «Touka P ¢ KoopauHatamu x u y».) Ecau p > g, 10
otpe3ok AA’ nannbl 2p Ha3biBaeTcsl 60AbULOL OCbIO JUMICA, a 0Tpe3oK BB’
JUIMHBI 2q — €r0 MQA0U 0Cbi0. DJUTUIC eCThb FeOMETPHUECKOE MECTO TOUeK P,
CyMMa pacCTOSIHUH KOTopbiX OT Touek F(+/p?> —¢q2, 0) u F'(—+/p*>—q? 0)
paBHa 2p. Uurartesb CMOXKET MPOBEPUTH 3TO B KauecTBE YNPaXKHEHHMs, MPH-
mensisi opmyay (1). Toukn F u F’ HaspiBalOTCA okycamu 3naunca, a

2 _ g2
OTHOLIEHHE € = % Ha3bIBACTCs €0 IKCYUECHMPUCUINIEITOM.

y

FJA A\ F X

Puc. 17. Tunep6osa ¢ doxycamu

YpaBHenue Buja P
= (6)

npeacrapisier eunepboay. Ata KpUBas COCTOMT M3 JBYX BETBeH, repeceka-
IOLIUX OCh X cooTBeTcTBeHHO B Toukax A(p, 0) u A'(—p, 0) (puc. 17). Otpe-
30K AA’ nyiuHbl 2p HasbiBaeTcst deldcmaumenvroil ocoro runepoodibl. [unep6o-
Jla, yaaasisicb B 0ECKOHEUHOCTh, MPUOJMKAeTCs K JBYM NpsMbIM gx £ py = 0,
HO TaK C HUMH W He MepeceKaercs; 3TH MpsiMble Ha3bIBAIOTCS ACUMNMOMAaMU
runep6odbl. [unep6osa ecTb reoMeTpHUECKoe MeCTO TouyeK P, pasHocTb pac-
CTOSTHHI KOTOPBIX JI0 IBYX Touek F(+/p? + ¢2, 0) u F'(—+/p? + ¢*, 0) no a6co-
JIIOTHOH BeJIMUHHE PaBHA 2p. DTH TOUKHU B CJIyuae rurnepOoJibl TOXKE Ha3blBAIOTCS
Gokycanu; nox IkcyeHmpucumemom runepooJibl MOHUMAIOT OTHOLLEHHE e =

p
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YpaBHenue
xy=1 (7)

TaKxKe orpeseJisieT runepooJ1y, Ho TaKylo, Ui KOTOPOH aCHMITOTaMHU SIBJISIIOTCS
nBe ocu (puc. 18). YpaBHeHHe 3TOH «PaBHOCTOPOHHEH» THMEPOOJbI TeoMe-
TPUUECKH O3HAUaeT, UTo TJIOUIaAb MpsMoyrojbHuka OP'PQ’ (cM. puc. 12),
CB$I3aHHOTO € TOUYKOH P, U151 BCsiKoH ToukH P KpuBo# paBHa 1. PaBHocTopoHHss
runep6osa HecKoJ/bKo 6oJiee 06LLero Buja

Xy =c, (7a)

rle ¢ — MOCTOSIHHAS, MPeICTaBJ/sieT cOO0M YaCTHbIA cJrydail runepboJbl B TOM
JKe CMbICJIe, B KAKOM OKPYXKHOCTb TPeJICTaBJIsieT cO60H YaCTHBIH CJIyuai 3JIIur-
ca. OmMunTesbHAs XapaKTepUCTHKA PaBHOCTOPOHHEH THMepOoJibl 3aKaoua-
eTcsi B TOM, UTO ee JiBe acCUMMTOTHI (B HalleM cJjydyae — JiBe OCH) B3aUMHO
nepreHINKYJIsIPHbI.

Puc. 18. PaBuoctoponusisi runep6osa. [lnowanps nps-
MOYTOJIbHHKA, onpejiesieHHoro Toukoil P(x, y), paBHa |

Bo BceM 3TOM 115l HAC caMblM MHTEPECHBIM SIBJSICTCS PYKOBOJSLLAS MAES:
reoMeTpuueckre 06beKTbl MOTYT MOJHOCTbIO OMUCHIBATLCSA B apU(PMETHUECKON
uiu anrebpaunueckoii gopme. To e crpaBemIMBO U OTHOCHUTENBLHO M€OMETPH-
yeckux onepauuid. Hanpumep, ecsin Ham TpeOyeTcsl HAHTH TOUKH MepeceyeHust
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JABYX MPsMBIX, TO Mbl paCCMaTpUBAEM JIBa UX YpPaBHEHHUS

ax+by=c,
(8)

W ]ISl HAXOXKJIeHHsT OGILed TOUKH 3THX JBYX MPSIMBIX JOCTATOUHO PELIHTb CHC-
TeMy (8); pellieHue IaeT HaM KOOPJMHATBI UCKOMOH TouKH. Takum e 0Gpazom
TOUKH TepeceueHusi JAByX MPOM3BOJbHBIX KPUBBIX (CKaXKeM, OKPYKHOCTH x* +
+ y* — 2ax — 2by = k v npavoi ax + by = ¢) HAXOAATCH MOCPEACTBOM COB-
MECTHOTO peLleHHs] HX yPABHEHHII.

ax+by=<c,

§ 4. MaremaTuyeckuil aHaanU3 6€CKOHEUYHOTro

1. OcHoBHble noHsiTUs. [locsieoBaTe/IbHOCTb HAaTypasibHbIX UMCEJ
1, 2, 3,...

npejcran/sgeT cOOOH NepBbIH U CaMblil BaKHbIH NpuMep GECKOHEUHOro MHO-
»KecTBa. He HyXKHO BMAETH HUYEro TAMHCTBEHHOTO B TOM, UTO OHa — Gec-
KOHEUHasi, 4TO y Hee «HeT KOHLAa»: KaK Obl BeJMKO HHM ObIO HaTypaJjibHOE
UMCJIO 71, MOXKHO IIOCTPOUTD APYroe, cjledylollee 3a HUM UMCJ10, ele Godlbliee —
n + 1. Ho npu nepexose oT mpusaratesibHOr0 «6eCKOHEUHBIN», 03HAUAIOLIEr0
MPOCTO-HAMNPOCTO «HE HUMEIIIMHA KOHLA», K CYLIeCTBHTEJbHOMY «OecKOHeu-
HOCTb» HUKOMM 00pa3oM He cJeayeT MPUBHOCHTb JOMYLIEHHs, UTO «B6ecKo-
HEUYHOCTb», 0ObIKHOBEHHO H300paxkaemasi 0COObIM CUMBOJIOM OO, MOYKET ObITb
paccmaTpuBaeMa Kak OObIKHOBEHHO€ 4ucJo. Hesb3si BK/IIOUMTH CUMBOJ 0O B
YUCJIOBYIO CHCTEMY JICHCTBUTEJBHBIX UMCEJI, He Hapyllas MPH 3TOM OCHOBHBIX
3aKOHOB apucMeTuku. M TeM He MeHee ujesi OECKOHEUHOCTH MPOHU3bIBAET
BCIO MaTe€MaTHKY, TaK KaK MaTeMaTHUYeCKHe 0ObEKThbl H3y4yaloTcsl OOBIKHOBEHHO
HEe KaK MHAMBUAYYMbl — KaXJbI B OTIEJBbHOCTH, a4 KaK WJICHbI KJIaCCOB HJIH
COBOKYITHOCTEH, COAEpXKAILUMX OECUHCJICHHOE MHOXKECTBO 3JIEMEHTOB OJHOTO
M TOrO K€ THIA; TAKOBbI COBOKYMHOCTH HaTypaJsibHbIX UMCeJl, JNCHCTBUTE/b-
HbIX UMCeJ MJIM 2Ke TPEYroJbHUKOB Ha MJIOCKOCTH. MIMEHHO 1Mo 3TOH NnpHuMHe
BO3HHKAET HEOOXOAMMOCTb B TOUHOM MaTeMaTHYeCKOM aHaJjn3e OEeCKOHEUHOro.
CoBpeMeHHast TeopUsl MHOXKECTB, co3fiaHHast [eoprom Kantopom u ero 1kodsioi
B KoHUe XIX crosieTHsi, NPUCTYNHB K paspelleHHto 3TOH 3ajaud, AOCTHIJIA
3HAUYUTEbHBIX ycrexoB. KaHTopoBa Teopusi MHOXKECTB IVIyOOKO MPOHHUKAA BO
MHOTHe 00/1aCTH MaTeMaTHKH U OKa3aJsa Ha HUX OTPOMHOE BJIMSIHHME; OHA cTaJja
UrpaTh 0co60 BBIIAOIILYIOCS POJIb B HCCJEI0BAHHUSIX, CBA3AHHBIX C JIOTHUECKHM
1 hrsocockuM 060CHOBaHHEM MaTeMaTHKH. FICXOMHBIM B KAHTOPOBOH TEOPHH
sIBJISIETC S OOLee MOHATHE COBOKYNHOCTH, WM MHOJcecmaa. [1pu 3ToM umeeTcst
B BUIly coOpaHHe 0O0bEKTOB (3JIEMEHTOB), KOTOpPOE OMpejiesisieTcs HEKOTOPbIM
NPAaBHJIOM, MO3BOJIAIOLMM C MOJHON OMPEICJeHHOCTBIO CYAUTh O TOM, BXOJIUT
JIM JJAHHBIH OO'bEKT B UUCJIO 3JIEMEHTOB COOpaHMsl MM He BXOAUT. [IpumMepamu
MOTYT CJIy?KHTb MHOKECTBO BCEX HaTypaJsIbHbIX UHMCEJI, MHOXKECTBO BCeX MepH-
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OJIMYECKHX JECATHUYHBIX JP0OeH, MHOXKECTBO BCEX JIEHCTBUTEbHBIX YHCE HJIH
MHOKECTBO BCEX MPSIMbIX B TPEXMEPHOM MPOCTPAHCTBE.

J171st Toro uToGhI CPAaBHUBATH MHOYKECTBA C TOUKH 3PEHHUST «pa3Mepa, HyKHO
BBECTH OCHOBHOE B 3TOH TEOPHH MOHSTHE «KBUBAJEHTHOCTH» MHOXKeCTB. EcJin
9JIEMEHTBI IBYX MHOXKECTB A U B MOryT GbITh PUBE/IEHBI B TOMAPHOE COOTBET-
CTBHE TAKOTO POJa, UTO KAXKIOMY 3JEMEHTy MHOXKecTBa A comocTaB/ieH OiuH
¥ TOJIbKO OJIMH 3JIEMEHT MHOXKECTBa B, a KaXKIoMy 3JIeMeHTy MHO)KecTBa B
COMOCTaBJIeH OJMH H TOJIbKO OJMH 3JIEMEHT MHOxKecTBa A, TO yCTaHOBJIEH-
HOE TAKUM 06pa30oM COOTBETCTBHE HA3LIBACTCS B3AUMHO OOHO3HAUHMbLIM, a
0 caMHx MHOxKecTBax A W B Torjaa roBopsit, 4To OHH MeXIy CO0O# IK8usa-
Aermmol. [ToHsITHE SKBUBAJIEHTHOCTH B CJlydae KOHEYHbIX MHOXKECTB COBIIaaeT
¢ OOBIKHOBEHHBIM TMOHSITHEM 4UCAOB020 PABCHCMBA, TaK KaK JIBa KOHEUHbIX
MHOKECTBA B TOM M TOJIbKO TOM CJiyyae MOTYT GbITb MPHBEIEHbI BO B3aHMHO
OJIHO3HAYHOE COOTBETCTBHE, €CJIH COJMEPIKAT OJHO U TO KE YHCJIO 3JIEMEHTOB.
Ha 3Tom 1 0CHOBBIBaeTCsI, Hy»>KHO 3aMETHTh, HesT CUeTa: KOTJla Mbl «CUHTAEM>»
3JIEMEeHTbl MHOXKECTBa, TO MPOLECC CYeTa KaK pa3 M 3aKJI04aeTcsi B yCTaHO-
BJIEHHH B3aHMHO OJIHO3HAUHONO COOTBETCTBHSI MEXKY 3JIEeMEHTAMH MHOXKECTBa
W uncaamu 1, 2, ..., 1.

UTo6bl YCTAaHOBUTb SKBHBAJIEHTHOCTb JBYX KOHEUHBIX MHOXKECTB, MHOTJA HET He-
00XOJIUMOCTH «CUHTATh» 3JieMeHTbl. Tak, HarmpuMmep, He CUMTasl, MOXKHO yTBEpPKAaTb,
YTO KOHEUHOE MHOXKECTBO KPYroB €IMHHUHOIO pajauyca KBMBAJIEHTHO MHOXKECTBY HX
LIEHTPOB.

[Tepenocst moHsiTHE SKBUBAJIEHTHOCTH Ha GECKOHEUHble MHOXKeCTBa, KaHTop
MMeJl B BHJy CO3/1aTh «apU(PMeTHKy» OecKOHeuHOro. MHOXKEeCTBO JEHCTBU-
TeJIbHbIX YHUCEJ U MHOXKECTBO TOYEK Ha MPSAMOH JHUHHH 3SKBUBAJIEHTHBI, TaK
KaK 1ocJie TOro, Kak BbIOpaHbl Hauas 0 M eIMHUYHBIA OTPEe30K, JAaHHasl npsmast
CTaHOBUTCS <UUCJIOBOH NMPSIMON», M KaxK/10H ee Touke P B KauecTBe KOOPAUHATHI
B3aUMHO OJHO3HAUHO COIOCTABJSIETCS HEKOTOPOE COBEPUIEHHO ONpefie/ieHHOe
JIEHCTBUTEJLHOE YUCJIO X:

P« x.

YerHble yHcsa o6pa3y10T NpaBUJbHOE HOZIMHO}KGCTBO1 MHO2KeCTBa BCeX
HamypaabHolx ducen, a sce yeavle vucia 06pa3yl0T paBUJbHOE TMOAMHO-
2KECTBO MHOXKECTBA 68CeX payUOHANbHbLX 4dUcCen. (FOBOpﬂ 0 «MpaBUJIbHOM>»
[MOJIMHO2KECTBE HEKOTOPOro MHO2KECTBA S, Mbl UM€EM B BHAY MHO2KECTBO Sl,
COCTOlIEee U3 2JIEMEHTOB MHO2KECTBA S, HO He U3 8cex ero SHGMGHTOB.) COBep—
HI€HHO $ICHO, UTO ecau OaHHOE MHOMECmBO KOHEeHUHO, T. €. COAEPKUT KaKoe-
TO YHCJIO 11 3JIEMEHTOB W He OoJiee TOTO, MO OHO He MoJenl ObLmob IKBUBA-
ACHIMHO HUKAKOMY cB8O0emMYy npasutbHomMy ﬂOdMHOM@CWBy, TaK KaK BCAKOe
paBUJIbHOE €ro MOAMHO2KECTBO COJAEPKaJIO0 6bl camoe 6oJiblee 11 — 1 3/1eMeHT.

I Ceilyac uauie roopsT «co6eTBeHHOR TOAMHOKECTBO». — [Tpun. ped. nacm. uso.
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Ho ecau darnnoe muoscecmso codepacum 6ecKoOHeuHoe YUCA0 INeMEHINO8,
TO, KaK 3TO HY MapajloKCcalbHO, OHO MOJCem ObLMb IKBUBANCHIMHO HeKOMO-
pPOMY c8OeMY NPABUAGHOMY NOOMHOdNcecmay. Hanpumep, cxema

1 2 3 4 5...n...

r1r111 1

2 4 6 8 10...2n...
yCTaHABJIMBAET B3aMMHO OJIHO3HAUHOE COOTBETCTBHE MEXK/Ly MHOYKECTBOM HATy-
paJIbHbIX YHCEJ H MHOXKECTBOM BCEX UETHBIX LIEJIbIX TOJOXKHUTENbHBIX UHACES, U
5TH JIBA MHOXKECTBA OKAa3bIBAIOTCSI IKBHUBAJIEHTHBIMH, XOTsl BTOPOE €CTb Tpa-
BUJIbHOE TOJIMHOXKECTBO TMePBOro. Takoe MPOTHBOpeuHe ¢ XOjfued HCTHHOM
«1esioe 6oJibllie CBOEH UaCTH» TIOKA3bIBAET, KAKHE CIOPITPU3bl HAC XKAYT B 06J1a-
CTH «apU(PMETHKH GECKOHEUHOTO».

2. quTHOCTb MHO2KecCTBa pallHOHAJbHbIX YACEJ U HECYUETHOCTb KOHTU=
HyyMma. Onno u3 [epPBbIX OTKprTI/Iﬁ KaHTopa B 00J1aCTH aHasu3a GECKOHEUHOro
3aKJ04YaNoCh B TOM, UTO MHONMCECMBO PAUUOHANbHbLX YllCen (COI[ep)KaU_lee B
KayeCTBE MPaBUJ/JAbHOIO MOAMHO2KECTBA 0eCKOHEUYHOe MHOXKECTBO HaTypaJibHbIX
YuceJl ¥ I0TOMYy caMo 66CKOH€'—IHO€) 9KBUBAJICHTHO MHOXKECTBY HAMmMypaibHoLx
yucen. Ha HepBbIFl B3IJIAL KaxKeTCs CTPAHHBIM, UTO BCIOJ1Y IIJIOTHOE MHOXKECTBO
pauuroHaJJ bHbIX UACEJT HE 6oJiee GoraTto 3JIEMEHTaMH, 4eM MHO2KECTBO HaTypaJib-
HbIX YHCeJI, 3JIEMCHTbI KOTOPOT'O «pacCesHbl» PEAKO U CTOAT HA 3HAUUTCJIbHOM
pacCTOsAHUM OJMH OT JAPYyroro. M B camom Jeqe, ¢ coxpaneruem nopﬂdica
so3pacmarus HeJb3d PacroJioKHUTb MMOJI0KHUTEJ/IbHbIE pallMOHaJIbHbIE 4YHuCJa
TaK, KaK 3TO MOXKHO C/eJ/iaTb C HaTypaJIbHbIMU: CaMOe MaJICHbKOE YUCJIO 6yILeT
[epBbIM, CJIeAYIollee 3a HUM I10 BEJIMUUHE b BTOPBIM, U T. I.; A&JI0O B TOM, 4YTO
pauuoHaJbHble YKACJIa PacroJioKeHbl Be3Je IMJIOTHO, U MOTOMY HH /i OIHOTO
W3 HHUX HeJb35 YKa3aTb <«CJeAyILIero Mo BeJHUYHHE>». Ho KaHTOp 3aMeTHJI,
4TO €CJIM OTKa3aTbCsl OT Tpe6OBaHHH «pacrioJjiaratb Mo BeJIMUKWHE», TO TOoraa
OKa3bIBaeTCsl BOSMOXKHBIM pacCTaBUTb BCE pallMOHaJIbHbIE UuCJia B PAL Iy, Io,
ray Fyy ooy MO100HbBIN psLy HaTypaJibHbIX YHCEJI. Takoe pacrnoJioKeHue npea-
METOB HEKOTOPOro MHOKeCTBa B BHIE IOCJEJ0BATCJAbHOCTH YaCTO Ha3bIBalOT
nepecuermom 3TOro MHOXKECTBaA. MHO)KQCTBa, JJIg KOTOPbIX MepecueTr MOxKeT
ObITb BBITIOJIHEH, HA3BIBAIOTCS CYCHMHbLMIU W UCHUCAUMbIMU. YKA3bIBash OJIUH
U3 croco6oB repecuera MHOXKeCTBa pallMOHAJIbHBIX YMCeJI MU YCTaHaBJIKMBasi, Ta-
KHM 06p330M, €ro CYeTHOCTD, KaHTOp TE€M CaMbIM I10Ka3aJI, YTO 3TO MHO>KECTBO
9KBHUBAJICHTHO MHO2KECTBY HaTypaJIbHbIX YHCEJI, TAK KaK CXeMa

1 2 3 4...n...

rtr 11 1

ry ro rs ryg...ry...
CO3/1a€T B3aUMHO OJHO3HAYHOE COOTBETCTBHE MEXK/Y ABYMsA MHO>KE€CTBaMH. Mbl
OTHMILIEM CeHuac OJMH M3 BO3MOXKHBIX CITIOCOOOB riepecuera MHO>KeCTBa pauuo-
HaJIbHbIX YHUCEJI.
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a
Kaxnoe palMoOHaJ/JIbHOE YHUCJIO 3allUCbIBACTCS B BUAE —, Il€e @ U b — uenble
a
b
, 3
CTOMT B @-M CTOJIOLIE U B b-H CTPOUKE. HaHpHMep, Z CTaHET B TPETbEM cToJible

4HucJa; BCE 3TH YHMCJla MOT'YT ObITh pacnoJiozKeHbl B BUIE Ta6JIH[lbI, rae yucJo

¥ B ueTBepTod cTpouke Tabsuubl. [Tpeanosoxkum, uto Bce cBOOOAHbIE MecTa,
WJIH <KJIETOUKH», B TaBJIMLE 3aMOJHEHbl COOTBETCTBYIOLIMMH UMCJ/IAMH, A 3aTeM
npoBe/eM 10 TalJule HelpepblBHYI0 JIOMaHY0 JIHHHUIO, KOTopasi POieT uepes
BCe KJeToukHu. HauuHasi ¢ 1, Mbl CclesaeM CHaydaJia OJIMH 1lar BIPpaBo W MOJY-
uyuM 2 B KauecTBe BTOPOTO YjeHa IMOC/el0BaTeNbHOCTH; 3aTeM MO JUaroHaju

. 1 .
HaJIeBO U BHU3 — MOJYYHUM TPETHH UJICH +; CJACAYIOUIWH LIar npsamMo BHU3 AaCT

. 1
HaM 4YeTBepThI uJeH §; MOTOM JIBU2KEMCSl MO JHaroHajsd BIPaBO M BBepX
2 3 2 1
yepes 5 K 3; BMpaBO — K 4; Mo jMaroHa/ju BJEBO W BHU3 uepe3 5 H 3 K —,

U T. ., KaK MokasaHo Ha puc. 19. B pesysabrare jBH:KeHHE MO JIOMAHOH JIHHUH
TIPUBOJIUT K MOCJIE0BATENLHOCTH PAIHOHAJBHBIX YHCEJ

I 1 2 3 2 1 1 2 3 4
lv 2v 57 gv §v 3v 4v 57 gv Zy gv Zy gv 57 57
Ecan Mol Bbl6pOCI/IM TeNnepb BCE Ilp06l/l, Y KOTOPbIX YUCJAUTE/b U 3HAMEHAaTEeJb
HUMEIOT OTJIMUHbIE OT 1 O6HlHe JIGJIMTEJIH, TO OCTAHEeTCH I110CJeJ0BaTe/JIbHOCTDb, B
KOTOpOﬁ KaxKaoe palluoHaJbHOE YHUCJIO BCTPETUTCH B TOUHOCTH OJWH pas:

I 1 3 2 1 1
lv 27 57 gv 3v 4v §a ga Zv ga 5v

Tak YCTaHaBJIMBA€TCsl, YTO MHO2KECTBO BCE€X pallMOHaJIbHbIX YHUCEJI SIBJISIETCS
CUYETHBIM. HpHHHMaH BO BHHMMaHHeE, YTO pallMOHAJIbHbIE YHUCJ/Ia BSAUMHO OJHO-
3HAYHO CBs3aHbl ¢ pallMOHAJbHBIMHA TOUKaMH YUCJJOBOU HpﬂMOﬁ, MO2KHO TaK>Ke
CKasaTb, UTO MHOIMCECmBo payuOHANAbHbLX MOUYEeK HA 41CcA0BOLL ﬂpﬂMOLZ
CUeMHO.

1 2 3 4 5 6 7 °
L2 3 4 5 6 7 o
2 2 2 2 2 2 2
L2 3 4 5 6 71 o
3 3 3 3 3 3 3
L2 3 4 5 6 7T
£ 1 1 1 1 1 1
12 3 4 5 6 71
5 5 5 5 5 5 5
12 3 4 5 6 71
6 6 6 6 6 6 6
12 3 4 5 6 7
7 7 7 7 7 7 7

Puc. 19. Ilepecuer pauuoHabHbIX YUCe
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Ynpaxnenusi. 1) [TokaxxuTte, 4TO MHOKECTBO BCEX LEJIbIX, MOJOMKHUTENbHBIX H OT-
pHULIATE/IbHBIX, UHCces cueTHO. [ToKaykuTe, UTO MHOXKECTBO BCEX pallMOHAJIbHBIX, M0J10-
JKUTEJIbHBIX M OTPULIATE/bHbIX, UUCEJ CUETHO.

2) TTokaxute, uto ecan S U T — cueTHble MHOXKeCTBa, TO MHoxKectBO S + T
(cm. crp. 137) — takke cuetHo. To »Ke mMoKaxkute Jyisi CyMMbl TpeX, YeTbIpeX H,
BOOOLLLE, 11 MHOXKECTB; MOKAXKHUTE, HAKOHELL, UTO MHOXKECTBO, COCTABJIEHHOE TOCPEACTBOM
CJIOXKEHHs CYETHOrO MHOKECTBA CUETHBIX MHOXKECTB, TAaK:Ke CUETHO.

Pa3 okaszasoch, UTO MHOXKECTBO PaLMOHAJBHBIX UMCEJ CUETHO, TO MOIJIO
6bl BO3HMKHYTH MOJ03PEHHE, UTO U 8CAKOE GECKOHEUHOe MHOXKECTBO TaKkKe
CUETHO, M Ha 3TOM, €CTECTBEHHO, 3aKOHUMJICS Obl BeCh aHaJM3 GECKOHEUHOTO.
Ho 310 coBcem He Tak. Tomy ke KaHTopy npuHaIIeKUT OTKPbITHE UCKJIOYH-
TeJIbHOH BAXKHOCTH: MHOJMCECMBO 8cex delicmsumenvHolx (pallOHANbHBIX H
VPPaLMOHANbHBIX) 4lceA HecyemHo. JIpyriMu CJI0BaMH, COBOKYMHOCTb BCeX
JIEHCTBUTE/LHBIX YHCEJ COBEPLUEHHO HHOTO (TaK CKa3aTb GoJiee BLICOKOIO) «TH-
na 6eCKOHEUHOCTH», YeM COBOKYITHOCTb OJIHHX TOJIBKO LIEJBIX UJIH OJHHX TOJBKO
pauuoHabHbIX unces. [lpunaanexkamee Kantopy ocTpoymHOe «KOCBEHHOE»
JI0Ka3aTesIbCTBO 3TOro (hakTa CTajo MOJAEJbIO AJIs MHOTHX MHBIX 10Ka3aTe/bCTB
B MaTeMaTHke. Mpest paccyxknenust TakoBa. Mbl HCXOAMM M3 JOMYIIEHHS, YTO
BCe AEHCTBHTEJbHBIE UMCJA YAAJO0Ch MEPEeHyMepoBaTh, pacrosarasi UX B BUJE
MOC/IEI0BATEJILHOCTH, U M0CJIE 3TOTO IEMOHCTPUPYEM UHMCJI0, KOTOPOE HUKAK He
MOKeT OBITh UHCJIOM 3TOH TocjenoBaTebHOCTH. OTCI0a BO3HUKAET MPOTHBO-
peune: Befib ObUIO MPEANOJIOKEHO, UTO BCE AEHCTBUTE/bHBIE UHC/IA BOLLIH B
COCTaB I0CJEI0BATEbHOCTH, H 3TO MPEINoJoKEeHHE J0/KHO ObITh MPU3HAHO
JIOXKHBIM, €CJIM XOTs1 Obl OJIHO UMCJIO OKa3blBaeTcsl 3a MpejesiaMy 10cJe/10Ba-
TeJbHOCTH. TakuM o6pa3oM oOHAPYXKHBAETCs] HECOCTOSITEJIbHOCTb YTBEPK/e-
HHSI, UTO BCe ACHCTBUTEJbHbIC UMCJA MOJIAIOTCS «I1epecueTy», U HHUero Ipy-
roro He ocTaercsi, Kak TOJIbKO MMPH3HATb BMecTe ¢ KaHTOpOM, UTO MHOXKECTBO
JeACTBUTE/BHBIX UMCEJN HECUETHO.

OpHako npoBejieM 3T0 paccyxaeHue pakTuuecku. JomycTum, uto Bce aek-
CTBUTEJIbHbIE UMCJIA, MPEACTABJICHHbIE B BUE GECKOHEUHBIX HECATHUHBIX JPO-
6ell, pacnosioXKeHsl B MOPSIAKE T0CJAEA0BATEbHOCTH, UM CIIHCKA:

1-e uncao N,,a,aqasa4as5. ..
2-e yucJo NQ,b1b2b3b4b5 e
3-e uncsio  Ni,CiCoC3C4C5 . . .

rjie 6ykBbl N; 0603HAUAIOT LIENYI0 4acTh, a OYKBbI &, b, ¢, ... MPEACTABASAIOT CO-
6ol JlecsATHUHbIE 3HAKH, CTOSIIIME BIIPAaBO OT 3ansaToid. Mbl JonyckaeM, 4to 3Ta
MOC/IEIOBATENILHOCTh IPOOei 0XBAThIBA€T BCe JIeHCTBUTE bHbIE urcia. CyThbio
JI0KA3aTe/IbCTBA ABJSETCS MOCTPOEHHE C MOMOLIbIO «IMArOHANLHON TPOLETy-
pbI» TAKOTO0 HOBOTO YMCJIA, OTHOCHTEJIbHO KOTOPOTO MOXKHO TOKa3aTh, UTO OHO
He BXOJUT B Halll CITMCOK.
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[TocTpoum Takoe uncso. [yt 3Toro Bo3bMeM IMepBYIo LUGPy MocJe 3arsi-
TOH @, KaKyl0 YroJHO, HO OTJIMUHYIO OT @, a Takke oT 0 u 9 (nocnenHee —
uToObl H30€XKAaTh 3aTPy/JHEHHH, BO3HUKAIOUIMX U3 paBeHCTB Bpoze 0,999... =
=1,000...); 3atem BTOpYyI10 LUPpY b BO3bMEM OTJIMUYHOH OT by, a TaKKe 0T O u 9;
TPETbIO LUPPY ¢ — OTAUYHOH OT ¢3 U T. A. ([Ing GoJbluell onpeneseHHOCTH
MOYKHO YCJIOBUTbCSI O CJeflylolleM: Mbl G6epeM a = 1, ecau ToJbko a; # 1,
a B ciayyae a; = | Bo3bMeM a = 2; U aHAJOTHYHO JUIs BCeX TMPOUUX LUPP
b, c, d, e, ...) Tenepb paccMoTpUM umCJIO

z=0,abcde. ..

DTO HOBOE UUCJIO Z HABEPHsSIKA He BXOJUT B HAlll CMHUCOK; JeHCTBUTE/IBHO, OHO
HE PABHO TIEPBOMY UYHCJY, CTOSILEMY B CIIMCKE, TaK KdK OT HEro OT/IHYaeTcs
nepBol LUpoil MocJie 3ansaToil, OHO He PABHO BTOPOMY UHMCJY, TAK KK OT HEero
oTJIHUaeTcs BTOPOi LMdpoi nocJie 3ansTo, 1 BooOLle OTJIMUHO OT A-TO UUCJIA
MO CMHCKY, TAaK KaK OT HEro oT/nuaercsl n-# UUdpoi mocse 3ansroil. Mrak, B
HalleM CIHMCKe, COCTaB/JIeHHOM OyaTo Obl U3 BCeX AeHCTBUTE/bHBIX YHCeJ], HET
upc/a 2. 3HAUUT, MHOXKECTBO BCeX JIeHCTBUTE/IbHBIX UUCE/ HECUETHO.

/

Puc. 20. B3auMHO 0/1HO3HAUHOE COOTBETCTBHE MEXKJLY TOUKAMH COTHYTOTO
MHTEpBaJsa U TOUKaMH MPAMOH JIMHUH

YuTares 10 MOXKET MPUHTH B TOJIOBY MbIC/Ib, UTO HECUETHOCTb KOHTHHyyMa
00yCJIOBJIMBAETCS] HEOTPAHHUEHHOHN MPOTSXKEHHOCTBIO MPSIMOMN JIMHUU U UTO KO-
HEUHBIH OTPe30K MpsMOl OyeT ColAep:KaThb JHIIb CUECTHOE MHOXKECTBO TOUEK.
Uro6bl yOeAUTbCS B JIOXKHOCTH TAKOTO TMPENOJIOKEHHs, 10CTAaTOYHO yCTaHO-
BUTb, UTO BeCb UMCJOBOH KOHTHHYYM B LI€JIOM 9KBHBaJIEHTEH HEKOTOPOMY KO-
HEUHOMY HHTepBaJy, CKaxeM, eIMHUYHOMY HHTepBajy oT O mo 1. ITosyuutsb
He0OXOAMMOE /1S 3TOH LieJIM B3aUMHO OJHO3HAUHOE COOTBETCTBUE MOXKHO, Ha-

1 2
npumep, crubas HHTEpPBaJl B TOUKax g H g K 3aTeM IPOEKTHUPYs TakK, KakK

nokazano Ha puc. 20. OTciona BUIHO, UTO Ja’kKe KOHEUHbIH HHTepBaJ (M, KO-
HEUHO, OTPE30K) COEPKUT HECUETHOE MHOYKECTBO TOUEK.

YnpaxHnenue. [Tokaxure, uro jito6oit otpe3ok [A, B] uucjioBoil npsiMoil sKBUBa-
JieHTeH Jilo6omy npyromy otpesky [C, D] (puc. 21).

CToUT NpUBECTH elle JIPyroe J0Ka3aTeJbCTBO HECUETHOCTH KOHTHHYyMa,
Hocsillee, noxadnyH, 6ojiee MHTYMTHBHBIH Xapakrtep. JloctaTouHo (npuHHMas
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BO BHHMaHHe T0CJe/IHee JI0Ka3aHHOe Npe/IoyKeHHe) COCPEJOTOUNTL BHUMAHHE
Ha Toukax elMHMuHOro orpe3ka oT O jgo 1. /lokasaTesbcTBO, BOpoueM, Kak
U paHbliie, O6yaeT «KocBeHHoe». [Ipeanosnoxkum,
YTO MHOXKECTBO BCEX TOUEK HA3BAHHOIO OTpe3Ka
MOxKeT OBbITb pacroJioXKeHO B BHJE TMOCJe0Ba-
TeJIbHOCTH

ai, Ao, Az, ... (1)
[Tokpoem TOUKy @, UHTEpPBAJOM, AJHHA KOTOPOTO

nycTb OyfeT paBHa TOUKY Q9 — HUHTEPBAJIOM

mv
1

A B JUHHBL {05 U T. L EcJin Obl Bce TOUKH €IMHHUHOTO
r 1 OTpe3Ka BXOAWJH B MOCJen0BaTesqbHOCTb (1), TO

Puc. 21. BaaumHo ojHo- BECb €IMHHUHBIA OTPE30K OKa3aJiCst Obl [IOKPHITLIM
3HAYHOE COOTBETCTBHE Mex- OCCKOHEUHBIM MHOXKECTBOM TaKHX OTPE3KOB (MO-
Jy TOUKAMH JIByX OTpe3KoB 2KeT OBITb, UACTbIO TEPEKPBIBAIOIIMXCS), AJIHHBI
Pa3/JIMUHON JJIMHbI

KOTOPBIX CYTb . (Benpr Her, ecan He-

1 1

107 102"
KOTOpPbIE€ U3 HAJIO2KEHHBIX OTPE3KOB BbIIZlIYT 3a npeaesbl OCHOBHOI'O € AIMHUYHOTI'O
0Tp€3Ka.) CyMMa BCEX JIJIMH HAJIO2KEHHbIX OTPE3KOB paBHA

1 D S
10

S0, Loy

10
Hrak, nonyiieHue, yTo nocJie0BaTe/bHOCTD (1) COEpKUT Bee HeHCTBUTEIb-
Hble TOUKH €IMHUYHOTO OTPE3Ka, NPHUBOAMT K 3aKJIOUEHHIO, YTO BEChb 3TOT

OTPE30K, JJHHA KOTOPOTO paBHa |, MOXKHO TIOKPbITb MHOXKECTBOM MPOMEXKYT-

1 1
+W+W+...

KOB C OOLIeH JJIMHOM C MHTYMTHBHOH TOUKHM 3PEHHSI 3TO HENENOCTb. ITO

§a
paccyxkJieHHe Mbl M03BOJHMM cebe paccMaTpHBaTh Kak [0Ka3aTeJlbCTBO, XOTS
CTPOTO JIOTHUECKH TYT Obl Obl Hy»KeH OoJiee rIyOOKHH aHaJu3.

[TpuBeleHHOE TOMBKO UTO pacCy:KIeHHe, MexKiy MPOUHM, MO3BOJSeT YCTAHOBUTD
OJIHy TeopeMy, UMelollyl0 60JIblIoe 3HaueHHe B COBPEMEHHOH «T€OPUH Mepbl». 3aMeHsis
YNOMSIHYTbI€ BBILLIE IPOMEKYTKH MEHBLIMMH IPOMEKYTKAMH — JUIHHbI 707, [Ie € — Npo-
M3BOJIbHO MaJloe MOJIOXKHTEJIbHOE UHCJ/I0, Mbl YOEIUMCS, UTO BCSKOE CUETHOE MHOXKECTBO

L . . €
TOUEK Ha NPsIMOH MO2KET ObITb NOKPLITO MHO2KECTBOM OTPE3KOB € 00LLei AJIHHON 3 Tak

€
KakK € MPOU3BOJIbHO MaJo, TO H § MOYKeT ObIThb CeJIaHO CTOJIb MaJibIM, CKOJIb HaM Yyroa-

Ho. [Tosb3ysich (hpaseosiorueil «TeOpUH Mepbl», Mbl CKaxeM, UTO CUETHOE MHOXKECTBO
TOUEK MUMEET Mepy HYAb.

YHpa)KHeHne. ﬂoxamme AHAJIOTUYHYIO TEOpEMY /i1 CYETHOTO MHO2KECTBA TOUEK
Ha IJIOCKOCTH, 3aMeHssA AJIMHbI OTPE3KOB IJIOLaJAsIMU KBaJApaTOB.

3. «KapaunanbHble yncaa» Kantopa. Pestomupyem noJsyueHHble pe3yiib-
TaThl. HHCJIO 3JIEMEHTOB KOHE1HO20 MHOXKECTBA A He MOYKET PAaBHATHCS UHCITY
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3JIEMEHTOB JIPYroro KOHEUHOTo MHOXKeCTBa B, ecin A colepKUT 6oabuLe de-
MeHTOB, ueM B. Ho ecyii Mbl 3aMeHHUM TOHSITHE «MHOYKECTB, UMEIOLUX OJHO U
TO K€ KOHEYHOE YHMCJIO 3JeMEHTOB» GoJice OOLIUM MOHSITHEM «3KBHBAJEHTHBIX
MHOKECTB», TO — B cJiyuae 6eCKOHEeUHbIX MHOXKECTB — MpeJIblIyllee YTBepxK-
JleHne yxKe He Oy/leT CMpaBeJIMBO: MHOXKECTBO BCEX 11eJIbIX UHCEs COAEPIKUT
«BOJIblIIe» 3JIEMEHTOB, UeM MHOYKECTBO BCEX YETHBIX UMCEJ, 8 MHOXKECTBO BCEX
palMoHa/NbHBIX Yynces — «6oJiblile» 3JeMEHTOB, YeM MHOXKECTBO BCEX 11eJIbIX
YyHcesI; U, OJIHAKO, KaK Mbl BHJEJH, BCE 3TH MHOXKECTBA 3KBHUBaJIeHTHbI. MoK~
HO OblL10 Obl 3aMOJ03PUTb, UTO Bce OeCKOHEUHble MHOXKeCTBa Mexay coOoil
9KBUBAJIEHTHbI, HO KaHTop onpoBepr 3To Mpe/rosioyKeHne: CylleCTByeT MHO-
JKECTBO — KOHTHHYYM JIEHCTBUTEJIbHBIX UHCEJN, — KOTOPOe He SKBUBAJEHTHO
HUKAKOMY CUETHOMY MHOXKECTBY.

Hrak, cyliecTByeT no MeHblleH Mepe JIBa Pas3JiMUHbIX «THMA GECKOHEUHO-
CTH»: CueTHast 6eCKOHEUHOCTh HATypaJIbHBIX UUCeJ U HecueTHasi 6eCKOHEUHOCTh
KoHTHHYyMa. Ecoin 1Ba MHOXecTBa A U B, KOHeuHble WJId GeCKOHeUHble, SKBU-
BaJIEHTHbI, Mbl CKa)K€M, UTO UM COOTBETCTBYET OJIHO U TO Ke KapOUHAAbHOE
qucao (W mouyHocmo). B ciryuae KoHEUHbIX MHOXKECTB KapJMHaJ/bHOE UUCJI0
CBOJIMTCS K 0OBIKHOBEHHOMY HATypa/JbHOMY UHCJY, HO MOHATHE KapAHHANbHOTO
urcJia HocuT GoJiee 061IMH Xapakrep. Jlanee, eCyu CayUUTCs, UTO MHOXKECTBO A
9KBUBAJIEHTHO HEKOTOPOMY TMOJMHOXKECTBY (UacTH) MHOXKecTBa B, HO camo B
HEIKBUBAJIEHTHO HU MHOXKeCTBY A, HU Kakoi Obl TO HM ObLIO €ro YacTH, TO
roBopsiT, cjenys KaHTopy, uto MHOXeCTBY B COOTBETCTBYeT Oo0.buiee Kap-
JIMHAJIbHOE YHCJI0, UueM MHOXKecTBYy A. DTo ynorpebJieHHe TEPMHHA <UHCJIO»
TaK)Ke coryiacyetcsi ¢ 0OblUHbIM ynoTpeb/ieHHeM B Cilyuae KOHEUHbIX MHOXKECTB.
MHO0KeCTBO 1e/bIX YHCes eCTh MOAMHOXKECTBO MHOYKECTBA BCeX NEHCTBUTEb-
HBIX YHMCeJ, TOTJa KaK MHOXKECTBO JEHCTBUTEJbLHBIX YHCEJ He KBHBAJIEHTHO
HU MHOKECTBY LEJbIX UHCEJ, HU KAKOMy Obl TO HH OBLJIO €Tr0 MOAMHOXKECTBY
(OHO HM CUeTHOE, HH KOHEUHOe). 3HAUUT, MO JAHHOMY OTpele/eHUI0, KOHTH-
HyyMy JIEHCTBUTEJIbHBIX UHCEJ COOTBETCTBYET OoJiblllee KapJIvHaJIbHOE YHCJIO,
YeM MHOYKECTBY HATypaJibHbIX UHMCeJl.

* Ha camom jiesie KanTop nokasaJj, Kak MOXHO MOCTPOHUTb GECKOHEUHYH MocJie-
JIOBATEJIbHOCTb OECKOHEUHbIX MHOXKECTB, KOTOPbIM COOTBETCTBYIOT BCe OOJIbLIHE U
60JIbLIIHE KapAuHAJbHbIE uncsa. Tak KaK MOXKHO MCXOJIUTh U3 MHOXKECTBA HATYPAJbHBIX
4iCesl, TO JOCTATOUHO MOKAa3aTh, UTO, KAKOBO Obl HU OblAO OaHHOe MHOMecmBo A,
MOXUCHO nocmpoums dpyeoe MHoxucecmso B, y komopoeo kapounasvroe 4ucio
6ydem 6oavuie, wem y A. Besenctue 60dibloH 0OGLIHOCTH TOI TEOPEMBbI 10Ka3aTe lb-
CTBO €€ M0 HeU30EKHOCTH HEeCKOJIbKO abCTpakTHO. MHOXKecTBO B Mbl onpeje/seM Kak
MHOKECTBO, 3JIEMEHTAMH KOTOPOTO SIBJISIIOTCS BCEBO3MOXKHbIE MOJMHOYKECTBA MHOYKE-
ctBa A. ToBopsi 0 «1nojMHOXKeCTBax» A, Mbl B JJAHHOM CJlyuyae UMeEM B BHJLy HE TOJIBbKO
«TpaBUJIbHBIE TTOIMHOXKECTBA» A, HO He HCKJIOUaeM H CaMOTo MHOXKecTBa A, a Takxke
«IyCTOr0» MHOYKECTBA &, He cojlepxKalllero Hukakux sjiemeHToB. (Tak, ecau A coctout
U3 Tpex uesbix uuces 1, 2, 3, To B conep:kut 8 passiuunbix ssnementos {1, 2, 3}, {1, 2},
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{1, 3}, {2, 3}, {1}, {2}, {3} u ©@.) Kaxnpiii anemeHT MHO:KecTBa B cam ecTb
MHOXKECTBO, COCTOSILLIEE H3 KAKHX-TO 3/1eMeHTOB MHOxKecTBa A. Jlonyctum teneps, uto B
SKBHBAJIEHTHO A HJIM HEKOTOPOMY MOAMHOXKECTBY A, T. €. UTO CYLIECTBYeT HEKOTOpPOe
MpaBUJIO, MPUBOSILILEE BO B3aUMHO OJHO3HAYHOE COOTBETCTBHE 3JjeMeHThl A uin
HEKOTOPOT0 MOAMHOKeCTBa A CO BCeMH 3JieMeHTaMu B, T. €. BCeMH M0JIMHOXKeCTBaMH A:

a <« Sg, (2)

e yepe3d S, 0603HAUEHO TO MOAMHOXKECTBO A, KOTOPOMY COOTBETCTBYET 3JIEMEHT a
MHOKecTBa A. MBI TIpHIeM K NMPOTHBOPEUHIO, €CJIH YKAKeM HEKOTOPBIH 3jeMeHT B,
T. €. HEKOTOPOE MOJAMHOKeCTBO T MHOXKecTBa A, KOTOPOMY HEe MOXKET COOTBETCTBOBATh
HHUKaKOH 3j1eMeHT a. UToObl NOCTPOUTb MOAMHOXKECTBO T, 3aMeTHM Ipex/ie BCEro, UTo
JUIs BCSIKOTO 3J1eMeHTa X U3 A CYLIECTBYIOT JIBE BOBMOXKHOCTH: JIHGO MHOXKECTBO Sy, CO-
MOCTaBJISIEMOE 3aBUCHMOCTbIO (2) 3/IEMEHTY X, COJIEPIKUT /JIEMEHT X, JIMOO HE COLEPAKHUT.
Mbul onpesienum T Kak nodmrHoscecmso A, cocmosiuyjee U3 8cex makux INeMeHmos X,
umo Sy ne codepocum x. OnpejiesieHHOe TaKUM 06pa3oM MHOXKeCTBO T OT/IHUaeTcs OT
BCSIKOrO S, 110 KpaiHell Mepe 3J1eMEeHTOM a, Tak Kak ecan S, conepxur a, o T He
COJIEPXKHT @, a ecau S, He couepkuT a, 1o T coumepxkut a. Mrtak, T He BKJIOUEHO
B COOTBETCTBHE (2). DTO M MOKA3bIBAET, YUTO HEBO3MOXKHO YCTAHOBHUTb B3aUMHO OJIHO-
3HAYHOe COOTBETCTBHE MeXIy 3JeMeHTaMH A (WJIH HEKOTOpPOro NoiaMHO:KecTBa A) M
snementamu B. Ho cootHoluenune
a—{a}

YCTaHABJMBAET B3aUMHO OJHO3HAUHOE COOTBETCTBHE MEXIY BCEMH 3jeMeHTaMH A u
TOJIMHOKECTBOM B, COCTOSILLIAM H3 OJIHO9JIEMEHTHBIX MOJAMHOKeCTB A. 3HAUHUT, MO JaH-
HOMY Bbillle OTpe/Ie/IeHNI0, MHOXKECTBY B COOTBETCTBYET GoJibliiee KapAHaJlbHOE UUCJIO,
ueM MHOXKecCTBY A.

* YnpaxHenue. Eciu MHOKeCTBO A COLEPXKHUT 1 3J1€EMEHTOB, TO ONpeJeeHHoe
BblLIe MHOXKECTBO B colepKUT 2" sjeMeHTOB. Ecin A ecTb MHOXKECTBO HaTypasbHbIX
uuceJl, TO B 9KBHBAJIEHTHO KOHTHHYYMY J€HCTBHTE/IbHbIX UHCEJI, 3aKJIOUYEHHbIX MeXK-
ay O u 1. (¥kasanue: conocTaBbTe KaKIOMY MOJIMHOKECTBY A CHMBOJI, COCTOSILIMI U3
MOCJIe0BATENBLHOCTH — KOHEYHOH B MePBOM NpUMepe, 6eCKOHEUHOH BO BTOPOM —

ajaqQs. ..,

e a, = 1 win 0, CMOTPSi 10 TOMY, PUHA/VIEKUT WJIH HE NPUHAJIEKUT 1-il 1eMeHT A
paccMaTpUBaeMoMy MOJMHOKECTBY. )

MorJio 6bl 110Ka3aTbCs JIETKOH 3aj1aueil MOCTPOUTb MHOXKECTBO Touek, obJaaatoliee
60JbIIMM KapJAHHAJbHBIM YHCJIOM, YeM MHOXKECTBO TOUEK eIMHHUHOro orpeska. Kasa-
Jlocb Obl, UTO KBaJpaT cO CTOPOHOH 1, Kak «aBymepHast» (hUrypa, A0JKeH COLepKaTb
«60JIbllIe» TOUEK, UeM €OJIHOMEPHbIH» 0Tpe3oK. Ho, KaK 9T0 HU CTpaHHO, J1e/10 06CTOUT
HHaue: KapOUHAAbHOe YUCAO MOYeK K8aopama 8 mo4HOCMmU pasHo KapOouHalb-
HOMY uucay mouex ompeska. Jlyst 1oKa3aTebCTBA J0CTaTOYHO YCTAHOBHUTb B3AHMHO
0JIHO3HAYHOE COOTBETCTBHE MEXK/Ly TOUKAMH KBaJpaTa M Toukamu otpeska. [Tocrapaemest
3TO CJeJaTh.

Ecin (x, y) ectb Kakas-HUOYb TOUKA €IMHHUHOIO KBAAPATa, TO €€ KOOPAMHATHI X
M Y MOTYT ObITb MPEJCTaBJEeHbl B BUJE AECATHUHBIX Pa3/102KeHHH

x=0,a,a%a3ay ..., y=0,b1babsby . ..,
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MpUUEM IyCTh OYJeT YCJOBJEHO (Pajk OJIHO3HAYHOCTH COOTBETCTBHS), UTO, HAIPUMEp,

uneso 6yner 3anucbiBatbest B Buae 0,25000. .., a ne B Bune 0,24999 ... HaspauHoii

TOUKe KBajpaTa (X, §) Mbl COMOCTABUM TOUKY €MHUUYHOTO OTpe3Ka
z=0,a1b1asbsa3bzasby . ...

OueBHHO, pa3MUHBIM TOYKaM KBajapara (x, y) u (x’, y’) cornocTaB/sitoTCsl pasJjiMuHble

YK€ TOUKH OTpe3Ka 2 M 2’; 3TO W 3HAUMT, UTO KapJHHAJbHOE UMCJO MHOXKECTBA TOUEK

KBaJlpaTa He MpeBbIlIaeT KapJAHHAJIbHOTO UMCJ/Ia MHOXKECTBA TOUEK OTPe3Ka.

(CoGCTBEHHO TOBOPS, B JIAHHOM CJlydae MOCTPOEHO B3aUMHO OJIHO3HAUHOE COOTBET-
CTBHE MEX/ly MHOXKECTBOM BCEX TOUEK KBajpaTa W HEKOTOPHIM MOJMHOXKECTBOM TOUEK
OTpe3Ka: HUKaKasi TOUKa KBajipara He GyJleT COOTBETCTBOBATh, HANIPUMeEp, TOUKE OTpe3-
ka 0,2140909090..., tak kak Mbl ycjoBuiauch nucatb 0,25000..., a ne 0,24999...
Ho MoxHO cijierka BHIOM3MEHHTb MMOCTPOEHHE TaKKUM 06pasoM, UTOoObl JeHCTBUTENbHO
OCYIIECTRJISIOCh B3AUMHO OJIHO3HAUHOE COOTBETCTBHE MEXKJYy MHOXKECTBOM BCEX TOUEK
KBaJlpaTa U MHOXKECTBOM BCEX TOUEK OTpe3Ka.)

AHaJjiornuHee paccy:kjeHHe 10Ka3blBaeT, UTO KapJuHaJbHee UMCJI0 TOueK Kyba He
MPEBBIIIAET KAPJAHHAJIBHOTO UMCJIAa TOUEK OTPE3Ka.

Bce 3ti pesyJibraThl, Ka3asoch Obl, CTOAT B NPOTHBOPEUHH C HHTYUTHBHBIM MpeJi-
cTaBJieHHeM 0 «pa3mepHocTH». Ho Hy:KHO 06paTHThb BHHMaHHe Ha TO, UTO BBOJMMbIE
HaMH COOTBETCTBHSI HE SIBJISIOTCSI «HEMPePbIBHBIMUY»; KOTJIA Mbl T€peMelliaemMcsi 1o OT-
pesky ot 0 K | HerpepbiBHO, COOTBETCTBYHOLIME TOUKH B KBajpaTe He 06pasyrT He-
NpepbIBHOM KPUBOIi, a Gy/1yT NOSIBJIATHCS B MOPSIJIKE COBEPLIEHHO «XaoTHUeCKOM». Pa3-
MEPHOCTb MHOXKECTBA TOUEK 3aBUCHT HE TOJIbKO OT KapJHHAJBHOTO YHCJA TOUEK, HO U
OT TOr0, KaK OHM pACIOJIOKeHbI B MpocTpaHcTBe. Mbl BepHEMCSI K 3TOMY BOMpPOCY B
riase V.

4. KocBeHHblii MeTo] A0Ka3aTeJbCTBa. [eoprsi KapAHHAJIbHBIX YHCEJ
npeacTaBJ/seT COOOH JUIIb OJWH M3 acleKToB oOUleld TeOpUH MHOXKECTB,
cosanHoi KaHTopoM HecMOTpsi Ha CYpOBYIO KPUTHKY CO CTOPOHBI HEKOTOPBIX
BbIJIAIOLIMXCS MAaTeMaTHKOB TOro BpeMeHH. MHorue M3 KpUTHKOB, Harpumep
[Tyankape u Kponekep, Bo3paxa/nu MPOTHB HeOTNpeJieleHHOCTH OO6IIero rmo-
HSATHS] «MHOYKECTBA» W MPOTHB HEKOHCTPYKTHBHOTO XapaKTepa pacCy:KJIeHHH,
MPUMEHSIBILIMXCS TTPU OTpesie/IeHMH HEKOTOPBIX MHOXKECTB.

Bospaxkenusi IpoTHB HEKOHCTPYKTHBHBIX PACCYXKJIEHHH OTHOCATCS K TeM
JIOKa3aTeJIbCTBAM, KOTOpPble MOYKHO OblI0 Gbl HA3BaTh «CYLIECTBEHHO KOCBEH-
HbiMu». Camu 1o cebe «KOCBEHHbIE» [0KA3aTeJbCTBA €CTb CaMblil OOBIKHO-
BEHHbIH JIEMEHT MaTeMaTHUE€CKOTO MbIIIJIEHUST: YKeJlasi yCTAHOBUTh HCTHHHOCTD
npeayioxKeHusi A, Mbl BHauajie JOMyCcKaeM, UTo CMpaBe/yIMBO HHOE MPEJJIoKe-
Hue A’, mpoTHBOMNOJIOKHOE A; 3aTeM HeKoTopasi Lielb PaCcCyKAEHUH MPUBOIUT
Hac K YTBEpXKIEHHIO, TPOTHBOpeyalieMy A’, U TeM caMbiM OOHApy»KHBaeTCs
HeCOCTOSITeNIbHOCTD Npeaioxkenust A’. Torna Ha 6asze OCHOBHOTO JIOTHUECKOTO
MPUHLIMIA <UCKJIIOUEHHOTO TPEThET0» U3 JIOXKHOCTH A’ cyielyeT MCTUHHOCTD A.

B pasHbix MecTax 3TOH KHHUTH uuTaTe]b HaWAeT psiJi TAKUX MPUMEPOB,
JUIsT KOTOPBIX KOCBEHHOE JI0KA3aTeJIbCTBO JIETKO MOXKET ObITb TMpeBpalleHo
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B IpsIMOE, HO <KOCBEHHas» (opMa co3JaeT MpPEeUMYLLeCTBA KPAaTKOCTH H
0CBOOOXK/JIAET OT PacCMOTPEHHsI MOAPOOHOCTEH, HUMEIOLUX BTOPOCTENEHHDIH
MHTEpeC C TOYKHM 3peHHsi rocTaBjeHHoH Ogmxkaimed uenu. Ho nonanatorces
U TaKHe TeOpeMbl, JJIsT KOTOPBIX [0 HACTOSIIEro BPEeMeHH He YAaJoch JaTb
MHBIX JIOKA3aTeJIbCTB, KPOMe KOCBEHHbIX. O HEKOTOPbIX M3 3THX TEOpeM
MO2KHO JlaXKe CKa3aTb, UTO MO CaMOH UX TPHUPOJE MpsiMble, KOHCTPYKTHBHBIE HX
J10Ka3aTesbCTBA MPUHLMIHAALHO HeBO3MOXKHbBI. Clola OTHOCHUTCS, HAaNlpUMep,
TeopeMma, rnpuBeieHHass Ha crp. 108. He pa3 GbiBasu cjyuaun B HCTOpUH
MaTeMaTHKH, KOTJla BCe YCHJHS MaTeMaTHKOB ObIM HampasJeHbl B CTOPOHY
nocmpoenua (<KOHCTPYKLMH») PELeHUs] TeX WJM HHbIX 1pobJieM, pa3pellu-
MOCTb KOTOPBIX MPeJIIoJarajoch yCTaHOBUTh, a 3aTeM KTO-HHUOY/Ib MPUXOANJ U
JIMKBUAMPOBAJ BCE TPYAHOCTH C MOMOIIBIO «KOCBEHHOT0», HEKOHCTPYKTHBHOTO
paccy/IeHHsl.

Korna peub uzer o 1oKasaresabCTBE CYLIECTBOBAHHS 0ObeKTa ONpelesieH-
HOTO THIA, TO HMEETCs CYUIeCTBEHHOE pas/iMune MexXiy TeM, YTOObl MOCTPOUTD
ocsizaeMblil MpUMep 00beKTa, H TeM, 4TOObI I0Ka3aTh, YTO U3 HECYLIeCTBOBAHUS
00beKTa MOXKHO BBIBECTH MNPOTHBOpEUMBbIE 3ak/ioueHusl. B mepsom ciayuae
MOJTy4aeTcsl 0CA3aeMblil 0OBEKT, BO BTOPOM — HHYEr0, KPOMe IMPOTHBOPEUHS.
He Tak 1aBHO HEKOTOpble MaTeMaTHKH (BeCbMa 3aCJly?KEeHHbIE ) MTPOBO3TJIACHJIH
6oJiee WM MeHee TT0JIHOE YCTPaHeHHe M3 MaTeMaTHKH BCeX HEKOHCTPYKTHBHBIX
JI0Ka3aTeqabCcTB. [laxke ecsin Obl BbITOJMHEHHE STOH MPOTPaMMBbl TPU3HATH 2Kesla-
TeJIbHbIM, HEOOXOJUMO YKAa3aTh, UTO 3TO MOBJIEKJIO Obl 32 COOOH B HACTOSILLYIO
3M0XY Ype3BblYaiiHble YCJOXKHEHHUS, U MOXKHO OblIO Obl JlaXke onacaTtbCes, 4To B
rnpouecce coBeplUaloLUXCsl NOTPSICEHUH MOABEPIVIMCH Obl pa3pyLUeHHIO CyLlie-
CTBEHHbIE YacCTH OpraHM3Ma MateMaTHkd. [lo3ToMy Heuero yauBJSTHCS, UTO
IIKOJIA «HHTYULMOHHUCTOB», TPHHSBLIAs YMOMSIHYTYIO MpOrpamMmy, BCTPeTHJA
YIOPHOE CONPOTHUBJIEHHE, M UTO JaxKe HauboJjiee OPTOJOKCA/bHblE MHTYHULHO-
HUCTBI HE BCEra B COCTOSIHUU YKHTb COMJIACHO CBOMM yOeXKJeHHsIM ',

5. Mapanokcel 6eckoHeyHoro. Xotsi 6eCKOMIPOMUCCHAs TO3ULHS, 3aHsI-
Tasi UHTYMLMOHUCTAMH, C TOUKH 3pEHHUsT OOJIbILIMHCTBA MAaTEMATHKOB SIBJISETCS
CJIMLUKOM KpaiHeH, AJsl peKpacHoi TeopuH GEeCKOHEUHbIX MHOXECTB BO3HH-
KJla cepbe3Hasl yrposa, Korjaa B npejesnax caMod 3TOH TeOpHH OOHAPYKUJIHCH
COBEPLIEHHO SIBHbIE JIOTHUeCKHe napafokebl. OueHb CKopo OblJI0 3aMeueHo, UTo
HeorpaHuyeHHasi CBOOOJA B M0Jb30BAHUU MOHATHEM «MHOXKECTBO» HEU30EKHO
BeJIET K MpoTHBOpeunsiM. Mbl npuBeaeM 3/ech OJMH U3 MapaaoKcoB, 0OHApY-
»KeHHbI Beprpanom Paccesnom. Bot B uem oH 3akstouaetcs.

Kak npaBuJjio, MHOXKeCTBa He cofiepzkat cefsl B KauecTBe a/eMeHTa. Hanpu-
Mep, MHOXKeCTBO A BCeX LeJIbIX UHCEJT COAEPIKUT B KAUeCTBE 3JIeMEHTOB TOJBKO

' O6 uuTyuIMOHH3ME U POICTBEHHOM €My KOHCTPYKTHBH3Me cM., Harpumep, [11], [27, vacTb 2]

u [30] B criMcke JuTepaTypbl B KOHLE KHHIH (HOMepa 10 KOTOPOMY BCIOJYy YKa3blBAalOTCS B
KBaJIpaTHLIX cKOOKax). — [Ipun. ped. nacm. uso.
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1eJible UHCJIa; TaK KaK caMo A He eCTb 1eJIoe UMCJI0, 8 €CTh MHOXHCeCmMB0 UebIX
unces, To A ce6sl B KauecTBe 3J€MEHTa He COJEPIKHUT. YCJOBHMCS HA3bIBATh
TaKhe MHO2KECTBa «OpAWHaAPHBIMU>. Ho MOTYT CYLIECTBOBATb U TaKHE€ MHO2Ke-
CTBa, KOTOpbIE CofleprKaT ceOsi B KauecTBe djeMeHTa. PaccMOTpUM, HanpuMmep,
MHOXKECTBO S, ONpeJie/ieHHOe CJAEIYIONIUM 00pa3oM: «S COIEPXKHUT B KauecTBe
3JIEMEHTOB BCE MHOXKECTBA, KOTOPble MOXKHO OMPEJENUTh MOCPEACTBOM MpeJi-
JIOXKEHHUsI, COJIeprKAlllero MeHblIle ABAJLUATH CJOB». Tak Kak caMoO MHOXKECTBO S
onpeJiesisieTcsi MPeJoKeHHeM, COAepKalllMM MeHbIIe JBajlUATH CJOB, TO Bbl-
XOJIMT, UTO OHO SIBJISIETCSI 3JieMEHTOM MHOXKecTBa S. Takue MHOXKeCTBa Ha30-
BEM «3KCTpaopAuHapHbIMH». Kak Gbl TO HH ObLIO, GOJILIIHHCTBO MHOXKECTB —
OpJMHapHbIe; MoMpoOyeM He UMeThb Jiesa ¢ JIypHO BELyLIMMH cebsi 3KCTpaop-
JIMHAPHBIMH MHOXKECTBAMH U Oy/leM paccMaTpPUBaTh TOJbKO MHOMCECMBO BCeX
opdunapHolx mHoxcecms. O6o3naunm ero 6yksoit C. Kaxuapiii snement C
€CTb MHOKECTBO, PUTOM OpJIMHAPHOE MHOXKecTBO. HO BOT BO3HHKaeT BOMpoC:
a camo mHoxcecmso C — opdunapHoe uat skempaopduraproe? Heco-
MHEHHO, OHO JIOJDKHO ObITb WJH TeM, Wi apyrum. Ecau C — opauHapHoe
MHOXKECTBO, TO OHO COJIEPKHUT ce0sl B KauecTBe 3JieMeHTa, Tak kak C onpe-
JIeJIEHO KaK MHOXKECTBO 8CeX OpJMHapHBbIX MHOXKecTB. Pa3 neso o6CTouT Tak,
3Haunt, C — KCTPAOPAMHAPHOE MHOXKECTBO, TAK KAK KCTPAODPAHHAPHBLIMH,
COIJIACHO OTpeJIeIeHHI0, Ha3BaHbl MHOXKECTBA, COJleprKalllie cebsi B KauecTne
sneMenta. [losyuaercst npotuBopeurie. 3Hauut, C JOKHO OBITE SKCTPAOPIU-
HapHbIM MHOXKeCTBOM. Ho Torna muoxkectBo C CONEPHKUT B KAUECTBE JIEMEHTA
cebsl, T. €. OHO €CTb IKCTPAOPAMHAPHOE MHOXKECTBO, a 3TO MPOTHBOPEUHT OMpe-
JI€JICHUIO C KakK MHO>K€CTBa BCEX OpPAHHAPHbLIX MHO2KECTB. I/ITaK, Mbl BHJHUM,
4TO YK€ OJHO TOJIbKO JOTyLICHHE CYLIECTBOBAHUSA MHO2KECTBA C BHYTpPEHHE
POTHBOPEUHBO.

6. OcHoBaHust MaremMaTUKHU. [lapagokchl Bpojie BbILIETPUBEIEHHOTO MO-
O6yauau Paccena W apyrux MoiBeprHyTb CHCTEMATHUECKOMY M3YYEHHIO OCHO-
BaHUsl MaTeMaTHKK M JIOTHKU. KoHeuHasl 1ie/lb 3TUX MCCJIe0BaHUH 3akjtoua-
eTcsl B CO3JaHUM JIJIsT MaTeMaTHUeCKUX PACCyKIeHWH TaKoW Jornueckoh 6a-
3bl, OTHOCHTEJIbHO KOTOPOH MOKHO OBLIO Obl JI0Ka3aTb, YTO OHa CBOOOJHA OT
BO3MOXKHBIX TIPOTHBOPEUHMH, U KOTOpasi BMecTe ¢ TeM Obl1a Obl JOCTATOUHO
06ILIMPHOH, YTOOBI U3 Hee MOXKHO ObLIO TyTeM JIeMyKUHH BbIBECTH BCE, UYTO B
MaTeMaTHKe MMPHU3HAETCS CYLLECTBEHHBIM, WJIH XOTsl Obl MHOTOE M3 TOTr0. XOTS
CTOJIb MaclUTaGHYy0 MPOrpaMMy BBITIOJHUTL HE yAaJ10Ch (8 MOXKeT ObITb, OHA
HEBLITIOJIHAMA ), MaTeMaTHUeCKasi IOTHKA KaK 0COObIH MpeMeT MPUBJIEK/Ia BHU-
MaHHe Bce BO3pACTalOLLEro uucsa uceyenobaresneil. MHorue oTHocsimMecs Cro-
Ja npo6JeMbl He06X0UMO MPU3HATh KpalHe TPYIHbIMH, XOTsl (POPMYJIHPOBKU
MX BIOJIHE MPOCTbL. B KauecTBe NpuMepa Ha30BeM eunomesy KOHMUHYYMA,
YTBEP2KIAOLLYIO, UTO He CYLLECTBYeT MHOXKECTBA, /11 KOTOPOTrO KapAHHAJIbHOE
yhcsio OoJibllle, YeM KapAHHAJbHOE YHUCJIO MHOXKECTBA HATypaJsibHBIX YHCEJ,
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HO MeHblle, 4eM KapAuHAJbHOE UMCJO MHOXKECTBA JEHCTBUTEJbHBIX UHCEJ.
M3 370 rumote3bl MOXKHO BBIBECTH MHOTO MHTEPECHBIX CJEACTBHH, HO cama
rUroTe3a 10 HallMX JHeH He Oblga HU Jl0Kas3aHa, HU onpoBeprHyrta. Bnpouem,
e tak gasHo ! Kypr ['é me b moKasas, 4To ecjid cucTeMa 0ObIUHBIX [OCTYJIa-
TOB, JIEXKAUIMX B OCHOBE TEOPHH MHOXKECTB, HE COJEPKUT MPOTHUBOPEUHH, TO B
TAKOM CJlyyae paclUIMpeHHasi CHCTeMa MOCTyJaToB, MoJyuatolasicst npu poba-
BJIEHUH KOHTMHYYM-THIIOTE3bl, TAKXKE HE COJIEPXKUT MPOTHBOpeunit. Borpockl,
paccMaTpuBaeMble B MaTeMaTHUECKOH JIOTUKE, B KOHEUHOM cueTe yIUparoTcs B
OJIMH OCHOBHOH BOIMpPOC: UTO MOHUMATb MOJ CYLIECTBOBAHHEM B MaTeMaTHKe?
K cuactbio, cyliecTBoBaHHe caMOi MaTeMaTHKU He 3aBUCHUT OT TOTO, HaiijleH
JIM yJIOBJIETBOPHUTEJIbHBIN OTBeT Ha 3TOT Bomnpoc. [Ilkosna «dopmanucros», Bo
rjaBe KOTOPOH CTOs1 BeJIWKHUH MaTeMaTHK ['MJib6epT, yTBEp:KIaeT, uTo B
MaTeMaTHKe «CyIleCTBOBaHME» 03HauaeT «CBOGOJY OT MpOoTHBOpeuus». Eciu
NPUHATH 3Ty TOUKY 3pEHHs, TO ouepelHOH M HeoOXOAUMON 3ajauedl sBJSETCS
KaK pa3 MOCTPOEHHE CHCTEMbI OCTYNATOB, H3 KOTOPBIX BCIO MATEMATHKY MOXKHO
ObL10 Obl BBIBECTH MyTeM JIOTHUECKOH AeAYyKUMH, U JI0KA3aTeJbCTBO TOTO, UTO
9T TMOCTYJaThl He MOTYT MPUBECTH HU K KaKoMy npotuBopeuuto. HenasHue
pedysbTathl [€1eas1 U apyrux Kak Oyaro Obl MOKAa3bIBAIOT, UTO TaKas Mpo-
rpamma, 1o KpaiiHeil Mepe B To# (hopMe, B Kakoi oHa Oblja HaMeueHa CaMHUM
[unb6eprom, He MOXeT ObITh OCYIIeCTBJeHa. BechbMa MHOTO3HAYHTENLHO TO
00CTOATENLCTBO, UTO THILOEPTOBA TEOPHS (POPMATU3UPOBAHHOTO MOCTPOEHHS
MaTeMaTHKH CYHIeCTBEHHO OMHUPAeTcsl Ha WHTYMTHBHBIE npoueaypbl. Tem uiu
MHBIM [yTeM, B OTKPLITOH WJIM B CKPBHITOH (hopMe, Jlaxke MPHUKPHITAsi CaMbiM
6e3ynpeuHbIM (POPMAUCTHUECKUM, JIOTHUECKUM, aKCHOMATHUECKUM OJI€STHUEM,
KOHCTPYKTHBHASI HHTYHLHSI BCErJa OCTAETCS] CaMbIM »KH3HEHHBIM 3JIEMEHTOM B
MaTeMaTHKe .

§ 5. KomnaekcHbie uncaa

1. Bo3HuKHOBeHHE KOMMNJEKCHbIX yuceda. [lo psmy npuunH BO3HHK/IA
noTpeGHOCTL B paclIMPEHHH TMOHSITHS UMCJIa JlaXke 3a Mpejiesbl KOHTHHYYMa
JIeHCTBUTE/bHBIX YHCE] — MOCPEICTBOM BBEJIEHHS TaK HA3bIBAEMbIX KOMIIEKC-
HbIX umces. Heobxomumo sicHO mpeacTaB/siTh cebe, UTO TMPHU JIOTHUECKOM H
MICUXOJIOTHUECKOM Pa3BUTHU MaTeMaTHKH BCe MOJI0GHOTO pojia pacliupeHust u
HOBOBBEJIEHHS MPUXOJSAT OTHIOAb HE B pe3dy/bTaTe UbMX-TO WHAWBHMIYasbHbIX
yeunuit. CKopee X MOXKHO paccMaTpUBaTh KaK UTOT HEKOTOPOH MOCTENEHHOH
¥ UCIOJIHEHHON KoJieGaHUHl 3BOJIIOIMH, B KOTOPOH HHUKTO He WrpaJl rJiaBeH-
cTByIoUIel posn. OHOH M3 TPUUKH, KOTOpble 00YCJOBHJIH MOSBJEHHE U YIO-

TpebJieHHe OTPULATENbHBIX U IPOOHBIX uhces, ObLIO CTpeMJyeHHe K OoJiblliel
' B 1940 A B 1963 r. ameprkanckum matematikom I1. K05 HOM Jl0Ka3aHa He3aBUCHMOCTb
KOHTHHYYM-THIIOTE€3bl OT MPHHATOH CHCTEMbl aKCHOM TEOPHH MHOKeCTB. — [Ipun. peo.

2 TloapoGHee 06 3tHX Bonpocax cM. [11] u [37]. — Mpum. ped.
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cBoOojie B popMasibHbIX BbIUHCJEHUSIX. TOMIBKO K KOHLY CpeIHEBEKOBbSI MaTe-
MAaTHKH CTa/i TepsAThb OllylleHHe 6eCMOKONUCTBA U HEYBEPEHHOCTH, C KOTOPBIM
OHH OTIEPUPOBAJIH ITHMH MOHATHAMH, MEHEE HHTYUTHBHO SICHBIMH M KOHKPETHO
BOCIPUHMMAEMbIMH, UeM HaTypaJsibHble UHCJIA.

[IpocTetimias npouenypa, TpeGymoiasi NPUMEHEHUS] KOMIIJIEKCHbBIX UHCed,
eCTb peuleHue Keaopammulx ypasHeruli. Hanomuum, Kak o6CTosiio feno ¢
JIMHEHHBIM ypaBHEHHEM ax = b, KOTJla Hy?KHO ObJIO ONpele/UTh YI0BAETBOPS -

ouee eMmy 3HayeHue HEM3BEeCTHOH BeJIMUMHBLI X. PellleHne UMeeT BHJ X = E,

¥ BBeJleHHe JIPOOHBIX uMces KakK pa3 o0ycJjoBjuBaeTcs TpeGOBaHHEM, UTOObI
BCSIKOE JIMHEHHOE ypaBHEHHE ¢ 1LieJbIMH Kod(pduuuentamu (mpu a # 0) 6bi1o
paspelinMo. YpaBHEHHsI BPOJie

=2 (1)

He UMEIOT pelleHus B 00J1aCTH palHOHAJbHBIX UMCEJ, HO UMEIOT TAKOBOE B pac-
ILIMPEHHOM T10JIe BCeX AeHCTBUTE/bHBIX udces. Ho naxe nose nedicTBUTEIbHBIX
Yypces HeIOCTaTOUHO O6IHPHO, YTOOBI B HEM MOXKHO ObIJIO TOCTPOUTH MOJIHYIO U
3aKOHYEHHYIO TEOPHIO KBaJpaTHbIX ypaBHeHUH. Hanpumep, npocToe ypaBHeHHe

=1 (2)

He UMeeT JEHCTBUTE/bHBIX PEllIeHHH, TaK KaK KBaapaT JeHCTBUTENLHOTO yhca
HHUKAaK HE MOXKET ObITh OTPHIIATE/bHBIM.

HaM HpI/IXOIlI/ITCﬂ WUJIn yILOBOJ'leTBOBaTbCﬂ TEeM II0JIO2KEHUEM, UTO TaKHe
MPOCTbIE YpPABHEHHUST HEPA3PEILUMbI, HJIH CJIEI0BATH M0 YK 3HAKOMOMY MyTH —
pacUIUpsITh YHCJIOBYH 06JIaCTh U BBOJMTH HOBbIE UHCJIA, C TIOMOIIBIO KOTOPbIX
yIlaCTCﬂ pemmb ypaBHeHne. I/IMGHHO 9TO U JeJiaeTCd, Koraga BBOAAT HOBbeI
CHMBOJI [ M IPMHUMAIOT, 8 Kauecmse onpedeietus, uto i = —1. Pasymeercs,
3TOT OOBEKT — «MHHMasl €JIMHHIA» — He HMeeT HHUYero oOLIero ¢ 4YkcJoM
KaK OpyIHeM ciema. DTO — OTBJEUEHHBIH CUMBO0., OMUMHEHHbI OCHOBHOMY
3aKOHy i = —1, W LIEHHOCTb €r0 3aBUCHT MCKJIOUHUTEJBLHO OT TOTO, OYAET Jik
JIOCTHIHYTO B pe3yJibTaTe €ro BBeJEHHS JTeHCTBUTENLHO MOJIe3HOE paclIdpeHHre
YUCJIOBOH CHCTEMHbI.

TaK KaK Mbl XOTHM CKJIaAbIBaThb U yMHO)KaTI) C MOMOILIbIO CUMBOJIA l TakK 2Ke,
KaK ¢ OObIKHOBEHHBIMH UHCJIAMH, TO €CTECTBEHHO MO0JIb30BATHCS CHMBOJIAMH
Bpone 2i, 3i, —i, 2 4 bi, Booble, a + bi, rie a u b — nelcTBUTE/bHbIE UUCIA.
Pa3 39TU CUMBOJIbI JOJIZKHBI MOAUUHATHLCHA KOMMyTaTI/IBHOMy, aCCOLLI/IaTI/IBHOMy
¥ JHCTPUOYTHBHOMY 3aKOHAM, TO JOJKHBI ObITh BO3MOXKHbI, HApUMep, Takue
BbIUUCJICHHUSA:

(243i)+ (1 +4i)=(2+ 1)+ (3 +4)i =3+ 7i;
(2430)- (1 +4i)=2+8 +3i + 127 =(2 — 12) + (8 + 3)i = —10 + 11i.
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PyKoBOACTBYSICb 3TUMH COOOpaXKEHHUSIMH, Mbl HAUHHAEM CHCTEMaTHUECKOoe
M3JI0’KEHHE TEOPUH KOMIJIEKCHBIX UHCEN CO CJIENYIOUIEr0 0npedeseHus: CUM-
BOJI BUJA a + bi, rie a U b — 1Ba NeACTBUTE/LHBLIX YHCJA, HOCUT Ha3BaHHe
KOMNAECKCHO20 HYUCAQ ¢ 0elicmBUMEeAbHOL YaACmbIO 4 U MHUMOL 4acmoio b.
Onepaumn CJIO2KEHHUsT U YMHO2KEHHS COBEPLIAOTCs Hal 9TUMH UUCJ/IaMU TaK, KakK
OynTo Obl i ObLIO OOBIKHOBEHHOE JEHCTBUTEJBHOE UMCJIO, OJHAKO C YCJIOBHEM
3amensTh 2 Ha — 1. Touree roBOPSI, CIOKEHHE U YMHOMKEHHE OMPEIEISTIOTCST 110

thopmyJiam
(a+bi)+(c+di)y=(a+c)+(b+d), } 3)

(a+ bi)-(c+di)=(ac — bd)+ (ad + bc)i.
B YaCTHOCTH, MbI IMOJIydaem
(a+bi)-(a—bi)=a’ — abi + abi — b*i* = a* + b*. (4)

OcHOBBIBasiCb Ha 3THX OMNpeJieJeHUsIX, JIETKO MPOBEPUTh, UTO JIJIsi KOMILJIEeKC-
HBIX YHCEJI CIIPABEUIMBbI KOMMYTATHBHBIN, ACCOLMATUBHBIN U AUCTPUOYTHBHDIH
3aKoHbl. Jlasiee, He TOJILKO CJIOXKeHHe W YMHOXKEHHe, HO TaKxKe U BblUUTAHUE U
Jesienue, Oyayud NpUMEHeHbl K JIByM KOMIIEKCHBIM YHCJIaM, TIPUBOJSIT CHOBA
K KOMILJIEKCHBIM YHCJIAM TOTO K€ BHAA @ + bi, TaK 4TO KOMILJIEKCHbIE UHCJIa
o6pasytot noJie (cMm. crp. 81):

(a+bi)—(c+di)=(a—c)+(b—d)i,
a+bi (a+bi)-(c—di) [ac+bd be—ad\ . (5)
<c2+d2) <c2+d2)l'

c+di  (c+di)-(c—di)

(Btopoe paBeHcTBO TepsieT cmbica, ecau ¢ + di = 0 + 0i, Tak kak Torma ¢ +
+ d? = 0. 3HauuT, U HA TOT Pa3 HYMHO UCKAIOUUMb DeACHUE HA HYAb, T. €.
Ha 0 + 0i.) Hanpumep,

(2+3i)— (1 +4i)=1-1,
243i _ 243 1—4i _2-8i+3i+12 14 5

T+ 4i 1+4i 1—4i 1+ 16 1717

[ToJie KOMIJIEKCHBIX YHCEJ BKJIOYAeT I10J1€ JAeHCTBUTE/IbHBIX YHCEJ B Ka-
4ecTBe <IOANOJA», TAK KaK KOMIUIEKCHOE 4Yucea0 a + 0i OTOXKIeCTBIseTCs ¢
JEHCTBUTE/IbHBIM YHcJoM a. C Jpyroii CTOPOHbI, KOMILJIEKCHOE YHCJIO BHA
0 + bi = bi naspIBaeTCST «YMCTO MHHUMBIM».

(14+)-(24+)-3+10)
(I=10)

(3+%)

¥YnpaxHenus. 1) [IpencraBbre

B chopme a + bi.
2) TlpencraBbre

gty

B opme a + bi.
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3) IlpencraBbre B hopme a + bi caenyroline BbIpaXKeHHst:
1+i I+i 1 1 (4 — 5i)?
1—i7 2= 5 (=241 =3 (2-3i2

4) Borunucaute /5 + 12i. (¥kaszanue: nanummte /5 + 12 = x + yi, Bo3Benute B
KBaJIpaT M MPUPaBHSNTE JeHCTBUTEbHbIE YACTH U MHUMbIE UACTH. )

BBoast cMMBOJ i, Mbl PACLIMPUJIH 10J1€ AEHCTBUTEJbHBIX UHCE/ H OJYyYHIIH
rnoJie CUMBOJIOB a + bi, B KOTOPOM KBajpaTHOE ypaBHEHHE

=1
VMeeT J[Ba pelleHust: x =i U x = —i. B caMoM JeJsie, coryiacHO orpeesieHuIo,
[-i=(—i)(—i)=i*= —1. HyxH0 cKa3aTb, 4TO Mbl IIPHOOPEJIH TOPA3LO GOJIb-

11e: MOXKHO JIErKO TIPOBEPUTD, UTO Terephb Kaxdoe KBaapaTHoe ypaBHEHHe
ax’* +bx+c=0 (6)

CMAaHoBUNICA pa3peulumobim. B camom JieJie, BBITNOJIHSIS Ha/l paBEHCTBOM (6)
psil IpeoOpasoBaHuil, Mbl I10JyYaeM:
g b c
P —x=—=,
a a
b b? b? c

2, b b _ 0 ¢
o +ax+4a2 402  a’

b\? b?—4ac
(x + %) T 4@
b £Vb®>—4ac

x—l—%— 2a ’

_ 2 _
Y= bi\/Ql; 4ac. (7)

3ameruM Tenepb, uto ecad b? — 4ac > 0, 10 /b2 — 4ac ectb 0OBLIKHOBEH-
HOe JEHCTBUTEJNbHOE UHCJIO W KOPHHM ypaBHeHHst (6) IefiCTBUTE/BHBIE;, eC/IH
x)e b? — 4dac < 0, 1o Torna 4ac — b> > 0, u caenopatensHo, Vb2 — 4ac =

=V —(4ac — b*) = V/4ac — b? - i, TaKk uTO ypaBHeHue (6) UMeeT B KauecTBe

KOpHell MHUMble uucdia. Tak, Hanpumep, ypaBHeHHe

¥ =5x—6=0
MMeeT J1eHCTBUTE/bHbIE KOPHU X = St 225 —24 = 5j2[ ! = 3w 2, Torga Kak
ypaBHEHHE
P=2%4+2=0
24+ VE—8 242

=2=1+iwnml —i.

HUMeEEeT MHUMbI€ KOPDHHU X = 9 B
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2. TeomeTpHueckoe npeacTaBieHe KOMIJIEKCHbIX unuces. Yxke B XVI
CTOJIETUH B MaTeMaTHUeCKUX paboTax MOSIBJASIOTCS KBajpaTHble KOPHH U3 OT-
pHULIATEJbHBIX uKces B (GopMyJax, NailollkX pelleHds] KBaJpaTHbIX ypaBHEHHH.
Ho B Te BpeMeHa MaTeMaTHKH 3aTPYAHHUJHUCH Obl OOBSICHUTH TOUHBIH CMbICII
9THUX BbIPaXKEHHUH, K KOTOPbIM OTHOCHJIUCh MOUTH C CyeBepHbIM TpenetoM. Cam
TEPMHH «MHHMBII» JI0 CHX MOP HAMOMHHAET HAM O TOM, UTO 3TH BbIPaXKEeHHUSI
paccMaTpHBaJIMCh KaK HEUTO HCKYCCTBEHHOE, JIMIIIEHHOE peasibHOrO 3HAUEHHS.
U TosbKo B Hauasie XIX B., KOrJia y»Ke BbISICHHIACH POJIb KOMITJIEKCHBIX UMCEJT B
pa3UUHBIX 0OJACTAX MATEMATHKH, ObLIO IaHO OUEHb MPOCTOE FEOMETPHUECKOE
MCTOJIKOBAHHE KOMIIIEKCHBIX UHCEJT U OTepaltil ¢ HUMH, H 3THM OblJ MOJIOXKeH
KOHELl COMHEHHSIM B BO3MOXKHOCTH MX 3aKOHHOTO yrnotpeOJenusi. KoHeuHo, ¢
COBPEMEHHOH TOUKHM 3peHusi, (popMaJibHble OTepallid ¢ KOMIJIEKCHBIMH UHC-
JIAMH TIOJIHOCTBIO OTPABJLIBAIOTCS] HA OCHOBE (POPMaJibHbBIX OINpeeseHHH, TaK
YTO TeOMETpPHUECKOe TMpeCTaBIeHHe JIOTHUECKH He SIBJISIETCS HeOOXOJAUMBIM.
Ho Ttakoe npejctaBiieHue, NpejoxKeHHOe MOUTH OJHOBpeMeHHO Beccesem

(1745—1818), Apranom (1768—1822) wu
Y [ayccom, TMO3BOJIMJIO paccMaTpHBaTh KOM-
Z=X-+yi  TJeKCHble YHCJA W JIEHCTBHS C HHUMH Kak He-
YTO BIOJIHE €CTECTBEHHOE C MHTYUTHBHOH TOUKH

|
e } .
| 3peHUs H, KpOMe TOro, UMerolllee upe3BblyaiiHo
¢ } 6oJIblIIOE 3HAUEHHE B MPHJIOXKEHUSIX KOMIJIEKC -
0 } T HbIX UMCeJl KaK B CaMOil Maremaryke, Tak M B
-¢ | MaTeMaTHYeCKOH (DU3HKe.
0 | [eomerpuueckast — HHTepIpeTalLus  KOM-
|
| .

B MJIEKCHBIX UMCEJ 3aKJI0YaerTcsi B TOM, 4TO
Z=X—Yl  KOMIUIEKCHOMY UYMCJly 2 = X + yi COMOCTaB-
JISIETCsT TOUKA HA TMJIOCKOCTH C KOOpPAHHATAMH
Puc. 22. Teomerpuueckoe npe-  x y MiMeHHO, JefcTBUTe]bHAs YacTb uMcJa
CTaBJ/ICHAE  KOMIIEKCHBIX  HH-  MpiciUTCsl KaK X-KOOPJAMHATA, 8 MHMMasi — Kak
cen. Touka z wumeer mpamo- ,_yoopnunara. TaknMm 00pasoM  yCTaHaBJH-
YTOJIBHBIE KOOPAHHATEL X, § BaeTCcsi B3aUMHO OJIHO3HAYHOE COOTBETCTBHE
MEXKJly KOMIUIEKCHBIMU UHCJAMH M TOUKAMH <UHCJIOBOH IJIOCKOCTH», MOJ0GHO
TOMY KaK HaMH ObJIO YCTAHOBJIEHO paHblie (CM. § 2) COOTBETCTBHE MEXK]Ly
JIEACTBUTE/ILHBIMU UHCJAMH U TOYKAMH «YUCJIOBOE oc». Toukam Ha OCH X B
YUCJIOBOH MJIOCKOCTH COOTBETCTBYHOT J€HCTBUTEbHBIE uKca 2 = x + 0i, Torna
KaK TOUKAM Ha OCH I — YHCTO MHHMbIe uncia 2 =0 + yi.

Ecau .
Z2=Xx+yi

€CTb KaKOe-TO KOMIIJIEKCHOE UMCJIO, TO Mbl HA3bIBAEM UHCJIO
Z=x—yi

CONPAMEHHbIM C YUCIIOM Z. B uncsi0BOM MJIOCKOCTH TOUKa Z noJsyyvaercsi U3
TOUKH 2 TIOCPEACTBOM 3€pPKaJIbHOIO OTpaKE€HHUsI OTHOCHUTEJbHO OCH X. Ecau
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MBI yCJIOBHUMCSl pacCTOsiHME TOUKH 2 OT Hauajsa o6o3HauaTh 4epes p, TO Ha
OCHOBaHHHU TeopeMbl [Tudaropa

2 2 2 . . p—
or=x+y =(x+yix—yi)=z-Z
JleitctBuTesbHOE UnCIo p = /X% 4 y? Ha3bIBaeTCs Moy iem 2 U 0003HAUAETCS

e =lzl.
Ecnu z nexXut Ha NefCTBUTENBHON OCH, TO MOJYJb COBMAAAET C aGCOMIOTHOH
BeJIMUMHON 2. KoMmmjlekcHble uMc/aa ¢ MopyJeMm | u3oOpaxaloTcsi TOUKaMy,
JIeXKAIMMHU Ha «eJIMHUYHON OKPYXKHOCTH» C LIEHTPOM B Hauajie U pajuycom 1.
Ecau |z2| =0, mo z=0. D10 caeayer U3 onpejeseHus |z| kak paccTosHus
TOUKH Z OT HauaJsia. Jlanee, Modyao npoussedenus 08yx KOMNACKCHbLX HUCEN
paser npoussederuro mooyaei:

21 2] = |21] - |22]-

DTO BbITEKAET KaK CJEICTBHE U3 OoJiee 00Llell TeopeMbl, KoTopast GyleT foKa-
3aHa Ha ctp. 123.

Ynpaxuenusi. 1) Jlokaxure MOCJAEIHIO TeOPEMY, HCXOMs HENOCPEICTBEHHO M3
onpe/e/eH|sl yMHOXKEHHs! IBYX KOMIIJIEKCHBIX YHCeJl 2 = X| + Y1i U 29 = X2 + Yoi.

2) Iosb3ysich TeM 00CTOSITE/ILCTBOM, UTO IIPOU3BELEHHE ABYX O0elcmseumenvroLx
YMCeJsl PABHO HYJIO B TOM W TOJBLKO TOM CJydyae, e€C/M OJMH M3 MHOXHTEJEH pasex
HYA0, JOKAXKHTEe COOTBETCTBYIOLLYIO TeopeMy /sl KOMAACKCHbLX 4ucel. (Ykasanue:
OCHOBbIBaliTeCh I1PH J1I0KA3aTesIbCTBE HA [BYX [10CJ/IEIHHX TeopeMax.)

CorsiacHO  OTpeJIesIeHHI0  CJ0XKEHHUS
JIByX KOMIIEKCHBIX UMCe] 2| = X| + Y;i Y
U 29 = X9 + Yol, Mbl UMEEM

21+ 20 = (X1 + X2) + (Y1 + Yo)i. 2

I
|
Takum o6paszom, Touka 2, + 2, U3o6pa- | |
JKAeTCsl B UUCJIOBOH MJIOCKOCTH YeTBEPTOH A 21 |
BEpIIMHOK MapaJiesorpamMmma, y KoTopo- | }

ro TpeMst MePBLIMU BEPIIHHAMHU SIBJISIOTCS (0] X
toukn 0, 2z;, 29. DTO MPOCTOH €nocob
[TOCTPOEHHUST CYMMbI JBYX KOMIIJIEKCHBIX  Puc. 23. CjioxKeHue KOMIJIEKCHbIX Y-
ypces BeleT KO MHOTHM BaKHBIM CJIefl- ceJl Mo NpaBuJly NapaJjjiesorpamma
ctBusiM. M3 Hero mbl 3ak/iouyaeM, yTo MO-

OYnb cymmoL 08YX KOMNACKCHOLX YLCEA He npesblulaem cymmol modyared (cp.
cTp. 83):

|21 + 22| < 21| + |22].

JlocTaTouHo cocqaTbest Ha TO, UTO JUIMHA CTOPOHbBI TPEYroJbHUKA He TPeBbILIaeT
CYMMbI JIJIMH JIBYX JIPYTHX CTOPOH.

YnpaxHeHue. B Kakux ciyuasix MMeeT MECTO PABEHCTBO |2) + 29| = 21| + |22]7
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YTos MeXIy MOoJIOKUTEJIbHBIM HarpaBJieHHeM OCH X U oTpe3koM Oz Ha3bl-
BaeTCsl apeymenmom 2 u obo3nauaercst OykBo# ¢ (cMm. puc. 22). Uuena z u 2
UMEIOT OJIMH U TOT 2K€ MOJYJIb

2 =1l,
HO HUX apryMeHTbl [IPOTUBOIOJO2KHbI MO 3HAKY:

P=—9
KoHeuHo, apryMeHT z onpejessieTcst He OJIHO3HAUHO, TaK KaK K HeMy MOXKHO

npu6aBJsTL WK U3 HErO BbIUUTAThL JII0O6OH yroJ, kKpatHblil 360°, He U3MeHsis
HampasJeHus otpeska Oz. Mrak, yribl

o, @+360°, @+720°, ¢+ 1080°,
@ —360°, @ —720°, ¢ —1080°,
rpauuecKu AaloT OJUH M TOT Ke apryMeHt. Tak Kak, COIIACHO ONpe/ieIeHHIO

CHHyCa M KOCHHYCa,
X=pcosgp, y=opsing,

TO JI060€e KOMIUIEKCHOE UHCJIO 2 BLIPaXKAeTCsi Uyepe3 ero MOMIYJb U apryMeHT
cJaeayioumm o6pasom:

z=x+yi=p(cose+ising). (8)
Hanpuwmep,
B clyvyae z2=i Mbl UMeeM p=1, @ =90°,
» » z=1+1 » » p=\/§, @:450,
» » z2=1—1i » » P:\/i ({):_4507

> > z=—14+3i » » p=2, ¢ = 120°,

TaK 4To
i=1(cos90° 4 isin90°),

1 +i=V2(cos45° + isin45°),
1 —i= \/§(cos(—45°) + isin(—45°)),
—1+v/3i=2(cos 120° + i sin 120°).

YuTaresb MOXKeET IPOBEPUTb ITH YTBEPIKACHUS OCPEACTBOM MOACTAHOBKH UM-
CJIOBBIX 3HAUEHHH TPUTOHOMETPHUECKUX (DYHKIUH.

TpuroHomerpuueckum npeacTaB/ieHueM (8) oueHb M0J1€3HO BOCMOb30BATh-
csl, uToObl YSICHUTL ce0e reoMeTPHUECKHI CMbIC/ YMHOXKEHHs IBYX KOMILJIEKC-
HbIX uncest. Ecin

z=p(cos @+ ising)

2 =p'(cosq’ +ising’),
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TO
22" = pp'{(cos @ cos ¢’ —singsing’) + (cos@sing’ + singcos ¢')i}.
Ho, B ciJTy OCHOBHBIX TeOpeM CJI0KeHUsl CHHyca H KOCHHYCa,

cospcos @’ — singsing’ = cos(gp + ¢"),
cos @ sing’ + singcos ¢’ = sin(¢ + ¢’).

Hrak,
22 = pp'{cos(p + o) +isin(p + ¢")}. 9)

B mpaBoil uwactu mocJsienHero paBeHCTBA Mbl BUIMM HallMCAHHOE B TPUIO-
HOMETPHUECKOH (popMe KOMIJIEKCHOE UHMCJIO C MOAyJeM pp’ M apryMeHTOM
¢ + @'. 3HAUUT, MBI MOXKEM OTCIOZla 3aK/MIOUUTb, UTO NPl YMHONCEHUL O08YX
KOMNACKCHLLX HILCEA UX MOOYAU nepe-
MHONMCAIOMCS, A APYMEHIMbL CKAAObL- p y
saromcs (puc. 24). Takum 06pa3om, Mbl %
BHHM, UTO YMHOXKEHHE KOMIUIEKCHBIX
yycesl KaK-TO CBSI3aHO C BPAUjCHUCM.

YcTaHOBUM TOuHee, B 4eM TYT Je- (P“‘(P/
Jo. HazoBem HampaBsieHHBIH OTpe3OK, z
WAYIME 13 Hayaja B TOUKY 2, BeK- PP z
MOpPOM TOUKH 2; TOTa MOAyJb p = |2| e
ectb ero JumHa. [lycth 2/ — Kakasi-
HUOYIb TOUKA €IMHHYHOH OKPYXKHOCTH, ?
TaK uto o' = 1. B Takom ciyuae ymHO- 10} X
JKeHHe 2 Ha 2’ TMpOCTO MOBOpPAUMBaeT
BeKTOp 2 Ha yroJa ¢’. Ecau xe o’ # 1,
TO, TIOMUMO BpalleHHUs1, AJIMHA BEKTO-
pa J0/KHA ObITh YMHOXKeHA Ha p’. Pe-
KOMEHJIyeM UYHTaTei0 CaMOCTOSITENbHO
TPOUJITIOCTPUPOBATEL 3TH (PAKTBI, YMHO-
)Kasl pasjiMuHble KOMIJIEKCHbIE Udcsa Ha 2, = i (BpauleHue Ha 90°); 29 = —i
(Toxe Bpatienue Ha 90°, Ho B o6paTHOM HarmpaBieHun); 2z =1 +inz; =1 —i.

Gopmyaia (9) B 0COGEHHOCTH TIPEACTABJSET HHTEPEC, €CH 2 = 2'; B ITOM
cJlyuae UMeeM:

Puc. 24. YMHO»KeHHe KOMIIJIEKCHBIX UM~
ceJl: apryMeHThl CKJIa/1bIBAIOTCsl, MOJLYJH
MepeMHOKaI0TCst

2% = p%(cos 2¢ + isin 2¢).
YmHoKast cHOBa Ha 2, 6yJ1eM HMeTb

2% =p%(cos 3¢ + i sin 3p);
u, BOOGLIE, 17Ist JOOOTO 11, MOBTOPSAS OMEPALHUIO, MOJNYUUM

2" =p"(cosng + isinng). (10)
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B yacTHOCTH, ecJii TOYKa Z HAXOJAUTCS HA e0UHUUHOL OKPYNCHOCTIL, TaK
uTo p = |, Mbl IPUXOJUM K (OpMyJie, OTKPBHITOH (PPaHIy3CKHM MaTeMaTHKOM
A. ne MyaBpowm (1667—1754):

(cos @+ ising)" = cos ng + isin ne. (11)
dra topMyJia — OJHO U3 CaMbIX 3aMEUATEJbHbIX H MOJIE3HBIX COOTHOLIEHHI

B 3JeMeHTapHON MaTemaTuke. [losicHum 310 mpumepom. Bosemem n =3 u
pas/ioKuM JIeByIO UacTb 1o popmyJsie GHHOMA

(u+0) =u® + 3uv + 3uv® + 0°.
Torna nosyunm:
cos 3¢ + i sin 3p = cos® 3¢ — 3 cos @sin® ¢ + i(3 cos” @sin g — sin’ @).
OJHO TaKkoe KOMNAEKCHOE PABEHCIMBO PABHOCUALHO OBYM PABEHCMBAM,
c8a3bI8aOUUM OCLICMBUMEbHbLE 4UCAQ. B caMoM Jiesie, e/ 1IBa KOMIIEKC -

HBbIX YHCJIa paBHbl, TO B OTACJIBbHOCTH paBHbI UX JIeHCTBUTEJIbHbIE YaCTH U HX
MHHMbIE€ HaCTH. I/ITaK, MO2KHO HallucaTb

cos 3 = cos’ ¢ — 3cos@sin®g, sin3e = 3cos’ psing — sin’ ¢.
[Tosb3ysich 3aTeM COOTHOIIIEHHEM
cos® @ +sin” ¢ = 1,

MOJlyYMM OKOHUATEJbHO:

cos 3 = cos’ ¢ — 3cos (1 — cos” ) =4 cos’ ¢ — 3cos g,

sin 3¢ = —4 sin’ ¢ + 3 sin g.
[Tono6HOro posa (opMyJibl, BbIPAXKAIOLIME SiNAQ H COS MG COOTBETCTBEHHO
yepes sin M cos @, JEerko MoJyunTh NPH KAKOM YTOAHO LEJIOM 3HAYEHHH 1.

Ynpaxuenus. 1) Hanummre ananoruunbie popmynbl aas sin4g u cos 4¢.
2) TIlpeanosiarasi, 4To TOYKa 2 HAXOAMTCS HAa €IMHHUHOM Kpyre: 2 = cOS @ + i sin g,

1 .
MOKaXKUTe, 4YTO — = COS (Y — L SIN .
r4

a -+ bi
a — bi
4) Hokaxkurte: ecsiM 2| U 29 — JiBA KOMIIJIEKCHBIX YHCJIA, TO apTYMEHT 2| — 22 paBeH
YLy MEXKJLy [OJIOKUTE/IbHBIM HallpaBJeHUEM 1eHCTBUTEbHON OCH U BEKTOPOM, HYLIUM
OT 22 K Z21.
5) JlaH TpeyroJibHUK C BEpIIMHAMHU 2|, 22, Z3; YCTAHOBUTE F€OMETPHUECKUI CMbICII
Z1 — Z¢
aprymeHTa umcJa A2
21— 23
6) Jlokaxkute, UTO OTHOLIEHHE IBYX KOMIJIEKCHBIX UHCEJI C OTMHAKOBLIM apryMeHTOM
€CTh JIeHCTBUTEJbHOE UKCJIO.

3) DBes BbluKc/IeHHH YCTAHOBUTE, UTO MOJLyJlb UMC/1a

paBeH eNuHULE.

23 — 2| 24 — 2} o]
7) JlokaxKute, 4TO €CJIM apryMeHTbl Uhcel el paBHbI MeX1y co60H ',
3— 22 4 — 22

TO UeThbIpe TOUKH 2|, 22, 23, 24 JIEZKAT HA OKPYKHOCTH WJIM Ha MPSIMOH JIMHUH, U 06paTHO.

' W ormmuarores wa 180°. — [Ipun. ped. nacm. u3o.
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8) Ilokaxkure: ueTbipe TOUKH 2|, 22, 23, 24 JIeXKAT HAa OKPYKHOCTH WJIM Ha MPSIMOi

JIMHUH, €CJIKN YUCJIO
23 21 .2 — 2

23—29 24— 29
JieficTBUTEbHOE.

3. ®opmyna MyaBpa u KopHU U3 efuHULBI. [lo]l KOpHEM n-ii cTerneHu U3
YyHCJIa @ Mbl TOHUMAeEM BCSIKOE TaKoe 4hcJ/Io b, uto b" = a. B wactHocTy, uncio |
MMeeT JBa KBaApaTHbIX KopHs: 1 u —1,
tak Kak 12 = (=1)> = 1. Yucao | ume-
eT OJIUH delicmBumenvHoili KyOHUecKHil Ko-
peHb, UMEHHO |, TOorJa Kak OHO Ke HMeeT
yeTbipe KOpPHS YeTBEPTOH CTeleHu: JBa Jiek-
CTBUTEJIbHBIX, | U —1, U JBa MHUMBIX: { U —I.
ITH (aKTbl HABOJAAT HA MbIC/b, UTO B KOM- 1
MJIEKCHOH 06J1aCTH JIOJKHO CYIIECTBOBATh
elle JBa KyOuueckux KopHs M3 1 (a Bcero
KyOHueckux KopHei Torna 6yzuet tpu). C no-
MolllbIo popMyJibl MyaBpa Mbl TTOKaXKeM, 4To
9Ta Jiorajika CripaBe/jiuBa.

Mbl y6enumcs, uTo B 104 KOMNACKC-
HblX ducen cyujecmsyemn posHoO N KopHell
cmenenu n u3 1. Imu KopHu uzodbpaica-
10MCSL BEPULLHAMU NPABUABHO20 N-YeOAbHUKA, BAUCAHHO20 8 e0UHUYHbLU
Kpye u umeroujeco mouky | 8 kauecmse 0OHOIL U3 BEPUILUH.

CkasaHHOe TMOUTH SICHO W3 puc. 25 (COOTBETCTBYMOILErO caydar n = 12).
[TepBasi BepuiMHa MHOroyroJibHUKa ecth 1. Caenyionias ectb

360° 1 ;gin 389 (12)
n n

Puc. 25. IBenanuath KopHel aBe-
HaJLaTOH CTENeHH U3 eJJMHHULbI

o = COS

TaK Kak apryMeHT JIOJKeH paBHATbCS n-# yactu yria B 360°. Ele caenyto-
asi BEPIIMHA €CTh o - o = o, TaK KaK Mbl MOJyuuM €€, Bpalliast BEKTOp o Ha

o

yroJq . Jlanbliie noJiyuaem BepiiuHy o  T. JI.; OCJE 7 1aroB Bo3Bpaliia-
eMCsl CHOBa K BepllHHe 1, T. €. TmoJsyuaem

a'=1,
UTO CJEyeT TakkKe U3 opmydb (11), Tak Kak

(COS 360° +isin Sii) =0s360° +isin360°=1+0i=1.

Hrak, o' = o ectb KopeHb ypaBHenust X" = 1. To e CrpaBe/UINBO OTHOCHTE/b-
HO cJleflytollell BepLIHHbI

o = cos 720 +isin 72’10 .
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Mui Y6GZII/IMCH B TOM, €CJIM Halnuuiem
(0(2)/1 — 0(2ﬂ :(OLH)Q — 12 — 1,
WJIA 2K€ BOCIIOJIb3yeMC sl CpOpMyJIOﬁ MyaBpa

() = cos (n- 72’10°) tisin (n- %) — 08 720° +isin720° = [ +0i = 1.

Touno Tak »Ke Mbl 3akKJ/iroyaem, 4yTo BCe n yuceJl

1, o, o, o, ..., o'}

SIBJISIIOTCST KOPHSAMU cTernenu n1 u3 1. Eciim GyjieM cTeneHd yBeJMUHBaTh 1aJib-
1€ WX PacCMOTPUM OTPHULIATEJbHbIE CTEMEHH, TO HOBbIX KOPHEH HE MOJyurM.
B camom neute,

_ 1 a’ _
o 1:_:_:o(n 1,
o3 A
TOUHO TaK Ke
=1, T'=()a=1-a=q,

M T. [, TaK UTO paHee MOJyUeHHble KOPHH TOBTOpsiloTCs. UuTaTe 10 npejocra-
BJIsieM B KauecTBE YNPaKHEHHs [0Ka3aTb, UTO MHLIX KOPHEH, KpoMe MNepeun-
CJICHHBIX, paccMaTpUBaeMOe ypaBHEHHE He HMeeT.

Ecsin n ueTHoe, TO 0JHA M3 BEPLIHH f-yroJbHHKA MONajaeT B TOUKy —1,
B COOTBETCTBHH C OOIIEH3BECTHBIM aire6pandeckuM (akToM: —1 ecTb KOpeHb
UETHOH cTerneHu U3 1.

YpaBHeHHe, KOTOPOMY YJOBJIETBOPSIIOT KOPHH n-H CTereHu us 1,

x"—=1=0, (13)
€CTb ypaBHEHHE 7-H CTereHu, HO JIErKO MOHM3UTb €ro CTeneHb Ha eIUHHLLY.
Bocnosnbayemcs anrebpanueckoit popmysioi

("= ==X "X+ D). (14)

Tak kak npousBesieHue ABYX unces paBHo 0 B TOM U TOJILKO TOM cJyuyae, ecJju
OJIMH M3 MHOXXHTeJIeH paBeH HyJlo, TO BbipaxkeHue (14) obpariaercsi B HYJb
WM TIPH X = |, WK NIPH YCJIOBHH, UTO YJIOBJIETBOPSIETCS ypaBHEHHE

X+ x+ 1 =0. (15)
DTOMy ypaBHEHHIO yIOBAETBOPSAIOT KOPHH o, o2, ..., o' ~!; OHO Ha3bIBaeTCs (-

KAOMOMUHECKUM, WU YypasHeruem 0esenus okpyacHocmu. Tak, Hanpumep,
MHHUMble KyOuyecKue KOpHH M3 |

o = cos 120° + i sin 120° = ‘1%“/5
o = c0s 240° + i sin 240° — ‘1%“/5

SAABJISIIOTCST KOPHSAAMU YpaBHEHHUs

CH+x+1=0,
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KaK UuTaTe/b CMOXKET YOeAUThCS, BbIMOJIHSS 0ACTaHOBKH. TakuM 2Ke 06pasom
KOPHH TATOH cTenenu u3 1 (Kpome camoro uncsa 1) yaioBaeTBOpSIIOT ypaBHEHHIO

A+ x+1=0. (16)

YT06bl MOCTPOUTH TTPABHJIBHBIN MATHYTOJBHHUK, HAM MPUXOAUTCS PELINTb ypaB-
HeHHe ueTBepTol crenenu. IIpoctoe anre6panueckoe yxulllpeHHe — 3aMeHa

1 .
@ = X -+ — — NPUBOJMT K YPABHEHHIO BTOPOH CTereHH. Mbl nenum ypaBHe-

nue (16) Ha x* ¥ nepecTaBasiemM ciaraembie:

x2+%+x+i+1=0,
X X

N2, 1
H, IpUHUMast BO BHHMaHHe, 4To (x + ;) =x>+ =2 + 2, nojiyuaem

0 +w—1=0.
[To dopmy.ie (7) mynkra 1 KopHH 3TOro KBaJpaTHOTO ypaBHEHHST UMEIOT BUJL
_—1++V5 w,— —L=V6
-2 T2
Mtak, MHUMBblE KOPHH TSTOH CTeTeHH U3 1 SIBJSIOTCS KOPHSAMH CJleIylOlIHX
JIBYyX KBaJpaTHBIX YpaBHEHHII:

[}

x—|—%:w1, W x2+%(\/§—1)x—|—120,

x+%:wg, W xQ—%(\/g—I—l))H-l:O.

UuraTes b CMOXKET UX PELIUThb Mo ToH ke dopmyJie (7).

YnpaxHenus. 1) Haiiaure kopuu 6-it crenenn us 1.
2) Boiuncaure (1 + i),
3) Bbluncsiute Bce pasJinuHble 3HAUEHHsT BbIPAXKEHHH

4) Bbluncure %(i7 —i7).

*4, QcHoBHasi Teopema aareGpbl. He Tosnbko ypaBHenus Buaa ax® +
+bx+c=0 um x" — 1 =0 paspeliiMbl B MoJie KOMIJIEKCHBIX YHCEJ, HO
MOXKHO YTBEp2KIaTh ropasiuo GoJblie: 8csiKoe ascebpauueckoe YpasHeHue
cmenenu n ¢ 0elicmseumensHolMI UAL KOMAACKCHOLMI KOIhPuyuenmamu

f[()=x"+a,_ X" +a,_ox"*+ .. +ax+a =0 (17)

paspetiumno 8 nose KOMNAeKCHoLX duce. JIsi ciyuasi ypaBHeHUH 3-i U 4-it
cTerneHel 3Ta Teopema Gbinia ycranoBieHa B XVIB. Tapraabeit, Kapnano
1 JIPyTHMH: 0Ka3aJ10Ch, UTO TaKhe YpaBHEHHs PELIaoTCsl NOCPEACTBOM opmy.I,
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no00HbIX (hopMyJie KBAJPaTHOIO ypaBHEHHS], HO 3HAUMTENLHO 00J1ee CJ0MKHDBIX.
B Teuenue nmout ABYX CTOJIETHH AJIUIOCH HACTOHUYMBOE H3yUueHHe 00111ero ypan-
HeHUs1 H-il U GoJiee BBICOKHMX CTENeHeH, HO BCE YCUJUS Pa3peliuTh HX TEMH XKe
MeToJlaMHi 0KasaJsuch HanpacHbiMU. Korna mosiofomy Taycey B ero nokTopckoit
nucceprauyu (1799) ynanoch BriepBble 10Ka3aTh, UTO PELIEHUS Cyuiecmayiom,
TO 3TO y:Ke OblI0 KPYMHEHIIWM YCMeXoM; MpaBia, BOMNPOC O BO3MOXKHOCTH
0000LIUTb Ha CJyyall cTerneHell > 5 kjaccuueckue (opMmyJibl, MO3BOJSIIOLIUE
HaXOJUTb KOPHHU C MMOMOILbIO PALMOHAJBHBIX OMepalni U U3BJECUEHHST KOPHEH,
0CTaBaJICsl B TO BpeMsi OTKPBITHIM (cM. cTp. 144).

Teopema Taycca yTBep:knaet, uro, kakogo 6bL Hu ObiA0 aseebpauyeckoe
ypasHernue suda (17), ede n — yenroe noroxcumensbHoe Yiuci0, a Ko3ghgu-
yuermol — OelicmaumenvHoLe Ul 0axe KOMNACKCHbLe HUCAQ, CYU,ecmay-
em no kpatinetl mepe 00HO MAKOE KOMNACKCHOE YUCAO o= C + di, umo

f(a)=0.

Uucsno o HasbiBaercst Koprem ypaBHenus (17). JlokazaTesbCTBO 3TOH Teo-
peMbl OyleT MPUBEJEHO B 3TOH KHUTe Ha cTp. 295—297. [peanonoxum mnoka,
YTO TeopeMa J0Ka3aHa, U BHIBEEM M3 Hee JPYrylo TeOpeMy, H3BECTHYIO IMOJ
Ha3BaHUEM OCHOBHOU meopembl areebpol (GblIo Obl, BIIpoOUeM, MpaBUIIbHEE
Ha3BaTb €e OCHOBHOH TEOPeMOH KOMIJIEKCHOH UHCJIOBOH CHCTEMBI): 8CAKUL
aneebpauteckutl NOAUHOM Cenenu 1

J(X)=x"4+a,_ x4+ ... +ax+a (18)
Mooicem 6oLmo npedcmasier 8 sude nPou3sedeHus POBHO N MHONCUMeNel:
fx)y=(x —ay)(x —ag)...(x —ay), (19)
ede oy, Ay, ..., o, — KOMAAeKCHble wucaa, Kopru ypasnerus [(x)= 0. Tak,
HaMpUMep, MOJHHOM
flx)=x'—1

paa/araeTcst Ha MHOMKHTEJIH CJIEIYIOLHM 00pasoM:
f(x) = (x = I)(x = i)(x + i)(x + 1).

Uro uncsa o ABAATCA KOPHAMH ypaBHeHHs f(x) = 0, 3TO OUEBHIHO U3 CAMOTO
passoxenus (19), Tak Kak Mpu x = o, OJIMH U3 MHOXKHTeJeH f(x), a caenoa-
TeJILHO, U caM TOJIMHOM f(x), o6paliaercsi B HyJb.

B HHBIX c/iyuasix He BCe MHOXHTEIM X — oy, X — O, ... HoJjuHoma f(x)
CTeNeHH A1 OKA3bIBAIOTCST PA3JIMUHBIME; TaK, B IpUMepe

f)=x> —2x+1=(x—1)x—1)
MBI MMEeM TOJILKO OJMH KOpPeHb, X = |, «cuMTaeMblii JBAXKIbl», HJIH «KpaT-
HocTH 2». Bo BCAKOM c/yuae, TOJHHOM CTENEHH 7 He MOMKET pPasfaraThCs B

npousBelieHue Gosiee YeM /1 Pa3NUUYHbIX MHOXKHTEJIEH BHAA X — O, H COOTBET-
CTBYIOLLICE YpaBHEHHE HE MOXKET UMeTb GoJiee 11 KOPHEH.
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[Ipu nokasatesbCTBE OCHOBHOH TeopeMbl ajareGpbl Mbl BOCIOJb3YeMCs —
HE B NEPBbIA pa3 — ajare6panuyecKuM TOXKACCTBOM

=t = (=) o T P T T ot ), (20)

KOTOPOE TIPU o = | CJIY?KUJIO HaM /ISl OTIPE/IeIEHHS] CYMMbl F€OMETPHUECKOM
nporpeccuu. [Ipeanonarast teopemy [aycca 1oKkasaHHOH, TOMYCTHM, U4TO o = o
ecTb KopeHb ypaBHeHust (17), Tak uto

—1 —2 1
floy)=0aof +a, o] +a, 007 "+ ...+ a0 +a=0.

Breiuntasi 370 BhIpaxkeHHe U3 f(x) U MeperpynnupoBbIBast UIEHbI, Mbl TTOJyYHM
TOXK/IECTBO

f(x)=J(x) = f(on) = (& —af) + @i (x" " =)+ a(x — ). (21)

[Tonbaysich Tenepnb hopmyaioit (20), Mbl MOYKEM BbIJIEJUTh MHOXKHUTENb X — O] U3
KaXKJIOTO WJleHA U 3aTeM BLIHECTH €ro 3a CKOOKY, TpUUeM CTereHb MHOTOUJIeHa,
OCTAIOLIerocsl B CKOOKAX, CTaHeT yKe Ha elMHHUIly MeHblile. [leperpynmupoBbi-
Basi CHOBA UWJIEHBI, MbI TIOJIyYUM TOKIECTBO

(%) = (x —ar)g(x),
rie g(x)— MHOrousieH cternenu n — 1:
gx) = x""" 4 by ox" 4 bix + by

(Bbiuncienue kosduumenTos, 0603HaueHHbIX Uepes by, Hac 371eCh He UHTepe-
cyer.) [TpuMeHuM nasblile T ke paccyxaeHne K MHorouneny g(x). [1o Teopeme
laycca, cyliecTByeT KOpeHb oy ypaBHeHus: g(x) = 0, Tak uto

g(x) = (x — a)h(x),

e A(x)— HOBbI MHOrousieH ctenenu yxe n — 2. [ToBTopsia 3t paccyxie-
Hus 1 — 1 pas (moapasymeBaetcsi, KOHEUHO, IPUMeHeHHe TIPUHIIUIA MaTeMaTH-
YeCcKOU HHIYKLMH ), Mbl, B KOHIIE KOHIIOB, IPUXOAHM K Pa3J/ioKeHHIO

J(x)=(x — oy )(x — o) ... (X — ). (22)

M3 roxnecta (22) caeslyeT He TOJBKO TO, UTO KOMIJIEKCHbBIE UMCJIA Olf, O, . . .
..., 0, CYTb KOPHH ypaBHeHHs (17), HO U TO, UTO UHBIX KOPHEl ypaBHeHue (17)
He nMmeeT. JlelicTBUTENLHO, ecii Obl UKcsIo y 6blI0 KopHeM ypaBHenusi (17), To
13 (22) caenoBaso 6bl

[(y)=(y —u)y —a)...(y —a,)=0.

Ho mbl Bugesau (ctp. 121), uto npousBeneHre KOMMJIEKCHBIX YHCEJ PABHO Hy-
JIIO B TOM M MOAbKO MOM CJyuyae, €CJM OJUH U3 MHOXMHTEJEH paBeH HyJIo.
Mrak, oguH U3 MHOXHUTeNeH y — o, paBeH 0, T.e. y = o, 4TO U TpeOGOBAIOCH
YCTaHOBHUTb.
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§ 6. Anre6panyeckue ¥ TpaHCLEHAEHTHbIE UM CIa

1. OnpeneseHre U BOMPOCHI CyLECTBOBaHUSA. AreeOpauneckum wilc-
AOM Ha3bIBaeTCS BCKOE UMCJIO X, ACHCTBUTENbHOE UJH MHUMOE, YIIOBJIETBOPS-
[olllee HEKOTOPOMY aJsirebpanueckoMy YpaBHEHHIO BHJIA

ax" +a, X" '+ . Fax+a =0 (n>1, a,#0), (1)

rae 4yucJja a; ueJible. TaK, HanpuMmep, 4ucJo 2 aﬂre6pa1/1qecxoe, TaK KakK OHO

YJIOBJIETBOPSICT YPABHEHUIO
¥ =2=0.

Takum ke o6pa3oM asre6panuecKUM UHCJIOM SIBJISETCS BCAKUHA KOPeHb J11000ro
YPaBHEHUSI C LeJbIMH KO3(@HULMEHTAMH TpeTbell, ueTBepToll, MATOH, Kakoi
YroaHo CTeneHu, U He3aBUCUMO OT TOTO, BbIpa>KaeTCsl WJIM HE BbIpazKaeTcsi OH
B paaukajax. [ToHsTue anreGpanueckoro uucsaa ecTb ecTecTBeHHoe 0600Llie-
HHe MOHATUS PALMOHAJILHOIO YHMCJ/d, KOTOPOe COOTBETCTBYET YACTHOMY CJ1y4alo
n=1.

He Bcsikoe I],QﬁCTBI/ITQJIbHOQ YUCJIO sBJSAETCHA anre6panquKnM. DTO BbITe-
KaeT M3 cJjefylolledl, BbicKazaHHOH KaHTOpoM, TeopeMbl: MHOJMCECMBO 8cex
areebpaudeckux ducena cuemno. Tak Kak MHOXKECTBO BCeX JEHCTBUTE/bHBIX
yyces HecueTHoe, TO 00s13aTeJIbHO JOJLKHbI CYLIECTBOBATb JEHCTBUTE/bHbIC
uycJia, He ABJsIoIMecs: anre6panuyecKuMH.

YKaxkeM OJMH M3 METOJIOB [epecueTa MHOXKeCTBa ajreOpauuecKux 4Yucell.
Kaxnomy ypaBHeHU10 B (1) cOMmoCTaBUM Liesioe MOJIOKUTENbHOE UHCIIO0

h=la,|+ |a,_1| + ...+ |ai] + |ao] + 7,

KOTOpO€E HAa30BeM PaJl KPaTKOCTH «BbICOTOH» ypaBHeHHUsl. st KaxKioro ¢pux-
CUPOBAHHOCO 3HAUEHHSI N CYUIECTBYET JIMUIb KOHEYHOE YNCJO0 ypaBHEHUH
Buaa (1) ¢ BbicoToil A. Kaxoe U3 Taknx ypaBHEHHI nMeeT camoe GoJibliee 7
KopHeii. [TosToMy MoXKeT CyllecTBOBATH JHILIbL KOHEUHOE YUCJ0 anrebpanue-
CKHMX UMCeJl, NMOPOXKAAEMbIX YPaBHEHHSIMH C BBICOTOH f1; CJIel0BaTe/NbHO, BCE
anre6panuecKue Ync/a MOKHO PacroJioKUTh B BHJIE MTOCJE10BATENbHOCTH, Me-
peuucJIsisl cHavajla Te U3 HUX, KOTOpble MOPOXKIAIOTCS YPaBHEHHSIMH BBICOTHI 1,
3aTeM — BBICOTbI 2 U T. [1.

ITO JI0KA3aTENbCTBO CUETHOCTH MHOXKECTBA ajreGpanueckux uuces ycra-
HaBJIMBAET CYL1ECTBOBAHUE ACHCTBUTE/bHBIX UMCEJ, KOTOPbIE HE SIBJSIOTCS ajl-
reGpanueckuMu. Takue unuc/1a Ha3bIBAIOT MPaHcyeHOeHmHolmu (0T JaTHHCKO-
ro transcendere — nepexojiuTh, PEBOCXOJUTh ); TAKOE HAUMEHOBAHHE UM JaJl
lisiep, NOTOMY UTO OHM «IIPEBOCXOJSAT MOLIHOCTb areGpanuyeckKux METOI0B>.

KaHntopoBo 10Ka3aTe/bCTBO CYLIECTBOBAHMS TPAHCLIEHAEHTHbBIX UUCeJ He
NPUHAAJIECKHUT K UUCJTY KOHCTPYKTHUBHBIX. TeOpeTl/lquKH paccyxaasi, MO2KHO
6blJ10 Obl MOCTPOUTH TPAHCLEHIEHTHOE UMCJIO C MTOMOILbIO IMaroHaJbHOH Mpo-
Lelypbl, NPOU3BOAUMON Hajl BOOOpaKaeMbIM CIIUCKOM JIECSTHUHBIX pasJoxKe-
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HUI Bcex ajreGpanuecKHX YUCeJ; HO Takasl Tpolleypa JiullieHa BCSIKOro Mmpak-
TUUECKOTO 3HAUEHMST U HE MpHUBeJa Obl K YKCJY, PasjiokKeHue KOTOpPOro B Jie-
CATHUHYIO (MM KaKylo-HUOY/b UHYIO) ApOOb MOXKHO OblJI0 Obl HA CAMOM JieJie
Hanucatb. Han6oJiee HHTepecHbIe MPOGJIEMBI, CBsI3aHHbIE C TPAHCILIEHIEHTHBIMH
ylpCc/IaMK, 3aKJII0UAlOTCs B I0KA3aTe/IbCTBE TOTO, UTO KOHKPETHbIE uKcia (croa
OTHOCATCS UMCJIa T U e, O KOTOPbIX CM. CTP. 325—328) ABJAIOTCS TPaHCLEH-
J€HTHBIMH.

*%2. Teopema JluyBuJIS U NOCTPOEHUE TPAHCLIEHAEHTHBIX unce. Jo-
Ka3aTeJIbCTBO CYLIECTBOBAHUS TPAHCLIEHEHTHBIX uuces ellle 10 KaHnropa 6b110
navo K. Jluysuagaem (1809—1862). OHo j1aeT BO3MOXKHOCThL Ha CaMOM
JleJie CTPOUTD NPUMepbl Takux uuces. JlokaszarenberBo JluyBusis 6osee Tpyi-
HO, ueM noKaszaTenbcTBO KaHTopa, W 3T0 HeyaMBHTENbHO, TaK KaK MOCTPOHTH
npumMep, BooOllle TOBOPSI, CJOXKHee, ueM JloKa3aTh cyllectBoBaHue. [IpuBoas
HU2Ke JI0Ka3aTeslbeTBO JIMYBUIISI, Mbl UMEeM B BHJY TOJIbKO TMOJTOTOBJEHHO-
ro yurtaTessi, XoTs AJis TIOHUMaHHs J10Ka3aTeJbCTBA COBEPIIEHHO JOCTATOUHO
3HAHUS 3JIEMEHTAPHONH MaTeMaTHKH.

Kak o6uapyxua JlnyBuiib, uppaluoHasbHble ajrebpanueckde ducsa
00/1aJa10T TeM CBOKCTBOM, YTO OHH He MOTYT ObITb NPHOJHAKEHbl PALHO-
HAJIbHBIMH UMCJIAMH C OU€Hb OOJIBIIOH CTEMEeHbIO TOUHOCTH, €CJU TOJbKO He
B3ATb 3HAMeHAaTeJs U NMPUOJIKAIOUINX ApoOel Upe3BblYaiHO OOJIBIIMMH.

[Ipenmnosioxkum, 4To YUCJO 2 YIOBJAETBOPSIET ajqre6panieckoMy ypaBHEHHIO
C LeJbIMH KO3((hHULHEHTAMH

[(X)=ao+ax+ax*+...+a,x"=0  (a,#0), (2)

HO He YJIOBJIETBOPSIET TaKOMY »Ke ypaBHeHHIO GoJiee HH3KOH crereHd. Torna
TOBOPSIT, YTO CaMO X eCTb ajrebGpanueckoe UucJyo cmenenu n. Tak, Hanpumep,
4HesI0 2 = /2 ecTh anreGpauueckoe YHCJI0 CTENeHH 2, TaK KaK yIOBJIeTBOPSET
ypaBHenuto x2 — 2 =0 crernenu 2, HO He YJIOBJETBOPSIET YPABHEHHIO MEPBOH
CTEMNEeHH; YHCI0 2 = V/2 — CTereHn 3, TAK KaK yIOBJIETBOPSIET yPABHEHHIO
x> —2 =0, Ho He yaoBJeTBOpsieT (Kak Mbl MokaxeM B riase I1I) ypaBHenuio
6oJiee HU3KOH cTeneHn. AnreGpanuecKoe YUCJIO CTeNeH! 71 > | He MOXKeT ObITh

palMOHAJbHBIM, TaK KaK palHOHaJIbHOE UHCJIO 2 = % YIOBJIETBOPSIET ypaBHe-

Huto gx — p = 0 crenenu 1. Kaxnoe uppauroHasbHOE UUCJAO 2 MOXKET ObITh
C KaKOH yroJHO CTeTeHbIO TOUHOCTH TPUOJIMAKEHO C TTOMOLIBI0 PALHOHAILHOTO
YHCJIa; 9TO 03HAYAET, YTO BCErJa MOXKHO yKa3aTh MOCJEI0BATENbHOCTb Palio-

HaJIbHBIX YHUCEJI

P

a’ g2’
C HEOTPAHHUCHHO PACTYIIMMH 3HAMEHATE/MH, 00/1alaIolLyl0 TeM CBOHCTBOM,
4yTo pr

— — 2.

qr
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Teopema JInyBuniist yTBep:k1aeT: KAKOBO Obl HH OblIO aJre6panueckoe Yuc-
JIO Z cTeleHd 1 > 1, OHO He MOXKeT OblTb NPUOJHKEHO [TOCPEICTBOM paLUO-

HaJIbHOI'O 4HucJia I C TOYHOCTbIO ﬂqueﬁ yem /1—+1’ JAPpYyruMu cJioBaMH, MpH
q

JOCTATOYHO OOJIbIINX 3HAMEHAaTeJsIX HEMPEMEHHO BBIIOJHACTCSH HEPABEHCTBO
p 1
\2_ 2> (3)
Mbl CO6HpaeMCH MPUBECTHU 10Ka3aTeJIbCTBO 3TOU T€OpEMbI, HO paHblIe Mo~
KaxXeM, KaK C ee I[OMOLILbI0 MO2KHO CTpOI/ITb TpaHCueHﬂeHTHble yucJia. Pac—
CMOTPHUM YHCJIO

z=a,- 100" +a,- 1077 +a5- 107 + ... +aqa, - 100"+ . .=
=0,a,a,000a5000000000000000002,000. . .,

re a; 0603HAYaloT NPOM3BOJbHBIE 1HpPLl 0T 1 10 9 (mpolie Bcero GbiIO Gbl
MOJIOKHUTb BCE @; PABHBIMH 1), a CUMBOJI 71!, Kak 00bIUHO (CM. cTp. 42), 0603Ha-
yaer 1 -2 ... n. XapakTepHbIM CBOHCTBOM JIECSITHUHOTO Pa3JIOXKEHHS TAKOrO
ypcJia IBJISIETCs TO, UTO ObICTPO BO3pACTAIOLIKE MO CBOEH JJIMHE TPYITbl HyJieH
qepeﬂyIOTCﬂ B HEM C OTIAE€JIbHbIMH LlI/IClI)paMI/I, OTJIMUHBIMHU OT HYJIsA. O6OBH8‘{HM
yepes 2z, KOHeUHyIO JIeCTHUHYIO JAp06hb, MOJYYalolLyloCsi, KOTIa B Pa3JIoyKeHHH
BO3bMEM BCE UJIEHbI 10 ,, - 10~™ BKIoOUMTEIbHO. Torna noJyyuM HepaBeHCTBO

|2 — 2, < 10- 10+, (4)
HpeILHOJIO}KI/IM, 4yTo 2 OBbLIO Obl aJIFe6paH'—leCKI/IM YUCJIOM CTEII€HHU 1. Toma,

noJiarasi B HepaBeHcTBe JInyBumis (3) p_ Zn = p -, MBI JIOJKHBI HMETh
q 10772

1
10(n+l)m!

|z — 2] >

MpH JIOCTATOUHO OOJIbIIKMX 3HaueHHsiX m. CorocTaBjeHHe MOCJeHEro Hepa-
BEHCTBA C HEpaBEHCTBOM (4) naer
1 10 1

100+ Dt < Lo+l — JolmtDi—1°

oTkyna ciaenyet (n + 1)m! > (m + 1)! — | npu nocrarouno Gosbwmnx m. Ho
9TO HEBEPHO /IS 3HAUEHHH /1, OOJIbUIUX UeM 71 (MyCTb UMTATENb MOTPYIUTCS
Jath MOAPOGHOe 0KA3aTebCTBO TOTO yTBep:KAeHHs ). Mbl MPULIUIM K TIPOTH-
Bopeunto. Mrak, uncsio 2 — TpaHCIlIeHAEHTHOE.
Ocraercst nokasarb Teopemy JInysuaas. [Ipeanosnoxunm, uro 2 — anre6pa-
MUeCKOoe YUCJIO CTereHd 1 > 1, ynoBseTBopsiollee ypaBHeHHo (1), Tak uto
f(z)=0. (5)
[lycts 2,, = f% — MOCJIEI0BATENLHOCTD PALHOHAJLHBIX UNCEJ, IPHUEM 2, — 2.
m

Torna
f(zm) = f(zm) - f(Z) = al(zm - Z) + a?(zzrz - 22) +...+ aﬂ('z:rz - Zﬂ)'
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Jlesist 06e yacTu Ha 2, — 2 ¥ TOJIb3YsICh anrebpanueckoi GopmyJioi

't — ot _ n—1 n—2 n—3.,,2 n—2 n—1
ﬁ—” +u""o4+u"vT + . uv + 0",
MbI TTOJIy4aeM:
[(zm) _ 2 2
S =@ +as(zn+2)+as(z, +2znz+2°)+ ...
m

oot a2 2N (6)
Taxk xak z, cTpemMuTCsl K 2, TO MpPH AOCTATOUHO GOJBIIUX /1 pallMOHATbLHOE
4yucso 2, OyleT OTJHYaThCsl OT 2 MeHblle 4eM Ha eauHuuy. [lostomy mnpu
JIOCTAaTOYHO OOJIBLIMX 171 MOXKHO CJIe/aTh CJEAYIONLyI0 rpyOyI0 OLEHKY:
(z2m)
| L2l | < Jay 4 2lasl(f2] + 1)+ Blasl(f2] + 17 + ..
m —
conla(zl+ DT =M, (T)

npuuyeM CcTosiliee crpaBa YUCJ0 M — I[NOCTOAHHOE, TaK KAaK 2 HE€ MECHAETCH B
npouecce agokKasatesbCTBa. Bb16epeM Telnepb 71 HaCTOJbKO 60JIbILII/IM, 4yTOOHI Yy

IposH 2, = P snamenatens ¢, ObLT Gosiblile, ueM M; Torna
m
|[(zm)| 1f(zm)|
z2—2z S > 8
‘ m| > M > qm ( )

Panu KpaTKOCTH yCJIOBUMCS JaJiblile TIHCATh p BMECTO p,, U § BMECTO (.
B Takom ciayuae

aoq" + aig" 'p+ ...+ ap"
zZn)| = - . 9
1z - ©)
PauuonasnbHoe unco 2, = % He MOXKeT ObITh KopHeM ypaBHenus f(x) =0, Tak

KaK TOTJ1a MOXKHO OblJIo Obl U3 MHOTOUWIEHA [(X) BBIAEIUTH MHOXKUTEIb (X — 2Z,,),
M, 3HAUMT, 2 yIOBJETBOPsIO Obl ypaBHEHHIO CTeNeHH Huslied yem n. Mrak,
f(z) # 0. Ho uncnuresnb B mpaBoil uactd paBeHcTBa (9) ecTb 1e10€ UUCI0
M, CJIe/IOBaTe]bHO, M0 abCOJIIOTHONH BeJHUMHE OH MO MEHblIeHd Mepe paBeH
enunuile. Takum o6pa3om, U3 conocrarseHust cooTHolenui (8) u (9) BbiTekaer
HepaBeHCTBO

P |Z_Zm‘>iLn: n1+1' (10)

q4q q

KaK pa3 U COCTaBJIsIIOLee COlepXKaHKe YKa3biBaeMOH TeOpPEMBL.

Ha npotsixKeHUH HeCKOIbKUX TIOCJIETHUX JIECATHIETHH UCCAeIOBAHHUS, Kaca-
[OLIHECs] BOSMOXKHOCTH MPUOJIHKEHUS aJireGpanuecKuX Ynces pallioHalbHbIMA,
MPOJBUHYJIUCH Topasno aajbiie. Hanpumep, HopBexkckuil matematik A. Ty 3
(1863—1922) ycranoBuJ, uto B HepaBeHCTBe JInyBus (3) mokaszaresb 1 + 1

n
MOKeT ObITb 3aMeHeH MEeHbIIHM MoKa3aTe/em ) + 1. K.JI. 3urenb nokasarg,
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YTO MOYKHO B3$ITh M ellle MeHbILHUH (ellle MeHbIINH MpH GOJbIIUX /1) MoKa3a-
Tesb 2+/1.

TpaHcLeHaeHTHbIE UKcJ1a Beera Obli TeMOH, IPUKOBbIBaloLLel K cebe BHU-
MaHHe MaTeMaTWKOB. Ho 10 cpaBHUTEJIbHO HeJlaBHEro BpeMeHH CPed UhCel,
KOTOpbIE HHTEpecHbl caMmH Mo cebe, ObLIO M3BECTHO OUeHb HEMHOTO TaKHX,
TPAHCLIEH/IEHTHBII XapaKkTep KOTOPbIX Oblil Obl yeTaHoBJeH. (13 TpaHCleHaeHT-
HOCTH uMcJia T, 0 KOTOPOH moijer peub B ryiase 1, cienyer HeBO3MOXKHOCTD
KBaJpaTypbl Kpyra ¢ MOMOLIbIO JIMHEHKU W LHMPKYJsi.) B cBoem BbICTyI/IeHUH
Ha [lapmKcKoM MexIyHapoIHOM MateMaTHueckoM KoHrpecce 1900 r. [laBuj
[nab6epT npennoxua TpUALATb MaTeMaTHYeCKUX MPobJieM, JOMYyCKaIoIIUX
npocTyto POpPMYJIHPOBKY, HEKOTOPblE — JIaXKe COBCEM 3JIEMEHTAPHYIO U MOMy-
JISIPHYIO, M3 KOTOPBbIX HU OJIHA HE TOJIbKO He Oblja pelleHa, HO Ja)Ke U He
KasaJsachb CroCOOHON ObITh pa3pellieHHOH CpelICTBAMU MaTeMATHKH TOH 3MOXH.
Atu «npobsembl [Uabbepra» okazanu CUIbHOE CTUMYJHpYIOLlee BJUsSHUE Ha
BCe rocJefylolllee pa3BuTue MateMaTuku. [louTn Bce oHM Masio-romaJy Obliu
paspelleHbl, K BO MHOTHX CJydyasiX MX pelleHdue OblI0 CBSI3aHO C ICHO Bblpa-
JKeHHBbIMU yCllexaMd B CMbIcJie BbIpaOOTKU OoJiee 0OUMX U HoJiee ryOOoKUX
MeTonoB. OjiHa U3 mpoOJeM, Ka3aBlIasics J0BOJbHO Ge3HANEKHOH, 3aKaoua-
Jlach B JI0Ka3aTeJbCTBE TOTO, UTO YHCJIO

2\/?

SIBJISIETCS] TPAHCLIEHIEHTHBIM (HJIH XOTs ObI MppaLroHanbHeM ). Ha mporskennn
TpeX AECATUJIETHH He OblIO JaxKe HaMeKa Ha TakoH MOAXOJ K BOMPOCY C Ubei-
HUOY/Ib CTOPOHbI, KOTOPBIH OTKpbIBaJ Obl HajexkKy Ha ycrex. Hakonew, 3uresb
¥, HE3aBUCHUMO OT HET0, MOJIOJION pycckuil MaTeMaTuk A. ['e b ¢ 0 H I OTKPbBIIH
HOBbIE METO/Ibl I/l I0Ka3aTe/IbCTBA TPAHCLLEHEHTHOCTH MHOTHX UHCeJ, UMEI0-
ILIMX 3HAUEHHe B MaTeMaTHKe. B yacTHoOCTH, Oblyla yCTaHOBJIEHA TPAHCLEHAEHT-
HOCTL He TOJIbKO MM/IbGEpTOBa umca 2¥2, Ho M LeJOro 0BOJLHO OGLIMPHOTO
KJacca uhces Buaa a’, rjae a — ajreGpanueckoe yucso, oranuroe ot 0 u 1,
a b — uppauroHasbHoe ajnrebpanueckKoe UucJo.

JIOTIOJIHEHUE K TJIABE 11
Anre6pa MHOXXeCTB

1. O6uias reopus. IloHsitue coBoKynHOCMIL, WX MHONCECMBA, 00 BHEK-
TOB — OJIHO U3 caMbIX (hyHJaMeHTaJbHbIX B MaTeMaTHKe. MHOXeCTBO orpe/e-
JISIETCS] HEKOTOPBIM CBOHCTBOM («aTpubyTom» ) 2, KOTOPbIM JIOJKEH WK 06J1a-
JlaTb, WK He 00/1aJlaTh KaXKAbld pacCMaTpUBAaeMblil 0OBEKT; Te 0OBEKThI, KO-
Topble 06J1a7alT cBOHCTBOM 2, 06pasytoT MHOxKecTBO A. Tak, ecsid Mbl pac-
CMaTpUBaeM lleJible UucJ/a U CBOMCTBO A 3aKJIOUAETCS B TOM, UTOObI «ObITh
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MPOCTHIM», TO COOTBETCTBYIOLIEE MHOYKECTBO A COCTOMT U3 BCEX MPOCThIX UH-
cen2,3,5,7, ...

Maremarnyeckasi TeOpUsi MHOXKECTB MCXOJHUT U3 TOTO, UTO U3 MHOXKECTB C
MOMOIIILIO OMNpejiesIeHHbIX Orepallii MOXKHO 06pa30BbIBATHL HOBble MHOXKECTBA
(Momo6HO TOMY KaK M3 UMCes MOCPEICTBOM OMepalllil CJ0KEHHS U YMHOXKEHHUS
noJ1y4aioTcsi HoBble uncia). Mayuenne onepainii HaJ MHOYKECTBAMH COCTaBJIsIET
npeMeT «aareGpbl MHOYKECTB», KOTOPAsi UMeeT MHOTO 0611ero ¢ 06GbIKHOBEHHOH
YHCJIOBOH asre6pol, XOTs Koe B UeM W OoTJiMuaercsi oT Hee. ToT dakT, uto aj-
re6panyeckKie MeTo/bl MOTYT ObITh MPUMEHEHbl K U3yUeHHIO HEUHCIOBbIX 00b-
€KTOB, KAKOBBIMU SIBJISIIOTCSI MHOXKECTBA, WJIIIOCTPUPYET GOJIbIIYIO OGLIHOCTD
WJeil COBpeMeHHON MaTeMaTHKK. B nocJieiHee BpeMsi BbISICHHJIOCK, 4TO anrebpa
MHOZKECTB OpOCaeT HOBBbIH CBET HA MHOTHE 00JIaCTH MAaTeMaTHKH, HalpUMep, Te-
OpHIO MepPBI U TEOPHIO BEPOSITHOCTEH; OHA MOJIe3Ha TaKXKe MPU CUCTeMaTH3alHH
MareMaTHYeCKHUX TOHSATHH U BbIICHEHUH HUX JIOTHUECKHUX CBSI3€H.

B nanbuetimiem [ Gyner o6o3HauaTh HEKOTOPOE MOCTOSIHHOE MHOXKECTBO
06'bEKTOB, TIPUPOJA KOTOPLIX 6e3pas/iuuHa, U KOTOPOe Mbl MOXKeM Ha3blBaTh
YHUBEPCAALHOLM MHONCeCmBoM (WU YHUBepcymom paccyxcoenus), a A, B,
C, ... OynyT Kakue-To noamHoxectsa /. Ecjin [ ecTb COBOKYNMHOCThL BCeX Ha-
TypaJibHbIX uuces, To A, CKaXkeM, MoxKeT 0003HauaTh MHOXKECTBO BCEX UETHBIX
uhces1, B — MHOXECTBO BCeX HeueTHbIX ynces, C — MHOMKECTBO BCeX MPOCThIX
yhces, u T. 1. Ecsin [ 0603HauaeT COBOKYIMHOCThL BCEX TOUEK Ha MJIOCKOCTH, TO A
MO2KeT ObITb MHOXKECTBOM TOUYEK BHYTPH KaKoro-to kpyra, B — MHO»KeCTBOM
TOUEK BHYTPH JIPyroro kpyra u T. 1. B uuciio «mnojmHo)kKecTB» HaM ya06HO
BKJIIOYHTh CaMo [, a TaKKe <«IyCToe» MHOXKECTBO &, He CojeprKallee HUKaKUX
saemeHTOB. Llesib, KOTOpyIo mpecJie/lyeT TaKoe HCKYyCCTBEHHOE pacliupeHue, 3a-
KJII0YAeTCsl B COXpAHEHHH TOTO TOJIOXKEHHUST, UTO KayKJI0My CBOHCTBY 2l COOTBeT-
CTBYeT HEKOTOPOE MHOXKECTBO 3J1IeMEHTOB U3 [, 06/1aal01UIMX 3THM CBOHCTBOM.
B cayuae, ecin 2 ecThb yHHUBepcasbHO BbIMOJIHSIEMOE CBOHWCTBO, MPHUMEPOM
KOTOPOTO MOYKET CJIYXKHUTh (€CJIM peub WET O YACJIaX ) CBOHCTBO YJOBJIETBOPSTD
TPUBHAJILHOMY PaBEHCTBY X = X, TO COOTBETCTBYIOLIEE MMOJMHOXKECTBO [ OyjeT
camo /, TaK Kak KaxK/blil 3/ieMeHT 06J1a1aeT TaKUM CBOUCTBOM; C JIPYyroH CTOPO-
Hbl, ecyid 2 eCTb KaKoe-TO BHyTpPEHHe NIPOTHBOPEUHBOE CBOHCTRO (BPOJIE X # X),
TO COOTBETCTBYIOIIleE MOJMHOYKECTBO He COJEPXKUT BOBCE 3JIEMEHTOB, OHO —
«rycroe» U 0603HAUaeTCsi CHMBOJIOM &.

[oBopsIT, UTO MHOXKECTBO A €CTb NOOMHONCECMB0 MHOXKeCTBA B, Kopoue,
«A BXomuT B B», HaIH «B conepKUT A», eCid BO MHOXKeCTBe A HeT Takoro
3JIEMEHTA, KOTOPBIH He OblT Obl TAKXKE BO MHOXKECTBE B. DTOMY COOTHOILIEHHIO
COOTBETCTBYET 3alHUCh
AcCB, wm BDA.

Hanpumep, mHOXKecTBO A Bcex Lenblx uuces, aensiumxcs Ha 10, ecTb mon-
MHOXKECTBO MHOXKECTBA B BCeX IIeJIbIX YHCeJI, JIeJsIIUXCs Ha D, TaK KaK Ka-
XKjoe uncso, jgensiieecst Ha 10, gesaures takxke Ha 5. CoorHouenne A C B
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He MCKJoUaeT cooTHouleHuss B C A. Ecyiu uMeeT MecTo U TO U JIPyroe, TO Mbl
MnUuiIemM
A=B.

DTO 03HAyaeT, YTO KaXKAblH 3jJeMeHT A ecTb BMecTe ¢ TeM 3JeMeHT B, u
o6patHo, Tak uTo MHO>KecTBa A 1 B cofieprKaT Kak pas OJHH U Te ¥Ke JeMEeHTHI.

CooTHollienne A C B MexX1y MHOXKECTBAMH BO MHOIHMX OTHOLIEHHSIX Hamo-
MHHAET COOTHOLIeHHe @ < b MeXy uhcjaMu. B 4acTHOCTH, OTMETHM CJIe1yio-
L[{Me CBOHUCTBA TOTO COOTHOLIEHHSI:

1)ACA.
2)Ecmn ACBuBCA, o A=B.
3)EcmAcBuBcCC,toACC.

[To sroit npuunne coorHowenne A C B HHOrJa HasblBAIOT «OTHOLIEHHEM
nopsiika». [yaBHOe OT/MUME paccMaTPUBAEMOrO COOTHOLUIEHHS] OT COOTHO-
weHusl @ < b MeXKJy UMCJIAMH 3aK/II0Ua€eTCsl B TOM, UTO MEXKIY BCAKUMU IBYMs]
3aJIlaHHbIMU (JIEHCTBUTENILHBIMU ) YHCIAMH @ U b HEMTPEMEHHO OCYLIECTBJSETCS
MO MeHblUIEH Mepe OJHO M3 COOTHOLIEHHH a < b uau b < a, Toria Kak
JJIs1 COOTHOILLEHHSA A CB MEXKIY MHOXKECTBAMHU aHaJIOrMYHOE YTBEPKIACHHUE
HeBepHo. Hanpumep, ecn A ecTb MHOXKECTBO, cocTosilee U3 uncen 1, 2, 3,

A={l,2 3},
a B — MHOXeCTBO, cocTosiiiee 13 uucea 2, 3, 4,

B={2, 3,4},
TO He UMeeT MecTa HH cooTHoleHne A C B, uu coornowenue B C A. Tlo s1oi
MpUYKHE TOBOPAT, 4To noaMHoxectBa A, B, C, ... MHOoxecTBa [ SIBJSIIOTCS

«YaCTHUHO YMOPSIOUEHHBIMH», TOTAA KaK JIeHCTBUTEe/NbHbIE uncaa a, b, ¢, ...
00pasyloT «BIIOJIHE YIOPSAAOUECHHYI0» COBOKYIHOCTb.

3ameTum, MeXKay MpouuM, uTo U3 OMNpesiesieHnsi cooTHolleHuss A C B cJe-
JIyeT, UTO, KAKOBO Obl HU ObLIO MOAMHOXKECTBO A MHOXKecTBa /,

HoCcA

5)AcCl.

CBofIcTBO 4) MOKET 10Ka3aThCsl HECKOBKO MapaaoKcalbHbIM, HO, €CJIH BJIy-
MaTbCsl, OHO JIOTHUECKH CTPOr0 COOTBETCTBYET TOUHOMY CMbICJY OMpe/e/ieHus
3Haka C. B camom nese, coorHowenne @ C A Hapyuwanoch Gbl TOJBKO B
TOM cJlyuae, ec/id Obl [yCTOe MHOXECTBO & COZLEPKaJ/o 3JeMEHT, KOTOpbIid
He cojepxalcs Obl B A; HO TaK Kak MyCTOE MHOXECTBO HE COJEPXKHT BOBCE
3JIEMEHTOB, TO 3TOTO OBITb HE MOXKET, KaKOBO Obl HH OblI0 A.

Mgl ompenenuM Terepb JABE ONEpalUM Haj MHOXeCTBaMH, (OpMasbHO
o6J1ajaolle MHOTUMH a/1re6panuecKMMH CBOHCTBAMHU CJIOXKEHHS H YMHOXKEHHS
uHcesl, XOTsl 110 CBOEMY BHYTPEHHEMY COJIepXKAHHIO COBEPLIEHHO OTJIMUHbIE OT
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ITUX apudmernueckux neiictBuil. [1ycth A U B — Kakue-TO JBa MHOXKeCTBa.
[Ton 06Bedunenuem, wi «Jioruueckoil cymmoi», A u B TOHUMaeTcss MHO-
JKECTBO, COCTOSIIIEE M3 TeX 3JIEMEHTOB, KOTOpble cojepxKatcs uau B A, uau
B B (BkjOuasi U Te 3JeMEeHTbI, KOTopble coaep:katcsi u B A u B B). D10
MHOXeCTBO 06o3Hauaercss A + B.!' Tloa «nepeceueHuemM», WIH <JIOTHUECKHM
npousBeneHremM», A U B TIOHUMAeTCsl MHOXKECTBO, COCTOSIIIEE U3 TEX 3JIeMeH-
TOB, KOTOpPBIE cofiepkarcst 4 B A u B B. 910 MHO)KecTBO 0603Hauaercsi AB. 2

A+B AB
Puc. 26. O6beaunenue u nepeceueHne MHOXKECTB
[TpounmocTpupyem npuBeaeHHbIe onpeaesneHus: npuMepoM. Bosbmem onsTh B
KauectBe A U B MHOKeCTBa
A={1,2, 3}, B =12, 3, 4}.

Torna
A+ B=A{l,2, 3,4}, AB =12, 3}.
Cpenu BaxkHbIX ajireGpanuecknx cBoicTB onepauuii A + B u AB nepeunc-
JUM caeayioue. YuraTeab cCMOXKET MPOBEPUTh UX CMPABEAIUBOCTb, UCXOJS U3
oTpeJieJIeHUs] CaMUX OTlepalllii:

6) A+ B=B+A. 7) AB = BA.

8) A+(B+C)=(A+B)+C. 9) A(BC)=(AB)C.

10) A+ A=A 11) AA=A.

12) A(B+ C)=AB + AC. 13) A+ (BC)=(A+ B)A+ C).
14) A+ o =A. 15) Al =A.

16) A+1=1 17) Az =o.

18) CootHoutenne A C B 3KBUBaJIEHTHO KaXKIOMY M3 JIBYX COOTHOLIEHHH

A+B=B8B, AB=A.

[IpoBepka Bcex 3THX 3aKOHOB — JIeJI0 cCaMOH 3JieMeHTapHoi Joruku. Ha-
npumep, npaBuso 10) KOHCTaTUPYET, UTO MHOXKECTBO 3JIEMEHTOB, COJIEpKALIHX -
csl WM B A, WM B A, eCTb KaK pa3 MHOXKeCTBO A; MmpaBujo 12) KoHCTaTHpYeT,

' W AU B. — [pun. peo.
2 Wm AN B.— lpun. peo.
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YTO MHOXKECTBO TeX 3JIEMEHTOB, KOTOpble cojep:karcsi B A U BMecTe C TeM
cozepekarcst Win B B, uin B C, COBMALAET CO MHOYKECTBOM 3JIEMEHTOB, KOTOPBIE
WJIH COJlepKaTcst OHOBPEMEHHO B A U B B, W/IN cojepKarcst 0HOBPEMEHHO
B A u B C. Jlornueckue paccy:KIeHHsI, HCIIOJIb3yeMble TIPH J0Ka3aTeJbCTBAX
N0 06HOT0 POjia MPaBUJI, YA0OHO HILTIOCTPUPYIOTCS], €CJIH Mbl YCJOBHMCS H30-
6paxkate MHOXecTBa A, B, C, ... B BHJE HEKOTOPBIX (PUTYp HA TJIOCKOCTH H
OyleM oueHb BHHMAaTeJbHbl B TOM OTHOLIEHHM, YTOObI He YMyCTHUTb HHU OJHOU
13 BO3HUKAIOLIMX JIOTHUECKHX BO3MOXKHOCTEH, KOT/la peub WAEeT O HaJHuMH 00-
IL[MX 3J€EMEHTOB JBYX MHOXKECTB WJIH, HATIPOTHB, HAJHUUH B OJTHOM MHOXKECTBE
3JIEMEHTOB, KOTOpbIE HE COJEPKATCSsl B JPYrOM.

Yuratesb, HECOMHEHHO, 0OpaTH/ BHUMaHHe Ha TO OOGCTOSITEJBLCTBO, UTO
3akoHbl 6), 7), 8), 9) u 12) BHelllHe TOXKIECTBEHHbI C XOPOLIO 3HAKOMBIMH
KOMMYTATHBHbIM, aCCOLUMATHBHLIM U AUCTPUOYTHBHBIM 3aKOHAMH OOBLIKHOBEH-
Ho# anre6pbl. OTClofa CJeIyeT, uTo BCe MpaBuja OOGLIKHOBEHHOH aJreGphl,
BBITEKAIOLHE M3 3THX 3aKOHOB, AEHCTBHTEJbHBI TAKXKe B anredpe MHOXKECTB.
Hanporus, 3akonbl 10), 11) u 13) He uMeloT CBOUX aHAJOTOB B OOLIKHOBEH-
HOW anreOpe, U OHU MPUAAIOT asnrebpe MHOKECTB GoJiee MPOCTYI0 CTPYKTYPY.
Hanpumep, dpopmysa 6uHoMa B anre6pe MHOMKECTB CBOAUTCS] K MPOCTEHIIEMY
paBEHCTBY

(A+B)'=(A+B)-(A+B)...(A+B)=A+1B,
KoTopoe cJeayer u3 3akoHa 11). 3akonbl 14), 15) u 17) roBopsiT 0 TOM, UTO
CBOHCTBA MHOXKECTB & U [ 110 OTHOLLEHHIO K ofepalusiM 0ObeIMHEHUS U riepe-
CeuyeHHs MHOXKECTB BeCbMa MOX0KH Ha cBokcTBa uuces 0 ¥ | Mo oTHOLIEeHHIO
K OTepalysiM YHCJIOBBIX ACHCTBHH CJ103KeHUs1 U yMHOXKeHHsl. Ho 3akon 16) ne
MMeeT aHaJlora B UMCJIOBOH aJjrebpe.

Ocraercst 1ath omnpejie/ieHHe elle OJHOH ornepauuu B ajnrebpe MHOMKECTB.
[Tyctb A — Kakoe-HUOYIb MOJAMHOXKECTBO YHUBEpCaJbHOrO MHOXKecTBa /. To-
rna nopx donoareruem A B [ TOHUMaeTCsl MHOYKECTBO BCEX 3JIEMEHTOB /, KOTO-
pele He conep:katcest B A. [l 3Toro MHOXKecTBa Mbl BBelleM 0603HaueHHe A'.
Tak, ecan / ecTb MHOXKECTBO BCEX HATypasbHBIX unces, a A — MHOXKECTBO
BCEX MPOCTBIX uHces, To A’ ecTb MHOXKECTBO, COCTOSIIIEE M3 BCEX COCTABHbBIX
yrces U ynucsaa 1. Onepauus nepexona ot A K A’, 1J1st KOTOPOH HeT aHajora B
0ObIKHOBEHHOH aJsrebpe, 006Ja/1aeT Caeayl0UMMH CBOHCTBAMU:

19) A+ A =1, 20) AA' =o.
21) @' =1. 22) I'=o.
23) A" = A.

24) CootHolienre A C B 9KBHUBaJIeHTHO COOTHOLIeHHI0 B’ C A'.

25) (A+BY=A'B". 26) (ABY=A"+5".
[TpoBepKy 3THX CBOKCTB Mbl ONATH MPEAOCTAB/SEM UUTATEJIO.

3akoHbl 1)—26) JsiexkatT B ocHoBe asire6pbl MHOxKecTB. OHU 06s1a7a10T 3a-
MeuaTeJIbHbIM CBOMCTBOM «JIBOMCTBEHHOCTH» B CJIEJYIOLIEM CMbICJIE:
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Ecau 6 00nom uz 3akornos 1)—26) samenumeo dpye na dpyea coomsaent-
CMBEHHO CUMBONbL

C u D
g u |/
+ U

(8 Kascdom ux 8xoxcdenul), Mo 8 peayibmamne CHOBA NOAYUAemcs 0OUH
u3 amux se 3akoros. Hanpumep, 3akon 6) nepexoaut B 3akoH 7), 12) —
B 13), 17)—B 16) u 1. 1. Otciona caenyer, uto Kaxdoi meopeme, KOMopas
Mmooicem Ouimo 8vl8edena u3 3akonos 1)—26), coomsemcmsyem dpyeas,
«dgoiicmaenHasny el meopema, NOAYUAIOWAsCca U3 nepsotl nocpedcmaom
YKAZAHHOLX NePecmano80Kk cuMB0A08. B caMoM Jielie, Tak KaK J10Ka3aTeslb-
CTBO MEPBOH TEOpPeMbl COCTOMUT M3 MOCJE0BATENILHOrO NPUMeHeHUst (Ha pas-
JIMYHBIX CTAJUSIX MPOBOJMMOTO PACCYKJeHHs1) HEKOTOPLIX U3 3aKOHOB 1—26),
TO MPUMEHEHHE Ha COOTBETCTBYIOLIMX CTAMUAX «JIBOHCTBEHHBIX» 3aKOHOB CO-
CTaBHUT JIOKA3aTeJIbCTBO «JIBOHCTBEHHOIH» TeopeMbl. (ITo moBoay mono6HOH xe
«JIBOUCTBEHHOCTH» B reoMeTpuu cM. ryapy [V.)

2. llpumeHeHue K MaTemMaTH4yecKoi Joruke. I1poBepka 3akoHOB aJre6-
pbl MHOKECTB OCHOBBIBaJIaCh HA aHaJiM3€ JIOTHUYECKOTO CMbICJIA COOTHOLLIE-
uust A C B v onepauuit A + B, AB u A’. Mbl MoxKeM Ternepb 06paTHTb 3TOT
Tmpoliecc U paccMaTpUBaTh 3aKoHb! 1)—26) Kak 6a3y st «ajareGpbl JOTHKH».
CkakeM TOUHee: Ta 4aCThb JIOTHKH, KOTOpasi KacaeTcsi MHOXKECTB, HJIH, UTO MO
CYLIECTBY TO K€, CBOHCTB pacCcMaTpHBaeMbIX 0OBEKTOB, MOXKET ObITh CBelleHa
K (opManbHON anreGpandeckoll CHCTeMe, OCHOBAHHOH Ha 3akoHax 1)—26).
Jlornueckuil «yHHBEpPCYM pacCy»JIEHHs» ONpeielisieT MHOXKECTBO [; Kascdoe
cgoticmso A onpedeasem mHoxcecmso A, cocmosujee us mex o6veKmos
8 I, komopoie obradarom amum csoticmson. I1paBuna nepeBoja 0GbIUHON
JIOTHUECKOH TEPMHUHOJIOTHH Ha s13bIK MHO2KECTB sICHbI U3 CJACIYIOLIUX TPUMEPOB:

«A win B» A+ B
«A u B» AB
«He A» A’
«Hu A, uu B» (A + BY, uau, uto o xe, A’'B’
«HepepHo, uto u A, u B» (ABY, v, uto To e, A’ + B’
«Besikoe A ectb B»,
HWJIn
«Ecam A, To B», ACB
HUJIn
«W3 A cnenyer B»
«Kakoe-to A ectb B» AB+# &
«Hukakoe A ne ectb B» AB=o
«Kakoe-To A He ectb B» AB #+ &
«Her nukakoro A» A=
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B Ttepmunax anre6pbl MHO:KecTB cuuioruam «Barbara», o6osnauatoiui,
yto «ecau Besikoe A ectb B u Besikoe B ectb C, 1o Besikoe A ectb C»,
MPUHUMAET MPOCTON BUIL

3) EemAcBuBcCC,0AcCC.

AHaJIOrMUHO «3aKOH MPOTHBOPEUHS», YTBEPKAAIOUIUH, UTO «OOBEKT HE MOXKET
OJIHOBPEMEHHO 00J1aflaTh ¥ He 06JiaJlaTh HEKOTOPbIM CBOHCTBOM», 3amlUChIBa-
eTCcsl B BHJIE:

20) AA' = &,

a «3aKOH HCKJIOUEHHOIO TPETbEro», roBOPSALLUH, UTO «OODBEKT AOJIKEH HJIH
06J1a1aTh, WM He 06J1a7laTh HEKOTOPBIM CBOUCTBOM», 3aIMCHIBAETCS:

19) A+ A =1
Takum 06pas3om, Ta yacTh JIOTUKH, KOTOpasi BbIpa3iMa B TEPMHHAX CUMBOJIOB C,
+, - ¥/, MOXKeT TpakToBaThCs Kak (opmaJjbHas ajarebpauueckasi CHCTEMa,
noauMHeHHast 3akoHaM 1)—26). Ha ocHoBe cJIMsiHMS JIOTHUECKOTO aHa/in3a Ma-
TeMATHKH ¥ MaTeMaTHYeCKOro aHaJju3a JIOTHKH C03/aJiaCb HOBasl AMCLIMILIH-
Ha — mamemamuieckas A02uKa, KOTopasi B HacTosllllee BpeMsl HAXOJUTCS B
npotiecce GYPHOTO Pa3BUTHSI.

C akcHOMAaTHUEeCKOH TOUKHM 3PEHHsT 3aC/y)KHUBAaeT BHUMAaHHUS TOT 3aMeua-
TeJIbHBIN (PaKT, uTo yTBepKaeHHUs |)—26), BMecTe co BCeMU NPOUMMH TeopeMa-
MU aJire6pbl MHOYKECTB, MOTYT OBbITh JIOTHUECKH BbIBEJIEHbI U3 CJIEIYIONINX TPeX
paBEHCTB:

27y A+ B=B+ A,

(A+B)+ C=A+(B+C),

(A +B'Y+(A"+ By =A.
Otcioza cienyert, uto anre6pa MHOXKECTB MOXKET ObITb TMOCTPOEHA KaK YHCTO
JIelyKTHBHAsl Teopusl, BPOJle €BKJHUJIOBOH TeoMeTpuH, Ha 6ase 3THX Tpex Mo-
JIOXKEHWH, TPUHUMAEMBIX B KauecTBe aKCHOM. Ec/ii 3TH aKCHOMbI MPUHSTHI, TO
onepauusi AB u otHouienne A C B onpedeaaomea B tepmuHax A + B u A’

AB o6osnauaet mHoxkectso (A’ + B'Y,
A C B o6osunauaer, uto A+ B =B.

CoBepllleHHO MHOTO pojia TpUMEp MaTeMaTHUecKOW CHUCTeMbl, B KOTOPOH
BBITIOJIHSAIOTCS BCe (POpMasibHble 3aKOHbI aJre0pbl MHOXKECTB, IAETCS CHCTEMON
BocbMH uncen 1, 2, 3, 5, 6, 10, 15, 30: 3nech a + b o6o3Hauaer, no ornpejee-
HHU10, 0061llee HaUMeHblllee KpaTHoe a U b, ab — o61ui HanboJbIINE AeJUTeNb a

30
u b, a Cb— yTBepxKieHHe «b NeJUTCS HA a» U @’ — UUCJO - Cy1iectBo-

BaHHe TaKMX MPUMEPOB MOBJEKJIO 3a cOGOH H3yueHHe OOIIMX ajreGpanuecKux
CHCTeM, YIOBJIETBOPSIIOIMX 3aKoHaMm 27). Takue cucTeMbl HasbBaoTes «Oy-
JieBbIMU anreGpamu» — B uecTb JLkopmka by s (1815—1864), anraumiickoro
MaTeMaTHKa U JIOTHKA, KHUra Kotoporo «klcesenoBaHue 3aKOHOB MBILIIEHHST»
nosiujiach B 1854 .
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3. MpumeHeHue K Teopuu BeposATHOCTEN. AJireGpa MHOXKECTB UMeeT GJinrKaliliee
OTHOLLUEHUE K TEOPUM BEPOSITHOCTEH M I103BOJISET B3IJIHYTb HA Hee B HOBOM CBETE.
Paccmotpum npocrefitinil npumep: npejacTaBuM cebe SKCIepUMEHT ¢ KOHEUHbIM UHCJIOM
BO3MOKHBIX HCXOJIOB, KOTOPbIe BCE MBICJATCS KaK «PAaBHOBO3MOXKHbBIE». DKCIEPUMEHT
MOXKET, HallpuMep, 3aKJ/0UaThCsl B TOM, UTO Mbl BBITSITHBAaeM Hayraj KapTy M3 XOpollo
repeTacoBaHHON MOJIHON KoJiofibl. Ecsii MHO2KeCTBO BceX MCXOJ0B IKCIepUMeHTa 060-
3Hauum uepes /, a A o6o3Hauaer Kakoe-HUGY/Ib MTOJIMHOXKECTBO /, TO BEPOSITHOCTh TOTO,
YTO HCXOJI KCIIEPUMEHTA OKAXKETCsl MPUHAJIEKALIMM K MOJAMHOXKeCTBY A, oripejessi-
eTCsl KaK OTHOLIEHHE

(A)= 4UUCNO 3NeMeHImOo8 A
4UCAO0 INemenmos [’

Ecau yc/ioBUMCST UMCJIO 3JIEMEHTOB B KakKoM-HHOYIb MHOxKecTBe A 06o3Hauath ue-
pes3 n(A), To nocseaHeMy PaBeHCTBY MOXKHO MPUAATh BHJL

pA) =550, (1)

B naiiem npumepe, nonyckasi, uto A eCTb NOAMHOXKeCTBO Tped, Mbl ostyunm n(A) = 13,

n(l) =52 n p(A) = 1 = 1.
Wpeu anreGpbl MHOXKECTB 0OHAPYKHBAIOTCS MPH BbIUMCJEHHH BEPOSTHOCTEN TOT/IA,
KorJia TIPUXOJUTCS, 3Hasi BEPOSITHOCTH OJIHUX MHOXKECTB, BLIUMCJISIT BEPOSTHOCTH JPY-
rux. Hanpumep, 3nas Beposithoctu p(A), p(B) u p(AB), MOXHO BBIUMC/UTb BEPOSITHOCTh

p(A + B):
p(A+ B) = p(A) + p(B) — p(AB). (2)

JlokasaTb 9TO He cocTaBUT Tpyaa. Mbl uMeeM
n(A+ B)y=n(A)+ n(B) — n(AB),

TaK KaK 3J1eMEeHTbI, COJleprKallliecs 0JIHOBpeMeHHO B A 1 B B, T. e. sseMenThl AB, cunta-
IOTCS JIBAK/Ibl [P BbIUMCJIeHUH cyMMbl 1(A) 4+ n(B), U, 3HaUuT, Hy>KHO BbluecTb n(AB)
M3 TOH CyMMBbI, 4ToGbI noacuet n(A + B) Gblj1 Tpou3BeieH NpaBuibHO. [esst 3aTeM o6e
yacTH paBeHcTBa Ha n([), Mbl ojiyuaeM COOTHOLLeHKe (2).

BoJsiee nnrepecHas dopmysia roJsyuaercs, ecjau peub WAET O TPpeX MHOXKecTBax A,
B, C u3 [. Tlosb3ysick cooTHOlIeHHEM (2), Mbl HMeeM

PA+B+C)=pl(A+B)+ Cl=p(A+ B)+ p(C) — pl(A + B)C].
3akon (12) u3 npenbiayiiero nyHkra aaet Ham (A + B)C = AC + BC. O1cioja ciejyer:
pl(A+ B)C)] = p(AC 4+ BC)= p(AC) + p(BC) — p(ABC).

[ToacraBisisi B 1oJiyueHHOe paHblile cooTHouleHue 3HaueHue p[(A + B)C] u 3Haue-
Hue p(A + B), B3sitoe U3 (2), Mbl MPUXOJUM K HYXKHOI HaM (opmy.ie:

p(A+ B+ C)=p(A)+ p(B)+ p(C) — p(AB) — p(AC) — p(BC) + p(ABC).  (3)

B kauectBe mpumepa paccMOTpPUM CJeylolinil sKcnepuMent. Tpu uudpel 1, 2, 3
MULIYTCS B KAKOM T1omnasio nopsiike. KakoBa BeposiTHOCTb TOr0, UTO M0 KpaiiHeil Mepe
oJlHA M3 LM(P OKaxKeTcsi HA HajyiexkalleM (B cMmbicie Hymepauuu) mecte? [lyceth A
€CTb MHOXKECTBO [1€PeCcTaHOBOK, B KOTOPBLIX LMcpa | CTOUT Ha repBoM MecTe, B —
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MHOKECTBO MEPECTaHOBOK, B KOTOPBIX LMppa 2 cToMT Ha BTOpoM Mecte, C — MHO-
JKECTBO MMEpPeCTaHOBOK, B KOTOPBHIX Ludpa 3 CTOUT Ha TpeTbeM Mecte. Ham HyxHO
Bbiuncsutb p(A + B + C). SlcHo, uto

2 1.
p(A)=p(B)=p(C) = & = 33

JeACTBUTE/IBHO, eC/IN KaKas-HUOYAb LUdpa CTOUT Ha HaJJlexkKalleM MecTe, TO UMElOTCsl
JIBe BO3MOXKHOCTH MepecTaBUTh OCTasbHble Be LU(pbl U3 o6Llero uucaa 3-2 -1 =6
BO3MO2KHBIX MTepecTaHoBOK Tpex mudp. Hasee,

1 1
PIAB)=p(AC)=p(BC)=¢,  plABC)= ¢,
TakK KakK B KaXKJOM H3 3THX CJyuyaeB BO3HHKAeT TOJBLKO OJHA BO3MOXKHOCTb. M Torma
tdopmy.ia (3) naer Ham
3. L g L, 1y 1,1
p(A+B+C)=3 5 3 513 =1 513 =0,6666. ..

YnpaxHenue. BoiBenure cooreretByoliyto dopmyay mist p(A + B+ C + D) u

NPUMEHHUTE ee K IKCIIEPUMEHTY, B KOTOPOM OyIyT yyacTBoBath 4 udpbl. COOTBETCTBY-

jolI1ast BePOATHOCTb paBHa = = 0,6250.

O6was dopmyda s 06'beJAMHEHHS 11 MHOXECTB UMEET BHJL
pAT + A+ ...+ An) =
=D p(A) =D pAiA) + Y pAAA) — . E p(Ai Az A, (4)
1 2 3

rIe CHMBOJIBL %, >, 3., ..., >, 0603HAualOT CyMMHPOBaHHE 110 BCEM BO3MOXKHBIM
1 2 3 n—1
KOMOMHALMSAM, COJIEPIKALLIM OJIHY, IBE, TPH, ..., (n — 1) OykB ua uncna Ay, Asg, ..., An.

Ata opmysia MOKeT ObITb YCTaHOBJIEHA MOCPEJACTBOM MaTeMaTHUECKON HHAYKLHH —
TOYHO TaK »Ke, Kak opmyJia (3) Oblia BbiBeeHa U3 opmyJbl (2).

13 dopmydibl (4) MOXKHO 3aKJ/IOUNTh, uTO ecau n wadp 1, 2, 3, ..., n HanucaHbl
B KaKOM YTrOJIHO TOPSiJIKE, TO BEPOSITHOCTb TOTO, UTO MO KpaiiHell Mepe ojHa U3 Ludp
OKa)KeTCsl Ha HaJUleXKallleM MecTe, paBHa

1

1 1
§—4—!+...in—!, (5)

npuyem rnepe nocae/HuM 4i€eHOM CTOUT 3HAK + W —, CMOTPs1 11O TOMY, ABJSAETCS JIK 11
YETHbIM HJIM HeuyeTHbIM. B YaCTHOCTH, NPU 1N = 5 sta BEPOATHOCTL paBHaA

PR IO B O B U I
ps=1—gt g — 5+ 5= 5= 06333

1
pn:1—2—!+

B rnase VIII mbl yBuaMM, uTO, KOTA 1 CTPEMHUTCSI K OECKOHEUHOCTH, BbIpakeHne

1
S":E

1 1 1
CTPEMHTCS K Npejiesy é, 3HaueHHe KOTOPOTo, C MATbI0 3HAKaMH T10CJ/e 3arsiTol, paB-
Ho 0,36788. Tak kak u3 gopmy.ibl (5) BUaHO, uTO py, = 1 — S, TO OTCIO/A CJIENy€T, UTO
npH 1 — 00 .
pn— 1 — e 0,63212.



[JIABA II

[eomeTpuueckue nocrpoeHus. Aareodpa
YU CJOBBIX MOJeH

BBenenue

3anaun Ha 1MocTpoeHHe Bceraa ObM OJHUM H3 CaMbIX JIIOOUMBIX NpeaMe-
TOB IeOMETPUUECKUX 3aHATHH. C MOMOLIBIO TOJbKO LMPKYJS W JHHEHKH, KaK
YUTaTesb 3HAeT U3 LIKOJBHOrO Kypca, MOXKHO BBIMOJHUTb OUeHb MHOTO Pa3Ho-
006pasHbIX MOCTPOCHUH: pa3e/IUTh MOMoJaM OTPE30K HJH yTroJl, IPOBECTH uepe3
TOYKY MEPIEHINKYNAP K JaHHOH MPSAMOH, BIIUCATb B JAHHBIH KPYT NPABUJIbHbBIA
LIECTUYTOJIbHUK W T. . Bo Bcex 3TUX NOCTPOEHMSIX JIMHEHKA CJIYXKHT TOJIBKO
JUIS TOTO, YTOOBI MPOBOANTH MPSIMYIO JIMHHIO, HO HE JIJIS TOTO, YTOOBI H3MEPSATh
WM OTKJaJblBaTb PAcCTOSIHUSA. TpajMLMOHHOE OrpaHHUeHHE — [10J1b30BaThCsl
TOJIBKO LIMPKYJEM M JIMHEHKOH — BOCXOAUT K IJ1yOOKOHW APEBHOCTH, XOTS Ha
MpaKTHKe CaMH Tpekn 6e3 KoseOaHus MpuOerasu U K APyrHMM HHCTPYMEHTaM.

OpnHolt 3 camMbIX 3HAMEHHUTBIX, KJIACCHUECKHX 3a/au Ha MOCTPOEHHE SIBJISI-
ercsi 3aaua AnmosaoHnus (oxkosno 220 rofa 1o Halllel 3pbl): JaHbI TPH KPyTa,
TpebyeTcs MPOBECTH UETBEPTHIH, KacaTesbHbIH K TpeM JNaHHbIM. B uactHocTH,
HE MCKJIIOUEHO, UTO OJMH WM OoJibllee UMCJIO0 U3 JaHHBLIX KPYroB «BbIPOXKa-
IOTCS1» B TOUKY WJIH MPAMYIO (<KPYr» C «HYJEBbIM» WJH C «GECKOHEUHbIM»
paauycoMm). Hanpumep, MOXKET UATH peub O TPOBEJICHUH Kpyra, KacaTeJbHOro K
JIByM JJAHHBIM MPSIMBIM U MPOXOJISILLETO yepes JaHHyto Touky. EcJ/in Takoro posa
creLyaJibHble CJydad He CBs3aHbl C 3aTpPyJAHEHUSMH, TO B OOLLlell 0CTaHOBKe
3a/1a4a NMPUHALIEKHT K UUCJY BeCbMa TPYIHBIX.

M3 Bcex 3a1au Ha MoCcTpoeHHe 3aj1aua MOCTPOEHHS (C MOMOLLbIO LMPKYJs H
JIMHEHKHU ) TPAaBUJILHOTO /1-YTOJIbHUKA MPEJICTABIISET, MOXKET ObITh, HAUOOJbIIUHI
untepec. Ilns psina 3HaueHuit n, Hanpumep, n = 3, 4, 5, 6, pelienue 6bLIO
M3BECTHO y2Ke B IPEBHOCTH U U3J1araeTcsi B WKOJbHOH reomerpud. Ho B cayuae
MPaBUJIbHOTO CEMUYTOJIbHUKA (71 = 7) MOCTPOEHHE, KaK ObLIO I0KA3aHO, HEBO3-
MOKHO. BOT elle Tpu KJaccHueckde rpeyeckue npodJeMbl, pelieHHe KOTOpbIX
PasbICKUBAJIOCH 10JITO M 6e3pe3y/IbTaTHO: Pa3ie/MTh Ha TPH PaBHbIe YaCTH JIaH-
HbIH MPOHU3BOJIBHBIN YToJI, YIBOUTh JaHHBIH Kyb (T. €. TOCTPOUTh CTOPOHY Ky0a,
00beM KOTOpPOro BaBoe GoJibliie, 4yeM 00beM Kyba, CTOpOHA KOTOPOro 3ajaHa)
1 BBIMOJIHUTL «KBaApaTypy» Kpyra (T. €. MOCTPOUTb KBaJpaT, HMEIOLLHH TaKyo



144 TEOMETPHUYECKHME ITOCTPOEHMS . 111

JKe TUIOLLA/b, KaK W AaHHbIA Kpyr). M B 3TUX npobJiemax npejroJaraercs, uro,
KpOMe LMPKYJISt U JIMHEHKH, IPYrHe UHCTPYMEHTbI HE MPUMEHSIOTCS.

[Ipo6sembl mofo6HOTO poja, He MOJAIOLIMeCs PEeLIeHHIO, MPUBEIH K OJ-
HOMY U3 CaMbIX 3aMeuaTesIbHbIX W OPUIHMHAJIbHBIX HATpaBJeHHH MaTeMaTHue-
CKOH Mblcaiu. [Tocsie HeCKOJIbKUX CTOMETHH Ge3yCnelHbIX MOMCKOB MaTeMaTHKH
YTBEPIWJIUCL B MOJO3PEHHH, UTO HAHTH pellieHHe HeBO3MOXKHO. Ha ouepenb
BCTasl COGJIa3HUTENIBHBIE 10 CBOEH TPYAHOCTH HOBBIH BOMPOC: KAK MONCHO
dokasamo, 4mo ma ual uHas npodiema He mocem Ovimo paspeutena?

B o6nacTu anre6pbl TOT 2Ke BOIIPOC BO3HUK B CBsI3U € NP06J/1EeMOM peLlieHus
ypaBHeHHH 5-i W GoJiee BbICOKHX cTereHeil. B Teuenne XVI ctosieTusi Gbi-
JIO yCTaHOBJIEHO, UTO ajreGpanuecKHe ypaBHEHMsl CTeleHW 3 M 4 pelnaioTcst
MOCPE/ICTBOM MPUMEPHO TOH Ke TIPOLEAYPbl, UTO H KBajpaTHble. DTa Mpo-
le/lypa MOXeT ObITb, BOOOIle TOBOPsI, 0OXapaKTepu3oBaHa CJeNylolM o00pa-
30M: pelleHus], WM «KOPHU», ypaBHEHHsI IPEJICTABISIOTCS B BUIE BhIpaXKeHHUH,
COCTaBJICHHBIX M3 KO3(D(HIIMEHTOB YpaBHEHUS W COJEpPXKAlLMX OMepaluu, U3
KOTOPBIX KaKIast eCTb WM paldoHabHasi — CJIOJKEeHHe, BIUNTAHHE, YMHOKE-
HUe, JleJleHne, — WUJIH 2Ke U3BJleueHne KOPHsI — KBaJIpaTHOro, KyGHUECKOro HJIH
ueTBepTOH creneHu. [oBopAT Kopoue, uto ajrebpanueckoe ypaBHEHHE He Bbl-
11l YeTBEPTOH CTENMeHU «pellaercs B pajukasax» (radix mo-JarbiHM 03HauaeT
«KopeHb» ). Kasasoch Kak Hesb3st GoJjiee eCTeCTBEHHBIM IMBITATHCS 060OIINTD
3Ty MPOLEAyPy Ha ypaBHeHHsI 5-il U GoJiee BBICOKMX CTeleHeH, MoJb3ysch,
KOHEUHO, ¥ paJiiKajaMi COOTBETCTBYIONIMX cTerneHell. Ho HU o/1Ha W3 MOMbITOK
He yBeHuasach ycriexoM. B XVIII crosietnn 6bliu cotyuau, Koria jaaxe BblIato-
lLIMecs MaTeMaTHKU BMajald B 3a0JyK/eHHe, MpenoJaras, uto pelieHue uMH
Haitneno. Ho Tonbko B Hauase XIX crosietus y uranbsHua Py g dpunu (1765—
1822) u y rennasibHoro HopBexkckoro MatemaTuka H. I A6 ens (1802—1829)
BO3HHKJ/IA MOMCTHHE PEBOJIIOLMOHHAS AJIsT TOTO BpPeMeHH uiest — doKas3amo
HEBO3MONMCHOCMb peulerus 8 padukaiax obueeo areedbpauueckoeo ypas-
Henus cmenenu n. HyXHO MOHAMATb COBepLIEHHO OTUETJHBO, UTO pedb He
WIET O CYujecmsoB8aHull pellleHnsl anre6pandyeckoro ypaBHEHHsl CTETeHH f1:
CYLIECTBOBaHHE pelleHHil ObII0 CTPOro AokasaHo [ayccom B ero g0KTOPCKOH
qucceprauud B 1799 . Takum o6pa3om, yxKe He OblI0 HUKAKMX COMHEHWH B
TOM, UTO Ka)Kioe ajre6panyeckoe ypaBHEHHe NEHCTBHTEJNbHO HMeEeT KOPHH,
B 0COOEHHOCTH MOCJIe TOro, Kak ObLIM YKa3aHbl NMPHOJHKEHHbIE METOJbI JI/Is
WX BBIUUCJIEHHS] C KAKOH YrOJHO CTeleHbI0 TOUHOCTH. «YHcJeHHOe» pellleHHe
anreGpandyecKuxX ypaBHEHHIl, UMelolllee IPOMaJHOe 3HAUeHHe B TPUJIOKEHHSIX,
npekpacHo paspabotano. [Ipobaema Abesst u Pyddunn 6p11a nocraBneHa co-
BCeM HHaue: Mookcem Al Ooimb HALOeHO peuleHile ¢ NOMOUbIO OOHUX MOAb-
KO payuoHaibHblX onepauyutl u onepayuil uzsiedenus Kopreil? VMeHHO
CTpeMJyieHHe JTOOUThCS TIOMHOH SICHOCTH B 3TOM BOMPOCE MOCJYKHJIO TOJUKOM
IS BEJTUKOJIEITHOTO PA3BUTHSI COBPEMeHHOH ajreGpbl M TEOPHH TPYIII, HAYaTOTO
pa6otamu Pyddunu, Abensi u D. Fanya (1811—-1832).
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JlokasaTesbcTBO HEBO3MOXKHOCTH HEKOTOPBIX F€OMETPUUECKUX MOCTPOEHHUH
SIBJISIETCS] OJIHMM M3 MPOCTEHIINX TPHUMEPOB, HTIOCTPUPYIOLINX HAaMpaBJeHNe B
anrebpe, 0 KOTOPOM TOJIbKO 4TO OblIO cKazaHo. MImeHHo onepupyst anre6pa-
MUECKUMHU TIOHSITHSIMH, Mbl CMOXKEM YCTAHOBHUTb B 3TOM [VIaBE HEBO3MOXKHOCTb
M TPUCEKLUH yrJa, U MOCTPOEHUS] MPABUJIBHOTO CEMHYTOJbHHUKA, W yABOEHHUS
Ky6a ¢ MOMOLIBIO OJHUX TOJBKO LUPKYJs U JuHeHKH. ([IpoGiema kBaapatypsl
Kpyra 3HauUTeJIbHO CJIOXKHEE; CM. 110 3TOMy ToBojy cTp. 167.) [Toaxons Ganxe
K MHTEpeCYyolleMy Hac BOIMPOCY, Mbl COCPEIOTOUMMCS He Ha €ro OTpULATe/b-
HOH CTOpOHE — HEBO3MOKHOCTH BBIMOJIHEHHST Te€X MJH HHBIX MOCTPOEHHH, a
NPUAAIUM €My TI0JIOKHUTEJbHBII XapakTep: Kak MOIYT ObITb MOJHOCTbIO OXa-
paKTepu30BaHbl 3ajlaul Ha MOCTpPOeHHe, JonycKamwliue peteHue? Tlocge Toro
KaK OTBET Ha 3TOT BOMpocC GyAeT HailjieH, He COCTABUT TPYAA yCTAHOBUTB, UTO
paccmaTpuBaeMble HaMH MPoGJeMbl He BXOASIT B 3Ty KaTEropuIo.

B Bospacte 17 jier [aycc ncenenoBas BO3MOKHOCTb MOCTPOEHHS MPABHIIb-
HBIX p-YTOJBHUKOB, TJe p — MPOCTOe UMCJI0. B TO Bpemsi ObUIM H3BECTHBI
MOCTPOEHHsT TOJBLKO At cIydaeB p =3 u p = 5. [aycc ycraHoBuII, 4TO MO-
CTPOEHHS BO3MOXKHBI B TOM M TOJILKO TOM CJlydae, €CJii P eCThb MPOCTOE <UUCJIO
Depmar: i

p=2°+1.

[TepBbie uncaa Gepma cyth 3, 5, 17, 257, 65537 (cM. cTp. 50). DTO OTKPHITHE
npoussesio Ha laycca takoe BreyaTsieHHe, UTO OH Cpady OTKasajcs OT (u-
JIOJIOTHYECKOH Kapbepbl W PELINJ TOCBATUTh CBOIO JKH3Hb MaTeMaTHKe M ee
npuaoxkeHussM. OH M NO3JHee CMOTPes Ha 3TO MEPBOE U3 CBOMX OTKPBLITHH C
ocobeHHoi ropyocthio. [Tocse cmeptu [aycca B [érTunrene 6bl1a BO3ABUIHYTA
ero GpPOH30Basi CTaTysl, C MbeAECTaIOM B opMe MPaBHIbHOTO |7-yrojbHuKa.
Tpynno npuaymats 6oJiee JOCTOHHYIO T10UYECTb.

Korza peub njer o reoMmeTpHuecKux MOCTPOEHHSIX, HUKAK He CJIELyeT ymyc-
KaTb M3 BHY, UTO MpobJeMa 3aK/IiouaeTcst He B MPAKTHUECKOM BblUepUHBAHUH
(Uryp ¢ U3BECTHOH CTENEHbIO aKKypaTHOCTH, a B TOM, MOKET JIH [TOCTPOEHHE
ObITb BBITIOJIHEHO TEOPETHUECKH, MPEANoJaras, 4To Halldh UHCTPYMEHTbI JaloT
abCcoJTIOTHYIO TOUHOCTB. [ayce 1oKasan HMeHHO MPHHLMITHANBHYIO BO3MOXKHOCTD
PacCMOTPEHHBIX UM TOCTpoeHUH. Ero Teopusi He Kacaercst Toro, Kakue cjeayer
MCIOJIb30BaTh MPUEMbI, UTOObI YIIPOCTHTL MPOLELYPY MM YMEHBLIHTb UYHMCJO
HEeOOXOMMBIX KOHCTPYKTHBHBIX ofepaluid. Bece 310 — Bompock! He CTOJb BbI-
COKOI0 TeopeTHueckoro 3HaueHHsl. C MpakTHUECKOH TOUKH 3pEHHs], TaKue Mo-
CTPOEHUS He JAl0T CTOJb Y0BAETBOPUTENLHOTO pe3dyJibTaTa, KaKoH MOKET ObITh
JIOCTHTHYT MOCPECTBOM XOPOILIEro TpaHcnopTHpa. BepositHo, nMeHHO HenmoHu-
MaHHEM TEOPETHUECKOTro XapakTepa BOMPOCA O FeOMETPUUECKUX MMOCTPOEHHUSIX,
C OJIHOH CTOPOHbI, a C IPYrod — YINOPHBIM HeXKeJIaHHEM CUUTATbCS C PEKPacHoO
YCTAHOBJIEHHBIMY HAyYHBIMH (DAKTAMH HYXKHO OOBSICHSATH TO 0OCTOSITENBCTBO,
YTO ellle NPOJOJXKAIOT CYLIECTBOBATb HECKOHUAEMble BEPEHHLbl «TPHUCEKTO-
pOB» W «KBaJpaTypLUIMKOB». TeM M3 HUX, KOTOpble CIIOCOOHBI MOHUMATh 3Jle-
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MEHTapHYI0 MaTeMaTHKy, MOXKHO MOPEKOMEHI0BaTh 3aHATbCS H3yUeHHEM 3TOH
IJ1aBbl.

B zakuouenue OTMETHM, 4YTO B HM3BECTHOM OTHOLIEHHUH Halla MOCTAHOB-
Ka BOMPOCA O FeOMETPHUUYECKHX MOCTPOEHHSAX MPeACTaBJsIeTC NCKYCCTBEHHOH.
LIMpKy/b W JIMHEHKa, KOHEUHO, TPOCTEHILINEe U3 TeOMEeTPHUECKUX HHCTPYMEHTOB,
HO ’I‘pe6OBaHl/le OrpaHu4uBaTbCsA UMEHHO 3TUMH HUHCTPYMEHTAMU MPH MOCTPO-
EHUAX He BBITEKAeT W3 CyllecTBa caMoi reoMmeTpuu. Kak yxke naBHbIM-1aBHO
YCTAHOBWJIM TPEUECKHe MaTeMaTHKH, HEKOTOpble MPoOJIeMbl — CKayKeM, yJIBO-
eHHe Ky0a — MOryT ObITb peELIEHbl, HalpuMmep, C INPHBJEUEHHUEM YTrOJbHHKA
(¢ MpsIMBIM YIJIOM); MOXKHO M300pPECTH BCSIKHE JPYrMe MHCTPYMEHTbI, MOMH-
MO LMPKYJIsl, KOTOpbI€ TO3BOJU/IN Obl UEPTHTb SJIIHICHI, THIEpOOJbl U Gosee
CJIOXKHBIE KPHUBBIE: TeM CaMbIM 006J1acTh (DUTYp, AOMYCKAIOUMX MOCTPOEHHE,
6bls1a Obl 3HAaUUTEbHO pacluupena. OHaKo Mbl OyJeM MPUAEPKUBATBCS MPOU-
HO yCTAHOBHUBLLEroCsi MOHUMaHHUS BBITIOJHUMOCTH T€OMETPHUECKUX MOCTPOCHHH,
NOApa3yMeBasi, UTO Pa3peLleHO M0Jb30BATLCA TOJBKO LUPKYJEM U JIHHEHKOH.

YACTDb 1
J_IOKaSaTeJIbCTBa HEBO3MOXHOCTHU U aJlre6pa

§ 1. OcHoBHble reomMeTpUyYecK1e MOCTPOEHUs

1. TlocTpoeHue noJeit U u3BJeueHUe KBaAPaTHbIX KopHei. B mopsn-
Ke pa3BUTHs OOLIMX WJAEH Mbl HAUHEM C PacCMOTPeHHUsi HeGOJIbLIOrO YHCJ/a
KJIaCCUYeCKHUX MOoCTpoeHuil. boJiee yruybsieHHoe u3yueHHe BO3MOXKHOCTH I'e0-
MEeTPHUECKHUX MOCTPOEHHH HEM30EKHO CBSI3aHO C MEPEBOJIOM TeOMeTPHUECKON
3a/1aud Ha sI3bIK anre6pel. Besikasi mpobJieMa reoMeTpUYeCcKOro MocTpoeHust
MO2KeT ObITh CXeMaTH3MpPOBaHA CJIeJyIolMM 06pa3oM: JaHO HEKOTOPOEe YHCJIO
OTPEe3KOB, CKaxeM, a, b, c, ...; TpebyeTcsl MOCTPOUTb OJIMH HJH HECKOJbKO
OTPe3KOB X, Y, ... Jlaxke ecqu Ha mepBblil B3MIsAA MpobJeMa HMEET COBCEM
MHOU BHUJI, €e BCerjaa MOXKHO repedopMy/IHpoBaTh TaKUM 06pa3oM, 4ToObl OHa
BKJIIOYKJIACH B yKa3aHHyl0 cxeMy. McKkoMmble oTpesku (UrypUpYIOT WM B BHJE
CTOPOH TpeyroJibHUKa, KOTOpbIH TpeGyeTcsi MOCTPOUTb, MW B BHJIE PajvyCcoB
KPYroB, WM KaK MpsIMOYroJibHble KOOPAWHATBI KAKHX-TO HUCKOMBIX TOUEK (CM.,
Hanpumep, ctp. 151). [TpeanosoxKum Jyist MpoOCTOThI, YTO TPeOYeTCsl MOCTPOUTD
KaKoOH-TO OTpe3oK x. B TakoMm cJyuae reomMeTpuueckoe MoCTpOeHHE MPHBO-
JIUT K pellleHnto ajrebpandyeckol 3ajlaud: YCTaHOBUTL COOTHOIlIeHHe (B hopme
ypaBHeHHUsI ) MeXKly MICKOMOH BEeJIMUMHON X U JaHHBIMHU BeJIMUWHAMHU a, b, ¢, .. .;
3aTeM, pellasi 3TO ypaBHEHHe, HAUTH HOpPMYJy JUIS BEJMUMHBI X M, HAKOHEL,
BbISICHUTb, MOYKHO JIH CBECTH BbIUHCJEHHE X K TaKuM ajrebGpandyeckuM Mpo-
ie/lypaM, KOTOpble COOTBETCTBYIOT MOCTPOEHHSIM, BBIMOJHUMBIM C TIOMOIIbIO
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uupKysast U sauHerku. Takum o6pa3om, B OCHOBe BCeH paccMaTpUBaeMOH Te-
OpMH JICKHUT TPUHLMIT aHAJUTHYECKOH reOMEeTPHH — KOJIMUeCTBEHHasi Xapak-
TEPUCTHKA TeOMeTPUUECKHX 0OBbEKTOB, OCHOBAHHASl HA BBEIEHHH KOHTHHyyMa
JIEHCTBUTE/BHBIX YHCEI.

3ameTum TIpexKjie BCEro, UTo MpocTeilie ajreOpanueckue ornepalyd co-
OTBETCTBYIOT 3JIEMEHTApPHbIM eOMeTPHUECKUM MocTpoeHusiM. Ec/au nanbl aBa
OTpe3Ka, IJIMHbl KOTOPBIX paBHbl @ U b (H3MepeHHe MPOU3BOIUTCS TOCPEACTBOM
«eJIMHUYHOT0» 0Tpe3Ka), TO OueHb JIerko NOCTpouTh @ + b, a — b, ra (rne r —

a
palMoHasbHOEe YUCJIO), T h ab.

-~ a+b
@) 7 4 b
< a >
B
0 a—>b b A
a
Puc. 27. Tloctpoenne a +bua — b Puc. 28. TToctpoenue 4

3

YrtoO6bl MOCTPpOUTh a + b (puc. 27), Mbl MPOBOJIUM MPSAMYIO JIMHUIO U HA Hel
oTkajbiBaeM LupKysem otpe3ki OA =a u AB =b. Torna OB =a + b. Touno
Tak ke B cayuae a — b Mbl otkaaabiBaeM OA =a u AB = b, HO Ha 3TOT pa3
OTKJIaJbIBaeM b B CTOPOHY, MPOTHBOIMOJIOKHYIO TOH, B KOTOPYIO OTJIOXKHJIH Q.
Torna OB = a — b. Uto6bl noctpouTh 3a, Mbl MPOCTO CTPOUM a + a + a,
AHAJIOTHYHO TIOCTYMAEeM, €CJIH HY»KHO TIOCTPOUTD pa, Tae p — Leqoe uncio. Or-

a o o
PE3OK 5 CTPOUTCH CJIEYIOLIMM MpHEMOM (puc. 28): Ha IPOU3BOJILHOH MPSIMON

oTkianpiBaeM OA = a W 3aTeM NMPOBOAUM JPYTylo MpsiMyio uepe3 Touky O. Ha
ITOH TIPSIMOH OTKJIaJbIBaeM MPOHU3BOMbHEIH 0Tpe3ok OC = ¢ u crpoum OD =
= 3c¢. CoennnsieM A u D npsiMmoil JIMHUEH U MPOBOAUM uepe3 Touky C npsimyto,
napaJjiesibiyto AD; nyctb 3ta npsimasi nepecekaetr OA B Touke B. Tpeyrosib-

. OB _0B_0C_1 op a
aukn OBC u OAD nono6HbL, 3HAUMNT, ~ ~oi-op—_3" OB = 5 Takum

a
xXe o6pa30M MOXKHO B0O0O1Ie IMNOCTPOUTDH 3, rape g — LeJoe. COBepILIaH 9Ty

oriepalylo Hall OTpe3KOM pa, Mbl IIOCTPOUM ra, rae r = % — KaKoe€ YyrojHo

palnoHabHOE YUCIIO.
a
Uro6bl MOCTPOUTD " (puc. 29), otknansisaeM OB =b u OA = a Ha cTO-

pOHax MPOM3BOJILHOTO yrvia ¢ BepliMHoi O M Ha ctopoHe OB oTKJaablBaeM
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otpesok OD = 1. Uepes D npoBoauM npsimMyto, napasiesbHyo AB; nyctb oHa

nepecekaer OA B Touke C. Torma Oynem umerb: OC = %. [TocTpoenue ab

nokasaHo Ha puc. 30; 3nech AD — npsimasi, npoxojsiiasi uepes A u napaJj-
JenbHast BC.

a

Puc. 29. IToctpoenue b

Puc. 30. IToctpoenue ab

M3 3THX coobpakeHHl BBITEKAET, UTO « pAUUOHAAbHbLEs aleebpaluecKue
onepayul — CJIOXKEHHEe, BbIUMTAHHE, YMHOXKEHHE W JleJIeHHe, — MPOU3BOJIH-
Mble Haj 3aJaHHBIMH BEJMUYHHAMH, MOeYym Oblmb 86iNOAHEHb. NOCPEOCMEOM
eeomempuyeckux nocmpoeruii. Icxoast U3 1aHHBIX OTPE3KOB, U3MEPsIeMbIX
JIEHCTBUTE/LHBIMU UMCIAMK @, b, ¢, ..., Mbl MOXKEM, MOCJIEI0BATEIBHO BbITOJ-
HsIsl 9TH MPOCTbIE TIOCTPOEHHUS], OCTPOUTD JI0OYI0 BEJHUHHY, KOTopasi uepes a,
b, ¢, ... Bblpakaercsl palMOHANBHO, T. €. C MOMOLIBIO JIHIIb MEPEUnCAEHHBIX
BbIILIE YETbIPEX OCHOBHbIX jeHcTBUH. COBOKYMHOCTb BCEX BEJNMUMH, KOTOPbIE
TakKuM 06pa3oM MOryT ObITb ToJiydeHbl U3 a, b, ¢, ..., obpasyeT To, UTO Ha-
3bIBAETCS] 4UCAOBLIM NOACM — MHOXKECTBO 4YHCes, oOJjajaloliee TeM CBOH-
CTBOM, 4TO Jio6asi pauuoHaJsbHasi onepausi, CoBeplleHHast Haa AByMsl (HJH
6oJiee) 3/1eMEHTAMH 9TOTO MHOXKECTBA, NIPUBOJUT CHOBA K 3JIEMEHTY 3TOrO XKe
MHO>KeCcTBa. Mbl HaOMHHAEM, UTO COBOKYMHOCTb BCEX pallMOHAJbHBIX UHCE,
COBOKYITHOCTb BCEX JIEHCTBUTEJIbHBIX UHCEJ, COBOKYMHOCTb BCEX KOMIIJIEKCHbIX
urces1 o6pasgyloT Takue novisi. B paccmar-
pHUBaeMOM HaMH Terepb cJydyae roBOpsT,
YTO T0JIe NOPOHCAaemcs TaHHbIMH YHC-
Jamu a, b, c, ...

CylliecTBEHHO HOBOH orepalyed, Bbl-
BOJSIILIEH HAC 3a TMpeesbl T0Jy4eHHOTO
10Ji51, SIBJSIETCSI H3BJIEUEHHE KBAaPAaTHOrO
KopHsl. Ecsin 3amaH oTpe3ok @, To OT-
pe3oK /a MOXKeT GbITb MOCTPOEH C T0-
MOLLBIO TOJIBKO LMPKYJs U JuHeliku. Ha
MPOU3BOJIbHOK MpsiMoil Mbl oTKJaabiBaeM OA =a u AB =1 (puc. 31). I1po-
BOJMM, JaJjee, OKPY:KHOCTb ¢ auamerpom OB u u3 touku A BoccraBisiem
neprnenaukyssp K OB; MycTb OH MepeceKaeT OKpy»KHOCTb B Touke C. ¥Yrosa C
B TpeyrojbHuke OBC mnpsiMo#i (corsiacHO TeopeMe, M3BECTHOH H3 3JieMeH-

Puc. 31. IToctpoenue /a
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TapHOU FeOMEeTPUM: YToJ, BIHCAHHBIH B TMOJMYOKPY:KHOCTb, MPSIMON). 3HAUMT,
ZOCA = £ABC, npsimoyrosibhble Tpeyroibiukd OAC u CAB nonoGHbl, H,
noJiarasi AC = x, Mbl noJiyuaem

% = % P’=a, x=+/a.

2. MpaBuibHble MHOTOYTOJbHUKU. PaccMOTpUM Terepb HECKONBKO 60-
Jiee CJIOXKHBIE 3ajlauM Ha TocTpoeHue. HauHeM ¢ MOCTpOeHHUsT npasuAbHO2O
decamuyeosvHuka. [1peanosoKum, uto NpaBUIbHBIA 1eCATHYTOJMbHUK BITHUCAH
B Kpyr paauyca | (puc. 32); o603HauuM ero
cTopoHy uepe3 x. Tak Kak LEHTPaJbHBIH yroJ,
noJl KOTOPbIM 3Ta CTOPOHA X BHJHA U3 LIEHTPa
Kpyra, colep:KuT 36°, To ocTajbHble Ba yria
GOJILLIOTO TPEYroJibHUKA COJepKAT KaXK/IblH
no 72°, W 3HAUWT, TyHKTUPHAS JIMHHSA, JHeNsi-
1asi mornoJiaM yrosa A, pa3éuBaer TpeyroJbHUK
OAB na nBa paBHOGeIpeHHBIX TPeyroJbHUKA
C paBHbIMH OOKOBBIMH CTOPOHAMHU JIJIHHBI X.
Pannyc kpyra, TakuM o6pa3om, COCTaBJISIETCS
13 oTpe3koB x U 1 — x. Tak Kak TpeyroJbHUK
OAB nojpo6GeH MeHbLIEMY M3 JIByX TPEYyroJib-

HUKOB, Ha KOTOpbIe OH pas0mBaeTcsi, To Mbl ~DHC. 32. [IpaBHibHbiil tecsi-
YroJIbHUK

1 X
nosiyuaem — = t——. DTa TponopLHus MpHUBO-

JIUT K KBajlpaTHOMY ypaBHenHnio x* + x — 1 = 0, pelenne KOTOPOro UMeeT BHIL

V-1
X = — (Ilpyroe pellieHre HAC HE UHTEPECYET, TaK KaK OHO COOTBETCTBYET

oTpHULATEeIbHOMY 3HaueHHIo X.) M3 nosyueHHOH hopmyJibl ICHO, YTO OTPE30K X
MOXKET ObITb TOCTPOEH reoMerpuueckd. Mmesi »Ke OTPE30K X, Mbl CMOXKeM
MOCTPOUTH TPABUJIbHbBIH JIECATHYTONBHUK, OTKIA/bIBAs M0 OKPYKHOCTH J€CATD
pa3 xopay x. Orcioa yxKe JIerKO MOJNYUMTb W MNPaBWJIbHBIA MATHYTOJbHHUK,
COEJIMHSIS BEPLIMHBI IECATHYTOJbHUKA UePe3 OJIHY.

BmecTo Toro uToGbl CTpouTh V5 TeM MeTO/0M, KOTOpbiil yKasaH Ha puc. 31, Mbi
MO2KeM [OCTPOUTb THIIOTEHY3y IIPSIMOYrOJIbHOIO TPEyroJbHHKa CO CTOpoHamu 1 u 2.
3aTeM Hy»KHO OTHSATb €IMHHUHbIH OTPE30K U TO, YTO IOJyUHTCs], PA3Ie/IHTh MOMOJIAM.

OB .
OrHouleHue E B pacCMOTPEHHOHU 3ajiavue OblJI0O Ha3BaHO «30JIOTbIM», TakK

KaK, M0 MHEHHIO IPEUECKHX MaTeMaTHKOB, MPSIMOYTOJIbHHK, CTOPOHBI KOTOPOTO
HAXoJATCS B 3TOM OTHOLIEHHH, SCTETHUECKH OCOOGEHHO TMPHSTEH s IJasa.
3HaueHHe OTHOLIEHUsT TPUOIU3UTENBHO paBHO 1,62.

M3 Bcex mpaBHJIbHBIX MHOTOYrOJILHHKOB JIerde BCEro MOCTPOMTBH ILECTH-
yrosibHUK. Tak Kak JJMHA CTOPOHBI TAKOTrO IIECTHYTrOJbHHKA, BIHCAHHOTO B
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KpyT, paBHa pajilyCy Kpyra, To caM LIeCTHYTOJbHUK CTPOUTCS 6€3 3aTPyAHEeHHH,
€CJI1 Mbl OTJIOZKHUM LLECTb pa3 110 OKPY?KHOCTH OTPE30K, PABHLIA paiuycy.
Mmest npaBWJIbHBIA 71-yrobHUK, MOXHO cefuac »Ke MOJYUMTb W Npa-
BWJIbHBIA 2r-yroJIbHUK, JeJs ToroJaM JIyrH MeX1y COCEIHHMH BepllMHa-
MH n-yrojbHUKa. Haunmnasi ¢ amamerpa kpyra (MpaBUJBHOTO BITMCAHHOTO

«JIByyrOJIbHHKAa» ), Mbl TMOCTPOUM TMocJenoBatesbHo 4, 8, 16, ..., 2"-yroJb-
HukH. Takum ke o6pa3om, HauWHasi C LIECTHYrOJbHUKA, Mbl TOJyudM 12, 24,
48, ...-yrosibHUKH, a HauKWHasi ¢ AecsiTuyroibHuka, — 20, 40, ... -yroJbHUKH.
‘
D
A B
R — E
Puc. 33. [lpaBuibHblil 111€CTH- Puc. 34. YnBoeHue uucsia CTOPOH
YroJIbHUK NpaBUJIbHOTO MHOI'OYroJibHHUKa

Ecau s, 0603HauaeT JJIMHY CTOPOHBI IPABUJIBHOTO 11-YIOJIbHUKA, BIIMCAHHOTO B €11~
HUYHBIH KpyT (T. €. KPYT C pajidycoM 1), To CTOpOHA NPaBUJIbHOTO BIIMCAHHOTO 211-yTr0Jlb-

HUKa OyleT UMeTb JJIHHY
Son = \/2—\/4—S%.

JokasbiBaetcst 370 chaenyiolm o6pasom (puc. 34): nycts s, = DE = 2DC, s9, = DB
u AB = 2. [lnowanp npsiMoyrojibHoro tpeyrosbiuka ABD paBHa %BD - AD, wiu, ¢

JIPYroii CTOPOHDI, éAB - CD. Tak xak AD =+/AB? — DBZ, 10, noacrasnss AB = 2,

1 .
BD = s9,, CD = 5 Sn 1 CPaBHHBAs Mexly co00H JBa BbIpaXKeHHUs! /151 MJIOLLAAH, Mbl

noJiyyaem
2 2 2
Su=Son\/4— 83, W S, =S3,(4— s3,).

Ocraercsi peluTh KBaAPaTHOE yPaBHEHHE OTHOCHTENBHO X = §3, W NIPH BHIGOPE KOPHsI
NPUHATb BO BHUMaHHE, UTO X JIO/DKHO ObITh MeHblle 2.
U3 5700t hopmyJIEl, TAK KAK JUIHHA S4 (CTOPOHA KBaipaTta) paBHa v/2, CJIeyerT, uTo

ss=V2— V2, sie=V2—-V2++2,

832:\/2—\/2+v2+\/§ U T. ]I
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B kauectse o6ueil popmyJibl Mbl Nostyuaem (npu n > 2)

32"—\/2—\/2+\/2+...+\/§,

MpHUEM B [1PABOI YaCTH JI0/KHO ObITh Bcero n — 1 paaukasnos. [lepumerp 2" -yrosbHu-
Ka, BIIMCAHHOTO B Kpyr paauyca 1, paBeH 2"s9.. Korna n ctpemurcsi K 6eCKOHEUHOCTH,
STOT NEPUMETP B NpeJiesie ePEXOUT B UIMHY OKPY2KHOCTH, M0 OTPeIesIeHHIO PaBHYIO 21

2"son — 21 mpu 1 — 0.

Jlesist Ha J1Ba U NOJCTABJISAS 111 BMECTO 1 — 1, Mbl oJIyuaem cJieytoliyto hopMysty s

2’"\/2—\/2+\/2+...+\/§—>n MpH 1M — oo.

m paavkanos

YnpaxHenue. [lonbsysch Tem, uto 2™ — 0o, J0KaKUTE, KaK CJIEACTBHE, UTO

\/2—|—\/2+...+\/§—>2 npu 1 — o0.

n pajvKasnons

PestomuipyeM moJiyyeHHble 3/leCh pe3yJibTaThl TAKHM 00pPa3oM: CHIOPOHbL
BNUCAHHOLLY 8 eOUHUUHBLI KpYe NPABUAbHBLX 2"-1§20AbHUKO8, b - 2"-1e0nb-
HUKOB U 3 - 2"-Ye0NbHUKOB BbLUUCALIOMCL NOCPEOCMBOM PAYUOHANbHOL
onepayutl — CAONMCEHUS, BbLUUMAHUSL, YMHONCCHUS, DeleHus — I onepa-
Uuu u3aeuenus K8aopammoeo KOPHS.

3. Mpob6aema Anoasonus. [lpyrast 3agaua Ha TOCTPOEHHE, pelIaloIascs
BecbMa MPOCTO, eCJIU MOMOHTH K Hell ¢ ajreOpauueckKoil TOUKH 3peHHsi, — 3TO
3HAMEHHTast U yXKe YINOMsiHyTasi Bblllle rpoGseMa ATIOJUIOHHSI O TPOBEIEeHHH
OKPY>KHOCTH, KacaTeJIbHOH K TPeM JIaHHBIM OKPYKHOCTSIM. B HacToslleM KOH-
TEeKCTe HaM He TIPeJICTaBJ/sieTcsi He0OXOMUMbIM HCKATh ee 0COGEHHO JJIeraHTHOe
pelieHre. Ham cyliecTBeHHO JIMLIb YCTAHOBUTD MPUHUMITHANBHO BazKHOE MOJI0-
KeHue: npobseMa AnoJiioHus pelnaeTrcs ¢ TTOMOLIBIO LUPKYJIS U JJHHEHKH. Mbl
BKpaTIle NTPHUBEJIeM COOTBETCTBYIOIIEE 10KA3aTeNbCTBO; BOTIPOC Ke 0 HanboJee
3JIETAaHTHOM T0CTpoeHuu GyzieT pazobpan HuxKe (cM. cTp. 187).

[TycTb UEHTPBI TPEX JAHHBIX OKPYKHOCTENH HMEIOT COOTBETCTBEHHO KOOP/IH-
HaThl (X1, Y1), (X2, Y2) ¥ (X3, Y3), @ pajMyChl paBHbI 71, 7y U r3. O603HAUUM KO-
OpIMHATBI LIEHTPA HCKOMOK OKPYXKHOCTH uepe3 (X, y), a pajuyc uepes r. Jlerko
HamucaTh YCJOBHE KacaHHs JBYX OKPYXKHOCTEH, €C/IH yUeCTb, UTO PACCTOSHUE
MEXKIy LIEHTPAMH JIOJXKHO PABHATHCS CyMMe MJIH Pa3HOCTH PaanyCcoB, CMOTPS
M0 TOMY, UMeeT JIi MEeCTO BHellHee WJM BHYTpeHHee KacaHWe. 3alUChiBasi B
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&

Puc. 35. OkpykHOCTH AnoJIoHUST

ajrebpanueckoil hopMe TPU YCJIOBHS 3a/auM, Mbl [0J1y4aeM TPH ypaBHEHHS

(x=xf+(y—yp)f—(r£ny=0, (1)
(x = xof +(y —yaff = (r£ ) =0, (2)
(x—xsf +(y —ysf —(r£r)=0, (3)
KOTOpBIE MocJse NpeoOpa3oBaHUi MPUHUMAIOT BHJL
Ay —r—2xx =2y, £2r X+ + =0 (la)

v T. I

B KaxIoM W3 ypaBHEHWI HY:KHO OGpaTh 3HAK IJIIOC WM MUHYC, B 3aBHUCH-
MOCTH OT TOTO, KAKOBO KacaHWe — BHelllHee WJIM BHyTpeHHee (puc. 35). Bce
ypaBHenus (1), (2), (3) — BTOpoil cTeNneHU OTHOCHTEJbHO HEU3BECTHBIX X, Y, T,
HO OHH 00J1aJ1al0T TEM CBOHCTBOM, UTO UJI€Hbl BTOPOH CTEMEeHH BXOJSAT B OJMHA-
KOBOH KOMOMHAIMH, KAaK BUJHO U3 pa3BepHyTol dopmbl (1a). Takum o6paszom,
BblunTas (2) u3 (1), Mbl mosiyuaeM ypaBHeHUe, IMHEHHOE OTHOCHTEJIBHO X, Y, I

ax+by+cr=d, (4)
re a = 2(xy — x;) 1 1. 1. TouHo Tak »ke, Bbluntas (3) u3 (1), Gynem umernb
JIpyroe JIMHEHHOE ypaBHEHHE

ax+by+cdr=d. (5)
Peast ypaBHenusi (4) u (5) OTHOCUTEIbHO HEU3BECTHBIX X U I, KOTOPbIE, TAKUM
06pa3oM, BbIpA3sATCs JUHEHHO uepe3 r, U 3aTeM MOACTaBJsist B (1), mpumeM K
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YPaBHEHHUIO, KBAJPaTHOMY OTHOCHTEJBHO 7, KaKOBOE MOXKET ObITb PELIEHO C
MOMOILBIO PALMOHAIBHEIX OTMepalyii 1 u3BJjaedeHust Kopus (cM. ctp. 149). Ito
ypaBHeHHe, BooOLle roBopsi, Oy1eT UMeTb [Ba pELICHHs,, U3 KOTOPBIX JHLb
0IHO OyJIeT ToJIoKUTeNbHbIM. Onpeie/iuB 7, HallleM JaJbliie 3HAYEHHS X U Y,
MOJICTABJSAS I B paHee noJjiyueHHble popmysibl. OKPYKHOCTb C LIEHTPOM (X, y) U
panycoM r I0J2KHA ObITb KacaTeJ/IbHOH K TpeM JaHHbIM OKpY:KHOCTSIM. Bo Beeil
npoueaype peleHtsl y4acTBYIOT TOJbKO palHOHaJIbHbIE ONlepaldi U H3BJIeUeHHE
KBajpaTHOro KopHsl. OTciofa cJellyer, uTo MOCTPOEHHE X, Y U I MOXKET ObITb
BBIIIOJIHEHO C [TOMOLLbIO TOJLKO LIMPKYJIA U JIMHEHKH.

B o6iiem ciyuae 6yner umeThest 8 pellieHu# po6seMbl ATIOJIOHUS B COOT-
BETCTBUU C BO3MOXKHbBIMU 2 - 2 - 2 = 8 KOMOUHALUSIMU B BbIGOpE 3HAKOB + U — B
ypaBHeHusix (1), (2) u (3); BBIOOP e 3HAKOB HAMIEXKUT JIeJIaTh B 3aBUCHMOCTH
OT TOr0, KaKoro poja KacaHue — BHeLIHee WJM BHYTPEHHee — KeJaTesbHO
MMeTb M0 OTHOLIEHHIO K KaxKJ10H U3 JaHHBIX OKpYKHOCTEH. BriosiHe Bo3MOKHO,
yTO Halla ajreOpauueckast MpoLeLypa He NPUBELET K AeHCTBUTE/bHBIM 3Haue-
HUSIM X, y U r. TakoB Oyzet, Hanlpumep, cJydai, Korjaa Bce TPH JaHHble OKPYXK-
HOCTH — KOHLIEHTPHUECKHE; TOTJA, OUEBUIHO, HAallla TeoMeTpUUecKas 3aaua He
6yzeT UMeTb HU ofHOTro pelieHusi. CJjefyeT TakxKe MPEJIBUAETb BO3MOXKHOCTD
1 CJ1yuaeB «BbIPOXKACHUS»; HAIIPUMEDP, €CJIH BCE TPH OKPYKHOCTH «BbIPOXK/a-
IOTCS1» B TOUKH, JieXKalllMe Ha OJHOH MPSIMOH, TOT/a arnoJIOHHEBA OKPYAKHOCTD
TOXKE «BbIPOXKJAETCS» B 3Ty caMylo npsimylo. Mbl He BUAMM HeOOXOAUMOCTH
paccmarpuBaTh BONPOC BO BCeX MOAPOOHOCTSX: 9TO CHE/NAET CaM UHTaTellb,
ecsit 00J1alaeT HEKOTOPbIMH ajire0panieCKHMU HaBbIKAMH.

§ 2. Yucaa, nonyckawliue nocTpoeHUue, U YUCTOBbIE NMOJS

1. O6was Teopusi. B npenpiiylieM H3/10KEeHHH Mbl OCTAPAJIHCh OXapaK-
Tepu3oBaTh OOLIMH, TaK CKasaTbh, ajqredpauueckuil (OH reoMeTPHUECKHX MO-
cTpoeHuil. Kaxknoe reomerpuueckoe mocTpoeHUe NpeacTaBisieT psil Mocae10-
BaTeJIbHBIX TANOB U3 YHCJA CaelyloluX: 1) npoBeeHHe NPsIMON JIMHUK uepe3
JIB€ TOUKH, 2) HAXOXKJEHHE TOUKH MepeceueHus JByX MpsiMbIX, 3) MPOBe/leHHe
OKPYKHOCTH C JJaHHBIM LIEHTPOM M pajiycoM, 4) HaXoxK/IeHHe TOUKH nepeceye-
HHUST OKPY2KHOCTH C IPYTOH OKPY>KHOCTBIO MJIH MPSIMOK JIMHUEH. DJIeMeHT (Touka,
npsiMasi, OKPY>KHOCTb) CUHTAeTCs] 3BECTHBIM B TOM CJlyuae, €CJli OH 3a/aeTcs
YCJIOBHEM 3aJlaul MJIM €CJIM OH TIOCTPOEH Ha Mpeblayliel cTaauu 3agauu. [Ipo-
BOJISl TEOPETUUECKHH aHaJIM3 3a/1auk, Mbl OTHOCHM BCIO PAaCCMaTpUBAEMYIO KOH-
CTPYKILIMIO K HEKOTOPOH KOOPAUHATHOH cucTeMe X, y (cM. ctp. 99). Torna sanan-
HbIE 3JIEMEHTbl H300PaXKaloTCsl B BUJE TOUEK MJIH OTPE3KOB B IJIOCKOCTH X, Y.
EcJii 3a1aH TOJILKO OIMH OTPE30K, €10 MOXKHO MPHHSATH B KAUuecTBE eAMHUUHOTO,
B pesyJbTate uero guxcupyercst Touka x = 1, y = 0. Muorna B mpouecce
MOCTPOEHHSI BOSHUKAIOT [TPOU3BOJIbHbBIE 2JIEMEHTbI: POBOJSATCS POU3BOJIbHbBIE
npsiMble, CTPOSATCS MPOU3BOJIbHbIE TOUKH MK KpyrH. (ITpumep npousBosibHOTO
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3J1eMEHTa Mbl UMEEM TIPH HAXOXKIAECHHU CEepeIMHbl OTPEe3Ka: Mbl MPOBOIUM J1Ba
Kpyra ¢ LEHTpaMH B KOHLIAX OTPe3Ka U C OJIMHAKOBLIMH, HO POU3BOJILHLIMU pa-
JMyCaMH, 3aTeM COe/IMHsIEM TOUKH HX Tepecedens.) B mono6GHbIX cayuasx Bce-
rJla MOXKHO CUYHTaTb MPOU3BOJILHBIN 3JIEMEHT palMOHAJbHBIM: MPOH3BOJILHYIO
TOUKY MOXXHO BbIOpaTb TaK, uTOObl y Hee OblIH pallMOHAJbHbIE KOOPAHHATHI,
MPOU3BOJIbHYIO MpsMYI0 ax + by + ¢ = 0 Tak, uToObl y Hee OblIN palliOHAJbHBIE
Ko3(puLmMenTsl a, b, ¢, TPOU3BOJBHBIA KPYr — Tak, 4ToObl palMOHaJIbHBIMH
OblJIM KOOPIMHATBI LEHTPa U paaryc. Mbl yCJOBUMCS, UTO €CJIH B OCTPOECHHUH
YUaCTBYIOT TIPOU3BOJIbHBIE 3JIEMEHTI, Mbl Gy1eM BbIOHPATH UX PALIMOHAJbHBIMHU:
pa3 3TH 3JeMEHTbl B CAMOM Jlesle IPOU3BOJIbHBI, TAKOH BbIGOP HE MOBJHSET HA
pe3yJibTaT MOCTPOEHHUSI.

Pany nmpoctoThl onyctuM B OJiKailleM PacCyKICHUH, UTO B YCJOBHH
3a/laud 3ajaeTcsl TOJbKO OJIMH 3JeMeHT — oTpe3oK JuuHbl 1. Torma B coor-
BETCTBUM € pe3yJbrataMd § 1 Mbl MOXKEM MOCTPOMTb C MOMOLIBIO LUPKYJIS H
JIMHEHKH BCe yMcsa, MoJydalolyecs U3 eMHUIbl TTOCPEACTBOM palMOHABbHBIX

o r
oriepalyy, T. €. palluOHaJIbHbIE YHCJIa ?, rjae r ¥ S — ueJble yncaa. Cucrema

palMOHAJIbHBIX UMCEJ «3aMKHYTa» 110 OTHOLIEHHIO K PAllHOHAJLHBIM Orepali-
sSIM: CyMMa, Pa3HOCTb, TPOU3BEEHHE, YaCTHOE (MCKIIOUasl, KaK BCerya, fejaeHue
Ha 0) IBYX pallMOHAJBHBIX YHCEJ CHOBA SIBJISIIOTCS PAlMOHATBHBIMU UHCJIAMH.
Bcesikoe mMHOXkKecTBO umces1, ofJafaioliee TaKMM CBOHCTBOM 3aMKHYTOCTH MO
OTHOLIEHHIO K UYETbIPEM pPallMOHAJIbHBIM OMepalusiM, Mbl HA3BaJlH 4UCAOBbLM
noaem (ctp. 81).

Ynpaxnenue. [Tokaxure, uTo Kayka0€e UHCJIOBOE [10JI€ BO BCSKOM CJlydae cojep-
JKUT BCe pallMoHasbHble unca. (Ykasanue: ecin a ecTb Kakoe-HUOY/b He PaBHOE HYJIIO

a
yucJio U3 nodsist F, To Pl | Taxk:ke mpuHaIIEKUT K [, a U3 | MOXKHO TMOJIyYHTb BCe
paluoHaJIbHble UHCJIA TTOCPEJCTBOM palliOHA/bHBIX Orlepaliuii.)

OTnpaBnsisich OT €IMHHULIBI, MOYKHO MTOCTPOUTh BCe PAllHOHAJIBLHOE UHCJIOBOE
rnoJie U, CJIeI0BaTeJbHO, BCe pallliOHAIbHBIE TOUKH (T. €. TOUKH, y KOTOPHIX 00e
KOOPIMHATHI palliOHANbHBI) B MJIOCKOCTH X, y. [lasiblile, ¢ TTOMOIIbIO LHPKYJIS
MO3KHO TOCTPOMTHL HOBbIE, MPPAlMOHAJILHEIE UHC/IA BPOJe UHCIa v/2, KOTopoe,
KaK Mbl 3HaeM U3 rnasbl 11, § 2, HaxonuTCs yxKe 3a npeaesaMu paldoOHaIbLHOTO
nosist. Ho nmocTpous /2, MOKHO ellle Jablie ¢ MOMOIIbI0 «PalHOHAILHBIX>
noctpoenutt (§ 1) mosyuuts Bce umcJia Buja

a+bv2, (1)

rpe a u b pauroHaJibHbIC H, CJA€A0BATE/JbHO, CaMU JOMYCKalOT MOCTPOCHHUE.
MorkHO TakXKe [MOCTPOUTbL W YHUCJIa BHIaA

a+ bv2

T dvs win (a + bvV2)(c +dvV2),
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rie a, b, ¢, d — pauronasbHbie. OJHAKO TH YMCJIA BCET/la MOXKHO HAMUCATh B
¢dopme (1). B camom nene,

a+bv2 _a+bvV2 c—dV2 ac = 2bd ad /5 _ NG
= ) =2 2 2 p+q
c+dvV2  c+dV2 c—dv2 *—2d —2d
TIie p ¥ § palliOHAJbHbIE. (3HaMeHaTeJIb c?— 2d2 OTJIMUEH OT HyJIs, TaK KaK U3
¢? — 2d* = 0 caenoBajio Gbl \/—— —, UTO MPOTUBOPEUNT (haKTy UppalMOHAJb-

HOCTHU \/— TouHo TaxK »xe
(a+ bV2)c+dvV2)=(ac+ 2bd)+ (bc + ad)V2 =r + sV/2,

TJe r U S palldoHalibHble. VITak, Bce, UTO Mbl MOXKEM MOCTPOHThL UCXOJS U3 V2,
5T0 yncJsa Buja (1), rie a u b — npou3BoJsibHbIE pallHOHAJIbHBIE YHCJIA.

YnpaxHenue. Hanuuure B opme (1) uucna
p 2 2,49 pqr p—=qr
=, +p, P T T
PR Ut P w S

p=1+v2, ¢=2-V2, r=-3+V2

Kak mokasbiBaeTr npejiecTByiolliee paccykaeHue, uncya (1) cuoBa o6pa-
aytot noJie. (To, uto cymma u pazHocthb uuces Buaa (1) cnoBa nmeer Buj (1),
OUEBMJIHO.) DTO MoJe oOUIMpHEE, UeM MOJie pallHOHAJBbHBIX UHCE/, U BKJIOUAET
ero Kak uactb («moamoJse»). Ho, KoHeuHO, HOBOe MoJie MeHee OOILIHPHO, UeM
ToJie BcexX NeHCTBUTeNbHBIX ynce. O6o3HaunM yepe3 Fy moJsie paluoHaJbHBIX
yhces, a yepes | — noje uncesn Buaa (1). Mel ycTaHOBHJIM BO3MOXKHOCTb
[OCTPOCHUA KaK/10ro 4ucJa U3 «pacCllupeHHOro» MoJis F]. MoxKHO U JaJib-
16 pacIIUpsITh 06JaCTh YHCEJ, OTYCKAIOMIUX TOCTPOeH e, HAlPUMep, TaKHM
06pa3oM: BhIGepeM UHCJ0 U3 mosis Fy, ckameM k= 1 4+ /2, u, usbiekas ua
HEro KOpeHb, MOJIyUnM HOBOE JIOMYyCKAIollee MOCTPOEHHE UUCII0

V1+vV2 =1k

AT0 uKneo0, B CBOIO ouepelb, mopoxkaaer (§ 1) nose, cocrosiiee U3 Beex
ypces BUIA
p+ vk, (2)

TJe p U ¢ Terepb YyxKe uuca u3 nods f, T.e. BUIa a + bV2, tne a, b us Fy,
T. €. PallHOHAJIbHBIE.

rJe M0JI0OXKEHO

YnpaxHenue. [IpencraBbre uncia
1 1
WEE —— L+ VE) (2= VE) (V2 + —
wap LewE g 0 VB (va+ o)
’ 1+vVE ' (VRP =3 14 V2k

B chopme (2).
Bce 311 unc/a 6blIM NOCTPOEHBI B MPEJNON0KEHHH, UTO NIepBOHAYAJILHO GBI 3a/1aH
TOJILKO OJMH OTpe3oK. Ec/in 3ajaHo 1Ba oTpesKa, TO OJMH U3 HMX MOXKHO TIPHHSTDH 32
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elMHUYHbIA. [Ipennosiokum, 4to BTOPOH OTpe30K BbIpakaeTcsi uepe3 IMepBbLI B BHJE
uncJa a. Toraa MOXKHO 1MoCTPOUTh Nnodie (G, cocTosilllee U3 BCEX uuces BUJA
Amd™ + A0 aja+ ag
bpa* + by b+ by
rie ag, ..., Gm ¥ by, ..., by — pauMoHasbHble, @ M U 71 — MPOU3BOJILHbBIE LeJIble MO-
JIOYKUTEJIbHBIE UUCJIA.

ana)KHeHne. Cuuras 3aIaHHBIMHA OTPE3KH I un o, BbIMIOJIHUTE MTOCTPOECHHUST J1JIs1

1 +a 3
, o
l—«a

1+ o+ o

ByneM HCXomuTh Tenepb U3 GoJjiee 0OLIEr0 MPEANONOMNKEHH S, UTO Mbl YMeeM
CTPOMTH BCE UYMCJA HEKOTOPOrO YHCJOBOrO noJs F. YGemumcsi, uto npume-
HeHue 00HOU AuHeliku He svleedem Hac 3a npedeavt noaa F. YpaBHeHue
NpsiMOi, TPOXOJSALIEH uepe3 JBe TOUKM C KOOpAMHATAMH ai, by W ay, by U3
nosist F, umeet BUI (b; — by)x + (s — ay)y + (a1bs — asb;) =0 (cMm. ctp. 522
1 jajee); KO3(hGhULIMEHTH B 9TOM YPaBHEHHH PAlMOHAJBbHO 3aBUCAT OT UHCEJ
u3 noJsist F U, cjaenoBaTesbHO, cCaMM NpuHaaiexar oo F. Jlanee, ecau y Hac
umetores jpe npsmble ox + By +y=0u o’x + 'y + v =0 ¢ koabulueH-
TaMH U3 [, TO KOOPJMHATBI TOUKH MepeceueHus, Moayuaroluecs Mpu pelieHnu
CHCTEMbI STHX YpaBHEHHH, CYyTh

x:YB/_BY/ y:aY/_YO(I
af — B a5 — ol
Tak Kak ¥ OHU TOXKe SIBJISIOTCS UHCJAMH U3 F, TO SICHO, UTO MPUMEHEHHe OJIHOK
TOJIbKO JIMHEHKH He BbIBEJIET HAC 3a mpejedbl F.

Ynpaxuenue. [pambie x + 2y — 1 =0, 2x — y + /2 = 0 umeior Koshhuim-
€HTBI, TpUHaJIeXKallre noJio (1). Boruncante KosduieHTbl TOUKKH UX TlepeceueHust 1
npoBepbTe, uTo oHK TakKe Buaa (1); coenunnte Toukk (1, v2) u (v2, 1 — v/2) npsimoii
Jaunuei ax + by + ¢ = 0 u nposepsTe, uto Kos(duuuenTsl a, b, ¢ umelor Bux (1). To
JKe C/LeJIATE 110 OTHOLLIEHHIO K MOJII0 (2) i MpSMbIX

VI+V2x+V2y=1, (14+V2x—y=1-VI1+V2

h JJIs1 TOUYEK

(V2, =1), (1+V2, V1+V2).

ToJIbKO ¢ MOMOLLbIO LIMPKYJISi MOXKHO BbIOpaThest 3a npesedbl nodst . s
3Toil LeM BhiGepeM B moje F Takoe uucao R, uTo uncao vk yxe He Gyjer
npuHasexkath F. Uueso vk MOXKHO TIOCTPOUTD € MOMOLBIO LIUPKYJIS, TaK ke

KaK KW BCe 4UuCJia BHOa
a+bVk, (3)

rjie @, b — npousBosibHble uncsa u3 F. CymMMa W pasHOCTb JIBYX TaKUX YHCEJ

a+bvVk wu c+dVk,
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UX MPOU3BEACHNUE
(a + bVEYc+ dvVk)=(ac + kbd)+ (ad — be)V'k
U UX OTHOLUEHHE

a+b\/E_(a+b\/E)(c—d\/E)_ac—kbd+ bc—ad\/E
C—|—d\/E_ 2 — kd? _Cz_de 2 — bd?

— cHoBa uncaa Buaa p + gvVk, rie p u g npunannexar F. (3namenares ¢ —
— kd? ne obpalaercs: B HyJib, TaK Kak ¢ U d OJHOBPEMEHHO He oGpallaloTcs

B HyJIb MHAue Mbl MOJYUHIH Obl VR = %
uto vk He npuHamnexut F.) Mtak, MHOXKecTBO unces Buaa a 4+ bv/k oGpasyer
HekoTtopoe mojie £, ITosie /' BkJouaer moJie /7 Kak «MoAnose» (J0CTaTOYHO
noJoxuth b = 0). Bynem HazbBaTh [’ «paclIMpeHHBIM» TI0JIEM.

B kauecTBe mpuMepa paccmoTpum nose F uucen Buaa a + bv/2, e a, b
paloHa/bHble: Bo3bMeM k = /2. Toraa umc/ia paciiMpeHHoro noss £/ uMeior
BUI p 4 qV/2, e p u g npunaniexat F, p=a + b2, g =a’ + b'\/2, a uuc-
Jaa a, b, a’, b’ — pauuonanbubie. Besikoe uncsio u3 £ MoxkeT ObITh 3amucaHo
B 3TOi (hopme, HaAMpUMep,

L V2 — V2 V22 V2 VB
V22 (V24 V2 V2-V2)  2-V2  2-V2 2-2

V22+v2) (2+V2) 4 1 !
=SS B4 V) - (14 5V2) V2.

YTO MPOTHBOPEYUT JAOMYILIECHHIO,

Ynpaxuenue. [Tycts F ectb nosie p 4+ gV 2 +V2 , rie p, ¢ — Buna a + bv/2, a
1+V2+V2
2-3vV2++2

Mbl y6eausuchb, 4to, OTNpaBJsisch OT HEKOTOPOro noJs £ uuces, pomyc-
KalolMX MOCTPOEHHE, U BbIOPAB MPOU3BOJILHOE UHCJO £ W3 ITOTO MOJsI, Mbl
MOZKEM C MOMOLLLIO LIHPKYJIS U JIHHEHAKH [OCTPOUTH UMCJI0 /&, a 3HAUUT, U BCe
unesia Buaa a + bk, tie a, b npuHanexar F.

[Tokaxkem Tenepb, 06paTHO, UTO, MOJIb3YACh TOJLKO LIHPKYJIEM, Mbl MOXKEM
MOJIyUMTb YHC/A MOAbKO yKa3aHHOTO BUJa. B camoMm gene, B pesyJbrare oJi-
HOKPATHOIO MPUMEHEHUs] LMPKYJISi MOXKHO C/lesIaTh TOJIBKO OJIHO W3 JABYX: HJIH
HAUTH TOUKY TepecedyeHHsl OKPY>KHOCTH M TPSAMON, MM HAUTH TOYKY Mepece-
UEHHUS JIBYX OKPYXKHOCTEH (TO M Jpyroe PaBHOCHJBHO TMOCTPOEHHIO KOOPIH-
HaT TOUKHU nepeceueHusi). OKPYKHOCTb € LEeHTpoM (&, 1) U pajuycoM r HMeeT
ypaBHetne (x — &)* + (y — n)* = r% nosromy, ecau &, v, r npuHagiexkar F, to
ypaBHEHHE OKPYXKHOCTH, 3alIUCAHHOE B BHJIE

4y + 20x + 28y + v =0,

urcsa a, b paunonasbuble. Ilpencrassre B TaKOM 2Ke BHJIE.
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OyzeT uMeTb Ko3(hhHLHeHTbl o, {3, Y, NpuHaaIexKallye Takxke F. [Ipsimas suHus
ax+by+c=0,

COeIMHSIONIAs JIBE TOUKH C KOOpAMHATaMH F, HMeeT Takxke KO3((PUIHUEHTDI
u3 F (cMm. ctp. 156). Mekmouass y M3 3THX JBYX ypaBHEHHH, Mbl T0Jyuyaem
IUIsT KOOPIMHATHl X TOUKH IepeceueHHs] OKPYXKHOCTH W TIPSIMOM KBaJpaTHOe

ypaBHeHHe Buja ‘
A?+Bx+C=0

¢ kospouumentamu A, B, C us F (umenno, A = a®+ b%, B = 2(ac + b*a — abB),
C =¢? — 2bcP3 + b*y). Pewenue naercsi popmyioit

—B++vVB?2 - 4AC
= 2 ’

KoTopasi umMeet BUIL p + g\ k, T1e p, g, k npunasnexat F. Takas e dopmyna
TI0JIyYaeTcst U AJIsi KOOPIUHATHI 4 TOUKH MepeceueHusl.
C npyroil CTOPOHBI, €CJii peub UIET O IBYX OKPYKHOCTAX

4y +2ux+ 28y +y=0,
4y +20x+28'y+y =0,
TO, BbIUMTAsl OJIHO YpaBHEHHE U3 JIPYroro, Mbl MOJYUHM JIMHEHHOE YpaBHEHHE
(a—a W+ -py+(y—v)=0,
KOTOPOE MOXKHO PELUUTb COBMECTHO C OJHUM H3 YPABHEHHH JIByX OKPY>KHOCTEH.
B o6oux cayuasix nmoctpoeHue gaet HaMm 00e KOOPAMHATHI OJHOH HJH JBYX
HOBBIX TOUEK, U 3TH HOBbl€ BEJIMUMHbI HUMEIOT BUIL p + q\/E, npuuem p, q, k

npuHamiexkar £. B uactHocr, Vk MoKeT cam oKaszatbest NpUHAJIEXKAIUM F,
Hanpumep, ecau k = 4. Ho, Boob1ie rosopsi, 3Toro He 6yzer.

YnpaxHeHnue. PaccMOTPUM OKPYKHOCTb C LIEHTPOM B Hauajie KOOPJAUHAT H Pajin-
ycoM 2v/2 1 psiMy1o, COCIMHSIIOLLYIO TOUKH (%, 0), (4v/2,4/2). Onpenenure noge F,

10pO2K1aeMoe TOUKAMH [lepecedeHHst OKPY:KHOCTH 1 npsiMoii. Clesalite TO 2Ke 110 OTHO-
LLIEHHIO K TOUKAM [epeceueHtst JaHHOH OKPYKHOCTH C OKPY?KHOCTbIO, Y KOTOPOH pajnyc

paBeH Q, a uentp ectb (0, 2v/2).

[ToxBenem eite pa3 urorn. OTNpaB/sisich OT HEKOTOPLIX 3aJAHHBIX BeJH-
UMH (OTPE3KOB MJIM YHCEJ), C TIOMOLIbIO OJHOH TOJIBKO JIMHEHKH Mbl MOXKEM
MOCTPOUTH BCE BEJMUMHBI U3 MOJI F, MOPOKAAEMOT0 JIAHHBIMH BEJIMUHHAMH C
TIOMOIIbIO PaLMOHAJLHBIX OMepallii, HO He BBbIAIEM 3a IMpeJesibl ITOr0 TOJIsl.
Bocrosb3oBaBumch LEPKyJIeM, Mbl paclIdpsieM IoJie BeJHUHH, AOMyCKAaloUnX
MOCTpPOeHHe, U MOJyuaeM HOBOE pacllMpeHHoe mnoJje F/, cocTosilee U3 Uhcel
Buna a + bvVk, tne a, b, k npunamexkar . Tlose F ectb moanoge noss £
BCSAKOE UMC/I0 M3 F NPUHALICKHT Takke F’, Tak Kak B popmyae a + bvk



§2 YHUCJIA, JOITYCKAIOIIHME I[TOCTPOEHUE 159

MoxkHO Tos10xkuTh b = 0. (IIpennonaraercsi, uto Vk ecTb HOBOE UHCIIO, He
npuHajnexatlee F; uHaue F copnaJjo 6ol ¢ F.) Mbl yOeaunuch, uTo B pesyiib-
TaTe Ka)KJ0ro reOMETPUUECKOTO MOCTPOeHHs (T. €. TPOBEJIEHUs TPSIMOH uepes
JIBE W3BECTHbIE TOUKH; MPOBEJEHHsT OKPYKHOCTH, UMEIOIEH MU3BECTHBIN LIEHTP
¥ M3BECTHBII PaJHyC; HAXOXKEHUS MepeceueHnst IByX U3BECTHBIX MPSMbIX HUJIH
OKPY>KHOCTEH ) HJIH MOJYUAIOTCs BEJMUHHbBI, NPUHAJJIEKAIME TTePBOHAUATLHO-
My TIOJII0, WJIH 2Ke, TIPH TOCTPOEHUH KBaJPATHOTO KOPHSI, OTKPbIBAETCS HOBOE,
pacUIMpeHHoe T0Jie YHCes, JOMYCKAIOIIKX MOCTPOEHHE.,

Mbl Tenepb B COCTOSIHUM TOUHO OXapaKTepHU30BaTh COBOKYMHOCTb BCEX Be-
JIMUMH, JIOMYCKAIOUIMX MOCTPOEHHE C TMOMOLIBIO TOJBKO LHPKYJS H JIMHEHKH.
ByseM HCXOAHTb H3 HEKOTOPOTo MoJisi Fy, ONpeesieMoro BeJHUMHAMH, BXO-
JSAIMMH B YCJIOBHE 3a/laul; HAlpuMep, 3T0 OYIET MoJie PalMOHANbHbBIX UHCEJ,
€CJIM 33J1aH TOJIbKO OJIHH OTPe30K, BRIOUpaeMblil B KauecTBe elMHUuHOrO0. [lasee,
«IIPUCOEMHSAS» K TOJII0 BeJHunHy /ko, (rie ko npunamiexut Fy, Ho /ky emy
He MPUHALJIEKHUT), CTPOUM HOBOE MoJie Fj uucesi, JOMyCKAIOUIMX MOCTPOEHHE
BUIA ao + bov/ky, Te ao, by npunamnexar Fy. Eue nanblue, mocpeacTsoM
«ripucoeuHenus» 'k, (rae k; npunannexut £, Ho v/, He IPMHA/IEKHUT), T10-
Jiyyaetcsi HoBoe mosie Fy uncen Buaa a; + bk, rne a, w b, npunannexar F.
[ToBTOpsisi 3Ty npouedypy, NpUxoAuM BooObLule K nodo F, nocje «IpUcoeIu-
HEHHsI» 71 KBaJpaTHbIX KOpHeH. C nomMoujbro mMoabKO YupKyis u AuHelKu
donyckarom nocmpoenue me u moabKo me 4ucAa, Komopole nocae KoHeu-
HO2O HUCAQ «NPUCOeOUHEHUIL» ONUCAHHO20 BblULE MUNA BKAMOUAIOMCS 8
pacuuperroe nose F,. Uucao n HeoOXOJUMbBIX <IIPUCOEUHEHHI» HE HMeeT
0Cc00EHHO GOJBIIOrO 3HAUEHHs, HO OHO JI0 HEKOTOPOH CTEMEHH XapaKTepH3YeT,
HACKOJIbKO CJIO’KHA paccMaTpuBaemasi npobJema.

WatocTprupyeM OMMcaHHy o MPoLEeaypy CJAeayIUM npumMmepoM. Hy»kHo mo-

CTPOUTB YHCJIO
\/€+\/\/\/1+\/§+\/§+5.

[Tyets Fy — noJie paupoHanbhbix unces. [losaras kg = 2, noayyaem nose £,
cojiepKatiiee uncgao 1 + V2. BoabMeM 3atem ky = 1 + /2 u ky = 3. Uncio 3
COJIEPXKHUTCS Y2KE B HAuaJbHOM TI0Jie [, 3HAUUT, U MOJABHO B MoJie [y, TaK UTO

MOJIOXKUTh Ry = 3 BroJiHe jonycTumo. [Totom BosbMeM k3 = /1 + V2 +3

v, HakoHell, ky = \/V 1+ V2 +V3+5. [TosyuenHoe mocJie 3TOTO TMoOJIE F

y’Ke COJIEPXKUT MHTepecylolllee Hac UMcJIo, TaK Kak V6 B Hem COJIEPIKHUTCS:
JEHCTBHTENBHO, V2 1 /3, a CJleloBaTeIbHO, H HX NpPOU3BEJIEHHE, COJIePIKATCS
yke B F3, 3HAUUT, ¥ MOJABHO — B [5.

YnpaxHenue. OTrpas/isisicb OT pPallMOHAJBHOTO TOJIs, TIPOBEPLTE, UTO CTOPOHA
npaBwibHOro 2"-yrojbHuka (cMm. ctp. 151) nomyckaer mnoctpoenue (n = m — 1)
[Tpocsienure 3a TeM, KakoBa MOCJEN0BATENLHOCTb TTOCTENEHHO PACIIMPSIEMbIX MOJIEH.
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CaeﬂaﬁTe TO K€ caMoe C YucJlaMH

V1+vV2+vV3t+vs YoVl
FVEEVIS 1+V7-3

(\/2+\/§)(%+\/1+\/Q+\/5+\/3—ﬁ).

2. Bceuucaa,nonyckawlime noctpoeHne — ajaredpanueckue. Eciu HauasbHOe
nosie Fy ecTb pauuoHajbHOE MoJie (MOpOXKIAEMOe eIUHCTBEHHBIM OTPE3KOM), TO BCe
uucJIa, JOMyCKalollle MOCTPOEHHe, NpUHAJIeKAT K uucyy anreOpauueckux. (Omnpe-
NlesieHne anre6panueckux uuces 6bwio gaHo Ha ctp. 130.) Mmenno, uucna noasi F
SIBJISIIOTCST KOPHSIMH KBaJpaTHLIX ypaBHEHHH, uucJia moJs Fo — KOPHSIMH ypaBHEHHH
UeTBEPTOl CTeneHH, U BooOlle, uucsaa noJs [, — KOPHSIMH YpaBHEHHH cTereHd 2k
C paluuoHa/NbHBIMU Ko3d(duureHTamu. JokaxkeM 3To cHauaja st nojst o, mpudem

HauHeM ¢ npumepa. Ilyeth x = /2 + V3 + /2. Mui nosyuaem (x — V22 =3 + /2,
¥4+ 2-2V2x =34+ V2 nm x2 — 1 =+/22x + 1) — xBagpaTHoe ypasHeHHE C
Kos(duientamu U3 Fi. Bo3BeleHne B KBaapar NPUBOJIUT K YPABHEHHIO

(* =1y =22x+ 1y

YEeTBEPTO CTeleHH ¢ palMoHaJbHBIMU KO3(DdULEHTaMH.
B o6uiem cayuae so6Goe uncso noJs Fo uMeer BUL

x=p+ Ve, (4)

e p, ¢, W NpHHAIeKAT MoJI0 F| W, 3HAYNT, UMEIOT BHI p = a + b+\/S, ¢ = ¢ + d+/5,
w=-e+ [\, e a, b, ¢, d, e, [, s — pauronasibhbie uucaa. V3 pasenctsa (4) mbl
noJiyuaem

X - 2px + p2 = qgw,

npuueM Bce KO(POUIMEHTBI PUHALIEKAT NOJI0 Fy, MOPOKAAEMOMY BEJHUHHON +/S.
[TosTomy nocJiesiHee paBeHCTBO MOXKHO [1eperucarb B BUe

4 ux+o=1/s(rx + 1),

rjie Ko3QpUUHEHTSI 7, S, {, 1, U — paluoHa/bHble. BO3BoAs B KBaApaT, M0JyUdM ypaB-
HeHUe UeTBEepPTOH CTeneHn

(x2+ux+v)2:s(rx+t)2 (5)
C paUMOHATBHBIMH KO3(QULUEHTAMH, KaK U TPe00BaJloCh.

Ynpaxuenusi. 1) [Tocrpoiite ypaBHeHust ¢ pauMOHaNbHBIMH KOS OHULHEHTAMY 1151
uncesn

a) x=v2+V3, 6) x=v2++3, B) x:ﬁ.

2) IlocTpoiite TakuM ke 00pa3oM ypaBHEHUs] BOCbMOH CTENEeHH sl YUCes]
a) x=1\2+V2+v2, 6) x=V2+VI+V3
B) x=1+15+V3+2
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YT06bl 32aKOHUHTD JIOKA3aTEILCTBO TEOPEMBI B 06ILEM Calydae, KOTa X TTPHHAIICKUT
noJio [, ¢ MpPOU3BOJBLHBIM MHIEKCOM R, JOCTAaTOUHO YCTAHOBHUTb, KaK BBILIe, UTO X
YIOBJIETBOPSIET KBAAPATHOMY ypPaBHEHHIO ¢ Kod(pduuUeHTaMu U3 noJst [,_i. 3areM,
TOBTOPSIS MPOLIEIYPY J0Ka3aTeNbCTBA, yOEXKAAEMCS, UTO X YAOBJETBOPSIET yPABHEHHUIO
crenenn 22 = 4 ¢ koshduunentamu u3 noas F_o, ¥ T. L.

YnpaxHeHnue. 3akoHuuTe 3T0 06lllee J10KA3aTebCTBO, IPUMEHSIS METOJl MaTeMa-
THUECKOI HHIYKLMU: JIOKAXKHTE, UTO X yIOBJETBOPSET ypaBHeHHIo cTenenu 2! ¢ kosadhu-
uuentamu u3 noast Fp_;, 0 << k. Ilpu [ = k nosyyaercsi okoHUaTEe/NLHDLINA pe3yJbTar.

§ 3. HepaspemnmocTts Tpex KJaccHyeCcKUX npoodJaem

1. YnBoenue Ky6a. Terepb Mbl y2Ke JOCTATOUHO MOANOTOBJIEHDI K HCCJ/Ie-
JIOBAHHMIO M3BECTHBIX €lle C JPEBHOCTH MPOoOJeM TPUCEKLHH YrJia, YIBOCHHS
Ky0a 1 I10CTPOEHHUS IPABUJILHOIO CeMUYroJlbHUKa. PaccMoTpuM npexie Bcero
npobJieMy yJABOEHUs Kyba.

Ecau nanubiit ky6 uMeer pe6Gpo, paBHOe eluHHUIE, ero 06beM OyaeT pa-
BEH KyOMuecKod enuHuue; tpebyeTcs HalTH peOpo x KyOa, 0ObeM KOTOPOTo
BBOe GoJibllie. MITak, nckomoe pe6po ya0B/AETBOPSIET NPOCTOMY KyOHUECKOMY

ypaBHEHHUIO
¥ —2=0. (1)

Haure nokasatesbCTBO HEBO3MOXKHOCTH MOCTPOEHHST YHCJA X C TOMOIIBIO
TOJIbKO LIMPKYJISL U JIMHEHKH OyJIeT HOCUTb «KOCBEHHBIH» Xapakrep. JlomycTum,
YTO TaKoe MOCTPOEHHE BO3MOXKHO. Tora, COTIaCHO MOJyUeHHbIM BbILLE PE3YJib-
Tatam, YMCJIO X JOJDKHO MpPUHAIJIEKATh HEKOTOPOMY TOJIO [, MOJyueHHOMY
TakK, Kak OblI0 0OBSICHEHO paHblile, — U3 PAlMOHAIBHOTO MOJIsI MOCPENCTBOM
10CJ/IEI0BATEJLHOTO <IIPUCOEAMHEHUS» KBaJpaTHbIX KopHel. Mbl cefiuac yGe-
JUMCSI B TOM, U4TO TaKoe JOMyLIeHHe MPUBEIET K MPOTHBOPEUHIO.

MpbI yKe 3HaeM, YTO UHCJIO X He MOXKeT TpHHAJJIeXKaTb PalHOHATbHO-
My moso Fy, Tak Kak /2 eCTh UMCJ0 HPPALHOHAMbHOE (CM. yrpasHeHue |
Ha cTp. 86). 3HAUUT, MPUIETCS JIOMYCTHTh, UTO OHO MPHUHAIJIEXKUT OJTHOMY U3
pacuIMpeHHbIX ToJel [, rIe k — 1lejioe MoNoXKUTeIbHOe YHca0. Mbl HMeeM
1paBo JOMyCTHTb, UTO R €CTb HAWMEHbLIEE U3 TAKHX LEJBbIX UMCEJ, T. €. UTO X
MPUHAJIEKHT Fj, HO He NMPUHAIEKAT Fy_j. DTO 3HAUMT, UTO X UMEET BHJL

x=p+qJw,

TJIe P, ¢ ¥ W NPUHAJJIEKAT KAKOMY-TO MOJIIO F,_|, HO /W eMy He MPUHAJIEXKHT.
OCHOBBIBasICh, J1ajiee, Ha MPOCTOM, HO BaXKHOM aJre6pandyeckoM pacCyKIeHHH,
MbI YOEUMCSI, UTO €CJIH P+ /W ecThb peltienue ypasHenust (1), T0 y=p — g/ w
ecTh Takxke ero petienue. Tak Kak X MPHHAVIEKHT MO0 Fy, 1o X3 1 x° — 2
TOXKe MpUHAIJIEXKAT F), U, 3HAUHT,

¥ —2=a+bVw, (2)
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rae a u b npunampiexar F,_;. Hetpynno noacuutats, uto a = p* + 3pg?w — 2,
b =3p’q + ¢*w. Ecau nonoxum

y=r—qve,
TO, MOACTAaBJIsAsT —p BMECTO p B BbIpaxK€HHUsI IJIsI @ U b, noJiydyaem, 4to
Yy —2=a-byuw. (2')
Tak Kak Mbl MPENOJIOKHUIH, UTO X €CTb KOpeHb ypaBHeHus (1), To
a+byw=0. (3)

Ho u3 nocJsennero paBeHcTBa cJeyeT (3T0 OCHOBHOH MOMEHT paccyxKjaeHus!),

uyto 06a uucja @ U b paBHbI Hy10. JIeficTBUTENBbHO, €Cad Obl b ObLIO OTJIMUHO
a

OT HyJis1, TO U3 (3) MOJIYUUIOCh Obl PABEHCTBO /W = —» 910 MpOTHBOpEUHT
JIONYLIEHHIO, UTO /W He NpHHamIeXUT nomo F,_;. Mrak, b =0, u Torma
u3 (3) caenyet, uto a = 0. Ho pa3 mbl ycranoBwiH, uto a = b =0, To yxe
U3 paBeHCTBa (2') HEMEIJIEHHO BBITEKAET, UTO § = P — ¢/W €CTb pelleHHe
ypaBnenusi (1), tak kak y® — 2 =0. Hanee y # x, T.e. x — y # 0, Tak Kak
YUCII0 X — Y = 2¢+/w MOTJIO Gbl 06palaThesi B HyJIb TOJbKO mpu g =0, a B
3TOM cJlydae X = p NpUHa/IeKaN0 Obl MOJIO F),_;, UeTO Mbl He TIperoJaras.

MbI YCTaHOBHJIH, UTO €CJIH X = p + §+/W €CTb KOpeHb KyGHUEeCKOro ypaB-
nennst (1), To y = p — g+/w ecThb JAPyrof, He paBHLIH €My, KOPEHb TOTO JKe
ypaBHenusi. Ho 5T0 HeMe[JIeHHO MPUBOISAT K MPOTHBOPEUHIO: § = p — /W
€CTb, OUEBMJIHO, JEHCTBUTEBLHOE YMCJIO, TAK KaK udcaa p, ¢, /W NedCTBH-
TeJIbHbIE, ypaBHeHHe Ke (1) UMeeT TOJBLKO ONMH NEHCTBUTENbHBIH KOpEeHb, a
JIBa — MHUMbIX (cM. cTp. 125).

Hatile mepBoHauasibHOE OMYIIEHHE TPUBEJNO K NPOTUBOPEUHIO, 3HAUUT, OHO
OIIMOOYHO; TI03TOMY KOpeHb ypaBHeHHs (1) He MOXKeT MpUHaIeXaTh HUKaKO-
My noqio F,. Mrak, ynBoenne ky6a ¢ MOMOUIbIO TOJIBKO LMPKYJST U JIMHEHKH
HEBO3MOKHO.

2. OpHa TeopemMa 0 KyOMUeCKMX YPaBHEHHUSIX. 3aKJIOUNTe/NbHAs 4acTb
TOJIBKO UTO MPHUBEJEHHOTO aJreOpauuyecKoro paccyKaeHus Oblia npucrnocobJe-
Ha K CelraJbHOMY yPaBHEHHIO, KOTOPBbIM Mbl 3aHUMaJHCh. Ho ecsii Mbl XOTHM
UCCJIeIOBATh JIBE JApYrue MpobJeMbl IPEBHOCTH, TO XKeJaTebHO OCHOBBIBATHCS
Ha HEKOTOpPOH TeopeMe obliero xapakrepa. C ajreOpanuyeckoil TOUKH 3pEHHs
BCe TpH MpobJieMbl CBSI3aHbl C pellleHheM KyOHuecKoro ypaBHeHHs. OTJIMUHO
M3BECTHO, UTO €CJIH X, X3, X3 — TPH KOPHsI KyOHUECKOTO ypaBHEHHsI

2 +a +bz+c=0, (4)
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TO OHH CBSI3aHbI MEXKy COBOH COOTHOLIEHHEM
X\ +Xo+x3=—a.! (5)

Paccmorpum KyOuueckoe ypaBHeHHe (4), B KOTOPOM KO3(PQHUUMEHTH a, b, ¢
nycTb OyAyT palMOHAIbHBIMU UMcaaMu. MoxKeT, KOHEUHO, CJYUMTbCS, UTO OJIMH
M3 KOpHEH ypaBHEHHsI eCTh palHOHAIbHOE UHCJIO: HATPUMED, YpaBHeHHe x° —
— 1 =0 umeeT oiMH KOpeHb | — palMoHaJbHBIH, TOra Kak JBa JAPYruX, ya0-
BJIETBOPSIOLIMX KBAAPATHOMY ypaBHeHHI0 x> + x + 1 = 0, — Muumble. Ho Mbl
ceiluac J0KaxkeM Takylo OOLLyl0 TeopeMy: ecau Kybuueckoe ypasHeHue c
PAUUOHAABHOIMU KO3 DU uenmanu He umeem payuOHAAbHOLX KOPHEL,
MO HiU O0UH U3 e20 KOpHel He moicem Oblmb NOCMPOEH € NOMOWbIO
UUPKYAA U AUHElKU, UCX00S U3 PayuoOHAIbHO20 NoAs Fy.

JlokasatesbcTBO Oy/ieM BEeCTH, KaK paHblile, KOCBEHHbIM MeTojaoM. Jlomny-
CTHM, UTO YUCJO X, sIBJsIIOLIEeCs] KOpHEM ypaBHeHusi (4), poryckaer nocrpoe-
uue. Torna x 10/1KHO NPUHAIEKATb HEKOTOPOMY TOJIIO [, OCJIeAHEMY B LIETH
MOCTENEeHHO paclupsieMblx nosei Fo, Fy, ..., Fp.

Mbl, Kak paHblile, UMeeM MPaBO JOMYCTUThb, YTO HUKAKOH KOPEHb ypaBHe-
Hust (4) He mpuHaLIEKUT rodto £, ;. (Uto k He ecTb HyJIb, CllelyeT KaK pa3 u3
YCJIOBHS TEOPEMBI: X HE MOXKET ObITb pallMOHAJIbHBIM UMCJIOM. ) HTak, X MOXKeT
ObITb 3aMUCAHO B BHJE

x=p+qVo,
npuueM p, ¢, @ NpPUHALIEKAT NOM0 F,_y, HO /W He NMpUHALIeKUT ;. Ta-
KOe e caMoe paccyxeHue, Kakoe OblIo MPOBEAEHO B MPEblAyLeM MyHKTE,
MPUBOJUT K 3aKJIOUEHHIO, UTO UMCJIO

y=pr—-qgvuw,
TakKe TpUHajJIexkallee [y, siBasieTcss KopHeM ypaBHeHusi (4). Mbl BUIUM, Kak
paHblile, uto g # 0; 3HAUHT, X # Y.
3 paBeHcTBa (D) Mbl TeMepb 3aKJA0UYAEM, UTO TPETHE KOPEeHb YpaBHEeHUs (4)
naetcst popmyJsiolt 4 = —a — x — y. Ho Tak Kak x + y = 2p, 10, 3HAUHT,
u=—a—2p.
Pannkan /w 31ech ucues, Tak uTO OKAa3bIBAETCH, UTO 4 MPUHAIJIEKHUT MO-
o Fj,_;. DTO MPOTUBOPEUUT CHENAHHOMY JAOIYIIEHHIO, COIJIACHO KOTOPOMY R

€CTb HauMeHblllee LEeJ0e YHCJIO TaKOoe, YTO HEKOTOpoe MoJe [, COlepKUT KO-
peHb ypaBHenusi (4). Ilpunercst oTBepruyTh clesiaHHoOe AOTyLIEHHE, pa3 OHO

1 Muorounen z° + az? + bz 4 ¢ MOXKHO NPEJCTABUTb B BHJE TPOU3BEJIECHHS TPEX MHOXKHTENEeH
(z — x1 )2 — x9)(2 — x3), Te x|, X9, X3 — KOpHH ypaBHeHusi (4) (cm. ctp. 128). Orciona

CJIe/lyeT TOXKJIECTBO
D4 a2 +bz+c=2"—(x] + x9 + x3)2% + (X[ X9 + XoX3 + X X3)2 — X| X9 X3,
M TaK Kak KO3((HUHEHTbI TTPH OIMHAKOBbIX CTEINeHsIX JI0JKHbI ObITh PaBHbI MEXKJLy COGOM, TO

—a=x| +x9+x3, b=x1x0+ xXox3+ x1X3, = —xX1Xox3. — [Ipun. peod.
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MPHUBEJIO K MPOTUBOPEUHIO, H TPU3HATh, UTO HU OJIUH W3 KOpHEH ypaBHeHust (4)
He MPHUHALIEKUT HUKAaKoMy rodiio F,. Teopema nokaszana. Ha ocHoBanuu 31oM
TeOpeMbl MO>KHO yTBep)KILaTb, YTO YHUCJO HE MO2KET 6bITb HOCTpOQHO C MoMo-
b0 TOJILKO LMPKYJsl W JIMHEHKH, KaK TOJbKO YCTAHOBJIEHO, UTO 3TO UMCJIO
SIBJISIETCS KOPHEM KyOHUECKOT0 YpaBHEHUS ¢ PalMOHANLHBIMU KOS PUIHEHTa-
MH, HE HUMeEIOLEero paLLI/IOHa.HbeIX KOpHeﬁ.

Jlnsi ypaBHeHUsI KyOa CBeJIéHHe K TaKOMY YPABHEHHIO HEMOCPEICTBEHHO
oueBuaHO. Ceiluac Mbl YBUAHM, KaK OHO MPOBOJUTCS JJIs ABYX JIPYTHX 3ajau.

3. Tpucekuus yraa. [Tokaxkem, 4To TPUCEKLHsl YI/la C IOMOLUBIO TOJIBKO
LMPKYJsl M JIHHeHKU B oOuwem cayuae HeBo3MoxkHa. KoHeuHo, cyluecTByroT
yrbl, Hanpumep yrasl B 90° unn B 180°, 1J1s1 KOTOPBIX TPUCEKLMS BBIMTOTHSIETCSI.
Ho Mbl 10/12KHBEI TOKa3aTh, UTO He CYLLECTBYET 1POLIeypbl TOCTPOEHHUS, TIPUTOJ-
HOU 1151 8csikoeo yraa. Tak Kak oOujutl MeTOL 10J/KeH Obl1 Obl OTHOCHTbCS KO
gcem yryiam, TO Halla ueJsb GyaeT JOCTHTHYTA, €CJIH Mbl YKaXKeM XOTs1 Obl OJIMH
KaKol-HUOYb yroJ, Ui KOTOPOro TpHCeKLMs HeBo3MoxkHa. Mrak, Hecylle-
CTBOBaHHE 00LLEro MeToja TPUCeKLUHMH OyeT YCTaHOBJICHO, €CJ/IH Mbl YOeIUMCH,
yTO, HampuMep, yroa B 60° He MoXeT ObITb pasjiesieH Ha TPH PaBHbIE UACTH C
MIOMOUIBIO TOJILKO LIMPKYJISl U JIMHEHKH.

Asre6panueckuii SKBUBAJICHT paccMaTpHBaeMoil MpoGJeMbl MOXKHO TMOJTy-
YUTb PasHbIMH CrOCOOAMHM; CaMblil MPOCTOH CMocol — CuuTaTh, 4To yroa 0

3aJlaH CcBOUM KocuHycoM: cos 6 = g. Torna npo6yema CBOMUTCS K BBIUMCJIEHHIO

BEJIMUHHBI X = COS 7. MHurepecyrolirie Hac KOCHHYCHI CBsSI3aHBl MeXIy COOOH
MPOCTOH TPUTOHOMETPHUECKOH popMyJiof (cM. cTp. 124)

6 6

cos =g=4cos’ 3 —3cos .

Jlpyrumu cjioBamu, npo6sema Tpucekiuu yraa 6 (takoro, uto cosf = g) pas-
HOCHJIbHA MOCTPOEHHIO KOPHSI KyGHUECKOTO ypaBHEHHUSsI

42> =3z —g=0. (6)
Tak kak mo mpejplayIIeMy Mbl IMeeM MPaBo MoJoxKuTh § = 60°, g = cos 60° =

= 5, T0 ypaBHenue (6) MpUHUMAET BUJL

82 —6z=1. (7)
B cH/ly TeopeMBl, 10Ka3aHHOH B MpeIbLIyleM MyHKTe, s Hallel Lesn 10CTa-

TOYHO MOKa3aTb, UTO TO ypaBHEHHE He MMeEeT paludoHasbHbIX KopHel. [ToJo-
XKUM U = 22; ypaBHeHHe MPUMET elle GoJiee MPOCTOH BHJL

v*—3v=1. (8)

r
Ecim Gbi y111eCTBOBAI0 PALHOHATLHOE UHCII0 U = —, YIOB/ETBOpsIIoLILee STOMY
ypaBHEHHIO, TJle 7 M § — LeJible yhcaa 6e3 o6lIero MHOXKHUTes (> 1), To Mbl
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JIOJDKHBI Oblik Obl UMeTh paBeHCTBO 12 — 3s%r = 3. OTclona c/enoBao Obl,
yto uncsio $° = r(r? — 3s?) nesuTes Ha r, ¥ TOTAA MOJYUHJIOCH Obl, UTO £ U S
MMEIOT OOIIMH MHOXKHTEJb, €CJIH TOJIbKO 1 He paBHO +1. CoBepllueHHO Tak Ke
Mbl 3aKJIOUMJIKE Obl, 4TO 4MC/I0 r° = $%(s + 3r) genutest Ha $2, a 3TO 3HAUUIIO
Obl, UTO 7 U S UMEIOT OOIIMH MHOXHTEJb, ecli ToJbKo S He paBHo £1. Ho

r
TaK Kak ILpO6b g o MPEaAroJo2KEeHUI0 HeCOKpaThiMa, TO, 3HAYUT, OCTAECTCsA

3aKJ/I0UUTh, UTO Yncaa r U § paBubl £1, T.e. v = £1. Ho noacrasnss v = +1
M v = —1 B ypaBHeHue (8), Mbl BHJIMM, 4TO B O0OOMX CJyuasix ypaBHEHHE He
ynoBJerBopsiercsi. Mtak, ypaBHenue (8), a cieoBatesbHO, U ypaBHeHUe (7) He
MMEIOT PalMOHAJBHBIX KOPHEH; TeM CaMblM HEBO3MOXHOCTb TPHUCEKLIMH yrja
JloKa3aHa.

OTa TeopeMa Jl0Ka3aHa B I1PEAIOJIOKEHHH, UTO JIMHeKa paccMaTpUBaeTCst Kak UH-
CTPYMEHT, CJIy>KallMi Uil POBEeJeHHs] NPAMOH 4yepe3 [Be JaHHble TOUKH, U HUKAK
unave. B camoMm jese, Korjga Mbl jaBajii OOLLyl0 XapaKTePUCTHUKY UHCEJ, KOTOpble
JIOIYCKAIOT 1OCTPOEHUE, UMEI0Ch B BHUJY TOJBLKO Takoe ynorpebseHue JuHeikd. Ec-
JIM JIONyCTHTb MHbI€ MPHEMbl M0JIb30BaHHsl JIMHEHKOH, TO COBOKYITHOCTb BbITTOJHMMbIX
MOCTPOEHHH upe3BbluaiiHo paciuupsiercs. XOpoLIMM IPUMEPOM SIBJSETCA CJeLyIOLIHil
METOJ TPUCEKLIMH yIJ1a, YKa3blBaeMblil B COUHHEHHSIX Apxumena.

A 0

Puc. 36. T1puem TpuceKluK yriia, yKasaHHbliH ApXumenom

[Tyctb naH yroa x (puc. 36). [1poaosKuM ropu3oHTaslbHYI0 CTOPOHY yIJla BJIEBO U
3aTeM MpoBeJeM MOJYKPYr ¢ LeHTpoM O W NPou3BOJILHBIM paanycoM r. OTMETHM Ha
camoii aunetike takue Touku A u B, uto AB = r. 3arem npuBeaeM JHHEHKY B TaKoe
T0JI0’KeHHe, UToObI TouKa A JiMHelKH Oblla Ha NPO0JKEHHON CTOPOHE yrila, Touka B Ha
NPOBEICHHOM MOJIYKPyTe ¥ BMeCTe ¢ TeM JIMHeHKa 1poliia Obl yepe3 TOUKy MepeceyeHHus
BTOPOH CTOPOHBI YIJIa C MOJYKPYroM. B 3TOM M0J10’KEHUH JIMHEHKH TPOBEEM M0 Hell
NPSAMYIO JIHHHIO, 00Pa3YIOLLYI0 € MPOJL0JKEHHON CTOPOHOMN JAHHOIO yrJla yroJl, KOTOpbli
0003HAUYUM uepes y.

YnpaxHenue. [lokaxkure, uto y = %
4. MNpaBuabHbiii cemuyroabHuk. [lepefinem Teneps K npo6Jeme MocTpo-

€HHUsl CTOPOHBI X MPABUJIBHOTO CEMUYTOJIbHUKA, BIIUCAHHOTO B €IMHUUHBIN KPYT.
[Ipole Bcero cripaBUTbesi ¢ 3TOH NPoOJEMOH, eC/ii NMPUOETHYTh K KOMIJIEKC-
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HbIM uncsaMm (cM. taBy I, § 5). Mbl 3Haem, 4TO BepllMHbI MPABUJBLHOTO
CEeMHUYTOJIbHUKA CJTy»KAT KOPHSMU ypaBHEHHS
2 —1=0, (9)
NpHUEeM KOOPAMHATHI X, Y KaXKJI0H BEPLINHHBI IBJSIOTCS AEHCTBUTENLHON H MHU-
MO# YacTsIMH KOMIJIEKCHOTO uncia 2 = X + iy. OMH U3 KOpHel ecTb 2 =1, a
OCTaJIbHbI€ YJIOBJIETBOPSIOT YPABHEHHIO
27— 1
z—1
(cMm. etp. 126). dens na 2%, nosiyyaeM HOBOEe ypaBHeHHe

=424+ + 2+ +z2+1=0 (10)

1 1 1
PS5+ +5+z+-+1=0. (11)
2 2 r4
[Tpocteie anrebpanyeckue npeobpa3oBaHysl MPUBOAST €ro K BUILY
3 2
(z+1) =3(e+ 1)+ (2+2) —2+ (24 1) +1=0. (12)
2 Z 2 2
[TosokuB Tenepb |
zZ+ > =Y,
MbI [IPUXOAUM OKOHUATEJIbHO K YpaBHEHHIO TpeTbele CTEIIeHU
P4y —2y—1=0. (13)
Mbl 3HaeM, UTO 2, KOPEHb CeIbMOH CTENEHH U3 eUHULIbI, 1aeTcs POPMYJIOH
zZ=cos@+ising, (14)

o

rae ¢ =

1
MHUYTOJIbHUKA; KPOME TOTO, U3 YHNPaxKHECHUSA 2 Ha CTp. 124 CJIeayeT, uTo ; =
= COS ¢ — isin¢, TaK 4To

€CTb YroJi, Mol KOTOPbIM U3 LEHTpa Kpyra BHAHa CTOPOHa Ce-

y:z—i—é:Qcoscp.

Ecsii Mbl cymeeM NOCTPOHTb Y, TO CyMeeM MOCTPOUTb M COS ¢, H 00PaTHO.
Hrak, pas 6yaer ycTaHOBJEHO, UTO BEJMUYHHA Y HE MOXKET ObITh MOCTPOEHA,
TO TeM CaMbIM OyJeT YCTAHOBJIEHO, YTO He MOTYT ObITb MOCTPOEHbI HU BeJIM-
UMHA COS (), HU BEJMUMHA Z; CJIEJIOBATEIbHO, HEBOBMOXKHO OYIET MOCTPOECHHE
CEMHUYTOJILHUKA.

Takum 06pas3oM, B CHJTy TEOPEMBI ITYHKTA 2, 0CTAETCsI T0KAa3aTh, UTO ypaBHe-
Hue (13) He UMeeT palOHAILHBIX KOPHEH. DTO TOXKe I0Ka3bIBAETCS KOCBEHHBIM

o r

metonoM. Jlonyctum, uto ypaBHeHue (13) WMeeT pauMOHAJbHbBIA KOPEHb 3

Tae r U S — LeJble udcaa 6e3 001X MHOXKHUTe eld. B TakoM ciyuae m0/I»KHO
YJIOBJIETBOPSITLCS PABEHCTBO

P4+ r’s —2rs* — s° =0; (15)

oTCI0Ja SICHO, UTO r° jesuTcs Ha s, a > —Ha r. Tak Kak r U S — B3aUMHO

NpOCThIe YHCJIA, TO OTCIO/A CJIEYET, UTO KaxKj10e U3 HUX paBHo + 1. 3HauuT, U y,
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€CJIM TOJILKO 3TO UMCJIO pallHOHaJIbHOE, 10JIXKHO paBHATbCS WK +1 uian —1. Ho
MoJICTaHOBKA B ypaBHeHue (13) mokasbiBaet, uto HU +1, HU —1 He sBJsAOTCA
KOPHSIMH ypaBHeHHs. MITaK, Hesb3sl MOCTPOUTh BEJIMUHHBI Y, a CJAe0BATENbHO,
¥ CTOPOHbI CEMHYTOJIbHHUKA.

5. 3ameuaHusi No NOBOAY KBaApaTypbl Kpyra. CpaBHHTENbHO 3JeMeH-
TapHble MeTO/bl MO3BOJIMJIM HAaM JOBECTH /10 KOHUA McCCJ/eloBaHHe NpobJeM
yIABOEHHsI Ky0a, TPUCEKLMH yrJia W TOCTPOEHHSI NPaBUJIBbHOTO CEMUYTOJIbHUKA.
Ho npo6nema KBazpatypsl Kpyra ropasjo cjio:kHee 1 Tpe6yeT TeXHHKH MaTeMa-
THUecKoro anasusa. Tak Kak Kpyr pajdyca r UMeeT Moliajb nr2, To npobsema
MOCTPOEHHMs KBaJpaTa, MJ1oliajib KOTOPOro paBHa MJIOLIAM Kpyra ¢ paanycom 1,
PABHOCHJIbHA TOCTPOEHHIO YHCJA +/T, PABHOTO CTOPOHE MCKOMOTO KBajapaTa.
Yueso /T 10MycKaeT MOCTPOEHHE B TOM H TOJIBKO TOM CJIyuae, ec/d JonycKaeT
noctpoeHue uucsio n. Mexons us naHHoll HaMu oOLLeH XapaKTepUCTHKH UHCed,
JIOTyCKAIOIMX MOCTPOEHHE, Mbl YCTAHOBHJIM Obl HEPa3pelInMOCTb MPobJeMbl
KBaJpaTypbl Kpyra, ecjau Obl MOKasajd, YTO T He COAEPKUTCS HH B KaKOM
noJsie F,, BO3HUKAIOLLEM U3 M0J15 PaLlHOHAJIbLHBIX YHCEJT TIOCPEICTBOM MOCIAE10-
BaTeJIbHBIX MPUCOEMHEHNH KBAJPAaTHBIX KOPHel. Tak Kak Bce uucsia, MpuHaj-
JiexKalliie TAKUM MOJISIM, SIBJSIIOTCS aare6pandecKUMH, T. €. YAOBJAETBOPSIOLINMH
ajreOpauueckuM ypaBHEHUAM C LeJbIMH Ko3((HULMEeHTaMH, TO Hepaspelln-
MOCTb KBaApaTypbl Kpyra Obuia Obl J10Ka3aHa, ec/H Obl ObIO YCTaHOBJICHO,
YTO UMCJIO T He anreGpaunueckoe, a TpaHcleHaeHTHoe (cM. cTp. 130).

TexHuueckuil annapar, HeoOXOAUMBIH ISl 10Ka3aTebCTBA TPAHCLLEHEHT-
HOCTH uucsa 1, 6wl coznan Ulapiem D pmurtom (1822—1905), xoTopblit
JloKasasn BMeCTe C TeM TPaHCLEeHAEHTHOCTb unchaa e. HeckonbKko ycoBepiieH-
ctBoBaB Metos dpmuta, . Jlunneman (B 1882 r.) cymen nokazatb TpaHc-
LLeHJEHTHOCTb YMCJa T U TEM CaMblM OKOHYATeJbHO HcuepraJ Bonpoc, ocTa-
BaBUIMKCS 6e3 oTBeTa Ha MPOTsKeHWH ThicsueneTui. J{okasarenbctBo JIMH-
JleMaHa — BHe [pe/e/IoB, HAaMEUEHHbIX /151 3TOH KHUIH, XOTSl OHO W MO TJievy
yualleMycsl, XOpollo 3HaKOMOMY C MaTeMaTHUeCKHM aHaJH30M.

YACTDb 2
Pa3auuHbie METOAbl BbINMTOJHEHUSA HOCTpOCHMﬁ

§ 4. leometpuueckue npeodpazoBanusi. UnBepcus

1. O6wue 3ameuanusi. B Hacrosiiieil, BTopoll 4yacTH 3TOH TJiaBbl Mbl CH-
CTEMaTHUECKH PACCMOTPUM HEKOTOPbIE OOLIHE MPUHLHMIIbI, KOTOPbIE MOTYT ObITh
MPUJIOKEHBI K 3a71a4aM Ha MocTpoeHHe. MHorHe U3 3THX 3a1auy 0003peBatTCs
ropasJio Jierue, ecjd CMOTPETb Ha HUX C OOIeH TOUKHM 3peHHs] «KTeoMeTpHue-
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CKHUX npeoOpaszoBaHuii». Bmecto Toro utofbl H3yuaTh OTAE/NbHOE MOCTPOCHHE,
MBI 3afiMeMCsl cpasy LeJIbIM KJaccoM NnpobJieM, CBA3aHHLIX MeXIy COOOH Te-
MH WJIM MHBIMH MpoleaypamMu npeo6pasoBanuii. Crioco6HOCTb 6pocaTh SIPKHI
CBET Ha CYLIECTBO BellleH, MpUCyllas uiee Kjaacca reoMeTpHuecKux npeodpa-
30BaHUi, HUKOUM 00pa3oM He orpaHMueHa 3ajauaMM Ha MOCTPOEHHE, HO HMe-
erT OJiKalillee OTHOLLEHME KO BCell reomeTpud B LesioM. B raasax IV u V

Mbl OyJeM HMETb CJlydall OLEHHTb POJib reo-
°P MeTpHYeCcKUX rnpeoOpa3oBaHuil B 3ToM HoJiee
| wpokoM acnekre. IToka ke Mbl nojasepr-
} HEM M3YUEHHIO OJIMH M3 YacTHbIX THUIOB Ipe-
l [ 00pa3oBaHUil — UHBEPCUIO NAOCKOCHIL OM-
} HOCUMEeAbHO OKPYICHOCMU, TIPeCTaBIIso-
} 11yto co6o# 0600111eHHe 0OBIKHOBEHHOTO 3ep-
|

op! KaJIbHOTO OTPaKEHUs] OTHOCUTEJbHO MPSMOH
JINHHUH.
Puc. 37. OtpakeHne TOUKH OTHO- ToBopsi 0 npeobpaszosanuu (omobpa-

CHTEIBHO MPSMOH JICeHUL) TVIOCKOCTH caMoil B ce6sl, Mbl HMeeM

B BUJIy HEKOTOPOE TIPABUJIO, COTOCTABJSAIOIIEE KAXKI0H TOUKe P MJI0CKOCTH He-
KOTOPYIO JIpyTyto Touky P’ To# ke mjockocTd. Touka P’ HasbiBaeTcst 00pasom
Toukd P, Touka P — npoobpasom touku P’'. Ilpocreiimuii npuMep Takoro
npeo6pa3oBaHusl — 3epKaibHoe Oompadcerue
(oceBas CHMMETpHsi) MJIOCKOCTH OTHOCHTEJbHO
JIAHHOW TIpsIMOM JiMHMKM L: Touka P ro ojHy cTo-
poHy L umeer cBouM o6Gpasom Touky P’, pacro-
JIOXKEHHYIO 110 IPYTYIO CTOPOHY L TakuM o6paszom,
uTo L sIBJISIETCS EPIIEHUKYJISIPOM K 0Tpe3Ky PP,
BOCCTaBJIEHHbIM U3 ero cepeiutbl. [Ipeobpaszopa-
HHE MOXKET OCTaBJIATb HEKOTOPbIE TOUKH MIOCKO-
CTH HENOJBHKHBIMH; B HalleM MPUMEpPE TaKOBbI
TOUKH caMo# MpsiMolt L.

JajbHeldlMMy puMepamu npeo6pa3oBaHUil
SIBJSIIOTCS  8pau4eHuss TJIOCKOCTH OTHOCHTEJb-
HO HeMoABH:KHOH Touku O, 3aTeM napaatesp- Puc. 38. HHeepcus Touku
Hble neperocol, TiepeMellalolye Kaxayo Touky — OTHOCHTEIBHO OKPYKHOCTH
B JIAHHOM HarpaBJ/leHHH Ha OHO U TO e PaccTo-
sHMe (9T0 npeoOpa3oBaHUe HE UMEET HEMOJBHXKHBIX TOuek), W, 6oJjee 006lLLo,
0suocerus TIIOCKOCTH, KOTOPble MOXKHO TPENCTaB/ATh ceOe COCTaBJIEHHBIMHU
13 BpalleHUH U MapaJJe/bHbIX MEePEeHOCOB.

Ho B naHHbIil MOMEHT Hac MHTepecyeT MHOH, YacTHbIN KJaacc npeo6pa3oBa-
HHUI1, — UMEHHO, UHBepCUU OTHOCUTENbHO OKpY:kHOCTel. (MHOor1a ux Has3biBaloT
KPYrOBbIMH OTPaKEHUSIMH, BCJEJICTBUE HAJMUUSI NPUOJH3UTEIBLHOTO CXOACTBA
C OTpakeHHeM B cepuyeckoM 3epkadje.) [lycTb B HeMoABHKHON MJIOCKOCTH

/

Q/
/
/P
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3aaHa HeKoTopasi OKpyKHOCTb C ¢ teHTpoM O (Ha3bIBAeMbIM UeHMmpPOoM, U1
noatocom, urgepcuu) v paauycom r. O6pas Touku P ornpesensieTcsi Kak Tou-
Ka P’, nexauasi Ha npsimoil OP 1o Ty »e cTopoHy oT O, uto u P, u Takas,
yTO

OP-OP = r. (1)

M3 storo onpenesnenust ciaenyer, uto ecau P’ ectb o6pa3 P, To u P ectb (B
JIaHHOM TIpeoGpa3oBaHuu) o6pas P’. DTo jnaer MpaBo Ha3blBaTh TOUKH P u P’
83QUMHO 0OpamHoLMU OTHOCHTeNBHO OKpy:kHOCTH C. MHBepcHs mpeBpalaer
BHYTPEHHIOI0 06JIaCThb OKPY:KHOCTH BO BHELIHIOIO, ¥ 0GpaTHO: B CAMOM JeJIe,
13 HepaBeHcTBa OP < r caenyet HepaBeHcTBO OP' > r W, HAMPOTHB, U3 Hepa-
BeHcTBa OP > r — HepaBeHcTBO OP' < r. HenoaBHKHBIMH TOUKAMH TJIOCKOCTH
SIBJISIIOTCS] TOUKHM caMoil okpykHocTH C.

[1paBusio (1) He onpenensier Hukakoro o6pasa misi 1ieHrpa O. Ho sicHo,
UTO KOrja JBHXKYyllasicsd Touka P npubamkaercs k O, ee o6pa3 P’ yxomut
HeorpaHHYeHHO Jajeko. [1o 3Tol MpHUHHe HHOTIA TOBOPSIT, UTO MPH MHBEPCHH
06pa3oM LleHTpa SIBJIsIeTCst OecKoHeuHo yoarenHas moyka. [loneanocts 310k
TEPMHHOJIOTHH BbITEKAeT U3 TOr0 OOCTOATENbCTBA, UTO OHA JAET HaM TIPaBO
yTBepXKIATh, UTO WHBEPCHsl yCTaHABJMBAeT B3aUMHO OJHO3HAYHOE COOTBET-
CTBHE MeXIy BCEMH TOUKAMH IJIOCKOCTH 6e3 HCKIIOUeHHs W HX obpasamu:
KaxK/1asi TOUKa MJIOCKOCTH UMEET OJIMH M TOJIbKO OJIMH 06pa3 U cama siBjiseTcs
00pa3oM OHOH M TOJIbKO OAHOH TOUKH. OTMETHM, UTO 3TO MOCJeAHee CBOMH-
CTBO MPUHALIEKUT TAKXKE U paHbllle MPUBEIEHHBIM TPUMeEpPAM TeOMeTPHUECKUX
npeo6pa3oBaHuiL.

2. CpoiicrBaunBepcuu. Camoe BarKHOE CBOHCTBO HHBEPCHH 3aKJ0UaeTcst
B TOM, UTO OHa npeobpasyen Npamole AUHUU U OKPYIHOCMU 8 ApAMbLe
AUHUW U OkpyxcHocmu. TouHee, Mbl cedyac OGHAPYXKHUM, UTO B pe3yJibTaTe
MHBEPCHU

a) npsimas, npoxozsilas yepes O, CTAHOBUTCS MPSIMOK, MPOXOAsILIEH ye-
pe3 O,

6) npsimasi, He nmpoxonsuias yepe3 O, CTAHOBUTCSI OKPY:KHOCTbIO, TPOXO-
nsiieit uepes O,

B) OKPYXXHOCTb, Mpoxojsiias uepe3 O, CTAHOBUTCS MPSIMOM, He MPOXOJIsi-
e yepes O,

') OKPYXKHOCTb, He npoxopsiuas yepe3 O, CTaHOBUTCS OKPY:KHOCTbIO, He
npoxojsiieil uepes O.

YTBep:KaeHHe a) He TpeOyeT H0Ka3aTeJbCTBA, TaK KaK W3 CaMOro ornpe-
JIeJIeHHs] MHBEPCHM sICHO, YTO KaKias ToYyKa Ha paccMaTpuBaeMod MpsiMoH
MUMeeT B KauecTBe oGpasa Jpyrylo TOUKy Ha TOH »Ke MPsIMOH, TaK 4TO XOTs
OT/Ie/IbHBbIE TOUKH Ha MPSIMOH MepeMellaloTcs, HO TpsiMasl B LIEJ0M OCTaeTcs
HEH3MEHHOM.
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Jokaxem yrtBepxyenne 6). M3 O onycTum meprieHAMKYJsIp HA JIAHHYIO
npsimyto L (puc. 39). Ilyctb A — ocHOBaHHe 3TOrO TepreHauKyaspa, A" —
TouKa, oOpaTHasi Touke A. Bo3bMeM Mpou3BoJibHYIO TouKy P Ha L 1 0603HaulM
uepe3 P’ Touky, el obpartHylo. Tak Kak
OA - OA’ = OP - OP' = r?, To oTcioaa cJe-
Jly€eT, UTO

OA" _ OP

OP — OA"
[Tostomy Tpeyrosbuuku OP'A’ u OAP no-
JNoGHbl W, 3Hauut, yroa OP’A’ npsamoi.
B Takom ciyuyae M3 TeopeM 3JeMeHTap-
HOH TEOMETPUH BBITEKAET, UTO P’ JIEKUT
Ha okpyxHocTH K ¢ auamerpom OA’; sta
OKPY>KHOCTb U SIBJISIETCS, CJIEOBATEbHO,
o6pasom npsimoit L. Mtak, yTBep:keHue 6)
Puc. 39. MuBepenst npsiMoit oTHOCH-  JIOKA3aHO. YTBEPKJIEHHE B) CJIELYeT U3 TO-
TeJIbHO OKPY2KHOCTH ro, uto ecqu o6pas L ectb K, To o6pa3z K

ecTb L.

Ocraetcs okasath yrBepxjenue r). [lyetb K — 0Kpy»KHOCTb, He TIPOXO-
nsasi uepes O, ¢ ueHtpoM M u paauycom k (puc. 40). UtoGbl monyuuth ee
o6pas, mpoeneM uepes O npsimyio, epecekaroliyio K B Toukax A u B, u 3atem
MOCMOTPHM, Kak H3MeHsitoTcss o6pa3bl A’ u B’, Korja HanpabJjeHue MpsiMoi

Puc. 40. MuBepcust okpyKHOCTH

M3MeHsieTCsl U OHa nepecekaeT K caMbIMH padHooGpasHbiMK criocobamu. O60-
3nauum paccrosiiusi OA, OB, OA’, OB’, OM uepe3 a, b, a’, b’, m, u nycTb ¢
ecTh JJIMHA KacaresbHo# K K, mpoBemennoit u3 toukn O. [lo onpejesienuio
MHBEPCHU Mbl MMeeM aa’ = bb’ = r?, a 1o 3J1eMeHTapHOMY IeOMETPHUECKOMY
CBOKCTBY OKpy»HOCTH ab = {2, Ec/in pasnesium mepBbie paBeHCTBa Ha BTOPOE,
TO I10JIyUUM
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rae ¢? 3aBHCHT TOJILKO OT 7 M { W, 3HAUMT, He 3aBUCHT OT MOJIOXKeHHsT Touek A
u B. Teneps nposenem uepe3 A’ mpsimyto, napasienbhylo BM; mycte @ ecTb
Touka ee nepeceuenust ¢ OM. ITonoxxkum OQ = g, A’Q =p. Torna

g _d_¢
m_ bk’
HJTH JKe ma bt
— — 2 _ — b2
g=—-=mc, p=- = ke

DTo 03HAuaeT, uTO MPH BCEBO3MOKHBIX MoJoKeHHsAX A n B Touka @ Ha mpsi-

Mot OM Bcerjia GyleT oJiHa M Ta »Ke U UTO paccTosinne A'Q) TakxKe He OyaeT
a b

MeHsATbes. TouHo Tak ke B'Q) = p, Tak Kak T Hrak, o6pasamMu Touek A

1 B Ha K OynyT TOuKM, pacCTOsIHUSL KOTOPBIX OT () paBHbl MOCTOSIHHOH BeJIH-
uyHe p, T. €. 00pa3 K ecTb OKPYKHOCTb. YTBepxKIeHHE I') J0KA3aHO.

3. leomeTpHyeckoe mocTpoeHue
o6parHbix Touek. CJeyioliasi Teo-
pema OyleT rnose3Ha B MyHKTe 4 3TO-
ro mnaparpacga: mouka P', obpam-
Has danHoll mouke P omrocumeno-
HO okpyacHocmu C, moxcem Oovimo
nocmpoena eeoMempuyecKu ¢ noMo-
wopio 00H020 MoAbKo yupkysa. Pac-
CMOTPUM CHauaja TOT cJydail, Koriaa
TouKa P HaxXoJUTCsl BHe OKpyKHOCTH C.
Pannycom OP onuiiieM KpyroByto jy-
ry ¢ ueHtpoMm P, nepecekamolyio C B
Toukax R u S. 3ateM M3 3THX TOUeK
KaK LEHTPOB OIHUIIEM KPYroBble IyTd
paauMycoMm r, paBHbIM paauycy kpyra C; 3ti nyru nepecekytcsi B O U elle B
touxke P’ na npsimoit OP. B paBHoGenpennsix TpeyronbHukax ORP u ORP’

ZORP = /ZPOR = ZOP'R,
TaK YTO TPEYrOJIbHUKH MOJA0OHBI, H MOTOMY

OP _ OR

OR ~ OP"
3nauuTt, P’ ecTb UCKOMast Touka P.

Ecau nannas touka P siexut BHyTpH C, TO MOCTPOEHHE U J10KA3aTebCTBO

ocTaloTcsl B CUJle, JHlIb Obl OKpPY:KHOCTh paauyca OP ¢ ueHtpom P nepece-
Kaja oKpy»KHOCTb C B JIByX Toukax. Ec/in xKe nepeceueHuii He moJydaercs, TO
MO2KHO CBECTH MOCTPOEHHE K NPeJIbIAYyIIeMY CJYUalo MOCPEICTBOM CJIEYIOLIErO
MpPOCTOro MpHeMa.

Puc. 41. VuBepcusi Touku, BHelIHeH
OTHOCHTEJIbHO OKPYXKHOCTH

T.e. OP-OP =12
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[Ipexxne Bcero 3ameruMm, uTo Ha MPSIMOK, COENUHSIIONIEN ABEe TaHHbIE TOY-
ki A u O, MOXHO C TIOMOLIbIO OJIHOTO LIUPKYJSI MOCTPOUTH Takylo Touky C,
uro AO = OC. Jlnsl 3TOro J0CTaTOYHO MPOBECTH OKPYKHOCTH ¢ LieHTpoM O H
pamuycom r = AO. 3areMm, HauWHasi OT TOYKH A, OTMETHTbH TI0CJEL0BATEIBLHO
Ha 3TOH OKpYyKHOCTH Takue Touku P, @, C, uto AP =PQ = QC =r. Torna C
€CTb KaK pa3 UCKOMasi TOUKa: 3TO SCHO U3 TOro, uto Tpeyrojbhukd AOP, OPQ,
OQC — paBHocTOpOHHHE, Tak uto yroa Mexay OA u OC copepxut 180° u
OC = 0@ = AO. TloBtopsisi yKa3aHHYIO MPOLELYPY, Mbl HMeeM BO3MOXKHOCTb
OTJIOXKUTb 0Tpe3ok AO Mo mpsMoil CKOJIbKO yroaHo pa3. Kerath, Tak Kak A/u-
Ha otpeska AQ paBHa rv/3 (Kak uuTare/b POBEPUT 63 BCAKOTO TPyAa), TO
HAM yJIaJ0Ch MOCTPOUTHL v/3, HCXOMA U3 eIMHUUHOTO OTPEe3Ka, He MOJIb3ysiCh
JIMHEHKOH.

P Q
O PR R P
8 0 c
Puc. 42. YnBoenue orpeska Puc. 43. MuBepcust TOuKH, BHyTpeHHell

OTHOCHUTEJIbHO OKPY>KHOCTH

Tenepb Mbl MOXKE€M TMOCTPOUTL TOUKY, OOPATHYIO TOUKe P OTHOCHTEJbHO
okpyxHoctu C, Kak 6bl Touka P Hu Oblia pacriosoxkeHa BHytpu C. Ilpexe
Bcero Ha npsiMmoit OP HaiizeM Takyto Touky R, uto OR ecth kpatHoe OP, u
BMecTe ¢ TeM R JexKuT yxe BHe C:

OR=n-OP.

Jlisi 3TOro J0CTAaTOUHO TMOCJE0BATENBHO OTKJAAbIBAaTh paccrosinue OP mo-
CPEJICTBOM LIMPKYJIs, MOKA Mbl He BbiGepeMmcsi U3 Kpyra C. 3aTeM ¢ TOMOLIbIO
y2Ke H3BECTHOTO MOCTPOEeHHUST HalieM Touky R’, oGpathyto Touke R. Torna Gyuem

UMETb rQ:ORlOR:ORI(nOP):(ﬂOR’)OP

Ocranercst nmoctpouth Touky P’ no ycqosuto OP' =n - OR’, u 3ajnaua Gyjer
3aKOHUEeHa.

4. Kak paspequTb OTpe30K MomnojJaM M KakK HaWTH LEeHTP JaHHOW
OKPY2KHOCTH C MOMOILbIO 0HOTO LUpKyas. [locse Toro Kak Mbl HayUHJIUCh
HaXOAUTb TOUKY, 0OpaTHYIO NAHHOH, MOXKHO C TOMOLIBIO OJHOTO LHPKY.Js
BBITIOJIHUThL JlaJibHElIlIe MHTepecHble MocTpoeHusi. Hanpumep, cefiuac Mbl
HaillJleM cepeliiHy OTpe3Ka, KOHLbI KoToporo A u B 3ajiaHbl, C TOMOIIbIO
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OJIHOTO LMPKYJISi — He MPOBOAsI caMoro otpeska. Bor pelienue 3Toil 3agauu.
OnuiieM OKPY:KHOCTb paanycoM AB ¢ ueHTpoM B M Ha HeM, OTNpaBJsisch
oT A, Kak paHbllle, OTMEPHUM TMOCJEIOBATEAbHO TPU Ayrd paauycom AB.
[Tocnenusist Touka C Gyner jexaThb
Ha npsmoll AB, npuuem Mmbl Gynem
umerb: AB = BC. 3arem omnuuiem
OKPYXKHOCTb pamuyca AB ¢ LeHT-
pom A u noctponm Touky C’, o6paT-
Hylo Touke C OTHOCHTENLHO 3TOH
OKPY2KHOCTH. Torna noJsiyuum:

AC' - AC = AB?,
AC' - 2AB = AB?,
2AC" = AB.

3Hauut, C’ ecThb HCKOMAs cepeliHa
oTpe3Ka.

Jpyroe noctpoeHue ¢ MOMOLbIO
OJIHOTO LIUPKYJIsl, TAKKE HCIO/b3Yy-
folllee o6paTHbIE TOUKH, 3aKJIOUAETCS] B HAXOXKJEHUH LEHTPA TaHHOU OKpYXK-
HOCTH, KOTJIa HauepueHa TOJIbKO CaMa OKPYXKHOCTb, a LEHTP HEM3BECTEH.
Bepem npousBosibHyto TOuky P Ha OKPY:KHOCTM H OKOJIO Hee Kak LEeHTpa
OTUCBIBAEM KPYT MPOU3BOJILHOTO pajuyca,
nepeceKaloluics ¢ JaHHBIM KPYroM B TOU-
kKax R u S. M3 3THX MocJ/JIeHUX TOUEK KakK
LIEHTPOB OMUChIBaeM 1yru pajauycom RP =
= SP, nepecekatolyecst, KpoMe TOUKH P,
ettie B Touke (). CpaBHHBasI TO, UTO MOJYUH-
JIOCh, C puc. 41, Mbl BUJIUM, UTO HEH3BeCT-
HbIH 1eHTp @' ecTb Touka, oGpaTHasi TOU-
Ke () OTHOCHTENLHO OKPYXKHOCTH C LIEHT-
poMm P, u Q' MoxKeT GbITh, KaK Mbl BHJIENH,
Puc. 45. Haxoxenue LieHTpa Kpyra  MOCTpPOEHA C MOMOILbI0 OJIHOTO LUPKYJIs.

Puc. 44. Haxoxxnenue cepeiHbl 0Tpe3ka

§ 5. lMocTpoeHus ¢ noMow b0 APYrUX UHCTPYMEHTOB.
[loctpoeHns MackepoHHU ¢ MOMOLLbIO
OJIHOTO LIUPKYJIS

*1. Knaccuveckasi KOHCTPYKIMS, cayKallas Ajs yaBoeHus Ky6a. Mol
paccMaTpuBaJid JI0 CHX TMOP TOJBKO MPOGJEMbl MeOMETPHUECKHX MOCTPOEHHH
6e3 MCMOJIb30BAHUSI MHBIX HHCTPYMEHTOB, KPOME LMPKYJs W JuHedku. Ecgu
JIOTIYCKAIOTCS U IPYTHe MHCTPYMEHThI, TO, pa3yMeeTcsi, pa3Hoo6pasue BO3MOXK-
HBIX MOCTPOEHHH CHJIbHO yBeMunBaetcst. Hanpumep, rpeku petaju npobJemy
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Puc. 46. MucrpymenT, cayKauui st yaiBoeHust Ky6a

ynaBoenusi ky6a tak. Pacemorpum (puc. 46) kectkuit npsimoil yron MZN wu
TMOJBHKHON MpsiMoyrosibHelil KpecT VW, PQ. JIByM HOMOJHUTENBHBIM CTEPK-
HaM RS u TU npenocraB/ieHa BO3MOXKHOCTb CKOJIb3UTh, OCTaBasiCh IMepreH-
JIMKYJISIPHBIMH K CTOpoHaMm mpsiMoro yrjia. Ha kpecte nyctb BblGpaHbl (PUK-
cupoBaHHble TOUkH £ u G, mpuuem paccrosiuusgs GB =a u BE = [ 3anansl.
Pacrioniarast kpect TakuM 06pasom, uToObl TOUKM £ U G COOTBETCTBEHHO Je-
am Ha NZ u MZ, v nepemeinas crepxkuu TU u RS, MoxKHO Bech anmapar
TMIPUBECTH B TAKOE MOJIOXKEHHE, YTOOBI JIyueBble Mepekaaautel kKpecta BW, BQ,
BV npoxonumu uepes Bepumtel A, D, E npsimoyronsiuka ADEZ. YkazaHHoe
Ha yepTexKe pacroJsioxkeHHe BCEraa BO3MOXKHO MPH YCJIOBUH [ > a. Mbl BHAUM
cpasy, uTo a:x = x .y =y : [, oTKy/a, B UACTHOCTH, €CJIH MOJNO0KeHO [ = 2a,
nosiysaercst x° = 2a3. 3uHauut, x ecTb pe6po Kyba, 00bEM KOTOPOro BABOE
6oJblie, ueM 06beM KyHa ¢ pebpom a. Takum o6pa3om, mocrap/ieHHasi 3ajada
pelieHa.

2. MocTpoeHus ¢ NoMoLULbIO OAHOTO LUMPKYJsl. Eciiu BroJiHE ecTecTBeH-
HO, UTO C JloTyllleHHeM 6oJibliiero pa3Hoo6pasusi HHCTPYMEHTOB OKA3bIBAETCS
BO3MOXKHBIM pelliaTh GoJiee 0GIIMPHOE MHOXKECTBO 3ajlay Ha MOCTPOEHHE, TO
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MOKHO Obl10 Obl MPEABHIETb, UTO, HAIPOTHB, NPH OTPAHHUCHUSX, HaJaraeMblx
Ha HHCTPYMEHTbI, KJacC paspellinMbiX 3afau OyjeT cyxuBatbes. Tem Gosee
3aMeuaTesibHbIM HYXKHO CUMTaTh OTKPbITHE, CHeJaHHOe HTasbsiHleM Mac -
kepoHu (1750—1800): sce eeomempuueckue nocmpoerus, 8oinOAHUMbLE
C NOMOWDLIO YUPKYAS U AUHelKu, mMoeym Oblmb BbLNOAHEHbL C NOMOWbIO
00H020 MOAbKO Yupkyas. Koneuno, mpoBecTH Ha CaMOM JieJie MPSIMYIO JIMHHIO
yepe3 JBe JaHHble TOUKM 0e3 JIMHEHKH HEBO3MOXHO, TaK UTO 3TO OCHOBHOE
nocTpoeHHe He MoKpbiBaeTcs Teopueil Mackeponu. Bmecto Toro npuxoautes
CUMTaTh, UTO MpsiMas 3aJiaHa, eCJId 3aJlaHbl JIBe ee Touku. Ho ¢ momolibio oHO-
ro JIMUIb LMPKYJIS YAAETCsl HAUTH TOUKY MepecedyeHus IByX MpsMblX, 3alaHHbIX
TaKUM 06pa3oM, MJIH TOUKY NepecedyeHnst NpsSIMOK ¢ OKPYAKHOCTbIO.

BeposiTHO, mpocTellliiM NPUMEPOM MOCTPOeHHs MackepoHu siBjiseTcs
yJBOeHHe JaHHoro oTpe3ka AB. Pelienne 6bl1o yxKe faHo Ha ctp. 172. Jlasee,
Ha cTp. 173 Mbl HayuMJHCb JAeNUTb JAHHBIH OTPe3oK norodam. [TocMoTpum
Ternepb, Kak paslesuTh TonoJaM ayry okpyxHoctd AB ¢ uentpom O. Bot
ornycaHhe 3TOTO roctpoeHusi (puc. 47).
Pamnycom AO mnpoBojuM JBe JyrH C
uentpamu A u B. Ot toukn O oTKJIa-
JbIBa€M Ha 3THUX Jyrax JBe Takue Jy-
rHi OPu OQ, uto OP = OQ = AB. 3arem
HaxoAUM TOUKy R nepeceueHust Ayrd c /f/\
ueHtpom P u pamgmycom PB u nyru c A B
neHTpoM @ u pamuycom QA. Hakonel,

B3fIB B KauecTBe paauyca oTpe3ok OR, PWQ
onuuieM JAyry ¢ ueHtpoM P wm @ 0 0

nepeceuenust ¢ ayroii AB — Touka me-
peCceueHHs U ABJIAETCA HCKOMOH CpelHer
Toukoll ayru AB. JlokasaTesbCcTBO mpe-
JIOCTaBJISIEM UUTATE/I0 B KauecTBE yNpaxKHEHHS.

Bblio 6b1 HEBO3MOXKHO 10Ka3aTh OCHOBHOE yTBep:KAeHHe MackeponH, yKa-
3bIBast [/l KaXKA0T0 MOCTPOEHHUS, BHIMOJHUMOTO C MTOMOILbIO LUPKYJIS U JIHHEH -
KH, KaK €ro MOKHO BBIIOJIHUTb C MTOMOLLbIO OTHOTO LIUPKY.JIsl: BE/lb BO3MOKHbIX
MOCTPOEeHUH 6ecuncyieHHoe MHOKeCTBO. Ho Mbl 1OCTHUrHEM TOH 2Ke LeJd, ecJu
YCTAHOBUM, UTO KaXKJ0€ U3 CJIEAYIOIIMX OCHOBHBIX MOCTPOEHUH BBIMOJHUMO C
MIOMOLLBIO OJIHOTO LIUPKYJIS:

1. TIpoBecTH OKpY:KHOCTb, €CJIM 3a/laHbl LIEHTP U pajiuyc.

2. Haiitn Touku mepeceueHus IBYX OKPYKHOCTEH.

3. Haiitn Touku nepeceueHus npsiMmoil 1 OKPY2KHOCTH.

4. Hatiti Touky rnepeceueHust IByX MPsIMbIX.

Jlto6oe reomerpuueckoe noctpoeHue (B 0ObIUHOM CMbICJIE, C AOMYyILEHHEM
LMPKYJISl M JIMHEHKH ) COCTABJISIETCS] U3 BHIMOJIHEHHST KOHEUHOH MOC/e/10BaTe b-
HOCTH 3THX 3JIEMEHTAPHbIX MOCTPoeHHH. UTo nepBble JBa U3 HUX BbITOJHUMbI C

R
X

Puc. 47. HaxoxneHue cepeuHbl 1y
6e3 JIMHelKH



176 TEOMETPHUYECKHME ITOCTPOEHMS . 111

MOMOLLBIO OJIHOTO LIMPKY.JIsl, SICHO HEMocpeICcTBeHHO. BoJiee TpyaHble nocTpoe-
HUSL 3 U 4 BBIMOJHAIOTCSA C UCMOJBL30BAHHEM CBOHCTB MHBEPCHH, PACCMOTPEH-
HBIX B MPEblIyIIeM MyHKTE.

Puc. 48. [lepeceuenne oKpy:KHOCTH U Puc. 49. IlepeceueHue oKpy:KHOCTH
NpsIMO¥, He MPOXOMSILLIEH Yepe3 LeHTP H TIPSIMOK, NPOXOJIsILILEH Uepe3 LeHTp

OO6paTuMcs K OCTPOEHUIO 3: HallJleM TOUKH TMepeceueHnst TaHHOH OKpYK-
Hoctu C ¢ mpsAMOii, NpoxoJsiiei uepe3 nanHble Touku A u B. [1poBenem ayru ¢
ueHtpamu A W B u paauycamu, cooTBeTcTBeHHO paBHbiMM AO u BO; Kpome
toukn O, OHH TiepeceKyTcst B Touke P. 3aTeM MOCTPOMM TOUKy (), oGpar-
HYI0 Touke P OTHOCHTEJBHO OKpyxHOCTH C (CM. MOCTpOEHHe, OMHCAHHOE Ha
ctp. 173). Hakonel, npoBeneM OKpy:KHOCTb C LeHTpoM ) u paauycom QO
(oHa HerpemeHHO Tepeceuercst ¢ C): ee Touku nepeceueHuss X u X' ¢ OKpyx-
Hoctbio C 1 6yayT ucKoMbIMHU. JlJIsl 10Ka3aTe/bCTBa JOCTAaTOUHO YCTAHOBHTH,
yTO Kaxkaasi U3 Touek X U X' HaXoauTcsl Ha OJIMHAKOBBIX paccTosiHuax ot O u P
(uro Kacaetcst TouekK A u B, To aHANOTHYHOE MX CBOHCTBO Cpa3y BBITEKAeT U3
noctpoeHus). J1eficTBUTENBbHO, IOCTATOUHO COCJAThCS HA TO OOCTOATEBLCTBO,
YTO TOUKA, 0OpaTHas Touke ), OTCTOUT OT Touek X 1 X’ Ha paccTosiHue, paBHOE
paauycy okpyxkHoct C (eMm. ctp. 171). CTOUT OTMETUTD, UTO OKPY?KHOCTh, MPO-
xozsmas yepes touk X, X' u O, siBasiercst o6partHod npsimoii AB B MHBEpCHH
oTHocHTesbHO Kpyra C, Tak KaK 3Ta OKPY:KHOCTb U TpsiMasi AB mepecekatores
¢ C B o1HMX U Tex Ke Toukax. ([Ipu MHBEepCHM TOUKM OCHOBHOH OKPY:KHOCTH
OCTalOTCS HEMOJBHXKHBIMHU. )

YKazaHHOe MOCTPOEHHE HEBBLIMOJHUMO TOJbBKO B TOM CJydae, €CJ/d Mps-
mast AB npoxomut uepes 1entp C. Ho Torna Touku mepeceueHust MOTyT ObITh
HalJIeHbl MOCPEACTBOM MOCTPOEHHUS, ONMUCAHHOTO Ha ¢Tp. 175, KaK cepeiuHbl
ayr C, mnoJsiyyaloulMxcsi, KOraa Mbl MPOBOJIMM TIPOU3BOJIbHYIO OKPYXKHOCTb C
eHTpoM B, nepecekatoliytocsi ¢ C B Toukax B u By.



§5 [TOCTPOEHMHS C TTOMOULbLIO IPYTHUX MHCTPYMEHTOB 177

MeTon npoBejieHUsT OKPYAKHOCTH, OOPaTHOH MPSIMOH, COENUHSIOLIEH IBe
JlaHHblE TOUYKH, HEMEIJEHHO JIaeT W MOCTpoeHue, peluaollee 3anauy 4. [Tycts
npsimble nanbl Toukamu A, B u A’, B’ (puc. 50). [IpoBenem nmponsBoJibHYIO
OKPY2KHOCTb C U C OMOLLbIO YKAa3aHHOTO BbILLIE METO/1a TOCTPOUM OKPYAKHOCTH,
obpartele mpsimbiMm AB u A’'B’. dtu
OKPY>KHOCTH TiepeceKatotcst B Touke O u
ettie B opiHOoH Touke V. Touka X, o6pat-
Hasg Touke Y, M ecTb HCKOMasi Touka
nepeceueHusi: Kak ee MOCTPOUTh — YiKe
6bl10 pazbsicHeHo Bbile. 1o X ecTb
MCKOMasl TOUKa, 3TO ICHO U3 TOro (akTa,
yTo Y ecTh eMHCTBEHHAs TOUKa, oOpar-
Hasl TOYKe, OJHOBPEMEHHO MPUHA/IekKa-
el obeum npsimbiM AB u A’B’; cieno-
BaTesbHO, Touka X, obpaTHasi Y, MOJK-
Ha JieXaThb OJHOBPeMeHHO W Ha AB, H
na A'B’.

ITUMHU JIByMS TOCTPOEHUSIMH 3aKaH-
UMBaeTCs JI0KA3aTeJbCTBO IKBHBAJIEHT-
HOCTH MexKJy rnocTpoeHusimi Mackepo-
HH, TIPU KOTOPBIX Pa3peliaeTcs M0Jb30BATLCSA TOJbKO LIUPKYJIEM, H OObIKHO-
BEHHbIMU F€OMETPHUECKUMHU MOCTPOEHUSAMH C LIUPKYJIEM U JIHHEHKOH.

Mbl He 3a60THINCL 00 H3SLLECTBE PELUeHHs] OTAeNbHBIX MpobJeM, HaMH
3/1eCb PACCMOTPEHHBIX, TaK Kak Hallel Uesablo ObIO BbIACHUTL BHYTPEHHHN
cmblcd noctpoenuit Mackeponu. Ho B kauecTse
npuMepa Mbl €llle YKa)kKeM [OCTPOeHHe Mpa-
BUJIBHOTO MATHYTOJIbHUKA; TOUHEE TOBOPS, peub
WJIET O HAXOXKIEHHH KAKUX-TO MSITH TOUEK HA OK-
PY?KHOCTH, KOTOPble MOTYT CJIy>KHTb BepLUHHA-
MH MPaBUJILHOIO BIMCAHHOIO MSATHYTOJbHHUKA.

[Tyctb A — npou3Bo/ibHAst TOUKA OKPYXK-
Hocti K. Tak Kak CTOpoHa NpaBHJILHOIO BIH-
CaHHOTIO LLIECTHYroJIbHHKA paBHA Pajuycy Kpy-
ra, TO He MPEJACTABHUT TPyla OTJIOKUTb Ha K
takue toukd B, C, D, uto — AB = — BC =
= —CD = 60° (puc. 51). IlpoBenem nyru c
eHtpamu A u D paauycom, paBHbiM AC; mycThb
Puic. 51. [Toctpoenne npasuib-  OHH MEPECEKAIOTCS B TOUKe X. Torna, ecau O

HOTO TISITHYTOJIbHHKA ecTb HeHTp K, myra ¢ uentpoM A W pamuy-
com OX nepeceuer K B Touke F, siBasioniencs

cepemuHolt ayru BC (cMm. ctp. 175). 3atem paauycom, paBHbIM paauycy K,
OMUIIeM JIyTH ¢ LeHTpoM F, nepecekaioiinecst ¢ K B Toukax G u H. I[lyets Y

Puc. 50. Ilepeceuenne aByxX npsiMbix
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eCTb TOUKa, paccTosiHusi KoTopoil oT ToueK G u H paBubl OX u KoTopas
otaesena ot X uenrpom O. B takom ciyuae otpe3ok AY Kak pa3 ¥ eCTb CTOpPOHA
MCKOMOTO TMATHYTO/bHUKA. Jl0Ka3aTesbCTBO NMPENOCTABISETCS UNTATENO B Ka-
yecTBe yrpaxKHeHust. IHTepecHO OTMETUTD, YTO MPH MOCTPOEHUH HCITOJB3YIOTCS
TOJIBKO TPH Pa3JIHUHBIX pajauyca.

B 1928 r. narckuil matematuk EsbMcJieB Hallies B KHHXKHOH JiaBKe B KomneH-
rareHe 3K3eMIUIsip KHUTH nox HasBanueM Euclides Danicus, omy6inkoBaHHoi
B 1672 r. HUKOMY He u3BecTHbIM aBTopoM [. M o p oM. [lo TutysbHOMY JiHCTy
MOXKHO OBIIO CHe/aTh 3aK/AI0UeHHe, UTO 3TO — IMPOCTO OAMH M3 BapHAHTOB
eBKJIMIOBBIX «Hauam», cHaGKeHHBIH, MOKET OBbITb, PeIaKTOPCKHM KOMMeHTa-
puem. Ho npu BHUMATeIbHOM pacCMOTPEHHH 0Ka3aJloCh, UTO B HEH COJePIKUTCS
noJiHoe peuleHue npo6sembl Mackeponu, Ha#eHHOe 3a104r0 10 MackepoHu.

Ynpaxuenusi. B nasnbHeiiiem naetcst onucanue noctpoennit Mopa. [1posepbre ux
npaBubHOCTb. [ToueMy MOXKHO yTBep:KIaTh, YTO OHU peluaioT npodsaemy MackepoHn?

1) K orpesky AB pnunbl p BoccraBute nepnenaukydsp BC. (Ykasawnue: npo-
nosxute AB no Toukn D takum o6pasom, uto AB = BD. TlpoBejute 1npou3BoJibHbIM
pamuycoM nyru ¢ uentpamu A u D 1 takum o6pasom onpenenute C.)

2) B mJI0CKOCTH J1aHbl KaK YrOJHO PacrioJfoyKeHHbIe OTPE3KH JUIMHBL p U ¢, IpHUeM
p > q. Tocrpoiite ¢ nomoupio 1) 0Tpe3ok winHbL X = /p? — 2.

3) TTo 3aaHHOMY OTPE3Ky a MOCTPOFiTe 0TPe3oK av/2. (Ykazauue: oGpaTuTe BHU-
mane, uto (av2)? = (av/3)? — a2.)

4) o naHHbIM OTpe3KaM p U ¢ MOCTPOKTE OTPE30K X = \/p? + ¢2. (¥kasanue:
NpUMHTEe BO BHMMaHHue, uto x> = 2p% — (p?> — ¢?).) IlpumymaiiTe camMu aHa/JOTHUHblE
TMIOCTPOEHHSI.

5) ITosbaysich NMpeablyLIMMKE pedyJsibTaTaMH, MOCTPOHTE OTPE3KU p + g U p — ¢,
npejroJaras, UtTo OTpe3KH JJIMHbBL P U ¢ 3a/1aHbl KAK-TO Ha TJIOCKOCTH.

6) ITpoBepbTe u nmocrapaiiTech 060CHOBATH CJe/yIOlLee TTOCTPOEHHe cepeluHbl M
nanHoro otpeska AB pnunbl a. Ha nponoskenuu otpeska AB naiinem taxkue Touku C
u D, uro CA = AB = BD. Iloctpoum paBHOCTOPOHHHH TpeyrosbHuK ECD corsacHo
yeaqioBuio EC = ED = 2a u onipeniesium M Kak nepecedueHue oKpy»KHOCTeH ¢ 1HaMeTpamMu
ECu ED.

7) Haiinure npsimoyroJibHyto npoekuuio Touku A Ha otpesok BC.

8) Haiinure x no ycJioBuio x: @ = p: g, Tie @, p U § — JaHHble OTPE3KH.

9) Hatinure x = ab, rne a u b — nanxble 0Tpe3KH.

BroxHoBasisicb pesysabratamu Mackepouu, $lko6 Illtefinep (1796—
1863) mnpeanpuHsI MOMBITKY HCCJEIOBAHUS TMOCTPOEHHUH, BBIMOJHUMBIX C
TIOMOILBIO OJTHOH TOJILKO JIMHENKH. KOHeuHo, o/lHa TOJIBKO JIMHEHKA He BBIBOIUT
3a mpeJiesibl JAHHOTO YHCJIOBOTO MOJIsl, U MOTOMY OHA HEJ0CTATOUYHA JJIsI Bbl-
TIOJIHEHHS] BCEX TeOMETPHUYECKHUX MOCTPOEHUH B KJIACCHUECKOM HX TOHMMAaHUH.
Ho Tem GoJiee 3ameuartesbHBI pe3yJbTathl, ToJydeHHble lllteiinepom mipu
BBEJICHHOM MM OrpaHHUYEHHH — T0JIb30BAThCA LMPKYJEM TOJbKO OJHH pas.
OH noKasaj, uTo BCe TOCTPOEHHsI Ha TIOCKOCTH, BHIIOJHHUMbIE C MOMOIIBIO
LMPKYJsl U JIMHEHKH, BBITOJHAMBI TakK:Ke C TMOMOIIbIO OJHON JIMHEHKH TIpH
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YCJIOBHH, YTO 3aJaH eIMHCTBEHHbIH HEMOIBHKHBIH KPYr BMECTe C LEHTPOM.
ITH MOCTPOEHHUS MOJPA3YMEBAIOT NPUMEHEHHE MPOEKTUBHBIX METOJIOB U OYIyT
onucaHbl Mo3fiHee (CM. cTp. 223).

* Bes kpyra, ¥ NIpUTOM C LEHTpPOM, 06OHTHCH Hesb3sl. Hanpumep, ecsu jaH Kpyr,
HO HE YKa3aH €ro LEHTP, TO HAHTH LEHTP C [OMOLLbIO OJHOMN JIMHEHKH HEBO3MOXKHO.
Mbl cefiuac J0Ka)keM 3TO, CChlasiCh, OJHAKO, Ha (DAKT, KOTOPbIH OyleT yCTaHOBJEH
noaaHee (cM. ctp. 247): cylecTByeT Takoe rnpeoGpa3oBaHue MJIOCKOCTH caMoil B cebsl,
uTO a) 3ajlaHHasl OKPYKHOCTb OCTAeTCsl HEMOABHKHOM, 6) BesiKasl psiMast JIMHUS nepe-
XOJHT B MPSIMYIO, B) LEHTP HEMOABHKHOH OKPY>KHOCTH He OCTAaeTCsl HEelOoJABHXKHBIM, a
cmetaercsi. Camo cyllecTBOBaHHE TAKOr0O NPpeoGpa3oBaHHUst CBUIIETE/ILCTBYET O HEBO3-
MO>KHOCTH MOCTPOUTD LIEHTP JaHHOMN OKPY2KHOCTH, 110JIb3YSICh OHOM JIHHeHKol. B camom
Jejie, KakoBa Obl HU Oblja MpoLieypa MOCTPOCHHs, OHA CBOAMTCA K Psly OTIE/bHbIX
3TarnoB, 3aK/UYalOUIMXCS B IPOBECHUH MPSIMBIX JTUHUH U HAXO0XKJIEHUH HX NlepeceyeHni
JIPYT € JPYroM WJIK C JlaHHOi oKpyxKHOCTbI0. [IpencraBum cebe Terepb, 4to Bes durypa
B LIeJIOM — OKPY>KHOCTb M BCE MpsiMble, IPOBEEHHbIE MO JIMHEHKE MPH BbIIOJHEHHH
MOCTPOEHHUS LIEHTPA — I0JBeprHyTa npeo6pa3oBaHHIO, CyLIECTBOBAHHE KOTOPOTO Mbl
311ech jlonycTuian. Toraa sicHo, 4To durypa, rnoJyueHHas nocie npeobpazoBaHusi, TaKKe
yIOBJIeTBOPsiia Obl BceM TpeGOBaHMSIM IIOCTPOEHHS]; HO yKa3blBaeMoe 3TOH (hUrypoi
MOCTPOEHHE NPUBOAMIIO Obl K TOUKE, OTJIMUHOK OT LIEHTPA JIAHHON OKPYKHOCTH. 3HAUHT,
OCTPOEHHE, O KOTOPOM HJIET peub, HEBO3MOXKHO !.

3. UepueHue ¢ nMomolbi0 pa3jUYHbBIX MeXaHMYECKUX Mpucrnocobdie-
Huil. Mexanudeckue kpusbie. Llukaounapl. M3o6perenue pasjivuHbiX Mexa-
HHU3MOB, MPeJHA3HAUEHHbBIX JJIs TOTO, YTOOBI YEPTUTb Pa3JUUYHbIE KPHUBBIE, 10~
MHMO OKPY2KHOCTH U MPSIMOH JINHUM, UPE3BbIYANHO PACIIMpsIeT 06JacTb QUTYp,
JIOTyCKalolMX noctpoenne. Hanpumep, ecau UMeeTcsi HHCTPYMEHT, T103BOJISI-
IOUMH UePTUTb TUNEepOOoJIbl Xy = k, W JAPYrodl MHCTPYMEHT, BblUepUUBAIOLIUN
napabosibl y = ax? + bx + ¢, To mo6as npobJema, NPUBOASILAST K KyOHIECKOMY
YPABHEHIIo ax’ + bx’ + cx = k, (1)
MOZKET ObITb pellieHa KOHCTPYKTHBHO, C IIOMOLLBIO TOJIbKO 3THX HHCTPYMEHTOB.
B camowm jnedne, pelienne ypaBHeHHst (1) paBHOCHIBHO peIlIEHHIO CHCTEMBI

xy=~k, y=ax’*+bx+c; (2)

TOUHee, KOPHH ypaBHeHHus (1) sIBASIOTCS X-KOOpAMHATAMH TOUEK TepecedyeHus
runep6oJibl U napadoJbl, npeacraBiseMblx ypaBHeHussMH (2). Takum o6pasom,
pelleHUs1 ypaBHeHHUs1 (1) 1OMyCKalOT MOCTPOEHHE, €C/IH pa3pellaeTcsi MoJb3o-
BaTbCS MHCTPYMEHTAMH, C MOMOLIbIO KOTOPBIX MOXKHO HaYePTHTb KPHUBbIE (2).

YKe MaremaTHKaM JPEBHOCTH ObIM M3BECTHbl MHOTME HHTEpECHble KpH-

Bbl€, KOTOpbI€ MOTYT ObITh ornpeaeseHbl U HauepyeHbl € MOMOUIbIO MPOCTLIX
' Kak nenasno samernan A. B. Axonsin u P. M. ®ejiopos, J0kasaTesbeTso (1a M hopMyJIHPOBKa )
3TOro yTBep:KAeHUsA Tpebyer yrouHeHnil. CM. obcyeHue (Mmo-aurauiickn) B cratbe A. Lllens
(https://arxiv.org/abs/1801.04742). — [Ipun. ped. nacm. u3o.
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y=ax>+bx+c

Puc. 52. Ipaduueckoe pelienrie KyGHUeCKOro ypaBHeHHUsT

MeXaHHuecKux npucrnocobeHuii. Cpean Takux «MeXaHUUeCKHX» KPUBBIX 0CO-
6eHHO BHJHOE MecTO 3aHUMaloT yukaoudel. [ITomnemed (okosno 200 ropa 1o
Halllell 3pbl) CyMeJsl H300peTaTesbHO UCMOJb30BaTh 3TH KPUBbIE ISl OMHCAHUS
MUIAHETHBIX JIBH2KEHHUH.

Lluk/ona caMoro MpocToro BUA MpeICTaBsieT CO60H TPAEKTOPHIO ABHKe-
HUSI TOUKH P, (PUKCHPOBAHHOK HA OKPYXKHOCTH JIMCKA, KaTsillerocsi 63 CKoJb-
JKeHUs o npsiMoit inHuK. Ha puc. 53 n3o6paxceHbl UeTbipe MoJ0XKEeH!s TOUKH P
B pa3/iMyHble MOMEHTH BpeMeHH. [1o dopMe LUKIOHIa HATIOMUHAET PSIL apoK,
ONUPAIOLLMXCS HA FTOPH3OHTAJIbHYIO TIPSIMYIO.

Pa3HOBUIHOCTH 3TOH KPUBOH MOJYUAIOTCS, €CJIM BO3bMEM TOUKY P Wi BHY-
TPU AMCKa (KaK Ha CMHLE KoJieca), WM Ha MPOJOJKEHHH paanyca 3a npejeJsl
JIICKA.

P

Puc. 53. Lukaouga
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Puc. 54. Hukionpl o611ero Bujaa

OTH JIBe KpPUBbIE MOKa3aHbl HA pUC. 54.

JlanbHefie pa3HOBUAHOCTH LMKIOWbl BO3HUKAIOT, KOTAA HAll AUCK Ka-
TUTCS He IO MPSIMOM, a MO Jyre OKPy:KHOCTH. Ecau mpu sTOM KaTsimiics
JIICK C paJliyCoOM / OCTaeTcsi BCe BpeMst KacalolLMCs U3HYmMpt TOH GOJbIIOH
okpyxHoctH C pamuyca R, M0 KOTOpOH OH KaTHTCSl, TO TPAeKTOPHsl TOUKH,
(hMKCHPOBAHHOH HA OKPY’KHOCTH JMCKA, HA3BIBAETCS 2UNOYUKAOUOO.

Puc. 55. Tpexporast runouuk/aouia Puc. 56. [TpsimosinHeiinoe nBHxKe-
HHUe [IPH KaueHHH Kpyra 110 Kpyry
JIBOMHOrO paauyca

Korna auck npokartbiBaercsi o BCell oKpyKHOCTH C POBHO OJIMH pas, TO
TOuKa P BO3BpALIAETCS B HCXOJHOE TOJIOXKEHHE TOJIbKO B TOM CJyuae, €CJH
paguyc C siBasieTcst KpaTHbIM paauyca ¢. Ha puc. 55 uzo6paxeHa 3aMkHyTast
TUTOLMKJIONA, COOTBETCTBYOLIAsT Tpenooxkernto R = 3r. B Gosiee o6iem
cayuae, ecid R = %r, TO THMOUMKJIONA 3aMKHETCS MOCJe TOro, Kak JINCK ¢

MpOKaTHTCS MO OKpy:KHOCTH C POBHO 71 pas, U GyIeT COCTOSTb U3 1 apoK.
3acay:KuBaeT oco60ro ynoMuHaHus cayuait R = 2r. Jlro6as Touka P Ha OKpyxk-
HOCTH JIMCKa OyJIeT OMUCHIBATH B 3TOM CJyuyae OJHMH U3 JMAMETPOB GOJbIIONH
okpy»kHocTH C (puc. 56). IIpenocTapsisieM unTaTeI0 10Ka3aTh 3TO B KAUeCTBe
3a1auH.
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Ellle 0/IMH TUTI UMKJIOW] MOJIyYaeTCsi, KOTJd JAUCK ¢ KaTUTCs 110 OKPY?KHO-
ctu C, Kacasich ee Bce BpeMsl u3gHe. [logyuaroiinecs pu 3TOM KPUBbIE HOCHT
Ha3BaHUE NUYUKAOUD.

*4, llapuupubie mexanuambl. UuBepcopsi [locease u Mapra. Ocrasum
Ha BpeMsl B CTOPOHE BOMNPOC O LMKJIOMAAX (OHM MOSIBATCS elle pa3 B 3TOU
KHHI'€¢ — JOBOJIbBHO HQO)KI/IIIZIHHO) H O6paTl/lMC${ K HHBbIM METOJaM MeXaHuue-
CKOTO BOCIPOU3BE/leHUs1 KPUBbIX JIMHUH. Mbl 3aliMeMcsl cefiuac wapruproLmu
MEeXAHUMAMU.

MexaHuaMm 3TOro THna npeacraniseT co00i CHCTEMY COUIEHEHHbIX MeXK-
Jy cob6ol TBEpABbIX CTepxKHeH, 06/1a/1al0lMX TaKOH CTeNeHblo CBOOO/IbI, UTOOKI
KaxKzasi ero Touka Obljia crocobHa ONUCbIBaTh OMpeeseHHy0 KpuByto. Llup-
KyJ1b TaK:Ke $IBJSETCSl NPOCTEHIIMM LIAPHUPHBIM MEXaHM3MOM, MO CYLLECTBY
COCTOSILLIMM M3 OJIHOTO CTEPXKHSI C 3aKPEeMneHHbIM KOHLIOM.

Puc. 57. Ilpeo6GpasoBanue NpsiIMOJIMHEHHOTO IBHKEHHS BO BpalllaTeJbHOE

[lapuupHble MeXaHU3MBI H3laBHA HAXOAAT cebe MPUMEHEHHe KaK COCTaB-
Hble yacTh MaluH. OJHMM M3 CaMbIX 3HAMEHHTBIX (B MCTOPHUECKOM OTHOLIE-
HUH) NPUMEPOB sIBJIsIeTCSl TaK HasblBaeMblil «IapajuiesiorpaMm yarra». 9To
npucnoco6senue Obl10 H300peTeHo [xeliMcoM YaTToOM NpU peLIeHHH cJle-
Jytolelt po6JieMbl: KaK CBf3aTh MOPLIEHb ¢ TOUKOH MaXoBOro Kosieca TaKHM
o6pasoM, uToObl BpalleHHe Koseca cooOLaNo MOPLIHIO NPSIMOJIMHeAHOe 1BH-
Kenue? PellleHne, JaHHOe YaTTOM, ObUIO JIMIIb MPUOJHIKEHHBIM, H, HECMOTPSI
Ha YCHJIUSl MHOTHX I1€PBOKJIACCHBIX MaTeMaTHKOB, 11po6JieMa KOHCTPYHPOBaHHS
MeXaHH3Ma, COOOLLAOLIero TOUKe B MOYHOCHL TIPSIMOJIMHEHHOe JBHXKEHHE,
Jl0JITO€ BpeMsi 0cTaBajlach HepelleHHOH. Bbuio naxe cresnano npeanoJsoxeHue,
UTO TaKOl MeXaHH3M HeOCYLIeCTBUM: 3TO OblL10 KaK pas Torja, Koriaa Bcs-
KOro pOJa «J0KasaTelbCTBA HEBO3MOXKHOCTH» IPHBJEK/IH K cebe Bceobllee
BHUMaHHe. TeMm GoJibliiee H3yM/eHHE ObLIO BBI3BBAHO B KPYrax MaTEeMaTHKOB,
korja cpaniysckuit Mopckoit oduilep [Tocenbe (B 1864 r.) Bce xe u3obped
HECJIOXKHBIA MeXaHU3M, ACHCTBUTEJbHO paspellarolluil npodjaeMy B MOJOXKH-
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TeJIbHOM cMbicge. K TOMY BpEME€HH, B CBsISU C BBEICHUEM B ynOTpe6JI€HI/I€
KaueCTBEHHbIX CMAa30K, TeXHHUeCKas HpO6JI€Ma norepsijia CBOC 3HAYCHHUE MJis1
NapoBbIX MalllHH.

Rd

Puc. 58. Musepcop [locenbe, npeobpasyiolinii BpaliatesbHoe JABHKeHHE
B IIPSIMOJIMHEHHOE

Hasnauenne mexanuama [locesibe 3akimouaercsi B TOM, UTOObI NpeBpaliaTh
KpYroBoe JBHXKKeHHe B TpsIMOJIMHENHOe. B oCHOBe 3TOro MexaHHW3Ma JIEKHUT
TeOopHsl HHBEPCHH, najoxkenHas B §4. Kak BuaHO u3 puc. 58, MeXaHU3M COCTOUT
M3 CeMH XKeCTKHX CTeprKHeH, JBa M3 HUX — JUIMHBI {, YeThipe — JUIMHLI S U
OJIMH — TIPOM3BOJIbHON IuHHbL. Toukn O U R 3aKperieHbl U pacrosioXkKeHbl Ta-
KUM o6pasoM, uto OR = PR. Becb annapat MoxeT GbITb MPUBE/EH B ABHKEHHE,
GyLyud MOMUMHEH yKa3aHHBIM ycJOBHsM. Mbl cefiuac ybemumesi, uto, Ko2da
mouka P onuceisaem dyey okpyscHocmu ¢ yeumpom R u paduycom RP,
mouka @ onuceisaem npamosureirolli ompedok. O603Hauas 0CHOBAaHHE
NepreHIuKyJisipa, OMylIeHHOTo M3 Toukd S Ha mnpsmylo OPQ, yepe3 T, mbl
3aMeuaeM, 4To

OP-0Q=(0OT — PT)-(OT + PT)= OT* — PT* =

— (OT? + ST?) — (RT? + ST?) = £ — . (3)
Besnuuna 2 — s? nocrostHHast; noyoxuM {2 — s? = r?. Tak kak OP - 0Q = r?,
TO TOUKM P 1 @ B3aUMHO OOPATHBI OTHOCHTEJLHO OKPYXHOCTH C LieHTpoM O
W paguycoM r. B T0 BpeMmsi Kak P OIUCBhIBAeT Myry OKPYKHOCTH, NPOXOISILIEH
yepes O, @) onuchiBaeT KpUBylo, o6paThylo 3Toil ayre. Ho Kpusasi, o6parHas
OKPYKHOCTH, Tpoxoasiueil uepes O, ecTb, KaK Mbl BHAEH, HE UTO HHOE, KaK
npsiMast JJUHUs. KTaK, TpaeKTopusi TOUKH @ ecThb npsiMast, U uuBepcop [ocenbe
YepTUT 3TY NpsIMYto 6e3 JIHHEeHKH.
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Jpyroil MexaHu3M, pelialolmi Ty e npobJeMy, ecTb HHBepcop lapra.
OH COCTOUT M3 MATH CTEPKHEH, CouJieHeHHEe KOTOPBIX MOKa3aHo Ha puc. D9.
3nece AB = CD, BC = AD. UYepes O, P u () 00603HaueHbl TOUKH, COOT-

BETCTBEHHO 3aUKCHpOBaHHble Ha cTepxkHAX AB, AD w CB, nputom Takum

o6pasoM, uTo A0 _ AP _ CQ 2 Touku O u S 3aKperJieHbl Ha MJIOCKO-
OB PD QB =n

CTH HeMoJBHXHO, ¢ cobiiosienneM ycaosust OS = PS. Bosbliie cBsizeil Her, U

MexaHu3M crnocobeH apuratbes. OueBuaHo, npsimMas AC Bcerna napasuiesibHa

Puc. 59. MuBepcop Tapra

npsimoit BD. B rtakom cayuae toukn O, P n @ nexkaT Ha OJHOH TPSIMOH, H
npsimast OP napaJsiensna npsimoit AC. [1posenem nepnenaukyasipst AE u CF
K nipsimoit BD. Mbl nmeem

AC-BD =EF-BD =(ED + EB)-(ED — EB)= ED* — EB”.

Ho ED?> + AE*> = AD*> w EB?> + AE?> = AB?. 3nauur, ED?> — EB?> = AD? —
— AB?. Tanee,

OP_A0_ _m_ . 0Q_0B_ n
BD  AB  m+n AC — AB  m+n’
CJie0oBaTelbHO,
. —__mn . —_mn 2 _ AR2
OP-0Q n 1 nF BD - AC n 1 P (AD” — AB?).

HOCﬂeILHﬂﬂ noJiyueHHasi BeJIMUMHa HE U3MEHSETCH TMPU ABU2KECHUHU MEXaHu3Ma.
[Tostomy Toukd P U @ sIBJISIOTCS] B3AUMHO OOPATHBIMH OTHOCHTEbHO HEKO-
Toporo Kpyra ¢ uentpom O. I1pu JBHKEHHH MeXaHH3Ma TOuKa P OrMuchiBaeT
OKPYKHOCTb C LieHTpoM S, mpoxojsiuyio yepe3 O; sHauut, ob6parHasi Touka
ONUCBIBAET MPSIMYIO JIMHHUIO.

MoOKHO MOCTPOUTL — M0 KpaiiHell Mepe TeopeTHUeCKH — JApyrue LapHUp-
HbIE MEXaHHU3MBbl, KOTOpbIe OYAyT UePTUTL JIIUIICHI, TUIIEPOOJIb U aKe JII0OYI0
HarepeJ 3ajlaHHylo ajreGpandeckyio Kpusyio f(x, y) =0, KakoBa Obl HH Obliia
ee CTereHb.
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§ 6. Ewe 06 vHBepcHU M ee NPUMEHEHUAX

1. UuBapuaHTHOCTb yraoB. CemeiicTBa OKpyxKHOCTeil. XOTs Kpyropas
MHBepCHs eCcTb TpeoGpa3oBaHue, JIOBOJbHO PE3KO MEHSIONIee BHEUIHUH BHJ
reoMeTpHUECKUX (DUryp, BCE YKe BeChbMa 3aMeuaTesIbHbIM SIBJISIETCST TO 06CTO-
SITeJILCTBO, UTO BHOBb MOJyuaeMble (QUIypbl COXPAHSIIOT HEKOTOPbIE CBOKCTBA
nepBoHauabHbIX (PUTYpP. DTU CBOICTBA, HE TepsitolUecs MPH NpeoOpa3oBaHuH,
Ha3bIBAIOTCH UHBAPUAHMHbIMU. MBI yXKe 3HaeM, UTO MPH MHBEPCHH OKPYXK-
HOCTb WJIM MpsiMasi MEPEXOJUT B OKPYKHOCTb HJH MpsiMyto. [IpuGaBum Tenepb
elle OJIHO BaXKHOE CBOHCTBO HHBEPCHU: yeoa Mmen Oy 08ymsa NpamMolmu Uil
Kpusolmu npu uxsepcuu He usmensemcs. Toopsi mojgpoGHee, 3T0 03HAUAET,
YTO MHBEpCHsI NMpeoOpa3oBbIBAET JIBe MepeceKalolinecst KpUBbie B JIBe JIPyrHe
KpHUBbIE, KOTOPbIE TepPeCceKalnTcs Mo TeM xkKe yryoM. [Toa yriom Mexuy Kpu-
BbIMH MOJIPa3yMEBAETCS YroJl MEXKIY UX KacaTeJbHbIMH.

X0 Yo

C c

Puc. 60. MuBapuaHTHOCTb yIJIOB NPH UHBEPCHH

JlokasaTe/bCcTBO MoJyyaeTcsl TpU paccMoTpeHuu puc. 60, rae umeercs B
BUJly YACTHBIH cCJiyuail nepeceueHus B Touke P TMpou3BosibHON KpuBo# C ¢
NpsIMOJIMHEHHBIM 0Tpe3koM OL, MpoBeJeHHbIM U3 LieHTpa uHBepcun O. Kpu-
Bast C’, o6patHasi kpusoii C, nepecekaetcsi ¢ OL B Touke P’, o6patHoil P, Tak
Kak P’, tak xke kKak U P, jgexur Ha OL. [Tokaxewm, uto yrosa x, mexay OL
1 KacaTesibHOH K C B Touke P Mo BeJMUMHE paBeH Yriy yo Mexuy OL u
KacatesbHol K C' B Touke P'. Jlist 3Toro Bo3bMeM Touky A Ha kpuBo# C
BOJIM3U P U MpoBeaeM cekylyo AP.
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Touka, o6parnasi A, ectb A’; Tak Kak oHa Haxoxutcst Ha npsiMoil OA u
Ha Kpusoil C’, To sIBJIsieTCs] MX TOUKOH MepeceueHusi. [IpoBenem Takke ceky-
uyto A’P’. Tlo onpenenennio uusepcuu, r> = OP - OP' = OA - OA’, win xe

OP _ OA'

OA — OP"
T. €. TpeyrosibHukd OAP u OP’A’ nogoGHbl. 3HauuTt, yroa x paseH yray OA'P/,
KOTOPBIH Mbl 0603HauuM depe3d y. [locsenuuil war B HaulleM paccCyXIeHHH
3aKJII0YaeTcsi B TOM, YTOOBI 3aCTaBUTh TOUKY A MpPHOMMKAThCS 10 KpHBOH C
K Touke P. [Ipn stom cekymas AP mepexoauT B KacaTesbHylo K KpuBoil C B
TOUKe P, U yroJl X CTPeMUTCsl K Xo. B To e Bpemsi A’ Gyner npuGamKaThCs
K P’ u npsimast A’ P’ niepeiifier B KacatesbHyto K Kpuo# C’ B Touke P’, a yroJ y
OyJeT CTPEMHUTBCS K Yo. TaK KaK MpH BCAKOM MOJOXKEHHH TOUKH A Mbl UMeeM
PaBEHCTBO X = Y, TO OHO COXPAHUTCS U B Mpeese Xy = Yo.

Haule nokasatesbCcTBO ellle He 3aKOHUEHO, TaK KaK Mbl paCCMOTPEJH 110Ka
TOJIbKO CJlyuad nepeceueHusi kpupoil C ¢ mpsimoi, mpoxosiiel uepes ueHtp O.
Ho paccMotpeTb o601l cayuail nepeceueHust ABYX MPOU3BOJbHBIX KPUBBIX C
u C* Tenepb yxKe coBceM Jierko. [1ycTb 3TH KpuBble nepecekarTcs B Touke P
1 o6pasyloT Mexky co6oit yroa z. Torna npsimasg OPP’ nesut 3TOT yros Ha JBa
yrJia, U3 KOTOPbIX KaX/Iblil B OTIENLHOCTH HE HU3MEHSIETCS TMPU HHBEPCHH.

CJ]GLLOB&J]O Obl OroBOPHUTH, UTO, XOTS UHBEPCHST HE U3IMEHSET seAutduHbl yriaa, oHa,
OJIHaKO, U3MEHAET HanpasieHue ero orcuera: eCcJjiu BOO6paSI/IM, 4TO MpH MOCTOAHHOM
YBEJIMUEHHUH yIJla Xo OJHa CTOPOHA €ro HEMO/ABH2KHA, a JIpyras BpallaeTrcs MNpoTUB yaco-
BOH CTPEJIKHU, TO NOABH2KHASI CTOPOHA COOTBETCTBYIOLIErO <<06paTHOF0>> yrJia Bpaulaercs
10 YacoBOM CTpeEJIKE.

YacTHbIM cJIeICTBMEM UHBAPUAHTHOCTH YIJIOB [PH HHBEPCHHU SIBJISIETCS TO,
YTO JIBE OPTOTOHAJIbHBIE (T. €. MepeceKalondecs Moj MPSMbIM YIJIOM) OKpY»K-
HOCTH WJIM TpsIMble MOCJ€ MHBEPCHH COXPAHSIOT 3TO CBOWCTBO, M €CJIH J[BE
OKPYKHOCTH B3aUMHO KacatoTcsl («repeceKaloTest Mojl yryoM, paBHbIM HYJI0>» ),
TO KacaloTcsi U 00paTHble UM OKPYAKHOCTH.

PaccmoTtpuM cemercTBO OKpy:KHOCTEH, TPOXOISIUIMX Yepe3 LIeHTP HHBEp-
cunt O U ellle yepe3 OJIHY U Ty 2Ke HEMOABIKHYIO TOUKY TJIOCKOCTH A. MBI 3HaeM
(§ 4, nyHKT 2), 4TO 3TO CeMelCTBO Mpeobpasyercsi B CEMEHCTBO MPSIMbIX, TPO-
Xoas1MX uepes Touky A’, spastolryiocsi obpasom A. B To e Bpemsi cemercTBO
OKPY?KHOCTEH, OPTOrOHAJIbHBIX MEPBOHAYAJILHOMY CEMEHCTBY, NpeBpallaeTcs B
CEeMEHCTBO OKPYKHOCTEH, OPTOTOHAJIbHBIX YIOMSIHYyTOMY CEMEHCTBY MpPSMbIX.
(Ha puc. 61 oproroHanbHble cemelicTBa M300paxKeHbl MyHKTHPOM.) Brelne
CeMeHCTBO MPAMBIX, TPOXOSILIMX Yepe3 OJHY U Ty K€ TOUKY, MaJlo HATOMHHAET
CEMEHCTBO OKPYKHOCTEH, HO 3TH CeMeHCTBa CBsI3aHbl TeCHEHIIMM 06pa3om —
C TOUKH 3pEHHS TEOPUM MHBEPCHHM OHH, TaK CKAa3aTh, BMOJHE SKBUBAJICHTHbI.

Bor apyroii npumep Toro, K Kakum pesyJibTaTaM MpuBOAMT HHBepcHs. [TycThb
JIAHO CEMENCTBO OKPYKHOCTEH, MPOXOISALLMX Uepe3 LIeHTP HHBEPCHH U UMEIOLLIUX
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B 9TOH TouKe oOLlyt0 KacaTesbHylo. [Tocse MHBepcHH MoJiyyaeTcsi CeMeHCcTBO
napaJiiesbHbIX MpsiMbIX. JIefiCTBUTENbHO, TaK KaK OKPY:KHOCTH MPOXOJAT ue-
pe3 O, TO OHM MpeBpalAlOTCS B MPsSIMble, U TaK KaK OKPYKHOCTH HE HUMEIOT
Touek nepeceyeHusi kpome O, TO ToJydaeMble TpsiMble MapasiesbHbI.

Puc. 61. IIpeoGpazoBatue IByX CUCTEM OPTOrOHAJbHBIX OKPYXKHOCTEN
C TOMOLIBIO HHBEPCHH

Puc. 62. Ilpeo6pa3zoBanne KacaiolIMXCsl OKPYKHOCTEH B
napavsijiesibHble NpsiMble

2. MpumeHenue K npo6aeme Anoanonusi. [IpekpacHoil uiocTpauuen
TOrO, HACKOJIbKO I10JIe3Ha TEOPUSl UHBEPCHUH, sIBJSIETCS CJelylollee MpocToe
reoMeTpHUecKoe perienue npo6seMbl Anossionusi. [1py HHBepcHH OTHOCHTENb-
HO Kakoro Gbl TO HHM GbLIO LleHTpa npobJjeMa AMOJJIOHHS IUIsl TPeX HaHHBIX
OKPYXKHOCTEH TpaHC(OPMHpYETCST B COOTBETCTBYIOLLyIO MpobJeMy sl Tpex
JIPYTHX OKPYKHOCTEH: MyCTb YHTATE/Nb BHUMATEJbHO MPOJLYMAET, MOUeMy 3TO
TaK.

Otcioa JIerko MOHSITh, UTO ecJi pobJiemMa pellieHa JAjisi HeKOTOPOH TPOHKH
OKPY’KHOCTEH, TO TeM CaMblM €€ MOXHO CUMTATb PELIeHHOW M IS BCSIKOH
TPOUKH OKPY2KHOCTEH, KOTopasi U3 epBOi TPOUKH MOKET ObITh M0JyUYeHa MyTeM
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MHBEpCUH. Mbl CyMeeM HCII0/1b30BaTh 3TO 06CTOATENLCTBO, BHIOUpAs U3 BCe-
BO3MOXKHBIX «3KBHUBAJICHTHBIX» TPOEK TaKYI0, JJI1 KOTOPOH NpoOJiemMa pelaercs

0COOEHHO TPOCTO.

Puc. 63. TToarotoBka noctpoenus, peliaroriero npodjaemy AmnoJioHus

[Ipenmnosioxkum 117151 ONpeieJeHHOCTH, YTO TPH JIaHHbIe OKPYKHOCTH C LEHT-
pamu A, B, C B3aUMHO He repeceKaroTest U JiexaT Kax/iasi BHe IBYX IPYIUX, U
JIOTIYCTHM, UTO peub UJET O HaXOXKAeHUH oKpyxKHocTH U ¢ tentpom O u panuy-
COM p, KacalolIeHcsl TPeX JaHHBIX OKPYKHOCTEl BHELIHHM 06pa3oM. 3aMeTnm,

Puc. 64. Peluenue npo6Jembl AnoJioHust

UTO €CJIM Mbl YBEJUUAM paJuyC BCeX
TPeX JaHHBIX OKPYXKHOCTEH Ha OJHYy H
Ty K€ BeJIUUHHY ¢/, TO OKPYKHOCTb C
ueHtpom O 1 paauycoM p — d, OUeBH[I-
HO, 6blj1a Obl pellleHneM BUIOM3MeHeH-
HOH TakuM o6pa3oM npobJiembl. [Tosb-
3ysICb 3THM OOCTOSITENLCTBOM, YBeJH-
YHM paJnychl TaHHBIX OKPY:KHOCTeH Ha
TaKkylo BeJHUHHY, UTOOBl ABE M3 Tpex
OKPYXXHOCTel 0KasaJUCh B3aUMHO Ka-
CalOIIMMUCST B HEKOTOPOH TOUKe, KO-

Topylo o6o3HauuM K (puc. 63). 3aTeM TpPOM3BEIEM HHBEPCHIO BCel (ury-
pbl OTHOCHTEJILHO KaKoH-HHOY/Ib OKPY:KHOCTH ¢ LeHTpoM K. OKpyKHOCTH C
ueHTpamMu B n C craHyT napasiesbHbIMH TIPSIMBIME b U ¢, @ TPETbsl OKPYXK-
HOCTb TIPEBPATUTCSl B HEKOTOPYIO OKPYKHOCTb a (puc. 64). Mbl y:ke 3HaeM,
uTo @, b, ¢ MOryT GbITb MOCTPOEHBI C TMOMOLIBIO LUPKYJIs W JuHeHKH. Uto
KacaeTcst HCKOMOH OKpy»KHOCTH U, To oHa mpeoGpasyeTcsl B OKPYXKHOCTb U,
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Kacalolllylocsi psIMbIX b, ¢ U OKpy»KHOCTH a. Ee panuyc r, oueBHIHO, IOJIXKeH
PaBHATbCS TMOJIOBUHE PACCTOSIHUS MEXKIY MPAMbIMH b U ¢; UeHTp ke ee O
JIOJDKEH COBMajaTh C OJHON W3 TOUeK Me-

peceueHHst CcpelHell JUHUH MeXay b u ¢ i

C OKPYKHOCTbIO, KOHLICHTPUUECKOH OKpyk-  _ *(* | * )k
HOCTH @, HO UMeIoUleld paauyc Ha r 60Jb- * | 1 S
i, Ocraercst IPUMEHHTh OOPATHYIO MH- } } }
BEPCHIO K OKPYXKHOCTH i, ¥ TOTJA [10J1y4HM | | |
HCKOMYIO amoJIJIOHHEBY OKPYXKHOCTb U, e : S
|
*3. MosTopHbIe oTpaxkeHusa. Kaxmo- |
My M3 HAC NPUXOIUJIOCH HAGIIOAATL CTpaH- |
Hble SIBJICHMS OTPa)KEHHsl, BO3HMKalolwe, —__*1*_ ____ ll Bl
* |k | % |k

ecsa uMmeetcs GoJsiee OfHOTO 3epkaja. Ec-
JIM YeTblpe CTEHbI NPSIMOYroJIbHOH KOMHATBI | |

MPEJICTABAIOT COO0H HiealbHbIe 3€PKANa,  Pyc. 65. [losropHoe oTpaeHue
HHU B MaJIOU CTEIIeHH He IorJiouarue cee- OTHOCHTEJIbHO Hp;{MQJ]HHeﬁHbIX
Ta, TO HaXoJsllasicsl B 3TOH KOMHATe OCBe- cTeH

llleHHasl TOUKa co3jaerT GeCKOHeUHOe MHOXKECTBO OTpaXKeHHH, M0 OJHOMY Ha
KaXKlyl0 M3 MPSMOYTOJIbHBIX KOMHAT, BO3HMKAIOIIMX M3 MEPBOH MOCPEICTBOM
orpaxkeHuit (puc. 65). Ilpu meHee mpaBuiIbLHOH (hopMe COeMHEHHS 3epKal,
HarpuMmep TpH Tpex 3epKasax, cozaaercs 6oJiee CJ0KHAs CUCTEMa OTpayKeHHH.

Puc. 66. ITpaBusibHbIe CUCTEMBI TPEYTOJbLHBIX 3epKaJl

[Tosyuatoniyrocst KOH(HUIYpaluio JIerko OMUCATh TOJBKO B TOM CJydae, ecJH
OTpaxKE€HHbI€ TPEYroJIbHUKH, HE MEPEKpbiBasg APYyr Apyra, MOoJHOCTbIO MOKPbI-
BAlOT JIOCKOCTb. TAKHUM CBOHCTBOM 0GJIIalOT TOJILKO MPSIMOYTOJIbHbIE paB-
HOGE/IPEHHBIH TPEYTOJIbHUK, PABHOCTOPOHHHUI TPEYTOJILHUK M TPSIMOYTOJIbHBIH
TPEYTOJIbHUK, MPEACTABISAIOUIME cO60I0 MOJOBHHY PABHOCTOPOHHErO (pHuc. 66).

Eute GoJiee KypbesHble 06CTOSITENbCTBA BO3HHUKAIOT, €CJH Mbl CTaHEM
paccmarpuBath [OBTOPHblE HHBEPCHH OTHOCHTEJBHO Tapbl OKPYXKHOCTELL.
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[TomecTHBIIMCL MeEXKIY JBYMSl KOHLEHTPHUECKHMH KPYIVIBIMH 3epKaJslaMy,
Mbl YBUJAJH Obl OCCUHUCJCHHOE MHOXKECTBO KOHLEHTPUUECKHUX OTPaKEHHUH.

Puc. 67. IloBTopHOe OTpakeHHe OTHOCH-
TeJILHO JIBYX KPYIVIbIX 3epKaJl

Opna nocseoBaTesbHOCTE  OTpa-
JKeHUH yxonusaa Obl B OeCKOHeu-
HOCTb, Jpyras — COCpeIOTOUHBA-
Jlach Obl 0KoJi0 ieHTpa. Ciyuail 1ByX
OKPY2KHOCTEH, pacroJ/ioxKeHHbIX Oji-
Ha BHE JIPYroi, HeCKOJIbKO CJI0XKHEe:
OKPY>KHOCTH M HX OTpayKeHHs Mo-
CJIeZI0BAaTE/IbHO OTPAXKAIOTCSl OJHA B
JIPYrol, yMEeHbLLIASICh M0CJIe KaXKI0r0
OTpaXKEHHUs U TECHSACH K JIBYM Ipe-
JIeJIbHBIM TOUKaM, MO OJHOH B Ka-
JKJI0H U3 JIaHHBIX OKpPYKHOCTEH. (DTH
TOUKH 00J1a71al0T CBOMCTBOM B3auM-
HOH 0OPaTHOCTH OTHOCHTEJIbHO Ka-
JKJI0H M3 JJaHHBIX OKpyzKHOCTeH. ) Bee
3TO MOKa3aHo Ha puc. 67. Yro nosy-

UUTCS B CJIyuae TpexX KPyro, 06 STOM UHTATENb MOXKET COCTABUThL BIeUaT/IeHHE,
B3IVISIHYB Ha y30p, H300paxKeHHbIH Ha puc. 68.

Puc. 68. OTpaxenne OTHOCUTEJNLHO TPeX KPYIVIbIX 3epKaJl
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npoeKTl/lBHaﬂ reoMeTpus. Akcuomaruka.
HeeBKJ]I/lIlOBbl reOMETpHH

§ 1. Beenenue

1. Knaccudukanus reomerpuueckux cpoilcte. MHBapuaHTHOCTb mpu
npeo6pasoBaHusix. B reomerpuu paccmarpuBaloTcsi cBoiicTBa (UTyp Ha
MJIOCKOCTH W B IPOCTPAHCTBE. DTH CBOMCTBA CTOJIb MHOIOUHCJIEHHBI H CTOJIb
pa3HooOpasHbl, UTO HEOOXOAUM KaKOH-TO MPUHLMI KJacCH(hUKALMH 1Js TO-
ro, 4roObl BHECTH MOPSAAOK B OOLIMPHOE COOPAHME HAKOIJICHHbIX 3HAHHH.
MoxHo 6bIO Obl, HaTpHUMep, TOJNOXKHUTb B OCHOBY KJAaCCH(PUKALHMH METOJ,
NpUMeEHsIeMbIi TIPU BbIBOJIE NoJydaeMblX yTBep:kAeHHH. C 3Toll TOUKH 3peHus
OOBIKHOBEHHO PAa3/IMYaloTCsl «CHHTETUUECKHE» M «aHAJUTHUECKHE» IPOLEeLy-
pel. CHHTETHUECKHE J10KA3aTeJbCTBA CYLIECTBEHHO CBSI3AHBI C KJACCHUECKHM
aKCHOMAaTHUECKUM MeTOJOM, MAyluM oT EBK/MJa: paccy:KieHHe CTPOUTCS Ha
UUCTO FEOMETPUUECKON OCHOBE, HE3aBUCUMO OT CPEACTB aareOpbl H KOHLIEMLHUH
YHUCJIOBOTO KOHTHHYYMa, H BCE T€OPEMbl BBIBOAATCS (POPMAJIBHO JIOTHUECKHM
IyTeM, HCXOJs1 U3 HEKOTOPOIO YMCJla Hauya/IbHbIX 10JI02KEHUH, Ha3blBaeMbIX aK-
CHOMaMH WJIM NocTysnaTaMu. JIpyroil MeTo/ noapasymMeBaeT BBELEHHE UUCJIOBON
KOOPJIMHATHOH CHUCTEMbI M MCMOJIb3YyeT TeXHUUECKHi annapar ajareGpbl. DTOT
MeTOJ| IIpOM3BeJl IIyOOKHe H3MEHeHHsl B CaMOH MaTeMaTHYeCKOH HayKe, CJIMB
B OJIHO OpPraHMYecKoe LeJIoe FeOMeTPHIO, aHaJu3 U aareopy.

B sroii ry1aBe, 0JiHaKo, HAC OyJeT MHTEPECOBATh He CTOJIbKO KJacCH(UKALIUS
METOJI0B, CKOJIbKO KJaCCH(HKALMK COJeprKaHus, T. €. caMu Mo cebe yTBepK-
JICHUsI TeopeM, a He crocobbl UX J0Ka3aTeslbcTBa. B s/ieMeHTapHO! reoMeTpun
IUIOCKOCTH PE3KO pas/iHualoTcsi [Be IPYIIbl TeOpeM; B OJHUX MAET peub O pa-
BeHCTBe (Uryp, 00 U3MEPEHHH OTPE3KOB U YIVIOB, B PYTHX — O 10J1061H UTYD,
JUIsl KOTOPOTO CYLLECTBEHHO HM3MepeHHe YIJIOB, HO He OTPe3KOB. YKasaHHoOe
pas/Muue He CTOJIb YK CYLIECTBEHHO, TaK KakK JJIHMHbl OTPE3KOB M BEJIMUMHDI
YIJIOB JOBOJILHO TE€CHO CBSI3aHbl MexK1y COOOH M pasiessiTh HX — HECKOJIbKO
uckyccTBeHHo. (M3yueHue sToll cBsi3u cocTaBiisieT MIaBHbIM 00pa3oM NpeamMeT
TpuroHoMerpuu.) OTMETHM HHYIO CTOpPOHY fAena. B ssjemeHTapHOH reomeTpuu
Mbl UMEeM JIeJI0 C Beau4uHaMu: OTPe3KaMH, yrylaMH, MioansmMu. JIse durypol
TaM CUMTAIOTCS SKBMBAJCHTHLIMH, €CJIM OHH KOHZPYIHMHbL, T. €. MOTYT ObITb



192 [MPOEKTHBHAS TEOMETPH . AKCHOMATHUKA r. IV

rnepeBe/ieHbl 0J1Ha B IPYTYI0 NOCPEICTBOM JABHKEHHs — I1pe00pa30BaHUs, MEHs -
IOLIETO TOJbKO MOJIOXKEHHE (PUTYPBI, HO HE UMCJIOBbIE 3HAUEHHS BEJIMUMH, C Hell
cBsi3aHHBIX. Bo3Hnkaer BOIPOC: ABJAIOTCA JIKM 3HaUC€HUsA BEJIMUHH — U BMECTE C
TeM KOHIPYSHTHOCTb WJIH MOA00He PUIyp — UeM-TO aBCOJIOTHO HEOOXOIHMbIM
auist reomerpun? Mun »xe umerotcst uHele, 6osiee TIy6OKO JiexKalllke CBOHCTBA
reoMeTpHUeCKUX (PUTyp, KOTOpPBIE COXPAHSIIOTCS TaKKe W MpH MpeobpasoBa-
HUAX OoJjiee OOLIEro TUMa, YeM ABHKeHHs1? Mbl yBUIUM, UTO TakHe CBOHCTBA
CYLLECTBYIOT.

Puc. 69. Cxxartne okpy>KHOCTH

[IpencraBum cebe, uTo HA MPSIMOYTOJIbHON 10CKE, H3TOTOBJEHHON U3 MSATKO-
ro JiepeBa, HAPUCOBAH KPYT C Mapoil B3aHMHO TMEPHEHHKYJSPHBIX AHaMeTPOB
(puc. 69). Ecav Mbl MOJIOKUM 3Ty JOCKY B THCKH H COXXMEM JIO MOJIOBHHBI
ee repBOHAUYaJbHON LIMPHUHBI, TO OKPYKHOCTb MPEBPATHUTCS B 3JUIUIC W YIJIbI
MeXy AHaMeTpaMu yxke He 6yayT npsMbIMU. OKpYyKHOCTb 00J1a1aeT TeM CBOM-
CTBOM, UTO BCE €€ TOUKH HaXOJITCS Ha OJTHOM M TOM K€ PACCTOSIHHH OT LIeHTpa,
HO 3JIJIMIIC TAKUM CBOHCTBOM He ob6JsanaeT. Moryio Obl T0Ka3aTbCsl, UTO CoKATHE
YHHUTOXKAET BCE TeOMETpHUECKHEe CBOHCTBA MEepBOHAYAJNLHONH KOH(UIypaLUH.
Ho sto naneko He Tak: Hanpumep, yTBepKJAeHUE, UTO LIEHTP AEJUT AHaMe-
TPbI MOMoJaM, OMHAKOBO CIPaBEJIMBO U JIJIs1 OKPYXKHOCTH, U JI/Is JIJIUIICA; B
JIAHHOM CJlyuae Mbl BCTPEUaeMcsl ¢ TaKUM CBOHCTBOM (PUTYpPbl, KOTOpPOE coXpa-
HseTCsl P BeCbMa PE3KOM H3MEHEHHH B pa3Mepax ee OTJAEJbHBbIX 3JE€MEHTOB.
CrenaHHble 3aMeUaHUst HABOJAT HA MbIC/Ib O BOBMOXKHOCTH KJIaCCH(HUILIMPOBATD
TEOpEeMbl, OTHOCSLIMECS] K TOH MJIM MHOH reoMeTpuHuecKol urype, B 3aBUCH-
MOCTH OT TOTO, COXPAHSIOT JIH OHH CHJIy WJIM TepsloT ee NMpPH PaBHOMEPHOM
cXKaTuu (Wan pactsikeHut ). MoxKHO mocTaBuTh M GoJsiee 0OLIMH BOMpoc: s
JIAHHOTO KJjlacca 1peoOpasoBaHuil (DUrypbl (TaKOTO poja KJacchl, HarpuMep,
MOPOXK/AIOTCS COBOKYIHOCTBIO BCEX ABHKEHHH, WM CXKATHH, WJIH, CKaxKeM,
KPYTrOBbIX MHBEPCHH U T. JI.) KAKHE CBOHCTBA (PUTYPbl OCTAIOTCS HEH3MEHHBIMH,
Koraa ¢urypa nojiBepraeTcsi pas/jMuHbIM Mpeobpa3oBaHUsIM JaHHOIO KJjacca.
Cucrema TeopeM, yTBEpXKAAIOLIMX TaKUE CBOHCTBA, COCTABJSIET 2e0MEemplro
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paccmampugaemozo kiacca npeobpazosanuii. Vines knaccudukauun pas-
JIMYHBIX OTpacJ/edl reoOMeTpUH B COOTBETCTBMU C KJjaccamu MpeoOpa3oBaHHH
npuHagnexur Peankey Kaediny (1849—1925); ona Obia BbickazaHa UM
B 1872 1. B €ro 3HaMeHUTOM BBICTYIIJIEHUH, MTOJYUUBIIEM IMPOKYIO H3BECTHOCTD
noJl Ha3BaHHeM «JpJaHreHCcKo# mporpammbl». C Tex Mop 3Ta Hles oKasa-
Jla peliaiollee BJMSIHAE Ha HaAMpaBJjeHHe MHOTHX FeOMETPHUECKHX HCCIEN0-
BaHUH.

B rnaBe V Ham mnpeacraBuTCs ciyuail yCTAaHOBUTb BeCbMa YAHBHUTEJNbHOE
06CTOSITE/ILCTBO, 3aKJI0YAIONIEeCs B TOM, UTO HEKOTOpble CBOHCTBA reOMeTpPH-
uyecKuX (puryp 3ajioxKeHbl HACTOJIbKO TJTy6OKO, UTO HE HCUEe3aloT J1aKe MocJie Co-
BepIIeHHO TPOU3BOJIbHBIX JedopMalyii: TaK, (PUTYpbl, HAPUCOBAHHbIE HA KyCKe
pe3uHbI, He TOTEPSIIOT KOe-KaKUX XapaKTepUCTHUECKUX YepT MPH MPOU3BOJb-
HbIX pacCTSDKEHUsIX W cKatusax. Ho B Hacrosilel ryaBe Mbl 3ailMeMcsl TeMH
CBOWCTBAMH, KOTOPble COXPAHSIIOTCS, «UHBAPUAHTHBI» MPU HEKOTOPOM CIellr-
aJIbHOM KJlacce npeodpa3oBaHuil, 6oJsee LIMPOKOM, YeM BECbMa OTPAHMYCHHBIN
KJIacC JIBHXKEHHWH, HO 6oJiee Y3KOM, ueM CaMblil OOLLMHA KJacc MPOU3BOJIBbHBIX
nedopmaiyil. Mbl rOBOPUM 0 KJlacce <MPOEKTHBHBIX MPeoGpa3oBaHUi».

2. MpoekTuBHbIe NpeoOpa3oBaHus. 3yueHue OTHOCSILIMXCS ClOJA Teo-
METPHUECKHUX CBOMCTB ObIO BBIABHHYTO Mepe MaTeMaTHKaMH B JlaBHee BpeMsl
npobJeMaMu 1epcreKmussl, KOTopble U3ydasuch Xyl0KHHKAMH, B TOM UHCJIe
Jleonapno na Bunuu u AnsOpextom {10 pepom. HMsobpaxkenue, cosna-
BaeMoe XyNO0KHHUKOM, CJIe/lyeT pacCMaTpUBaTb KaK MPOEKLUMI0O OPUrHHaja Ha
MJIOCKOCTh KApTHHBI, MPHUEM LIEHTP MPOEKIMH MOMelaeTcsl B a3y XypoxkK-
Huka. [Ipu nMpoeKTHPOBAHWM — B 3aBUCHMOCTH OT OTHOCHTEJIbHBIX TOJIOXKEHHH
pas3MUHbIX M300paxaeMblX 00BHEKTOB — IJIMHBI OTPE3KOB W YIVIbl HEU30EKHO
noJBepratorcsi ickaxeHusm. KM Tem He MeHee Ha KapTHHE OOBLIUHO He MpeCTaB-
JISIET TPyJla pacrio3HaTh reOMeTPHUECKYI0 CTPYKTypy opuruHazna. Kak oObsic-
HUTb 3TO 06CTOSATENbCTBO? Heb3s 00bACHHTD HHAUE, KaK yKa3aB Ha HajlUuue
reoMeTPHUECKUX CBOMCTB, KHHBAPHAHTHBIX OTHOCUTEJIbHO POEKTHPOBAHUS»,—
CBOKCTB, COXPaHSIOUIMXCS HA KapTHHE H JIeJAlONIMX BO3MOXKHBIM Y3HABaHHE
HapUCOBAaHHOTO opuruHasna. OTbICKAaHHE W aHAJH3 3THUX CBOWCTB COCTaBJSIOT
NpeaMeT MPOEKTUBHOH FeOMETPHH.

CoBepllEHHO SCHO, UTO B 3TOH OTPACJM TeOMETPUH HE COJEPIKUTCS MOJIO-
JKUTEJIbHBIX YTBEP2KICHHUH, OTHOCSILMXCS K JJHHAM OTHEJbHBbIX OTPE3KOB WJIM
K BeJMUMHAM OTHEJbHBIX YIJIOB; He HJAET peub M O paBeHCTBe uryp. He-
KOTOpPbIe H30JIMPOBaHHbIE (DAKTbI, KACAIOUIUECs MPOEKTHBHBIX CBOHCTB, OblIH
u3BecTHbl y:ke B XVII B., a uHorna, kak B ciydyae «reopeMbl MeHesasi», naxe
B apeBHocTH. Ho cucTemaTHueckue uccieoBaHusi B 06J1aCTH MPOEKTHBHOM
reoMeTpHH pa3BepHyJ/IMCh BriepBbie Jiulib K Koy XVIII cTosietust, korna sHa-
menutasi Ecole Polytechnique B T1apuxe oTkpblia HOBYIO CTpaHHUIly B UCTOPUH
MaTeMaTHKM, B UaCTHOCTH IeOMETpUM. ITa lIKoJa, co3iaHHas PpaHLy3cKoit
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peBoJIIOIMEH, MOJAr0TOBUIA 6O0JbIIOe YHCIO0 O(hHUIIEPOB, OKA3aBIIUX HA BOEH-
HOH cJy>k0e BblIaloulecsl yeayru cBoedl pecrny6/uke. B uucie ee nmuTomuen
6b1 YKan-Bukrop [ToHcese (1788—1867), Hanucapiumii cBoil «TpakraT o
MPOEKTUBHBLIX CBOUCTBax uryp» B 1813 1., 6ymyun B nieny B Poccun.

B XIX B. nox Bausinvem llteitnepa, Wraynara, ana u npyrux
MPOEKTHBHASI TEOMETPHUSI CTaja OHUM M3 HU3/I0OJIEHHbIX PEIMETOB MaTeMaTH-
uecKux ucciieoanuil. CBoel MonyssipHOCTbIO OHa 06s13aHAa OTYACTH NPHUCYILEH
el 0COOEHHOH 3CTEeTHMUYECKOW MPHUBJIEKATEJNbHOCTH, OTUACTH 2Ke CIIOCOOHOCTH
MpOJIMBaTh CBET HA €OMETPHUECKYIO HAYKy B LIEJOM, a TaKxkKe ry0OKOH BHY-
TpeHHel CBSA3U C HEeBKJIUAOBOU reomMeTpuel U ¢ aare6poii.

§ 2. OcHOBHbIE MOHATUSA

1. Tpynna npoekTuBHbIX npeobpa3oBaHuil. [Ipexkae Bcero onpenenum
KJ1ace, WM «TPynmy» || MpoeKTUBHBIX MpeobpasoBanuil. [TycTh B pocTpaHCTBe
3aJlaHbl JIBe MJOCKOCTH Tt U 1U', NapaJulesibHble /K HerapasebHble MexKy Co-
60i1. Mbl BBIOJIHAEM YEHMPANHYIO NPOEKYUIO T Ha T C TaHHBIM LeHTpoM O,
He JieXKallluM HM Ha T, HU Ha T/, COMOCTaBJsAs KaxKA0H Touke P MJIOCKOCTH T
TaKylo Touky P’ miockoctH 1/, uto P U P’ jiexKaT Ha OJHOH M TOH Ke NpsIMOH,
npoxojsiieil yuepe3 O. AHAJOMHUHO Mbl BBIMNOJHSIEM TMOJOOHBIM Ke 06pa3om
napastesbHyio npoexkyuio, npeiroJaras, 4To NpoeKTUPYIOLLMe NpsiMble Na-
paJuiesibHbl Mexxy co6oil. TouHo Tak ke onpeaessieTcs NPOoeKLHs NPSMOK U1
KPUBOH JIMHUHU [ B IIOCKOCTH T Ha HEKOTOPYIO JIMHHUIO [’ B MIOCKOCTH T, IPHUEM
U B 9TOM CJlydae NMPOEKUHUS MOXKET ObITh LIEHTPAJbLHON HJIH NMapajieJbHOM.

Besikoe oToGpazkeHne 0iHOH GUryphl Ha APYTrylo, NoJyyatoleecs nocpeacT-
BOM MPOEKTHPOBAHUS (LEHTPAJILHOIO /M MapajylesIbHOTO) UJIH »Ke MOCPeacT-
BOM KOHEUHOH MOCJ/e0BaTeNbHOCTH TaKHX MPOEKTHPOBAHUH, Ha3bIBAETCS 11pO-
exmusHoLm npeobpasosarnuem ®. [Ipoexmusras eeomempus TIOCKOCTH HITH
NPsIMOH COCTABJSIETCS U3 CUCTEMbl TEOMETPUUECKUX TEOPEM, COXPaHSIOLIUXCS
MpH MPOU3BOJILHBIX MPOEKTUBHBIX MPe00pa30BaHUsAX COOTBETCTBYIOIIMX (DUTYP.
[1poeKTUBHOI reOMeTpPHH MPOTUBONOCTABJISIETCS MEMPUUECKAS 2eOMempPUs,

KOTOpasi MOHUMaeTCsl KaK CUCTEMa TeOpeM, YCTaHaBJUBAIOIIUX CBsISH MEXKIY
' Tepmun «rpynna» B npuMeHeHMH K KJacCy MpeoGpa3oBaHHil MOJpA3yMeBaeT, uTo MOCJen0-
BaTe/bHOe BBINOJNHEHHE JBYX MpeoOpasoBaHHil W3 paccMaTpMBAeMOro KJjacca ecTb TakxkKe
npeo6pa3oBaHHe 3TOr0 Kjacca M 4To npeoOpa3oBaHHe, «0OpAaTHOE» MO OTHOLUEHHIO K Tpe-
06pa3oBaHUI0 U3 PACCMATPUBAEMOrO KJAcca, TAakKe NPHHAJIEKUT 3TOMY Kiaaccy. [pynnosbie
CBOMCTBA MaTeMaTHUYECKHUX ONepaLHil HIpasii U NPOLOJDKAIOT UrPaTh OueHb GOJIbLIYIO POJIb BO
MHOTHMX 06J/1acTsX, OJHAKO MO OTHOLUIEHHIO K FeOMeTPHH 3HaueHHe MOHSATHS «IPyMIbl» B CBOe
BpPeMsl, BO3MOKHO, Obl/JI0 HECKOJILKO TPeyBeHUEHO.

Ecan nBe durypel cBsidaHbl TOJBKO OJHHM IPOEKTHPOBAHHEM, TO FOBOPST OOBIYHO, UTO OHH
nepcrekTHBHbl. TakuM o6GpasoMm, ecsi ckasaHo, uto urypa F B peayJibTaTe MPOEKTHBHOrO
npeo6Gpa3oBatust Mepexoaut B purypy F’, To 910 3Hauut, uto MM Gurypsl F u F/ nepcrek-
THUBHBI, HJIK YK€ MOXKHO YKa3aThb M0CJAeN0BaTe/bHOCTb Takux (uryp F, Fi, Fo, ..., Fu, F’, uto
JoOble JIBe PSIOM CTOsIIHE B Hell (Urypbl MepCreKTHBHDI.
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Puc. 71. IapannenbHas npoexuus
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BeJIMUMHAMH B paccMaTpUBaeMbIX (Urypax, WHBapHaHTHbIE TOJLKO OTHOCH-
TeJIbHO KJacca JBHKEHHUH.

Hexortopble TpPOEKTHBHbIE CBOHCTBA MOXKHO (HDOPMYJHPOBATH HEMOCpesl-
ctBenHo. Touka, pasymeercs, poeKkTHpyeTcs B Touky. [lasee, npamnasa aunus
npoexmupyemcs 8 NPAMY!O: B caMOM JieJie, eCad npsiMasi [ B TUIOCKOCTH T
MPOEKTUPYETCSA HA TMJOCKOCTb T/, TO JIHHUS MepeceueHds: [/ TJIOCKOCTH T
C IIOCKOCTBbIO, Mpoxomsiueil yepes O u [, — obsizatesbHo npsiMast'. Ecau
Touka A W npsiMasi [ MHUMIEHTHBI 2, To Touka A’ W npsiMasi [/, BO3HHKaOILKe
M3 HMX TPH TMPOEKTHBHOM IpeoOpPa30BaHUH, TaKKe HHUHMIEHTHB. Jlpyrumu
CJIOBAMHU, UHYUOCHMHOCTb MOUKU U NPAMOL eChlb CBOLICMBO, UHBAPUAHM -
HOe OMHOCUMENbHO epynnol npoekmusHolx npeobpasosanuil. Y13 3toro
06CTOSITE/IbCTBA BbITEKAET PSI/L MPOCTHIX, HO BECbMa BaXKHbIX CJEJICTBUH. Eciu
TpU TOUuKH (WK GoJjiee TpeX TOUeK) KOAAUHEAPHbL, T. €. UHIUAEHTHBI C OJHOH
¥ TOH »Ke MPSIMOK, TO MX OTOOpaXKEeHHs TakxKe KOJJIHHeApHbl. AHaJIOTHUHO,
€CJIM B MJIOCKOCTH T TPU NpsiMble (WK Gosiee TPeX TMPSIMbIX) KOHKYPPEHMHbL,
T. €. UHUMAEHTHbI C OJHOH W TOH Ke TOUKOH, TO HX OTOOparKeHUs] — TaKxKe
KOHKYppEeHTHble MpsiMble. B To BpeMmsi Kak 3TH MpOCTble CBOHCTBA — HHIIH-
JIEHTHOCTh, KOJIJIMHEAPHOCTb, KOHKYPPEHTHOCTb — SIBJSIIOTCS NPOCKMUBHOIMU
ceolcmeamu (T. €. CBOMCTBAMH, HHBAPUAHTHBIMH OTHOCHUTE/BbHO MPOEKTUBHBIX
npeo6pa3oBaHuil), BeJUUMHbl OTPE3KOB U YIJIOB, a TaKXKe W OTHOILEHHS] 3THX
BeJIMUMH, BOOOGLIE TOBOPSI, U3MEHSIIOTCS TIPH MPOEKTHPOBAHUH. PaBHOOepeHHbIE
WM PaBHOCTOPOHHHE TPEYroJbHHKH MOTYT, HampuMmep, CIPOEKTHPOBAThCS
Ha TPeyroJibHUKH C TpeMsi pa3juuHbIMM cTopoHamu. OTciofa cJiejlyet, uTo
XOT$I MOHSITHE <TPEYroJbHUK» MPUHANIEIKUT POEKTUBHOH re€OMETPHH, MOHSITHE
«PaBHOCTOPOHHUH TPEYTONbHUK» el He MPUHAJJIEKHT, a MPUHAJIEKUT TOJIBKO
MeTPHUECKOH IreOMEeTPHH.

2. Teopema lezapra. OpHUM U3 caMbIX PAHHUX OTKPBITHH B 06J1aCTH MPO-
€KTHBHOW reOMeTpHH siBJsieTcsl 3aMeuaresibHast TeopemMa Jleszapra (1593—
1662): ecau na naockocmu dsa mpeyeoavnuka ABC u A’'B'C’ pacnoao-
OCeHbL MAKUM 00pA3OM, 4IMO npaMble, COeOUHAIOUWUE COOMBEMCINBECHHbLE
8EPULILHbL, KOHKYPPEHMHbL, MO Mpil MOYKU, 8 KOMOPLLX Nepecekaromes,
6ydyuu npodosxceHsl, Mpl COOMBEMCMBEHHbLE CMOPOHLL, KOAMLHEAPHDL.
Ota TeopeMma 37eChb WIIIOCTPUPYETCS UEPTEKOM (pHC. 72), HO MyCTb UMTa-
TeJIb IIPOBEPHT €€ CIPABEIMBOCTD, SKCIIEPUMEHTHPYS HA CAMOCTOSITELHO 10—
CTPOEHHBIX uepTexkax. JloKa3aTesbCTBO TEOPEMbl He SIBJISETCS TPUBHAJbLHbIM,
HECMOTPSl Ha BCIO MPOCTOTY UepTeXkKa, COCTOSIIETO TONbKO M3 MPAMbBIX JH-

3a MCKJII0UeHHeM Toro cjyuasi, koraa npsimast OP (Win miockocTs, npoxosiuast yepes O u [)
0Ka3blBaeTCsl NapaJiesbHOl MIocKocTH . Takue uckiouenust OyayT ycTpaHeHsl B § 4.
Touka 1 npsiMasi Ha3bIBAIOTCS MHLIMEHTHBIMH, €CJIH TPsiMast TPOXOJUT Uepe3 TOUKY WJIH TOuKa
JIOKHT Ha MPSIMOH. DTOT «HEHTPAJIbHBIH» TEPMHH MOJYEPKMBAET B3aUMHOCTb paccMaTpHBae-
MOT'O OTHOLIEHHSI.
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R Q P

Puc. 72. Kondurypauus Jlezapra Ha njaockocTH

Huil. Teopema SIBCTBEHHO MPUHAJIEXKUT MTPOEKTUBHOH FeOMETPUH, TaK Kak IpH
MPOEKTHPOBAHUM PACCMATPUBAEMbIH UEPTEK HE TEPSiET CBOKWCTB, YOMSHYTbIX
B TeopeMe. B jnasbHefilieM Mbl ellle BepHeMcsl K 3Toil Teopeme (cTp. 214).
B Hacrosuii )Ke MOMEHT Mbl XOTeJIH Obl PHUBJIEUb BHUMAHUE UMTATENS K TOMY
JOOOMBITHOMY OOCTOSITEILCTBY, UTO Teopema Jle3apra crpaBeiinBa Takxke U
B TOM TIPEIIOJIOKEHHH, UTO paccMaTpUBaeMble TPEYrOJbHUKH PacroJioxKeHbl
B ABYX pasauuHolx (HemapassieJbHbIX) MIOCKOCTSX W UTO MOAOOHOTO poja
«TpeXMepHasi», WK «IPOCTPAHCTBeHHasA» TeopeMma [lesapra nokasbiBaetcs 6e3
MaJiefiiux 3aTpyaHenuit. [To npeanosioxenuto, npsimbie AA’, BB’ u CC’ nepe-
cekaloTesl B 0JIHOH U To# ke Touke O (puc. 73). B takom cayuae npsimbie AB
u A’B’ nexxat B OJHOH TUIOCKOCTH M, 3HAUHMT, MepeceKkalTcss B HEKOTOPOH
TouKe R; nmycTh, TakuM e o6pasom, AC n A’C’ nepecekatotesi B Touke ¢, a BC
u B’C’ — B Touke P. Tak Kak Touku P, @ ¥ R HaXoasTcsl Ha MPOJOJIKEHUAX
cTopoH TpeyronbHukoB ABC u A’B’C’, T0o Bce OHHM JieXKaT B MJIOCKOCTH Ka-
JKIOTO M3 STUX TPEYTroJbHUKOB M MOTOMY — Ha MpPsIMOH MepeceueHust 3THX ABYX
muiockocTeld. 3HauuT P, @ U R KoJulMHeapHbl, YTO U TpeOOBaloCh 10Ka3aTh.

ATO MpocToe 10KA3aTENbCTBO HABOJIUT HA MbIC/b, UTO MOYKHO MOMbBITATHCS
Jl0Ka3aTh «JByMepHyto» Teopemy Ilesapra, Tak ckasaTb, C [OMOLIbIO MEPEXo-
Jla K MpejeJy, MoCTeNeHHO CIUIIOLIMBAs BCIO TPOCTPAHCTBEHHYIO KOHCTPYKLIMIO
TaKuM 00pa3oM, uToObl JiBe MJOCKOCTH B MpeJiesie COBMNaMu B ONHY, U B ITOM
nocJsieiHel, BMeCTe ¢ JAPYTMMH, okKasajach W Touka O. BbIMONHHTB, OfHAKO,
YKa3aHHbIH Mpe/lesIbHbIH Tepexojl He TakK MPOCTo, TaK Kak MpsiMasl rnepecede-
HUst PQR Mpu COBMELEHHH MJIOCKOCTEH He OTpefessieTcs 0 HO3HAUHO.

Tem He MeHee KoHUrypals, U306paXkeHHast Ha pUC. 72, MOXKeT ObITh UC-
TOJIKOBaHA KakK MepCreKTHBHOE H300paXKeHHe NPOCTPAHCTBEHHON KOHDUrypa-
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0

Puc. 73. Konudurypauus [esapra B npoctpaHcTse

LMH pHC. 73, U 3TO 06CTOSATENLCTBO MOXKHO HCITO/Ib30BATh [PH J0KAa3aTesbCTBE
«IJIOCKOH» T€OPEeMBI.

EcThb cylecTBeHHOE pasd/idune Mexy Teopemoii Jleapra Ha MJIOCKOCTH W B MpO-
cTpaHcTBe. Hallle 10ka3atesibCTBO, OTHOCSLLEECS K CJIyUalo TPeX H3MEPEHHIl, OIpanoch
TOJILKO Ha reoMeTpUUecKHe cooOpaXKeHHsi, OTHOCSILIMECS K UHIIMIEHTHOCTH TOUEK, Mpsi-
MBbIX U MJI0CKOCTeH. MOXHO 110Ka3aTh, YTO 10KA3aTebCTBO JABYMEPHOI TeopeMbl — npu
0ONOAHUMEAbHOM MPebOBAHUUL He BblX00UMb U3 OAHHOL NAOCKOCMU — HEeU30EKHO
JIOJPKHO OTHPAThCsl Ha HEKOTOPbIe CBOMCTBA MOJOOHBIX PUTYp, TIPUHAJJIEKALINX YKe He
MPOEKTUBHOH, a8 METPUUECKOH TeOMeTpPHH.

Teopema, o6paTHas Teopeme Jlesapra, yTBep:KAaeT, UTO €CJIH TPH TOUKH, B KOTOPbIX
nepecekalTcsi COOTBETCTBEHHbIE CTOPOHBI, KOJUIMHEAPHDI, TO TMpsIMble, COEIUHSIIONINE
COOTBETCTBEHHbIE BEpIIMHBI, KOHKYppPEeHTHBI. Jl0Ka3aTesbCcTBO 3TOM TeopeMbl — B CJIy-
yae, KOTJa TPEYTroJIbHUKH JIEXKAT B HerapaJijie/bHbIX MJIOCKOCTSX, — MPEeI0CTaB/IseTCs
UMTATEJIO B KAUECTBE YIPa)KHEHHS.

§ 3. ABoiiHO€ OTHOLIEHHE

1. OnpeneneHve M 10Ka3aTeJbCTBO MHBapUaHTHOCTH. Eciu avHa ot-
peska NpsIMOM MpeACTaB/sgeT cOO0H CBOEro poAa KJI04 K METPUUECKOH reo-
METPHH, TO CYLLECTBYET H B MPOEKTUBHON reOMETPHH OJHO OCHOBHOE MOHSITHE,
C MOMOLIBI0 KOTOPOrO MOTYT OBbIThb BbIPaKEHbI BCE XapaKTEPHO MPOEKTHBHbIE
CBOHCTBA (PUryp.

[Tpennosoxum, uto Tpu Touku A, B u C pacrioJiozkeHbl Ha OJHON MPSIMOI.
[IpoektnpoBanue, BoobIile roBopsi, H3MeHsIeT He ToJbKO paccrosinust AB u BC,
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AB .
HO 1 X OTHOLUCHHE . B camom nene, ar0boie Tpu Touku A, B, C Ha npsiMoi [

MOTyT ObITh MepeBeieHbl B 00bte Tpu Touku A’, B’, C' Ha npsimoii I’ mocpes-
CTBOM JIBYX T0CJIEI0BATENbHO TPOU3BOAUMBIX MPOEKTHPOBaHUH. UTOOHE B 3TOM
y6enuThCsl, CTaHeM Bpallath npsiMyto [/ oxkosio Touku C’, TTOKa OHA He MPHUMET
noJioxkenust [, mapaJsuiesnibHoro [ (puc. 74). 3atem, npoektupys [ Ha [ napaJ-
JejsHo npsivmoit CC’, moyunm tpu Toukn A", B” u C” (= C’). Ilpsimele A’A”
u B’B"” nepecekytcs B Touke O, KOTOpPYIO Mbl H30epeM B KauecTBe LEHTpa
BTOpOH npoekuuu. IlocsenoBaresbHO BbINOJHEHHbIE YKAa3aHHbIE [B€ MTPOEKLHH
JaI0T TpeGyeMbiii pesyJbrar ',

—

0 =
/A’ A" \\

\
lll
Puc. 74. TTpoektupoBanue Tpex Touek

N3 nokazaHHOro BbITEKAET, UTO HUKaKasl BeJIMUMHA, OMpejesisieMast TOJIbKO
TpeMsl TOUKaMH Ha TPsSIMOM, He MOXKeT ObITb MHBapHAHTHOH TIPH MPOEKTHPO-
BaHuM. Ho — B 3TOM 3akJiiouaercst pelualollee OTKpbITHE B IPOEKTHBHON reo-
METPUH — eCJI Ha TpsiMOll jaHo uemoipe Toukd A, B, C, D, Kotopble Tpu
MPOEKTHPOBaHUH TMepexoast B Touku A’, B’, C’, D’ npyroii npsimoii, To HeKO-
TOpasl BeJMUMHA, Ha3blBaeMasl 0BOUHbIM OMHOULCHUEM ITHX UEThIPEX TOUEK,
MpH MPOEKTUPOBAHUHM HE M3MEHSIeT UMCJOBOrO 3HaueHHs. B aTom 3akioueHo
MaTeMaTHYeCcKoe CBOHCTBO CHUCTEMBI YeThIpeX TOUeK Ha MpsiMOH, KOTOpoe HOCHUT
MHBAPHAHTHBIA XapaKTep U KOTOPOE MOXKHO OOHAPYKHTb BO BCAKOH MPOEKLHH
paccmatpuBaeMoll npsiMol. J[BoliHOe OTHOLLIEHHE He ecTb HM paccTosiHhe, HH
OTHOLIEHHE PACCTOSIHUK, a OMHOUeHue 08Yx MAaKUx OMHOWEHUL: eC/Ii Mbl
COCTaBUM OTHOLLIEHUS

ca o,
CB DB’

TO UX OTHOILLIEeHHUEe
(_CAL DA
" CB DB

' Tlomymaiite, uto nenath, ecau mpsimbie A’A” w B’ B’ napannensubl.
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10 OIpe/iesIeHHI0 eCTh IBOMHOe OTHOIIeHHe yeThipex Touek A, B, C, D, B3sTbIX
B YKa3aHHOM BbILlIE TIOPSIJIKE.

Y6enumcst Tenepb, UTo J80LUHOE OMHOULCHUE Yemblpex MoYeK UH8apl-
anmMo npu npoexmuposanuu, T.e. yro ecan A, B, C, Du A’, B, C', D' —
JIBe UETBEPKH TOUEK Ha JBYX Npsi-
MbIX W MEXJIy HHMH YCTaHOBJIEHO
MPOEKTHBHOE COOTBETCTBHE, TO TOJA
CrpaBeIiBO PaBEHCTBO

CA DA _CA DA

CB DB C'B'" D'B"
JlokasaTe/sbCTBO BIOJIHE 3J1€MEHTap-
Ho. Bcromuum, uto muiowanb Tpe-
yroJibHHKa paBHA MOJIOBUHE MPOHU3-
Be/IeHUsI OCHOBAHWSI Ha BBLICOTY H,
A B ¢ D C Jpyrofl CTOpPOHbI, paBHA MOJOBH-
Puc. 75. MlnBapuantrocts aBoitHoro otno- ~ HE TPOM3BEICHHUA JBYX CTOPOH Ha
LIeHHUS! [IPU LIeHTPaJbHOM NpoeKTHpoBaHun  CHHYC 3aKJ/IIOYEHHOTO MEXKJ1y HHMH

yraa. Torpa nostyuum (puc. 75):

0

ot OCA = g - CA = 5 OA - OCsin ZCOA,

naowaz OCB = 3 CB = 4 OB - OCsin ZCOB,
momam ODA = éh DA = éOA - ODsin ZDOA,
noman ODB = %h DB = % OB - ODsin ZDOB.

Orciona CJIEYET:

CA DA CA DB OA-OCsin/COA OB-ODsin/ZDOB
CB DB CB DA~ OB-OCsinZCOB OA-ODsin/DOA
_sinZCOA sinZDOB
~ sinZCOB ~sinZDOA"
Takum oGpasom, BokHOe oTHoLIeHHe ToueK A, B, C, D 3aBHCHUT TOJILKO OT
yryoB, o6paszoBaHHbiX B Touke O otpeskamu OA, OB, OC, OD. Tak xak 3TH
YIJIbl — OJIHH M Te Ke, KaKOBbl Obl HH OblM ueTbipe Toukd A', B', C', D', B
KOTOpbIe TIpH NpoeKTHpoBanuu nepexonst A, B, C, D, To sicHo, uTo JIBO#HOE
OTHOLIIEHHE HE U3MEHSIETCS MPU MPOEKTHPOBAHHUH.

Yro 1BOIHOE OTHOLLEHHE He H3MEHSIETCS [IPH NapaJljieIbHOM MTPOEKTHPOBAHUH, CJle-
JIyeT U3 3J1eMEHTAaPHbIX CBOHCTB M0JI06HBIX TPEYrobHUKOB. JloKa3aTe bCTBO MpelocTa-
BJISIETCS] UATATEJIO B KauecTBe yrnpaxKHeHusi (puc. 76).

Jlo cux rop, roBopsi 0 IBOMHOM OTHOILIEHHH ueThipex Touek A, B, C, D,
pacroJIoKeHHbIX Ha MPSIMON [, MbI MPEJIIoarajn, 4To 3TO OTHOLIEHHE COCTa-
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BJIEHO U3 TIOJIOKUTENBHBIX 0TPe3KOB. Llesiecoo6pa3Ho BUHIOU3MEHUTh 3TO Orlpe-
JeJieHue caeaytolmm obpasom. [IprimeM oHO W3 IBYX HarpaBJeHUH NpsmMoi [
3a MOJIOXKHUTEJbHOE M YCJIOBHMCSI, UTO BCE OTPE3KH, OTCUHTHIBAEMbIE B ITOM
HamnpaBJeHuH, OyIyT CUUTATLCS MOJIOXKH-
TEJIbHBIMHM, @ OTPE3KH, OTCUHTbIBAEMble B
MPOTHBOIMOJIOKHOM HAMPaBJIEHUH, — OTPH-
nateJbHbIMU. Termepb ompenesnM IBOHHOE
otHouieHde Touek A, B, C, D (B3sTbiX B
YKa3aHHOM TIOPSIJIKE ) COMJIacHO (opmysie
(ABcD)= 4. DA
CB " DB

npuueM 3Haku uucesn CA, CB, DA, DB Ge-
pYTCS B COOTBETCTBHH C YKA3aHHLIM BbILIIE
ycsoBueM. Tak Kak Mpu ©3MeHeHWH HalpaB-
JIEHHs] Ha TPSMOM [, MPUHSATOTO 3a MOJIO0- D
JKHUTEJbHOE, MEHSIIOTCSI TOJIbKO 3HAKH BCEX
yeThIpeX OTpe3koB, To 3Hauenne (ABCD) Puc. 76. Mupapnantiocts 1oiino-
He 3aBHCHT OT BhIGOpa HanpasJenust. Jlerko 10 OTHOWICHHA TIpH TIApaLICILHOM
NoHATb, uTo (ABCD) uMeeT oTpULIATEIbHbIH HPOCKTHPOBAHHH
WJIH TIOJIOXKUTENIbHBIA 3HAK, CMOTpPSI 10 TOMY, pasjiesieHa Jii mapa touek A, B
napoii Touek C, D uiu He pa3nesieHa. Tak Kak CBOHCTBO «pa3lesisiThCsi» HHBA-
PHAHTHO OTHOCHTEJILHO TPOEKTHPOBAHHSI, TO MOHUMAEMO€E B HOBOM CMbIC/IE (KaK

BEJIMUKMHA, CIIOCOOHAsT UMeTh TOT MJIH HHOH

(ABCD) >0 3HaK) JBokiHOe oTHoleHHe (ABCD) Takxke

A B C D HHBapHaHTHO. Bbl6epeM HayaJ/JbHYIO TOY-
— Ky O Ha npsiMo#i [ M COMOCTaBUM KaxKJOH
(ABCD) < 0 TOUKe Ha MpsMOH / B KauecTBe KOOpAHHA-

— Thl X ee paccrosiHue oT O, B3siToe ¢ HajJle-

A c B D JKalIMM 3HAKOM; Tor/ia, 0003Hauast KOOI~
Puc. 77. 3nak apoiinoro othowenus  HaThl A, B, C, D cOOTBETCTBEHHO uepe3 X,
Xo, X3, X4, TIOJNYUUM (POPMYJTY

_CA .%_XS—XI TN XX Xy — X
(ABCD)_CB'DB_)CQ,—)CQ')64—)62_)(3—)62 )C4—)Cl.
Ecan (ABCD) = —1, Ttak uto0 G __n To Toukd C u D jensit otpe-
’ CB DB’

30K AB BHyTpeHHe U BHelIHe B OJHOM H TOM :Ke OTHOLIeHHH. B 3TOM ciyyae
TMPUHSATO TOBOPUTH, uto C n D mensat otpe3ok AB eapmoruuecku, u Kaxnaas
u3 Touek C u D cunTaeTcst eapMOHULEeCKU CONPANCeHHOU C NPYrol TOUKOM
oTHocHTesbHO napbl Touek A, B. Ecau (ABCD)=1, 1o Touku C u D (nu A
1 B) coBnanaiot.

Heo6xonuMo He ymycTHTb W3 BHJy, YTO IIPH OMpeNeseHHH TBOHHOTO OT-
HoeHust (ABCD) cyliecTBeHHYIO pOJib MrpaeT MOPsiIoK, B KOTOPOM GepyT-
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cst Toukn A, B, C, D. Hanpumep, ecnu (ABCD) =X, To JBOHHOE OTHOIlIEe-
uue (BACD) paBHo %, torna Kak (DACB) =1 — )\, B ueM uurarejib yOeIuT-
cs1 Ges Tpyna. Uerbipe Toukun A, B, C, D MoryTt ObiTh MepecTaBeHbl MEXIY
coboit 4 -3 -2-1 =24 pasnuuHelMH crioco6aMH, W KaXKIOH TepecTaHOBKe
COOTBETCTBYET HEKOTOpOE 3HaueHHe ABOHHOro oTHolueHusl. Hekoropbim nepe-
CTaHOBKAM COOTBETCTBYET TO K€ UHCJIOBOE 3HAueHWe JBOHHOIO OTHOLIEHHS,
yTO M HauasbHOW nepecraHoBke A, B, C, D; nanpumep, (ABCD)= (BADC).
UuTatesmo NpelocTaBasieTcss B KauecTBEe YMpaXKHEHUs JI0KaszaTh, uTo Npu 24
BO3MOXKHBIX €PECTAHOBKAX YeTbIpEX TOYEK MOJydaeTcsl BCEro JMLIb LIECTb
PA3JIMUHBIX 3HAUCHHUI JBOWHOrO OTHOLLUEHHS, 8 UMEHHO

1 A—1 1 A
>\v 1 - >\v 3 ) ) .
IN A I |
OTH 11eCTb BEJIHUYNH, BOOOLIE rOBOPS, Pas/UUHbl, HO IIPH HEKOTOPbIX 3HAUEHH-
X A MOLYT W COBNAjaTb MO [Be, HAllpUMep IIpU 3HAUeHUH A = —1 B ciyuae
rapMOHHUYECKOT0 [eJIeHHUSI.
0 A B C D
—0 x
&J
X2
X3
X4

Puc. 78. KoopaunatHoe BbipaxkeHue Jijist IBOHHOTO OTHOLIEHHUST

Mbl MOXKeM TaKKe ONpeLesuTb J80LiHbLe OMHOULEHUS Yemblpex KOMNAA-
HapHolx (T. €. JEXKALIUX B OAHOH MJIOCKOCTH) U KOHKYPPEHMHOLX npamoLx 1,
2, 3, 4, KaK JBOMHOE OTHOLUEHHE YETbIPeX TOUEK MepeceueHHUst TUX MPSIMbIX C
HEKOTOPOU MpSIMOH, JiexKallleil B Tol ke myockoctH. [losioxenue sToil nsTol
MPsSIMOH  HECYILIECTBEHHO BCJIEICTBME WHBAPHAHTHOCTH JIBOWHOTO OTHOLIEHHS
NpU TPOEKTHPOBAHUHU. DKBHUBAJIEHTHBIM 3TOMY OMPENEJEHHIO ABJSETCS CJELy-

[oLLee:; sin(1, 3) . sin(1, 4)

sin(2, 3) " sin(2, 4)’

rJle Hy2KHO B3SITb 3HAK ILIIOC, €CJIM Napa npsMbix 1, 2 He pasaensiercst napoit 3,
4, W 3HaK MHUHYC, ecsau pasfnensiercs. (B sroit dopmyne (1, 3), nanpumep,
o603Hauaet yroJ Mexay npsambiMd | 1 3.) HakoHell, MOXKHO onpeneanTb ABOMH-
HO€ OTHOLIECHHE YEThIPEX KOAKCUAAbHbLX nAockocmell (UeThlpex MI0CKOCTEH,
repecekaroluxcsl No OAHOH NpsIMOH, WM «ocu»). Ecau HekoTopast npsimas
nepeceKaeT TMJIOCKOCTH B UEThIPEX TOUKAX, TO JBOHHOE OTHOILIEHHE 3THX TOUEK
Bcerna Oy/leT MMeTb OJIHO M TO »Ke 3HaueHHe, He3aBUCHMO OT BbiGopa MpsiMOi
(1oKasaTeNbCTBO MpeiaraeTcst B KauecTse yrpaxkHeHus ). Takum o6pasom, no-

(1234) =+
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JIydeHHOe 3HaueHHe MOYKHO Ha3BaTh JBOMHLIM OTHOLIEHHEM pacCMaTpPUBAaeMbIX
yeThlpex MaocKocTel. MlHaue, MOXKHO Ha3BaTh IBOHHBIM OTHOILIEHHEM UEThIPEX
KOAKCHAJIbHBIX MIOCKOCTEH IBOMHOE OTHOLIEHHE UEThIPEX TMPSIMBIX, 110 KOTOPBIM
OHM TIepeceKaloTCsl POU3BOJILHON MSATOH MJIOCKOCThIO (pUC. 79).

—

Puc. 79. JIBoiiHoe oTHOlLIeHHEe YeTbIpeX MI0CKOCTeH

[ToHsiTHE NBOMHOrO OTHOLUEHMS YeTbIpeX MJIOCKOCTEH Moby:KaaeT rnocra-
BUTb BOINPOC O TOM, HeJb3s1 JI AAThb OMpeIeJeHHe IPOEKTHBHOrO NpeodpasoBa-
HUST MpexmepHo20 MpoCTPAHCTBA camoro Ha ce6si. OnpesiesieHUe ¢ OMOLLBIO
LeHTpaJbHOH MPOEKLHH, OYEBUIHO, He 0000111aeTCs HEMOCPEACTBEHHO OT CJIy-
yasi AByX M3MepeHWHl Ha cJjydail Tpex namepeHuil. Ho MoxkHO n0KazaTbh, uTO
KaK[0e HernpepblBHOE MpeoOpa3oBaHKe MJIOCKOCTH caMol Ha cebsl, B3aUMHO
OJIHO3HAYHO MepPeBoJIsillee TOUKH B TOUKH U MPsIMbIE B MPSIMbIE, €CTb MPOEKTHB-
HOe. DTO 06CTOATELCTBO HABOAUT HA MBIC/Ib BBECTH CJlEIylOlee ONpeeseHre
JUIS1 calydyast TpeX U3MEpEeHHH: MPOEKTHBHBIM NMpeoOpa3oBaHUeM MPOCTPAHCTBA
Ha3bIBAETCSl HEMPEPbIBHOE B3AUMHO OJIHO3HAUHOE Npeobpa3oBaHue, MepeBos-
1ee npsiMble JIMHUK B TIPsIMble JIMHAK '. MOXKHO TOKa3aTh, YTO Takde npeodpa-
30BaHMsl OCTABJSIIOT 3HAUEHHS IBOMHBIX OTHOILIEHHH HEH3MEHHBIMH.

Jo6aBuM K MpeblaylieMy elle Koe-Kakue 3ameuanus. [lycTb Ha npsiMoit
JlaHbl TPU padnuuHble Toukd A, B, C ¢ KOOpAHHATAMU X;, X2, X3. Tpebyercs
HalTH ueTBepTylo Touky D TakuM o6pa3oM, uToObl y10BJIETBOPSJIOCH PaBeH-
ctBo (ABCD) =\, rae \ 3amano. (HacTHblil ciyudail, korna A = —1 W 3ajaua
3aKJIIOUACTCS B IIOCTPOCHUH YETBEPTOH FrapPMOHHUECKOH TOUKH, Oy1eT NoApOoOHO

! HpH 6yKBaJ’[bHOM [NOHHUMaHHWH 3TO ONpe/leJeHHe HEBEPHO, TaK KaK MPOEKTHBHOE npeoépasosa—

HHe He Bciofly onpenesieno. CM. cHocky Ha ctp. 196 u § 4 nxke. — [pum. ped. nacm. u3o.
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paccMOTpeH B cJjefytolleM MyHkTe.) BooOle roeops, 3agaua UMeeT OIHO H
TOJIbKO OJHO PeILEeHHE; JeHCTBUTENBHO, €C/IH X — KOOPJAMHATA MCKOMOH TOY-
k1 D, To ypaBHeHUe
X3 — X1 X —X2
X3 — X2 ' X — X1

=A

MMeeT POBHO OJIHO peliieHue. CumTasi Xy, Xo M X3 3aJ@HHBIMK W ToJiarasi paju

X3 — X
KPaTKOCTH ﬁ = k, Mbl IpUAAAUM PEUICHHUIO BUJL
3 — A2
_ ka — )\xl
kR—h

Hanpumep, ecan toukn A, B, C HaXoAsiTCs HA PaBHBIX PACCTOSHUSIX APYT

OT Jipyra ¥ MMeIOT COOTBETCTBEHHO KoopjauHaThl x| = 0, Xy = d, x3 = 2d, 1O

Torak—w—an—ﬂ
MRr=5r—a~ PR

o)

l/

A/ B/ C/ D/

Puc. 80. ITpoeKTHBHOE COOTBETCTBHE MEXKJY TOUKAMH JBYX MPSIMbIX

Ecau npsimasi [ cripoekTHpoBaHa U3 JBYX pasJyuuHbix 1leHTpoB O’ u O” Ha
JIBe pas3jiuuHble npsiMbie [’ W [, To moJyuaeTcs cOOTBETCTBUE P «— P’ MexKy
TOUKaMH NpsiMbix [ U I’ 1 cootBeTcTBUE P «— P” Mexy Toukamu npsimbix [ u [”.
OTUM yCTaHABJMBAeTCs COOTBETCTBHE P’ «— P” Mexly TOuKaMH TNpsiMbix [/
v [”, U PUTOM TaKoe, uTo Kaxkjble ueTbipe Toukn A’, B’, C’, D' Ha [’ umeiot
TO K€ caMoe JIBOWHOEe OTHOLIEHHe, UYTO U COOTBETCTBYIOLIME TOukH A", B,
C”, D" na [”. Besikoe B3anMHO OJIHO3HAYHOE COOTBETCTBHE MEXKJy TOUKa-
MH JIBYX MpsSIMBbIX, o6Jajaioliee STHM CBOUCTBOM, Ha3bIBAETCS NPOCKMUBHbIM
coomsemcmsauem, He3aBUCUMO OT TOro, KAKHM CIOCOGOM 3TO COOTBETCTBHE
YCTaHOBJIEHO.
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Ynpaxnenus. 1) Jlokaxure, 4To ecyii JaHbl JBE NPsiIMble BMECTE C [IPOCKTHBHbIM
COOTBETCTBHEM, YCTAHOBJIEHHBIM MEX/ly HUMH, TO MOXKHO MOJIBEPTHYTH OJIHY H3 NPSIMbIX
TAaKOMy NapaJijie/IbHOMY TlepeHeceHHIo, UTO 3aJaHHOe COOTBETCTBHE OyJeT MoJyuaThes
MOCPEICTBOM TPOCTOH MPOEKUMH. (¥YKasarue: COBMECTHTE KaKylo-HUOY/Ib apy B3auM-
HO COOTBETCTBYIOLMX TOUEK HA JIAHHBIX NPSIMBbIX.)

2) Tosb3ysich NpeabIIyLIMM Pe3yJbTaToM, TMOKAXKHUTE, UTO €CJIM MEXJy TOUKAMH
JBYX NpsiMbIX [ ¥ [’ yCTaHOBJIEHO COOTBETCTBHME MOCPEICTBOM KOHEUHOrO YHucJa Io-
CJ1€/10BaTE/IbHBIX IPOEKTHPOBAHHI HA PA3JIMUHbIE TPOMEXKYTOUHbIE TIPSIMbIE IPH MPOU3-
BOJIbHBIX 1I€HTPaX MPOEKLIHil, TO TOT XKe Pe3yJbTaT MOXKET ObITh M0JIyYeH MOCPEACTBOM
BCETo JIMLIb J8YX MPOEKTHPOBAHHUII.

Puc. 81. I[TonHblil ueTbIpeXCTOPOHHUK

2. TlpumeHeHHUe K MOJHOMY YeTbIPEXCTOPOHHUKY. B kKauecTBe HHTEpec-
HOrO MPUMEHEHUS] HHBAPHAHTHOCTH JBOMHOTO OTHOLLEHHS] Mbl JOKa:KeM OJHY
MPOCTYIO, HO BAXKHYIO T€OpeMy MPOEKTUBHOH reoMeTpuu. Peub uuet o noaxom
yemolpexcmoporHuKe — urype, 00pa3oBaHHON MPOU3BOJLHBIMU UETbIPbMSI
NPSIMbIMH, U3 KOTOPbIX HUKaKHEe TPH HE SIBJSIOTCS KOHKYPPEHTHBIMH, U LIECTbIO
ToukaMM ux nepeceuenus. Ha puc. 81 nasBaHHble ueTkipe npsiMble cyTb AE,
BE, BI, AF. Tllpsimbie AB, EG n [F sBasitoTcst 0uaeoHaAsimu YeThIPEXCTo-
poHHuKa. PaccMoTpuM oiHy U3 nuaroHasei, HanpuMmep AB, 0 OTMeTHM Ha Heil
toukn C u D, Tne oHa mepecekaercsl ¢ JIByMsl IPYrUMM JuaroHassimu. Torna
TeopeMa YTBEpKAAaeT cylllecTBoBaHUe paBeHeTBa (ABCD) = —1; cjoBamu 310
BbIpaXKaeTcsl Tak: Mmouxu nepecewerus 00Hol duaeonaiu ¢ 08yms opyaumnu
deasim ompe3ok mexnoy 8epulHaMU YemolpexcmOPOHHUKA cAPMOHLYe-
cku. Jlnsi nokasaresbCcTBa J0CTAaTOUHO OOpPATHTh BHUMAHHE HA TO, UTO

x=(ABCD)=(IFHD) (nmpoektupyem u3 E),
(IFHD) = (BACD) (npoektupyem u3 G).
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Kak nam HU3BECTHO,

L.

1
TakuM 06pa3om, X = o x> =1, x==1. Ho tak xak C, D pasnenstior A, B,

TO JBOMHOE OTHOLICHHE X OTPULATENBHO W OTOMY OHO JOJKHO ObITb PaBHO
MMEHHO —1, UTO Mbl U XOTEJH J10Ka3aTh.

[Tosyuentnoe 3ameuaTesibHOE CBOHCTBO TOJHOTO UETBIPEXCTOPOHHHMKA JA€T
HaM BO3MOKHOCTb C MOMOILbIO OJHOH JIHIb JHHEHKH MOCTPOUTH TOUKY, rap-
MOHHYECKH COMpsi>KeHHYt ¢ Touko# C oTHocuTesbHO napwl A, B (ecan A, B,
C xosnHeapssbl). Hy»kHO ToJIbKO, BBIOpAB MPOU3BOJILHYIO TOUKY E BHE JIaHHOH
npsiMofi, nposecty npsimele EA, EB, EC; 3atem, B35IB TPOU3BOJIBHO TOUKYy G
Ha EC, npoBectu npsimbie AD u BD, nepecekatotime EB n EA, ckaxeM, B
Toukax F u [; npoBecTH, HaKoHell, npsimyio /F, KoTopasi ¥ repeceueT HCXOHYIO
NpsIMyI0 B UCKOMOH Touke D.

Puc. 82. TlpoBeneHue npsiMoii uepes npemnsircTBUe

3apaua. Ha ruiockocty 3ajan otpe3ok AB 1 06J1acTh R, Kak MoKa3aHo Ha puc. 82.
JKenarenbHo npono/kuTh npsimyto AB BrpaBo oT R. Kak 3T0 MoxHO chenats ¢ Io-
MOLBIO OJIHOH JIMHEHKH U TIPU YCJIOBHH, UTOObI B MPOLIECCE MOCTPOEHUS He MOKPbIBAThH
JIMHENKOH HUKaKO# yacTh o6sacth R? (¥Ykasarnue: BbiGepute Ha oTpeske AB 1Be mpo-
u3BoJibHble Toukk C u C’, 3aTeM MOCTPOiTE CONpsiKEHHbIE ¢ HUMU rapMoHuueckue D
u D’ otHocuTe/IbHO mapbl Touek A, B; npu MoCTpOeHHH BOCIIOJb3YHTECh UeTbIpe pasa
TEOPEMOH O MOJHOM UETbIPEXCTOPOHHHUKE. )

§ 4. MapanaenbHOCTb U 6€CKOHEYHOCTb

1. «<UpeanbHbie» GeCKOHEYHO yAalleHHble TOUYKH. BHHUMaresnbHOe pac-
CMOTpeHHe U3JI0KEHHOTO B MpebIIylleM rnaparpace oGHapyKHUBaeT, 4TO TIPU-
BeJIcHHAs apryMeHTalus TepsieT CUJy, KOrla NpsiMble, TOUKA MepeceueHus: Ko-
TOpPBIX Hy)KHA JJIsi MOCTPOEHHs], OKAa3bIBAIOTCS TapasulesbHbIME. Harmpumep,
NoCTpOeHHe YeTBEPTOH rapMOHHUYECKOH TOUYKH [ CTAHOBUTCSI HEBLITOJHUMBIM,
ecqn ipsivast [F napanienbHa AB. [eomeTpuueckne paccyIeHUs Ha KaxJIoM
1Iary 3aTpyaHeHbl TeM 0GCTOSITEJbCTBOM, UTO NapaJsulelibHble MpsIMble He HMe-
10T OOllell TOUKM, M TIOTOMY BCSIKMH pa3, Korna peub HIeT O TepeceyeHHH
NPsIMbIX, TIPUXOJUTCS OT/AEJBbHO PACCMAaTPUBAThb U 0COGO OTOBApUBATh CJyvaid
napaJuiesbHOCTH. C IPYroil CTOPOHBI, €CJIH MTPOU3BOAUTCS MPOEKTHPOBAHUE, MBI
BBIHY?K/I€HBI Pa3/iHuaTh ¥ TPAKTOBATbL HE3ABUCHMO PSIIOM C LIEHTPATBHON TaKKe
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¥ rapaJuiesibHyto rpoekiuio. Ecin 66l 13 Takoro 1moJjioxkeHusi He GbIIO BbIXOJA,
TO MPOEKTUBHAS reoMeTpusi, Oy/LyuH BbIHYK/eHA BHUKATb B JIETa/lbHOE UCCIEN0-
BaHHE KaXKJ0ro BCTPEUAIOILEroCsl HCKJIOYEeHHsT U 0co00To cayuast, Hen30exKHO
6bl1a 6bl Upe3BbIYAHHO ycsioyKHEeHA. Bee 3T0 moby»K1aeT HCKaTh BbIX0/a B MHOM
HampaBJeHUH, HMEHHO, Ha MyTH MAKO20 0000UeHUS OCHOBHOLX NOHAMIUILL,
Komopoe Yycmpansiio Ovl BO3MONCHbLE UCKAIOUEHUS.

TyT Ham MoOMOXKeT reoMeTpuUecKasi HHTYHULIUSI; Mbl BUJIUM, UTO €CJIM TIpsiMasi,
nepecekarollas Ipyryto npsiMyro, MeJyIeHHO BpalllaeTcsl, MpuOJIMKasach K M0J0-
JKEHHIO MapasiesbHOCTH, TO ToUKa repeceueHus IByX MpsiMbIX HEOrpaHUUYEHHO
ynansiercs. DTO JlaeT TMOBOJ K HAUBHOMY YTBEPIKJEHMIO: JIBE TpsIMble TMepe-
ceKaloTcst «B 6eCKOHeUHO yjaseHHol Touke». [Togo6Horo pona hopmynnpoBke
CYLIECTBEHHO MPUATh TOUHBIH CMBICJI C TAKHM pPacueToM, YToObl ¢ «6EeCKOHEUHO
yJaJeHHbIMU», WJIH, KaK HHOTJA TOBOPSIT, C <«HJeaJbHbIMH» TOUKAMH MOXKHO
66110 paboTaTh Kak ¢ 0ObIKHOBEHHBIMH TOUKAMU Ha TJIOCKOCTH HJIH B TPOCTPAH-
ctBe. MHbIMU c/ioBamMH, Mbl 2kedian Obl, 4TOOBI BCE TPABUJIA MOBEAEHHS TOUEK,
NPsIMbIX, MJIOCKOCTEH OCTABAJUCh B CUJIE U ISl <HJIeAJIbHBIX» FeOMeTPUUECKUX
3JIEMEHTOB.

UTo6bl 1OCTHUL 3TOH 1€JIH, MOXKHO AEHCTBOBATH JIMOO HHTYHUTHBHO, JIUOO
(opMasibHO, MOMOOHO TOMY KaK MPH PACUIMPEHUH UMCJOBOH CHCTEMbI OJIMH
MOJIXOJl OCHOBBLIBAJICSI HA MHTYUTHUBHOU HJiee U3MepeHHsi, a JIpyroil — Ha Qop-
MaJIbHbIX MpaBUJIaX apU(PMETHUECKUX OMepallil.

[Ipexxnie Bcero otnaaum cebe OTYET B TOM, UTO B CHHTETHUECKOH» reoMeT-
pUU Jlayke OCHOBHbIE MOHSATHS — «OObIUHbIE» TOUKH U MPsIMble — MaTeMaTHue-
CKH He onpejiesieHbl. «OnpeesieHus» 9THX NOHATHIH, KOTOPbIE HEPELKO MOXKHO
YBHJETb B yueOHHMKAX 3JeMEHTAapHOH reoMeTpuu, — He OoJiee ueM OMHUCAHMS.
B ciyuae «06bIYHBIX» reOMeTpUUECKUX MOHSTHH Hallla MHTYHULIUSI He JIaeT HaMm
COMHEBaThCsl B MX cyllecTBoBaHMH. Ho B reomeTpun, paccmaTpuBaeMol Kak
marematHiyeckasi CHCTeMa, HaM TOJbKO HYKHO, 4ToObl paboTajsu HEKOTOpble
npaBuia, 1Mo KOTOPbIM Mbl MOXKEM OTEPUPOBATh C STUMH TOHATHSIMHU (COeIU-
HATb TOUKH TPSIMOH, HAXOJAUTh NepeceueHHe JBYX NPsSMbIX U T. 11.). C TOUKH
3peHHsl JIOTUKH TOYKa — He «Belllb B cebe»: OHAa TOJHOCTbIO OMHCHLIBAETCS
HaGopOM yTBep:KJIeHHH, CBSI3bIBAIOILIMX ee C JPyTMMH o6bektamu. B matemartu-
YeCKOM CMBICJIE CYIlleCTBOBaHHE «HeCKOHEUHO yIaleHHbIX ToueK» obecreueHo,
€cJIi OTUETJIMBO M 6e3 B3aWMHBIX MPOTHBOPEUHH YCTAHOBJIEHbl MaTeMaTHue-
CKHe CBOHCTBA THX BHOBb BBOJMMbLIX 3JIEMEHTOB, T. €. UX B3aUMOOTHOILIEHHS
¢ «0GbIKHOBEHHBIMU» TOUKAMH M MexXjay co6oi. OObIKHOBEHHO CHCTEMA reo-
MeTPHUECKUX aKCHOM (HampuMep, B €BKJHMIOBOH reOMETpPHH) BbITEKAET MyTeM
abcTpakuuu U3 HabJoJleHuH HajJ (PU3NUeCKUMH O6bEKTaMH: TaKOBbI CJIeJlbl
MPUKOCHOBEHHUSI KapaHjaiila K Gymare wi MeJia K JI0CKe, HaTsIHyTble HUTH, CBe-
TOBbIE JIyUH, TBEPJble CTEPKHU U T. . CBOKCTBA, NPUNHUCHIBAEMbIE AKCHOMAMH
MareMaTHYeCKUM TOUKaM U MPSIMbIM, MPEJACTABJSIOT COO0H B BbICIIEH CTereHn
yIpollleHHble W HJeaJn3UPOBaHHbIE OTUCAHHS TIOBEJIEHHS] COOTBETCTBYIOLIUX
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UM (DU3HUECKUX «JIBOWHHUKOB». Uepe3 Jsobble JBa KapaHJAIHbIX MSATHBIIIKA
MOKHO TIPOBECTH HE OJIHY, @ MHOTO KapaHAalIHbIX «MPAMbIX». EC/IH MATHBILIKH
CTaHOBSITCSI BCE MEHbIIIE 110 IMAMETPY, TO BCE TAKHE TIPSIMbI€» CTAHYT TPY/IHO
OTJIMUMMBIMH OJIHA OT JIpyro#. BoT uTo Mbl, cOGCTBEHHO rOBOPS, HMEEM B BUJLY,
BbICKA3bIBasi B KAuecTBE TEOMETPUUECKOH aKCHOMbBI, UTO «uepe3 Jitobble JBe
TOUKH MOXKHO MPOBECTH OJIHY ¥ TOJILKO OJIHY MPSMYIO»: Mbl IIPH STOM FOBOPHUM
06 «abCTpaKTHBIX», UMCTO YMO3PUTEbHBIX, T€OMETPUUECKHX TOUKAX W Mpsi-
MbIx. [eomeTpuueckue TOUKH U TIpsiMble 06JIaIAI0T Topasno GoJiee MPOCTHIMHU
CBOHCTBAMH, UeM Kakde Obl TO HH ObIO (PU3MUeCKHe OOBEKTHI. YMPOIEHHE
SIBJISIETCS] CYIIECTBEHHBIM YCJOBHEM, MO3BOJISIIOIIMM CTPOUTh TEOMETPHUIO KaK
JIETYyKTHBHYIO JTUCLUIIINHY.

Kak y>xe 66110 0TMeu€eHO, 0ObIKHOBEHHAS! TEOMETPHS TOUEK U MPSMbIX BeCh-
Ma OCJI0XKHeHa TeM 06CTOSITeILCTBOM, UTO JIBE TapaJiiesibHble TPsSIMble He UMe-
IOT TOUKM MepeceueHusi. 1o NoGyXKaeT HAC CleNaTh JajibHellllee yrpolle-
HHE B CTPYKType FeOMETPHH, PACLIUPSS MOHSATHE F€OMETPUUECKOH TOUKH TaKUM
06pa3oM, uToGbl YCTPAHUTL YKa3aHHOE HMCKJIOUeHHe — COBEPIIEHHO TaK e,
KaK Mbl paclUpsi/Id MOHSITHE UYMCJA C 11e/bl0 YCTpaHEHHs] OrpaHHueHdH MpH
BbIUMTAHUM U JleJieHHH. B reomeTpuu, Kak W B apudMeTHKe, Mbl 03a60OUEHbI
HEYKOCHUTEJbHO COXPaHEHHEM B pACUIMPEHHOH 06/1acTH TeX 3aKOHOB, KaKHe
peryJiipoBaJii OTHOLIEHHsT B TIepPBOHAUAJIBHON 06JIACTH.

Urak, Mol ycarasausaemcs 8 mom, 4mo K 00blKHOBEHHOIM MOUKAM BCA-
Kol npamoil dobasasem euje 00HY, «UO0ANbHYIO», MOUKY U Oydem cuu-
mamo 3mMy MoUKY npuHaosexcaueil 00HOBPEeMEeHHO 8CeM NPAMbIM, NAPAA-
AenoHolM OaHHOU, U HuKakum opyeum. CJeJCTBUEM TAKOTO YCJOBHUS SIBJIsI-
eTCsl TO, UTO BCAKAA Tapa NPSMbIX Ha IJIOCKOCTH TeMepb yXKe Mepecekaercs
B €/IMHCTBEHHON TOUKE: eCJ/M MpsiMble He NapaJijiefbHbl, TO B «OObIKHOBEHHON»
TOUKE; €CJIM NapaJlyeJibHbL, TO B UM 00€UM MpHUHAJIeKALLEeH <UeaJbHOI» TOU-
ke. [lo nmpuuMHAM HHTYUTHUBHOTO MOpSiIKA 3Ta HJeajbHas TOUKA Ha MPSIMON
Ha3blBaeTCsl OECKOHEeUHO YOareHHOL MOYKOL HA STOU MPSIMOH.

WMutyutuBHOE npeacTasieHne o Touke, yaagsioulefics B 6eCKOHEUHOCTb 110 MPSIMOK
JIMHUHU, MOTJIO Obl HAaBeCTH Ha MbICJIb, UTO CJIelyeT ILO63BI/ITb 036’ vjaeaJibHble TOUKHU Ha
Ka)KllOﬂ HpﬂMOﬂ — 110 0111—101?1 JJI51 KaKJ10Iro HalipaBJI€HHUs. Ecin Mbl ﬂO6aBJIﬂ€M TOJIBKO
OJIHY, TO JIUUb MMOTOMY, UTO Mbl 3aUHTEPECOBaHbl B COXPAHEHHWH 3aKOHA: Uepe3 KaxK/ble
JIB€ TOUKH TPOXOJUT 00HA U MOAbKO 00Ha npamas. Ecan Obl npsiMas cojepKasa 1Be
6eCKOHEUHO YAaJieHHble TOYUKH BMECTE CO BCEMHU, el napaJijieJibHbIMH, TO BbILLJIO 6bl, qTo
uyepes ABe TakKue «TOUYKH>» MPOXOAUT 6eCKOHEUHOEe MHOXKECTBO napaJjijieJibHbIX MPsSAMbIX.

Mol ycrasausaemcs makace 8 mom, 4mo K 0OblKHOBEHHLIM NPAMOIM
HQ naockocmu 0obasasem euje 00HY «U0earbHYr», MAK HA3bLBAEMYIO
«OecCKOHeUHO YoareHHyI0» NPAMYI0, COJepKalllylo Bce GECKOHEUHO yajeH-
Hble TOUKHM TUIOCKOCTH W HUKAKHX JPYruX. Mbl BbIHYXK/I€Hbl MPUHATb UMEHHO
TaKOe yCJIOBUE, €CJIM XOTHM COXPaHUTh TlepBOHAUAJbHBIN 3aKOH — «uepe3 BCsl-
KHe JIBe TOUKHM TIPOXOJUT OJiHA MpsIMasi» ¥ BHOBb YTBEPKJEHHbIH 3aKOH —
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«BCSIKME JIBe MpsIMble MlepeceKaroTcsl B OHOH Touke». B camom nese, BosbMeM
JiBe KaKne-HUOY/b HeasbHble TOUKH. EanHCTBEHHAS MpsiMasi, KOTopast 10JKHa
MPOXO/IUTh Uepe3 3TH TOUKH, He MOXKeT ObITb OOBIKHOBEHHOH MPSIMOH, TaK Kak
MO TPHHATOMY YCJOBHIO Kaxkiasi OOBIKHOBEHHasl MpsiMasl COJEPKUT TOJIbKO
OfiHy HfaeanbHylo Touky. C Jpyroil CTOpOHBI, 3Ta MpsiMasl He MOXKET COAep-
’KaTh OOBIKHOBEHHBIX TOUEK, TAK Kak uepe3 OObIKHOBEHHYIO TOUKY M OJHY H3
uaealbHbIX TOUEK HelpeMeHHo npouwia Obl 00bIKHOBeHHas npsimasi. Hakownel,
paccMarpuBaeMasi psiMast HEMPEMEHHO COACPXKUT 8Ce HAea/bHble TOUKH, TaK
KaK Mbl XOTHM, 4TOOBI OHA MMeJa OJIHY OO0 TOUKY CO BCSIKOW OOBIKHOBEHHOH
npsimoi. Mrak, npsimasi, 0 KOTOpo# HeT peub, HeU30EKHO JOJKHA 06Ja/aTh
KaK pa3 BCEMH TeMH CBOHCTBaMH, KOTOPBIMH Mbl HAEJHJIH HeaNbHYI0 MPAMYIO
B HalleH IMJOCKOCTH.

CorsiacHO MpPUHATBIM YCJIOBHSM, Kaxkaass OeCKOHEUHO YjaJeHHas Touka
onpeessieTcss WM TpeICTaBJseTcss CEeMEHCTBOM Mapasl/esbHbIX TPSMBIX,
TOYHO TaK K€ KaK HMPPALMOHAJBHOE UHMCJIO ONPeesseTcsl MOCJeI0BaATeNb-
HOCTbIO «BJIOXKEHHBIX» palMOHAJbHBIX OTPe3KOB. Takoro poma ycJOBHbIN
cnoco6 OMUChIBaTh MapasjieNbHOCTh C TOMOLLbI0 TEPMHHOB, MepBOHAYAJIbHO
npeiHa3HaueHHbIX JJIsT HHTYMTHBHO OTJHUYHBIX 0O'bEKTOB, €IMHCTBEHHOH CBOEN
LeJbl0 UMeeT CAe/1aTb M3JIMLIHUM [epeuncseHUe HCKJ/IOUMTE/IbHBIX CJyuyaes;
9TH MOCJIEIHUE TeNepb aBTOMATHYECKH MOKPBIBAIOTCS TEMH Ke TepMHUHAMH (M
060pOTaMH peuH ), KOTopble MepBoHaYaNbHO yroTPeOsINUCh /151 «OObIKHOBEH-
HBIX>» CJlydaes.

PestomupyeM: Halln yc/oBus, Kacarmolldecss 6ECKOHEUHO YIAJeHHbIX 3Je-
MEHTOB, Obl/IM BbIOpaHbl TAKUM 00pa3oM, UTOObl 3aKOHbI, PeryJHpyIoLHe OTHO-
lIeHHe HHUMAEHTHOCTH MeXKy OOBIKHOBEHHBIMH TOUKAMH U MPSIMBIMH, COXpaHsi-
JIUCh U B pacUIMPEeHHON 06J1acTH, 4TOObI Onepauys HaxoXKAeHHs TOUKH Mepece-
UeHHUs IBYX INPsIMbIX, paHee BO3MOXKHAsl TOJILKO B C/lydyae HenapaJsljleslbHOCTH,
Morjia ObITh BbiMosiHeHa 06e3 orpaHnueHni. CoobpakeHusl, KOTOpPbIE MPHUBEJH
Hac K (hopMa/jbHOMY YMPOLLEHHIO B OTHOLIEHHSIX MHLMIEHTHOCTH, CIOCOOHDI
M0Ka3aTbCsl HECKOJIbKO abCTpakTHbIMU. Ho untatenb ybeauTcs Ha caeyrolnX
CTpaHULAX, UTO OHM OYAYT BIIOJIHE ONPaBJaHbl pe3yJ/bTaTaMH.

2. UpeanbHble 3j1eMeHTbl U MPOEKTUPOBaHUe. BBeneHne GecKOHEUHO
YAAJACHHbIX TOUECK H OeCKOHEYHO yJJ,aJIeHHOI:I l'IpﬂMOl:l Ha TJIOCKOCTH IMO3BOJIUT
HaM ropaszo 6oJiee yIOBJIETBOPUTEIBLHEIM 06pa30M pacCMOTPETh POEKTHPOBA-
HHUE OJIHOH TVIOCKOCTH Ha Ipyrylo. [1ycThb MI0CKOCTb T IPOEKTHPYETCST Ha TIIOC-
KocTb U U3 1eHTpa O (puc. 83). DTa NpoeKUUs ycTaHABIMBAET COOTBETCTBUE
MeXKITy TOUKAMH U TPSIMBIMU T M TOUKAMH U NpsiMbIMud v’ Kaxno#i Touke A Ha
COOTBETCTBYET elIMHCTBeHHast Touka A’ Ha 1’ co CJIeNyIONMMH HCKITIOUEeHHSIMHU:
ecsi BbIXOAAWMI U3 O TPOEKTHPYIOLIUH JyU napaiieieH INOCKOCTH T/, TO OH
nepecekaeT T B Touke A, KOTOPOH He COOTBETCTBYeT HHKaKasi OObIKHOBEHHAsI
Touka MockocTd 7. Takve HCKIIOUHTENbHBIE TOUYKH IMJIOCKOCTH T PacroJio-
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Puc. 83. BosHukHOBeHHe GeCKOHEYHO YAaJIeHHbIX 3JIEMEHTOB IPH NPOEKTUPOBAHUH

JKEHbl Ha MPSAMOK [, KOTOPOH HE COOTBETCTBYET HUKaKasi OObIKHOBEHHAS Mpsi-
Mast miockoctd . Ho oroBapuBaTh 5T MCKJ/IIOUEHHS] CTAHOBHUTCS M3MHIIHNM,
€CJIM Mbl YCJIOBHMCSI TOUKe A COMOCTaBJATL OECKOHEUHO YHANeHHYIO TOUKY
Ha TIJIOCKOCTH T/, B3fATyl0 B HampaBsenud npsimoit OA, a mpsimo#t [ — co-
MOCTABJSITE OECKOHEUHO YAaJeHHyI0 MPSIMYI0 B IJIOCKOCTH 1. AHaJ0rHuHo,
HEKOTOPYI0 OECKOHEUHO YIaJIeHHYI TOUYKY B MJIOCKOCTH T Mbl COMOCTaBJsI-
eM KaKJ0H Touke B’ Ha TakoW MpsiMOH m’ B MJOCKOCTH T, uepe3 KOTOPYIO
MPOXOJAT BCe JyuH, BbIxoAsume u3 O u napasjesbHble miockoctd t. Camoit
npsIMOH m’ COOTBETCTBYET 6€CKOHEUHO yaasieHHast psiMast MJIOCKOCTH 1. Takum
00pa3oM, MOoCPEICTBOM BBEIEHHUS B MJOCKOCTH OECKOHEUHO yaJIeHHbIX TOUEK H
NPSIMOH IOCTHTAETCS TO, UTO NPOEKYUs OOHOU NAOCKOCMU HA OpY2yto ycma-
HABAUBAEN MAKOE COOMBemcmaue Mexcoy moukam, U npamuimu 08yx
naockocmeil, Komopoe 83auUMHO O00HO3HAYHO 0e3 BCAKUX UCKAOYeHUL.
(Tak ycTpaHSIIOTCS HCKJIOUEHHS, YIIOMsHYTble B cHOcKe Ha cTp. 199.) Jlasee,
JIErKO TOHSATb, UTO W3 TMPHHATBIX CONJIALIEHHH BBITEKAET CJEACTBHE: MOUYKA
AeHCUM HA NPAMOLU, eCAU NPOEKUUSL MOUKIL NeHCUM HA NPOeKYLU NPAMOL.
OTcioa BHAHO, UTO BCE TEOPEMBI, OTHOCSIIMECS K KOJJIHHEAPHBIM TOUKAM,
KOHKYPPEHTHBIM MPSAMbIM W T. . U TOBOPSILLME TOJbKO O TOUKax, MPSIMbIX H
OTHOLIEHUSIX MHLMACHTHOCTH, UHBAPUAHTHBI OTHOCHTEJLHO MPOEKTHPOBAHUS B
pacIIMPEHHOM CMbIcJjie. DTO JAaeT BO3MOXKHOCTb OMEPHPOBATh C GECKOHEUHO
yIaJIeHHbIMH TOUKAMH TIJIOCKOCTH T, 3aMEHSIsT HX COOTBETCTBYIOLLMMH MOJyya-
IOLMMHCS NIPH TIPOEKTUPOBAHWH OOBIKHOBEHHBIMHM TOUKAMHU IMJOCKOCTH TU'.
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* MO2KHO BOCIOJIb30BATBCSI HHTEpIIpeTalldeil 6eCKOHEUHO ylaJleHHbIX TOUeK
MJIOCKOCTH T C MOMOILbI0 MPOEKTUPOBAHUS W3 BHelIHeH Toukn O Ha 0GBbIKHO-
BEHHble TOUKH JPYroi IJIOCKOCTH T, UTOOL! MOJyUHTh KOHKPETHYIO €BKJIMI0BY
«MOJIeJIb» paclIMpeHHoH mockocTH. [lis aToro He Gynem o6paliaTh BHUMaHHS
Ha IUIOCKOCTb T, @ COCPELOTOUMMCS Ha MJIOCKOCTH T U IPSIMBIX, TPOXOASLINX
uepe3 O. Kaxao#i oOBIKHOBEHHOH TOUKE T COOTBETCTBYET TpsiMasi, MPOXOJsi-
was yepes O, HenapaJuiesbHasl T; KaxK10H OeCKOHEUHO yl1aJleHHOH TouKe T —
npsimasi, npoxonsias depe3 O, napasgesbHas . VTak, coBokymHocTH Bcex
TOUeK T, OOLIKHOBEHHbIX H HJea/IbHbIX, COOTBETCTBYET COBOKYIIHOCTb IIPSIMBIX,
npoxoaauwux uepes O, U 3TO COOTBETCTBHE B3aHUMHO OJHO3HAUHO 6e3 BCSKHUX
UCKJIIOUEHHH. TouKu Ha HEKOTOPOH NpAMOL B NJIOCKOCTH T MEPEXOAAT B nps-
Mole Ha naockocmu, ipoxojsiedt yepes O. Touka n mpsiMast B TJIOCKOCTH T
VHLMACHTHBI B TOM H TOJIBKO B TOM CJly4ae, €CJIM HHLIM/EHTHBI COOTBETCTBYIOLIHE
npsiMasi U IJIOCKOCTb, npoxonsiire uepes O. IIpyrumu cjoBaMH, reoMeTpHs
MHLMJEHTHOCTH TOUEK U IPSIMbIX B PaCLUMPEHHON [IOCKOCTH COBEPLLUEHHO paB-
HOCHJIbHA T'€OMETPHH MHUMACHTHOCTH OOBIKHOBEHHBIX MPSMBIX M TJIOCKOCTeH,
NPOXOAALLMX Yepe3 (PUKCHPOBAHHYIO TOUKY MPOCTPAHCTBA.

[TosioxKeHue Bellell B TpeXMEPHOM [TPOCTPAHCTBE BIOJIHE aHAJIOTHUHO, XOTH
OTNANaeT BO3MOXKHOCTb I10J1b30BAaTbCsl HALJISAHLIM aMlapaToM MPOEKTHPOBa-
HHUsI. 371eCh TOXKe Mbl BBOAUM 0CO0YI0 GECKOHEUHO yJaJsleHHYI0 TOUKY, CBsI3aH-
HYI0O C KaXK[blM CEMEHCTBOM MNapaJ/ulesbHbIX MPsMbIX. B Kax10i M10ocKocTH
uMeercsl 6eCKOHEUHO yaaJieHHast rpsiMasi. 3aTeM BBOAMTCS] HOBBIH 3JEMEHT —
6eCKOHEeUYHO yJaJleHHast TMIOCKOCTb, COCTOsIIas U3 BceX OECKOHEUHO yaaJseH-
HbIX TOUEK MPOCTPAHCTBA U cojlepxKallasi Bce 6€CKOHEUHO YAaJleHHble NpsiMble.
C 6ecKOHeuHO yaaJeHHOH MIOCKOCTBIO KaXK/asi OObIKHOBEHHAS MIOCKOCTb Te-
pecekaeTcst o cBoell cOOCTBEHHOH HECKOHEUHO YAaJeHHOH MPSMOH.

3. JlBoiiHOoe OTHOUIEeHHE ¢ 6eCKOHEYHO ylaJleHHbIMU aieMeHTamu. Elle
OJIHO 3aMeuaHHe CJielyeT ciesaThb MO0 MOBOLY JBOWHHBIX OTHOIIEHHH ¢ Gec-
KOHEUHO yJIaJeHHbIMU 3JieMeHTaMd. Bynem o6o3HauaTh CHMBOJIOM 0o GecKo-
HEUHO yJlaJIeHHyl0 TOuKy Ha mpsmoil /. [TocMoTpuM, Kak ompejessieTcsi CUM-

A B C P

Puc. 84. JIBoiiHoe OTHOLIEHHE C yuacTHeM GEeCKOHEUHO yJaJleHHOH TOUKH

Bosl (ABC0), ecaiu A, B, C — Tpu 0ObIKHOBeHHble TOUKH Ha [. [lycth P —
HekoTopasi Touka Ha [; Torna (ABCoo) paccMaTpuBaetcst Kak npenen (ABCP),



212 [MPOEKTHBHAS TEOMETPH . AKCHOMATHUKA r. IV

Korja P ynansiercst B 6eckoHeyHocTh 1o /. Ho

cA  PA
(ABCP)= £zt 5.
U, KOrjaa P HEOTpaHWYEHHO yAaJsieTcsd, ﬁ CTPEMUTCHA K 1. OTC}OIIZI BbITE€KAET
orpee/eHue: cA

B uactHocTH, ecain (ABCoo) =1, To C ecTb cepenuHa otpe3ka AB: cepedu-
Ha ompe3Kka i 6ecKoOHeuHOo YyoaseHHas MmouKka, 83AMas 8 HANpPasAeHuu
ompeska, 0easim ompesok 2apMOHULECKU.

Ynpaxuenue. Uro npejcrapisier co60il IBOMHOE OTHOLIEHHE UeThIPeX NPSIMbIX /1,
Iy, I3, 1y, eco oHH mapasienbHbl? UTO moJsiyuuTesi, B YaCTHOCTH, C 3THM JBOHHBIM
OTHOLIEHHEM, €CJIi B KauecTBe /4 Oy/eT B3sita GECKOHEUHO ylaJieHHasi npsimasi?

§ 5. llpumeHeHus

1. MpenBaputenbHbie 3ameuanusi. [locse BBeneHNss 6€CKOHEUHO yaaeH-
HBIX 3JIEMEHTOB Yy2Ke€ HET H€O6XOILI/IMOCTI/I SIBHO OrOBapHUBaThb BCE UCKJIIOUUTEJ/Ib-
Hble CJIy4au napaJijiesbHOCTH, BO3HUKAIOLIME MPH MOCTPOEHHUAX U J0Ka3aTe/b-
CTBax TeEOpeEM. ﬂOCTaTO‘{HO I[NIOMHUTbL, 4YTO €CJIM TOUKa ABJIACTCHA 6eCKOHEUHO
yJaJIEHHOM, TO BCe MPOXOJsilMe Uepe3 Hee MpsiMble NapaJebibl. OTnanaer u
HeoOXOIMMOCTh JlelaTh pas/jiMuie MeX]y lIeHTPaJbHON U MapaJiesbHOH Mpo-
eKIMSIMH, TaK KaK MapaJijesibHasi POeKIUsi eCTb He UTO MHOE, KaK MPOoeKHs
13 GeckoHeuHo ypasneHHoil Touku. Ha puc. 72 touka O uan mpsimasi PQR
MOTYT OKa3aThCsl GECKOHEUHO yjaJieHHbIMH (puc. 85 u3o6pakaer nepBblil U3

C

P

Puc. 85. [lesaprosa KoH(UIypaLust ¢ LeHTPOM B GECKOHEUHOCTH
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YIOMSIHYTBIX CJlyyaeB); Mbl [IPEIOCTABJISIEM YHTATE/IO B KAUECTBE YIPaKHEHHS
copMyIHpPOBaTh B «(PUHUTHBIX» (T. €. He COJAEpIKAIMX YIOMHHAHUS 0 GecKo-
HEUHOCTH ) TEPMHHAX COOTBETCTBYIOLLME YTBEPXK/IECHUS 1€3apProBOH T€OPEMBI.

He tosbKo hopMyJ/IMpOBKa, HO M J10KA3aTeJbCTBO TEOPEMbI, PHHALIEKA-
el MPOEKTHBHON NeOMETPHH, HEPEeAKO YMPOLIAIOTCS B pe3ysbTaTe BBEACHHUS
GECKOHEUHO yJaJieHHbIX 3JeMeHTOB. OOUIMi MPUHIMI 3aK/II0UAeTCs B CJELy-
[OLLEM. YCJOBUMCS MO «[POEKTHBHBIM KJIacCOM» HEKOTOPOH reoMeTpHuecKoH
¢urypbl /7 NoHUMAaTh KJacc BceX GUryp, B KoTopble /- MOXKeT ObITb NepeBejieHa
MPOEKTUBHEIMH TIpeo6pasoBaHusiMu. [IpoekTHBHBIe CBOfiCTBa [~ HHUEM He OT-
JIMYAIOTCS OT MPOEKTUBHBIX CBOHCTB J1106O0H (PUTYpPBI ee MPOEKTHBHOIO KJjacca,
TaK Kak [0 CaMOMy OIpeJleJieHHIO MPOEKTUBHbIE CBOHCTBA COXPAHSIOTCS TPU
npoeKkTHpoBaHnH. TakuM o6pazoM, Jobast MpOeKTHBHAs TeopeMa (T. €. TeopeMa,
roBOpSILLLAsl TOJIBKO O TIPOEKTUBHBIX CBOKCTBAX ), KOTOpasi BepHa 1isl pUrypsbl 1,
OyleT TakKe BepHa /s JI060ro «rpeacTaBuTess» NPoeKTUBHOTO KJacca 3Tou
¢urypel, 1 o6patHo. [TosToMy, uTO6H 1OKA3aTh TaKylo TeopeMy s F, nocra-
TOUHO J10Ka3aTh ee JJIsl HEKOTOPOTro «MPeCTaBUTes1» IPOEKTUBHOIO Kiacca F.
Mbl MO2KEM BOCIOJIb30BATHLCS YKAa3aHHBIM 0OCTOSITEIbCTBOM H BbIOPATh TaKOTo
«TIPEJICTABUTEJISI», JJIs1 KOTOPOTO J0Ka3aTeqbCTBO MPOILLLE, UeM JJIsT caMoH (u-
rypel F. Hanpumep, npoussosbhele ABe TOUkH A, B MJI0OCKOCTH T MOTYT ObITh
CIPOEKTHPOBAHbI B OECKOHEUHOCTb M3 JaHHOTO LieHTpa O, eCJii NPOeKTUPOBATD
Ha TJIOCKOCTb, MapasiiebHyI0 TIJIOCKOCTH, Mpoxoasiiell dyepes toukn O, A,
B; npsiMble, mpoxopsiupe uepe3 A unu depe3 B, MpH 3TOM MpeBpaTATCS B
ceMelicTBa napaJJiebHbIX NpsMbiX. IMeHHO Takoe npeaBapuresibHoe npeodpa-
30BaHMe Mbl BBIMTOJHAM TMPH J0Ka3aTeJbCTBE TPOEKTHBHBEIX TEOPEM, KOTOPBIMHU
3aiiMeMcsi B 3TOM naparpade.

B nanbHefilnem HaM MpUAETCS BOCIOJb30BATHCS CJAEYIOLMM 00CTOSATEb-
CTBOM, OTHOCSILIUMCS K MapaJjuieJbHbIM MpsiMbIM. [1ycTh 1Be mpsiMble, Mpoxo-
nsiie yepe3 Touky O, nepecekatorest npsimMbiMi [, U [y B Toukax A, B, C, D,
OA OB,
oc ~op"
00paTHO, €CJi BbIMOJIHEHO MOC/e/IHee COOTHOLIEHHE, TO NpsMble [ 1 [y napaJ-
JiesibHbL. Jl0Ka3aTebCTBO, BhITEKAIOLEE U3 3JIeMEHTapHBIX CBOHCTB MOJOOHBIX
TPEYTOJIbHUKOB, MPEIOCTABJSETCS YHTATEIO.

Kak 1okasaHo Ha puc. 86. Ecsiu npsimble /| u [, mapaJuiesibHbl, TO

Puc. 86. ITono6ue TpeyroJbHUKOB, 00PA30BAHHBIX NapaJlie]bHbIMU 1PSIMbIMHU
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2. JisymepHoe noka3zareabcTBo Teopembl Jlesapra. [lokaxkeMm Tenepb,
He npubeeas K NPOCMPAHCMBEHHOMY NPOCKMUPOBAHUIO, UTO €CJH JBa
tpeyrosbiika ABC u A’B’C’ pacrofioskeHbl Ha TJIOCKOCTH TaK, KakK H30-
6pakeHo Ha pHc. 72, T. e. eCcJH TpsIMble, COEJIUHSIONIME COOTBETCTBYIOLIHE
BEpIIMHbI, BCTPEUAIOTCS B OJHOH W TOH K€ TOUKE, TO TOUKHM TepeceueHus
COOTBETCTBYIOLIMX CTOPOH P, ), R Jjexar Ha onHoW mnpsimoit. [as sToro
npexJie BCEro CrpoeKTHPYeM uepTeX TakKuM 06pa3oM, 4ToObl TOUKH @ U R
yuiu B 6eckoHeuHocThb. [Tocsie Takoro nmpoektupoBanusi npsimast A’B’ craHer
napajsesnbHa npsmodl AB, a npsimas A’C’ — npsimoit AC (puc. 87). Kak
6bl10 OTMeueHo B MyHKTe | HacTosiiiero naparpacga, uto6bl J0Ka3aTh TeOpeMy

A9

_——

\/&

Puc. 87. [lokazatenbctBo TeopeMbl Jle3apra

Jlesapra B o0lueM cJjlyuae, JOCTATOUHO J0Ka3aTb €€ TOJIbKO MJIsl CJlyuasl pac-
cMaTpuUBaeMoi 3jiecb yacTHOH KoHdurypauuu. MIMeHHo, 10cTaTOUHO NMOKa3arh,
uto Touka P nepeceuenus ctopod BC u B'C’ takxke yiiaer B 6€CKOHEUHOCTD,
T. €. uto npsimast B’'C’ napannensua npsimoit BC: Toraa touku P, @, R 6yayT
KOJJIMHeapHbl (Tak Kak Bce TpH OyIyT JexaTb Ha OECKOHEUHO YJaseHHOH
npsiMoit). O6paTiM BHUMaHKe HA TO, UTO

AB || A’B"  Bneuer

AC || A’C"  Bneuer =

@ % Q|
“ls uls

u X
[TosTomy Fia a orciozia cienyer BC || B’C’, uto u tpeGoBajioch 10Ka3aThb.

CiueyeT OTMETHTb, UTO IIPHUBELCHHOE J0KAa3aTeJbCTBO TeopeMbl [lesapra
onupaeTcs Ha MaTeMaTHuecKoe MOoHsTHE JUIMHBI oTpe3Ka. TakuM o6pa3oM, 1npo-
eKTHBHAsl TeopeMa J0Ka3aHa B JIaHHOM cCJyuae MeTPHUYECKMMH CpeJCTBaMH.
Jpyroe 3acJsy:xuBatolllee BHUMaHHs OOCTOSATENLCTBO 3aK/OUACTCs B CJlely-
torieM. Mel ykasbiBaau panbiie (ctp. 204), 4To MOHSITHIO MPOEKTHBHOTO Tpe-
00pa3oBaHUs MOXKET ObITb JAaHO «BHYTPEHHee» oIllpefeseHHe (<IPOEKTHBHOE
npeo6pa3oBaHue MIOCKOCTH — TaKoe, KOTOPOe OCTaBJIseT HHBAPHAHTHBIMU BCe
JIBOMHbIE OTHOILIEHUS»): OTCIOJla BbiTeKaeT, uto Teopema [lesapra crocoGHa
ObITb copMyspoBaHa M JOKasaHa 0e3 BbIXoJa B MPOCTPAHCTBO, T. €. 6e3
HCIOJIb30BAHUST TPEXMEPHbIX MPEACTAB/ICHUH U OCTPOECHUH.
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YnpaxHenue. Jlokaxure nojo6HbIM Ke 06pa3oM Teopemy, 06paTHYIO 1e3aproBoi:
ecsin TpeyrosibHukn ABC u A’ B’C’ TakoBbl, uto P, @, R KosinHeapHsl, To nipsimble AA’,
BB’, CC’' KOHKYPpEHTHBI.

3. Teopema Iackans !. D1a TeopemMa GOpMYJIUPYETCS TAK: eCAU BepULLl-
HbL UeCmUY20AbHUKA AeHCaAm NooYepedHo Ha 08YX nepecekaoujuxcs npsi-
moix, mo mouku P, Q, R nepeceuerus npomusonoi0HCHoLX CMOPOH 3MO-
20 WeCmuyeonbHUKA — KOAAUHEApHbL
(puc. 88). (KoHTyp 1uecTHyrosbHHKA ‘0\ 4
MOKeT ObITb camornepeceKaromumes. Uto N
TaKoe  «MPOTHUBOMOJIOXKHbIE»  CTOPOHBI,
MOXKHO JIETKO TIOHATh M3 CXeMbl Ha
puc. 89.)

BrinosiHssi mpeiBapuTeIbHOE TPOEKTH-
poBaHHe, MOXHO JOMyCTHTh, 4To P u @
yuuiu B 6eckoHeuHocTh. Ocraercs noka-
3aTh, UTO R Takxke yiner B 6eCKOHEUHOCTb.

! /
Cutyaumusi uamocrpupyercs puc. 90, rue Qé?\ L
23156 u 12 || 45. HyxHo nokasatb, uto v/
16 || 34. Ml nmeem W/
a  b+y Rb\/
a+x b+y+s’ '
b a+x Puc. 88. Koudurypauus [Tackans

b+y a+x+r A

[TosTomy
a_atx+r
b~ b+y+s’
tak uto 16 || 34, uto U TpeGoBaOCh JOKA-
3aTh.

2 3

6 )

b 1 Y 5 S 3

Puc. 89. Hymepauus Bep- Puc. 90. [TokazaTenbctBo Teopembl [Tackass

LIMH LIECTHYrOJIbHUKA
' Ha ctp. 236 Gynet pacemoTpena Gosiee o6liasi TeopeMa 3TOro ke Tuna. HacTosiuwii uacTHblii
cJlyuail CBf3bIBAeTCsl TaKXKe C MMEHeM ero nepooTkpbiBatessi [Tanna Ausekcanupuiickoro
(III cronetne mo Haueil pbl).
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4. Teopema BpuaHmona. Jrta Teopema dopmysupyeTcsi Tak: ecau Crmo-
POHbL ULECMUYEONbHUKA NPOXOJsM noouepedro yepes dse daHHble mou-
Ku P u Q, mo mpu duaeonaau, coedunaiowjue npomusOnOAONCHbLE 8ep-
ULUHbL UlecmuyeoabHUKa, KOHKYppermHol (puc. 91).

Q

Puc. 91. Kondurypauust Bpuanuiona

[TocpeacTBoM MpeABApUTELHOIO MPOEKTHPOBAHUS MOXKHO OTIIPABUTL B
6ECKOHEUHOCTb TOUKY P U TOUKY, B KOTOPOU NepecekaloTcst IBe Kakue-HUOYIb

Jquaronasu, Harpumep 14 u 36. [Mosyuennasi cutyaumsi u3o6pakeHa Ha puc. 92.
a u X a u r X r
Tak kak 14 || 36, To — = —. Ho BmecTe ¢ TeM = = — u — = —. 3HauuT, — = —
b v y b v s y s
1 noatomy 36 || 25, Tak uTo Bce TpH AMArOHAJH MapaJlielibHbI H, CJIEI0BATENBHO,
KOHKYPPEHTHBI. DTOr0 J0CTaTOUHO, UTOObI CUMTATh TEOPEMY JOKA3aHHOH M B

o611eM cJjyvae.

5. 3ameuaHue Mo MOBOJAY JBONCTBEHHOCTH. YHTaTesb, BEPOSITHO, yXKe
3aMeTHJ 3aMeuartesibHoe cXoAcTBO TeopeM [Tackans (1623—1662)u bpu -
anmona (1785—1864). D10 cx0ACTBO 0COOGEHHO GpocaeTcs B TJasa, ecJH
06e (hopMyIHPOBKU MOCTABUTDL PSIAOM:

Teopema ITackaus Teopema Bpuaniona
Ecau sepuiinol uecmuyeonbHi- Ecau cmoporbL uiecmiiyeonbri-
Ka aexcam noouepeodrHo Ha 08Yx Ka npoxodam noouepeorHo uepes
NPAMbLX, MO MOUKIU Nepeceuerils dse mouxu, mo npsamoie, coeOuH -
NPOMUBONONONCHBLYX CIMOPOH KOA- oujue NnpomuUBONOAONCHbLE Bep-
AUHEAPHDL. ULUHBL, KOHKYPPEHIMHbL.

He tosibko Teopemsl [Tackasns u Bpuaniona, Ho Bce BoobLle TeopeMbl 1po-
€KTHBHOH reOMeTpHH IPYNIHPYIOTCS MONAPHO TAKUM 00pa3oM, UTo JiBe TeopeMbl
OJIHOH M TO »Ke Napbl CXOJHbI MeXK1y COOOH W, TaK CKasaTb, WJIEHTHUHBI MO
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CBOEH CTPYKType. DTO sIBIEHHE HOCUT Ha3BaHue dgoticmeenHocmu. B reomer-
pHH TJIOCKOCTH TOYKA W MPsIMast MPEACTABJSIIOT co60 83aUMHO 080LUCMBeH-
Hole aaemermol. IIpoBecTu NpsiMylo uepe3 TOUKY M OTMETUTb TOUKY Ha Ipsi-
MO — onepaluu 83aumno dgoiicmeerHoie. JIe pUrypbl B3AUMHO BOACTBEH-
Hbl, €CJIM OJIHA MOXKET ObITb M0J1yueHa U3 APYroi MocpeCcTBOM 3aMeHbl KaXK10-
r0 3JIEMEHTA U KaXKJIOH ONepalyu JIBOMCTBEHHBIM 3JIEMEHTOM U JIBOHCTBEHHOH
onepauueil. [IBe TeopeMbl B3aUMHO

JIBONCTBEHHBI, €CJIM OJHa TpeBpalla- Q

eTcsl B JPYrylo IIPU 3aMeHe KaxKI0ro
3JleMeHTa W KaXKJ0H omnepauyu JABOH-
CTBEHHBIM 3JIEMEHTOM U JIBOWCTBEHHOH
onepauueil. Hanpumep, teopembl Ila-
cKajs W DpuaHnioHa B3auMHO JIBOMH-
CTBEHHBI, TOTJla KaK TeOpeMoH, ABOH-
CTBEHHOI Teopeme [esapra, siBJjsier-
csl TeopeMa, el obpatHas. $IBJjeHue
JIBOUCTBEHHOCTH PE3KO OTJIMYaeT Mpo-
eKTUBHYIO [€OMETPHUI0 OT 3JeMeHTap-
HOH (MeTpHuecKoi), B KOTOPOH HHKa-
KOH JIBOUCTBEHHOCTH He HabJItojaeT-
cs1. (Hanpumep, 66110 6b1 GeccMblCeH-
HO UCKaTb Kakoe-HUOYIb «BOUCTBEH-
HOe» YyTBEpPsKAEHHE 10 OTHOLUEHHIO K
TOMY (paKTy, UTO JAHHBIH YroJ coaep-
JKUT 37° WM UTO JIaHHbIH OTPE3OK pa- Puc. 92. Jlokasare/sbCTBO TeopeMbl
BeH 2 JIMHEHHbIM eiHuLaM. ) [1punyun Bpuanona
dsolicmseHHOCMIL, COTJIACHO KOTOPO-

MY Kaacdoll 8epHOL meopeme nPoeKmusHol 2eoMempun cCONOCMasAfemcs
dsoilicmeennas ell, maxdice 6epHas Meopema, BO MHOTUX ydeOHUKAX M0J1-
UepKUBAeTCs TeM, UTO (POPMYJMPOBKH B3aHMHO JBOHCTBEHHBIX TEOPEM, BMECTE
CO B3aUMHO JIBOHCTBEHHBIMHM MX J0Ka3aTeJbCTBAMH, MPUBOJSATCS PSIIOM, Kak
Mbl 3TO clieJlajii Bbllle. BHYTpeHHss1 NpUUYHHA SBJEHUS ABOHCTBEHHOCTH Oy1eT
M3yueHa B cJieflylolleM naparpadge (cMm. Takxke cTp. 234).

§ 6. AHanuTHYecKoe npeacTaBjieHue

1. Beoanble 3ameyanusi. B panHem nepuoje pasBUTUSI NPOEKTUBHOMN reo-
METPHH CYLLEeCTBOBaJa HACTOWYMBO MPOBOJAMMAS TEHJEHLUs BbINOJMHATL BCe
MOCTPOEHHSI HA CHHTETHUECKOH MJIH, KaK FOBOPHJIOCH, UMCTO MeOMETPHUCCKO»
OCHOBe, BoBce u30erasi MpUMEHEHHs1 uuce] U anrebpanueckKux MeTonoB. Bbl-
TOJIHEHHE TOH MPOrpaMMbl BCTPETHJIO HA CBOEM IyTH GOJIbLLIHE 3aTPyIHEHHU,
TaK KaK BCerja OCTaBalUChb KaKHe-TO MYyHKTbl, B KOTOPbIX ajre6pauueckde
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(hopMyJIMPOBKH Kazajuch Hen3Oe:KHbIMU. [ToJIHBIA ycriex B MOCTPOEHHH UH-
CTO CHHTETUUECKOH MPOCKTUBHOH TM€OMETPUM OblI JOCTUTHYT TOJbLKO K KOH-
ny XIX B. ¥ TONBKO LIeHOH 3HAUMTENBHBIX OCJOXKHEHHWH. B 3TOM oTHOUIEHHH
MEeTO/Ibl aHAJUTHUECKOH TeOMETPUH OKa3aJMch ropasnio 6oJee MmiaoJ10TBOPHBIMH.
JIsisi coBpeMeHHOH MaTeMaTHKM XapakTepHa HMHasi TeHAEHLMS — TO0JI0XKHUTb B
OCHOBY MOCTPOEHHSI MOHSITHE UMCJIA, U B T€OMETPUH 3Ta TEHJEHLHMsI, HayL1ast OT
®epma u [exkapra, Bo3bIMesa pelIUTENbHBIN TPHYyMd. AHAJIHTHUECKAsT reoMe-
Tpus nepecTasa ObITb MOACOOHBIM aMapaToM, UTPAOLIUM CJYKeOHYI0 POJb B
reOMETPHUUECKUX PAaCCYXKIEHHUSIX, U CTajla caMOCTOSITe/IbHOH 06J1acTblo, B KO-
TOPOW MHTYMTHBHASI reOMeTpUUECcKasi HHTepIpeTalus onepauuid U pesyJibTaToB
y2Ke He sIBJISIeTCSl MocJeHed W OKOHUATeJbHOH 1lesblo, a MPUHUMAeT Ha ce-
651 (DYHKIIMIO PYKOBOJSIIIETO MPUHIMIA, TIOMOTaIOIIEro YyrajblBaTh U MOHAMATD
aHasutHyeckue QaxTbl. Takoe W3MeHeHHe 3HAUEHHUSI TE€OMETPHU eCThb MOCJIe]l-
CTBHE MOCTENEHHOTr0 Pa3BUTHS F€OMETPUU B UCTOPUUECKOM MJIaHe — Pa3BUTHS,
IIMPOKO Pa3/IBUHYBLIErO PAMKH KJIACCHUECKHX KOHLEMLHH; OHO XKe 06yCI0BUI0
BMECTe ¢ TeM I[OUTH OpraHuyecKoe CJUsIHHE FeOMETPUM U aHaJsn3a.

B aHanuTHuecKoil reoMeTpuH MO «KOOPJAHHATAMU» FeOMETPUUECKOTO 06b-
eKTa MOHUMAETCH KaKasA yeOOHO COBOKYITHOCTb UMCEJ, MO3BOJISIONIAs Onpe-
JeJIUTh 3TOT 00BEKT 00HO3Ha4HOo. Tak, ToUuKa onpesesisieTcsi CBOUMH MPSMO-
YrOJIbHBIMH KOOPJMHATAMHU X, Yy WJIH CBOMMH IOJISIPHBIMH KOOpJMHATaMu p, 0;
C JIPyrod CTOPOHBI, HATIPUMEP, TPEYTOJNBbHHUK ONPEEseTCsl KOOPAHHATAMH TpeX
BEPLIKH, YTO B LIEJIOM COCTaBJsIET 1IeCTb KOOpAMHAT. Mbl 3Haem, 4to mpsimMas
JIMHUSI B TUIOCKOCTH X, Y MpeICTaBJ/sieT cOO0H reoMeTpHyeckoe MecTO BCeX
Touek P(x, y) (06 o603HaueHUusx cM. cTp. 99), KOOPAMHATHI KOTOPBIX YIOBJE-
TBOPSIIOT HEKOTOPOMY JIMHEHHOMY YPaBHEHHIO

ax+by+c=0. (1)

[TosToMy MOXKHO TpM uMc/Ia @, b, ¢ HasBaTh «KOOPAMHATAMH» 3TOH MPSMOIIL.
Hanpumep, a =0, b =1, ¢ = 0 onpenensior npsimyto y =0, T.e. ocb x; a = 1,
b= —1, ¢c =0 onpeneasioT NpsAMyl0 X = y, KOTOpasi AEJHT IIOMOJAM YroJ
MEXK/1y TTOJIOKHTEIbHON 0ChIO X U T0JI0XKHTEIbHOM 0Chbio i, TakuM xke 06pasom
CJIeMlyIOLIME YPABHEHHST ONPEAESIOT «KOHHUECKHe ceuenust»: x2 + y? = r? —
OKPYKHOCTb pajidyca r C LEHTPOM B Hauaje KoopauHart, (x — a)? + (y — b =
2 g
a® b

HauBHbIH MOAX0M K aHAJTMTHUECKOH FeOMETPHH 3aKJIH0UaeTCs B TOM, YTOObI,
OTHpaBJIﬂﬂCb OT YHCTO <<I‘eOMeTpl/llleCKHX>> HpeﬂCTaBJ’leHl/leI — TOYKa, HpﬂMaﬂ
W T. ., — [EPEBOANTb HX 3aTeM Ha A3blK unces. COBPEMEHHAsA TOUKA 3PEHHsI
IPOTHBOIOJIOXKHA. Mbl OTIIPABJISIEMCS OT MHONCECMBA BCCBOZMONCHOLY NAD
qucen x, Y U HA3bLBAEM KAXKIYIO TAKYIO Napy MOUKOL, TAK KAK MOXKEM, ECJIH
TNoXKeNaeM, HaMVISIHO UHIMePRpemuposams Takylo Napy UHCes C IOMOLLBIO
06LLE0CTYTHOrO [IOHSITHSI FEOMETPUUECKOH TOUKH. TOUHO TaK »Ke NpsiMast JJUHHUsI

= r? — OKpYXKHOCTb paauyca r ¢ ueHtpom (a, b), = | — sguMnc u T. .
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SIBJIsleTCs TeOMeTPUUYeCKUM IpeJICTaBlIeHHEM WM HHTepHpeTaluell JHHeHHOro
ypaBHEHHsl, CBS3bIBAIOLLErO X M Y. YKA3aHHbIA MepeHOC aKUEHTa OT HHTyH-
THBHOI'O MOHUMAaHHSl F€OMETPUH K aHAJIMTHUECKOMY OTKPbIBA€T BO3MOXKHOCTD,
B UACTHOCTH, NPOCTON M BIOJIHE CTPOrofl TPAKTOBKH OECKOHEUHO Yy/aJleHHbIX
TOYEK B IPOEKTHBHOI TN€OMETPHH; OH K€ HeoOXoauM Ijs OoJiee TIyOOKOro
MPOHUKHOBEHHS B 3Ty obsacTb. s Tex uurtatesiell, KOTopble 06/1aAal0T A0-
CTATOYHOM NpeJBAPUTEJIbHON MaTeMaTHUeCKO! MOArOTOBKOMH, Mbl 1aIUM Terepb
HEKOTOPbIH OuepK MPUMEHEHUsI aHAJIMTHUECKUX METOJO0B B MPOEKTUBHOH reo-
METPHHU.

*2. OgHopoaHble KOOpAHHAThI. AjireOpandyecKkre OCHOBbI IBOMCTBEH-
HOCTH. B 0ObIKHOBEHHOH aHAJUTHUECKOH reOMETPHH MPSIMOYTOJIbHBIMH KOOpP-
JIMHATaMK TOUKH Ha IMJIOCKOCTH SIBJSIIOTCS CHAOXEHHble 3HAKaMH PacCTOSHUS
TOUKHM OT JBYX B3aUMHO NepreHAUKyAspHbIX ocell. Ho B Takoil cucteme Koop-
JIMHAT He HAXOJAUTCS MecTa /sl OECKOHEUHO YJaJleHHbIX TOUeK PacUIHpeHHOH
MPOEKTUBHON MJIOCKOCTH. [109TOMY, €C/ii Mbl XOTHM M0JIb30BATLCS AHAJIUTH-
YeCKUMH METOJAMH B TPOEKTUBHOH F€OMETPHH, TO HEOOXOIMMO HAUTH TaKylo
KOOPJIMHATHYIO CHCTEMY, KOTOpasi CMorJia Obl BKJIIOUUTh HleasbHble TOUKH Ha-
paBHe ¢ OObIKHOBEHHBIMH. Jlerde Bcero jgaTh OnMcaHHe TaKOH KOOPJIMHATHOH
CHCTEMbI, €CJIM NPeICTaBUTh cebe AaHHylo miockocTb X, Y (KoTopyto Gynem
00603HauaTh 4epe3 1) PACMOJIOKEHHOH B TPEXMEPHOM MPOCTPAHCTBE C Mpsi-
MOYTOJILHBIMU KOOpJIMHATAMH X, Y, 2 (3TH OyKBbl 0603HaUalOT CHAOKEHHbIE
3HAKaMH PacCTOSIHUSA TOUKH OT TPeX KOOPAHHATHBIX MJIOCKOCTEH, 00pa30BaHHbIX
ocamMu x, y u 2). [lpencraBum cebe, uTO MAOCKOCTb T MapaJsuiesibHa KOOp-
JIMHATHOH MJIOCKOCTH X, Y M HAXOJUTCS HA pPAcCTOSIHUM | OT Hee, Tak 4TO
TpexMepHble KOOpAMHATbl TOUuKM P B muockoctd m OyayT (X, Y, 1). Ilpunu-
Mast Hauajo O KOOpPAMHATHOH CHCTEMbl 3a LIEHTP MPOEKTUPOBAHUS, 3aMETHM,
uTO 8CAKOU mMouke P 83auMHO OOHO3HAUHO cOOMBemMcmayem HeKomo-
pas npanas OP, npoxodawasn ueped nauaro koopdunam (cm. ctp. 105).
B yactHoCTH, GECKOHEUHO yJasleHHbIM TOUYKAM IJIOCKOCTH T COOTBETCTBYIOT
npsiMble, npoxosiye uepe3 O U napaJsiesbHble T.

[TocMoTpuM Temepb, 4TO K€ MpeACTaBJsieT COOOH cHCTeMa OIHOPOJHBIX
KOOPJMHAT /151 TOUeK MJOCKOCTH 7. YToObl HalTH ONHOPOJHbIE KOOPAHHATDI
0ObIKHOBEHHOH TOUKM P B 3TOH MJOCKOCTH, BO3bMeM mpsimyio OP u Ha Hell
BbiGepeM n1pou3goabHyto Touky @, otanunyto ot O (puc. 93). O6bIKHOBEHHbIE
TpeXMepHble KOOPAMHATHI X, Y, 2 TOUKH () CUMTAIOTCS O0HOPOOHIMU KOOPOU-
Hamamu TOUKH P B naockocTd n. B uactHoctH, KoopauHathl (X, Y, 1) camoit
TOUKHM P SIBJISIIOTCS ee OJHOPOAHBIMH KoopiauHatamu. Ho BmecTe ¢ Tem ee ke
OJIHOPOJIHBIMH KOOpJIMHATAMHU sIBATCS JloOble uncaa (1X, tY, t), rne ¢ # 0, Tak
KaK KOOpAMHATBI Bcex Touek npsimoit OP (kpome O) HUMEIOT KakK pas TaKoH
BuJI. (Ml uckiouaem touky (0, 0, 0), mTOTOMY UTO OHA JIEXKHUT Ha BCEX MPSIMbIX,
npoxoaauux yepe3 O, U He MOXKET CJYKUTb JI/Isl UX Pa3JjHueHHsl.)
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Cucrema 0JTHOPOJHBIX KOOPJHHAT, KOHEUHO, TMPeJCTaBJsIeT U3BECTHOE He-
y100CTBO B TOM OTHOLLUEHHH, UTO HY>KHbI TPH UHMCJIA BMECTO JBYX AJIsI OIpe-
JIeJICHUs] TOUKH, M, caMoe IJIaBHO€, KOOPJAMHATbI TOUKH ONpEe/saloTCes He OJ1-
HO3HAYHO, a C TOYHOCTBLIO JO MOCTOSTHHOro MHOXKHTesss. Ho ona umeer To
6e3yC/I0BHOE MPEUMYLLECTBO, UTO OHA OXBATLIBACT W HJCAJbHbIC, OECKOHEUHO
yJIaJieHHble TOUKU TJIOCKOCTH w. [leficTBUTENIbHO, TakoH uaeasbHOH Touke P

2z

(tx, ty,tz)

Puc. 93. OnHopoHble KOOPAHHATDI

COOTBETCTBYET HeKoTopasi TpsiMasi, poxofsiiiasi yepe3 O W napaJJesbHas T,
BCsIKasi Touka () Ha Takol NpsiMoil UMeeT KoopauHathl Bujaa (X, y, 0); Takum
06pasoM, 00HOPOOHbLE KOOPOUHAMbL UOEAAbHLLX MOUEeK NAOCKOCMU T UMe-
tom sud (x, y, 0). HerpynHo HanmucaTh B 0JJHOPOJIHBIX KOOPAUHATAX YpaBHEHHE
NpsIMOH JINHUH Ha TIOCKOCTH Tt. JlJIsT 3TOTO 10CTaTOYHO 3aMEeTHTb, UTO MpSIMbIE,
coepunsiome O ¢ TOUKAMM 3TOH MPSMOH, JIeXKaT B MJIOCKOCTH, MPOXOASIIEH
yepe3 O. B aHanuTHUeCKOl reoMeTpHH JOKA3bIBAETCs, UTO ypaBHEHHE TaKOH
TJIOCKOCTH HMeeT BUJL

ax + by +cz=0. (1)

OTO e eCTb W ypaBHEHHE JAHHON MPSMON B OJHOPOAHBIX KOOPAMHATAX.

Tenepnb, Korna reoMerpuueckast Mojiesib, H306paarolas TOUKH MJIOCKO-
CTH T B BHJIE MIPSIMBIX, MPOXOASIINX Uepe3 O, OTC/IyKHU/Ia CBOIO CIyXKOY, MOKHO
ee oTGPOCHTDb M JaTh CJIEIYIOLIEe YHCTO aHAJHTHUECKOE OMpejiesieHHe paciin-
PEHHOH MJIOCKOCTH:
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Touka ecTb ymopsiloueHHasi TPOKKa AEACTBHTEJbHBIX uHces (x, y, Z), U3
KOTOPbIX He BCe paBHbl HyJto. JIBe Takue TPoOlKu (xi, Y1, 21) U (X2, Yo, 22)
ONPeNeNIAT O0HY U My e TOUKY, eCJli CYLIECTBYeT Takoe unucgo f # 0, uto

Xo=1x,, Y2=ty, z22=1z.

JIpyruMHu CJIOBaMH, MOXKHO, He MeHsIsl caMO# TOUYKH, YMHOXKaTh €€ KOOpPAHHAThI
Ha TIPOU3BOJIbHBIH MHOXKHTE/Ib, OTJHYHbIN OT HyJisi. ([ToToMy 2TH KOOpAHHATHI H
HasbiBalOTCs 00HOpoOdHbimi.) Touka (x, y, 2) 006lKHOBEHHAS, €CJU Z OTIIUUHO
OT HyJisl, U U0eaibHasl, eCJIH Z PABHO HYJIIO.

[Ipsamas auHus B TVIOCKOCTH T COCTOMT H3 BCeX ToueK (X, Y, 2), YIOBJIET-
BOPSIIOIINUX ﬂI/IHQIjIHOMy YpaBHEHHIO BU1a

ax+by+cz=0, (1)

rne a, b, C — INOCTOsIHHbIE YHCJIa, HE BCE paBHbI€ HYJIIO. B YaCTHOCTH, 6ecKo-
HEYHO yJaJieHHbI€ TOUKH IJIOCKOCTH T YAOBJIETBOPSIIOT YPaBHEHHIO

z2=0; (2)

COTJIACHO OTIPEeJIeHHI0, 3TO — TaKKe ypaBHEHHe TMpsiMOH, UMeHHO — Oec-
KOHEHUHO YOaAeHHOU npAmOoll TJIOCKOCTH T. Tak Kak mpsiMasi ompejessiercs
ypaBHenueM Bujia (1’), To Tpoiika uucesn (a, b, c) MoxkeT 6GbIThL paccMaTpUBaeMa
Kak 00HopodHble Koopdunamol npamoti (1'). lanee cjaenyert, uro npu npo-
13BOJIbHOM f # O Tpoiika uucen (ta, tb, fc) npeacraBiaser co60l KOOPAUHATDI
TOW 2Ke MpSIMOM, TaK KaK ypaBHEHHE

(ta)x 4+ (tb)y + (tc)z=0 (3)

YJIOBJETBOPSIETCS B TOUHOCTH TEMH K€ KOOPJUHATHLIMH TPOHKAMH (X, Y, Z), UTO
1 ypaBHeHue (17).

B 3Tux onpeneseHusix oOHapy»KMBaeTCs MOJHAsS CUMMETPHUS MEXIy TOou-
KOH W MPSAMOH: U Ta M ApYyras OnpeaesstoTcst TPOHKOH uuces — OJHOPOAHBIMU
KOOp/AMHATaMu (¢, v, @). YCJOBHE TOTrO, UTO Touka (X, Y, 2) JIEXKUT Ha Mps-
Mot (a, b, c), BblpaxkaeTcsi paBeHCTBOM

ax+by+cz=0,

1 3TO 2Ke €CTb BMECTE C TeM YCJIOBHE TOT0, UTO TOUKA C KOOPAMHATaMH (a, b, ¢)
JIEKUT Ha TIPSIMOM ¢ KoopMHaTaMmu (x, y, 2). Hanpumep, apudmernueckoe To-
JKJECTBO
2:34+1-44(-5)-2=0

03Hauaet, uTo Touka (3, 4, 2) Jiexxut Ha npsmoit (2, 1, —5), U B paBHOH Mepe,
yto Touka (2, 1, —5) sexkuT Ha npsmoit (3, 4, 2). Dta CUMMETPHSI U Tpej-
CTaBJisieT co00i OCHOBY JBOMCTBEHHOCTH MEXKJY TOUKOH M MPSIMOH B MpPOeK-
TUBHOH F€OMETPHH, TaK KaK BCIKOE COOTHOILIEHHE MEXJy TOUKAMH U MPSIMbIMU
CTaHOBUTCS] HEKOTOPBIM COOTHOLLEHHEM MEXKy MPSIMbIMU M TOUKAMH, €CJIH KO-
OpPJAMHATBI TOUEK CUUTATh KOOPAMHATAMM TPSIMBIX, a KOOPAMHATHI MPSIMbIX —
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KoopJuHaTaMu Touek. ToJikysi MO-HOBOMY Te ke ajreGpanueckue ornepaiyu
U pe3yJ/ibTaThbl, Mbl MOJYUYaeM TEOPEMbl, COOTBETCTBYIOLIHE TepBOHAYAIbHBIM B
cMblc/le JABOHCTBEHHOCTH. Heo6xoauMo 3aMeTHTb, ¢ APYrod CTOPOHBI, UTO B
0OLIKHOBEHHOH MJIOCKOCTH X, Y HM 0 Kakoil JTBOHCTBEHHOCTH HE MOXKET ObIThb
peuH, TaK KaK ypaBHeHHe MPsSIMOH B OOBIKHOBEHHBIX KOOpPAHHATAX

aX+bY+c=0

HECUMMETPUUHO OTHOCHTENbHO X, Y U a, b, c. ToJbKo BKJIOUEHHE B PACcCMO-
TpeHue GEeCKOHEUYHO YJaJleHHbIX 3JeMEHTOB (TOUeK M MpsiMOil) obecrieunBaer
le/lMeHHMOCTb nanunna ILBOflCTBeHHOCTI/I.

Uro6bl nepeiiTH OT OAHOPOIHBIX KOOPJHHAT X, Y, 2 OObIKHOBEHHOI TOuKH P B nuioc-

X
KOCTH Tt K OObIKHOBEHHBIM NpsAMOYroJibHbIM KOOpJIMHaTaM, Mbl IIPOCTO I10J1araem X= Z,

Y= % Torna X, Y o603Hauator paccTosiHUsl TOUKH P OT IBYX MepIleHAHKYJISPHbIX oceil

B MJIOCKOCTH T, MapaJlieJbHON X- U y-0CsIM, KaK Moka3aHo Ha puc. 93. Mbl 3HaeMm, uTo
ypaBHeHue
aX+bY+c=0
X

npejcTapJsieT NpsaMyto B maockoctu w. Ilosaras X = pop Y= % W yMHOXKast Ha Z, Mbl
HallJleM, UTo ypaBHEHHE TOH Ke NPsIMON B OJHOPOJHBIX KOOpAHHATaX Oy1eT

ax+by+cz=0,

KaK 3To yxKe Oblio ykazano Ha ctp. 220. Tak, ypaBHenue npsmoil 2x — 3y + 2 =0
B 0OBLIKHOBEHHBIX TPSIMOYroJibHbIX KoopauHatax X, Y npumer Bum 2X — 3Y + 1 = 0.
Pasymeercsi, nocsie/iHeMy ypaBHEeHHI0O GeCKOHEUHO yJaJieHHasi TouKa paccMaTpHUBaeMoit
NpsIMOi ¢ OZHOPOAHBIMU KoopauHaTamu (3, 2, 0) yxe He yIOBJIETBOPSIET.

Ocraercst ckasathb ellle o1H0. Ham ynanoch nosiyuuTh YHCTO aHAJMTHUECKOE OMpe-
JleJIeHHe TOUKM W NPSIMOM; HO UYTO MOXKHO CKa3aTb O BAa)KHOM IMOHSTHH MPOEKTHBHOTO
npeo6pa3oBaHusi? MoxKHO yCTaHOBHTb, UTO MPOEKTHBHOE MpeoOpa3oBaHue, MOHUMAe-
MO€ B TOM CMbICJIE, KaK 3TO OblJI0 padbsicHeHo Ha crp. 203, 3ajaeTcs aHaJMTHUECKH
CUCTEMOH JIMHEHHBIX YPaBHEHUH

¥ =aix +by+cz
Y =asx+boy +coz p, (4)
2 =asx + by + c3z

CBSI3bIBAIOLLMX OJHOPOJHbIE KOOPAHHATLI X', ', 2’ TOUeK B MJIOCKOCTH T’ C OJHOPOJIHbI-
MH KOODAMHATAMH X, Y, 2 TOUeK B MJIOCKOCTH T. C aHAJIOTMUHON TOUKH 3PEHHS] MOXKHO
onpedeaums NPOEKTUBHOE NpeoOpa3oBaHHe KaK TaKoe, KOTOpOe 3a/laeTcst CHCTeMON
ypaBHeHu#i Buaa (4). Teopembl IPOEKTHBHONH IeOMETPHH TOrJA CTAHOBATCS Teopema-
MH, FOBOPSILLUMH O TOBEJEHUH YHCJIOBBIX TPOEK (X, ¥, Z) IIPU TaKUX NPeoOpa30BaHUSIX.
Hanpumep, nokasarejbCcTBO MHBADHAHTHOCTH IBOWHHOI'O OTHOLLUEHUsI I1PH NPOEKTHBHbBIX
npeo6pa3oBaHKsX NpeppallaeTcs B Jerkoe yrnpaxKHeHue U3 o0JacTH ajreOpbl JMHeH-
HbIX npeoGpasoBanuil. He Oynem BHHKATb B jJeTajM 9TOH aHAJMTHUECKOH I1POLIELYpbI
¥ BepHEMCsl BMECTO TOro Hasajl — K IPOEKTHBHOH reoMeTpHH B ee GoJiee HarvIsAHOM
acrekTe.
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§ 7. 3agauu Ha MocTpoOeHHe C MOMOILLbIO OJHOM JIMHENUKH

B cJjeylolx NoCcTpoeHUsIX Mpearnoaraercsi, 4To €MHCTBEHHBIM HHCTPYMEHTOM
CJIY2KUT JIMHEHKA.

3anauu 1—18 3auMcTBOoBaHbI U3 oiHOH paboThl $1. IlITefiHepa, B KOTOpO¥ OH 10Ka3bI-
BAET, UTO NP reOMETPUUECKHUX MOCTPOEHUSIX MOKHO 0GOUTHChL O€3 LMPKYJIs, eC 3aj1aH
tukcupoBaHublil Kpyr ¢ HentpoM (cM. rasy III, ctp. 179). Uuraresio pekoMmenayercst
npojiesiaTh 9TH 3aJa4d B YKA3aHHOM TMOPSIJIKE.

YeTBepka npsiMbiX a, b, ¢, d, NpOXOJSLIMX uepe3 TOUKY P, Ha3blBAeTCs eapMOHU-
yeckoll, ecyiv BoiHoe oTHolleHue (abed) paHo —1. B sTOM ciyuae roBopsit, uto ¢, d
eapmMoruyecku conpajicerol ¢ a, b u obpatHo.

1) Jlokaxkute, uTO ecJii B TapMOHHUYECKOH ueTBepke a, b, ¢, d npsiMasi a JeJuT
NornoJaM yroJ Mexxiy ¢ U d, To npsimasi b neprieHuKyJisipHa K npsiMoit a.

2) TlocrtpoiiTe ueTBEPTYI0 rAPMOHHUECKYIO K TPEM JaHHBIM MPSAMbIM, MTPOXOJALLUM
uepes3 OJIHY TOUKY. (Yka3arue: BOCNOJb3YHTECh TEOPEMOH O TOJHOM YETbIPEXCTOPOH-
HHUKe. )

3) IMoctpoiiTe ueTBEpTYI0 rapMOHHUECKYIO K TPEM JIaHHbIM TOUKAM Ha OJHOW Npsi-
MOH.

4) Haubl npsiMOi yroJi U Mpou3BOJILHBIN yroJ ¢ 061ell BeplIMHOH U OJHOH 061leH
CTOPOHOMH. Y/IBOWTE JaHHbI TPOU3BOJILHBLA Yro.l.

5) Ilan yros u ero Guccekrpuca b. [loctpoiite neprneHmuKkyJsip K b B BeplinHe
JIAHHOTO yTJ1a.

6) Jlokaxute, uTO €CJ/Id MpOXojsliKe uepes Touky P npsmble [y, lo, ..., [, nepece-
KaloT npsimyto a B Toukax A, Aq, ..., A, v npsimyto b B Toukax By, Bo, ..., B,, To Bce
TOUKM Nepeceuenusi nap npsimbix A;By u ApBi (i £ k; k=1, 2, ..., n)aexar Ha oJHO#
NpsSIMOH.

7) Hoxaxute, uTo ecJiu B Tpeyrosbuke ABC npsimasi, napasienbHas cropote BC,
nepecekaer AB B Touke B’ u AC B Touke C’, TO mpsiMasi, coeiuHsitolasi Touky A ¢
Toukoil D nepeceuenust npsimbix B’C u C’'B, nenur nonosam BC.

7a) CchopmysipyiiTe 1 10KaKUTe Teopemy, 06paTHYIO 7.

8) Ha npsimoii / nauel Tpu Takue Touku P, @, R, uTo @ ecTb cepennHa orpe3ka PR.
[TocTpoiite npsiMyio, napaJiiesnbHyio [ U TPOXOJSLLYIO Uepe3 IaHHYI0 TOUKY S.

9) Hanbl 1Be napaJjulesbHble mpsiMble [; U [o; pasnesuTe MomnosaM JaHHbIA OTpe-
30K AB Ha npsimoii /).

10) Yepes nannyio Touky P MpoBecTH MpsIMYyI0, MapaJjelbHyI0 IByM JAHHBIM Ta-
paJliesibHbIM MeKy coO0l NpsiMbIM [ U lo. (Ykasanue: ucnogbayiire 7.)

11) Ulreiinep npeiaraer cieayollee pelieHre 3ajgaud o6 yIBOEHHH JAHHOTO OT-
peska AB npu yc/oBuH, UTO 3aJaHa npsmas [, napanienbHast AB: uepe3 Touky C, He
JIeXKalllyto HU Ha rpsiMmoii [, Hu Ha nipsimoit AB, nposectu npsimbie CA u CB; nyctb A
U B| — COOTBETCTBEHHO TOUKH UX Nepeceuenus ¢ npsmoil /. 3arem (cm. 10) nposectu
uepe3 C npsimyto, napaJsuienbhyio [; nyctb D — touka ee nepeceuenusi ¢ BA;. Ecan E—
Touka nepeceuenusi AB u DBy, to AE=2-AB.

JloKazkute nocJieinee yTBepKIEHHE.

12) Paznenure otpe3ok AB Ha n paBHbIX uacTeil, ec/d 3ajaHa npsiMas [, napas-
genbHasi AB. (Ykasarue: nosb3ysich 11, oTyioxuTe CHauasa n pa3 JaHHbIH OTPe30K Ha
npsimoit [.)
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13) Han napasuesorpamm ABCD. Uepe3s nanHyto TouKy P npoBeuTe npsiMyto, rna-
paJiiesibHylo JaHHOH npsimoil [. (Ykaszanue: npumenute 10 K LeHTpY napaJJenorpamMmma
1 BOCIOJIb3YHTECH 8.)

14) Jan napaJsuesiorpamM; yBeJMubTe JaHHBIH OTPE30K B n1 pas. (¥kasawue: npu-
Menute 13 u 11.)

15) JlaH napasiejorpamMm; pasjiesiuTe AaHHbIH OTPE30K HA 1 PaBHbIX uacTeil.

16) Han kpyr c uentpom. [IpoBenute uepe3 naHHyio TOUKy MpsiMyto, apaJsiiebHy1o
JlaHHO# nipsiMoil. (Ykasanue: npumenute 13.)

17) Jan Kpyr ¢ UeHTPOM. YBeJHubTe M YMeHbLIUTE NAHHbIIl OTPE30K B 1 pas.
(¥rasawnue: npumenure 13.)

18) Han kpyr c uentpom. [IpoBenure uepes nanuyio TouKy neprieHIuKyJIsip K JaHHON
npsiMoil. (¥xaszanue: BoCIob3yHTeCh MPSIMOYroJIbHUKOM, BIMCAHHBIM B JIAaHHBIH KpYyT,
C JIByMsi CTOPOHAMM, NapaJljie/bHbIMU JaHHOH TPSIMOl, H CBEIUTE K MPEIILIECTBYIOLUM
3aj1ayam.)

19) Ilepecmotpes 3anauu 1—18, nepeunc/ante, kKakue OCHOBHbIE 337124l HA TIOCTPO-
€HHe MOXKHO BBIMOJIHUTh C MOMOLLBIO IBYCTOPOHHEH JIMHENKH (¢ ABYMS NapaJijiebHbIMU
CTOPOHAMH ).

20) JIBe nanHble mpsiMble /| U [ epeceKkaloTcst B TOuKe P, Haxojsulelcs 3a npe-
deaamu ueprexa. [locTpoiiTe npsiMyto, COEIMHSIONLYIO JIAaHHYIO TOUKY @ ¢ TOuko# P.
(¥kasawue: nonoJHATe 3aaHHBIE SJEMEHTbI TAKUM 06pa3oM, 4ToObl MOJyUHIach KOH-
hurypauus ocKocTHo# Teopembl lesapra, npudem P 1 @ crasu Obl TOUKaMH repece-
UeHHsl B3AUMHO COOTBETCTBYIOLIMX CTOPOH JIBYX TPEYroJIbHHKOB.)

21) Ilpoemute npsiMyio uepes JiBE TOUKH, MEXJly KOTOPbIMH paccTosiHie GoJibllle,
ueM JIMHA JHHeRKH. (Ykasanue: npumenute 20.)

22) Tlpsimble [} u [y mepeceKaloTcst B TOUuke P; mpsiMble 1] U M9 — B Touke @); o6e
Touku P u @ — 3a npenenamu ueptezka. [Toctpoiite Ty uacTs npsimoit PQ, Kotopast Haxo-
JIUTCS B Ipejiediax ueprexa. (Yxkasarnue: utoObl NOJYUHTh TOUKY MpsiMoil PQ), nocTpoiite
KoHpurypauuto Jlesapra takum o6pasom, 4ToObl JBE CTOPOHBI OJHOTO TPEYroJibHHKa
JIeXKaJIM COOTBETCTBEHHO Ha [| W mj, JIB€ CTOPOHbI JPYroro — COOTBETCTBEHHO Ha [o
U mz).

23) Pemute 20 ¢ nomoupbio Teopemsl [lackans (erp. 215). (¥kazanue: nocrpoiite
KoHpurypauuto [lackasnsi, paccmarpuBasi /| u /2 Kak 1napy NpoTHBOMOJIOXKHBIX CTOPOH
LLIECTHYTOJIbHUKA, 8 () — KaK TOUKY [epeceueHust Apyroi napbl MpOTHBOMOJIOXKHBIX CTO-
pon.)

*24) Kaxnasi u3 IByX MpsiMbIX, LIeJUKOM JIEXKALIMX 3a MpejesaMHi UepTexka, 3ajaHa
JIByMsl TapaMM MPSIMbIX JIMHUH, TTepeceKatoluXcsl 3a MpejiesiaMi 4epTexa B TouKax co-
OTBeTCTBYIOLLE NpsiMoil. Onpejie/inTe TOUKY MX MepeceueHust ¢ MOMOLIbIO JABYX MNPSIMbIX,
repeceKatolxcsl B 3TOH TOUKe.

§ 8. KoHnueckue ceueHUs M KBaJIpUKH

1. a.J'leMeHTapHaﬂ MeTpuueckKas reoMmeTpuss KOHHYE€CKUX CeuyeHUH. ﬂO
CUX MOp Mbl 3aHUMAJIUCh TOJIbKO TOYKAMH, MPSAMbIMHU, MJIOCKOCTSMU H CbI/H'y—
paMH, COCTaBJI€EHHBIMH M3 KOHEYHOI'O YHUCJla 9TUX 2JIEMEHTOB. Ecau 6b1 MpoeK-
TUBHAs reOMETpPHsI OTpaHUYMBaJaCb paCCMOTPEHHEM TaKUX «JINHEUHBIX» CbI/II‘yp,
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oHa Oblja Obl CpaBHUTEJbHO MasiouHTepecHa. Ho dakToM nepBoCTeNneHHOro
3HAueHUs ABJSETCA TO 0OCTOATENbCTBO, UTO IIPOEKTUBHAS T€OMETPUST ITUM HE
OrpaHMUMBaeTCs, a BKJIOUAeT TakkKe OOLIHMPHYI0 06JIacTb KOHMYECKUX ceue-
HUH W UX MHOTOMEpHBLIX 06006IIeHnH. ATOJUIOHHEBA MeTpHYecKasi TPaKTOBKa
KOHMUECKHX CEUeHMH — 3JIIUIICOB, runep6os U napados — Oblla OAHUM U3
BbIJAIOLIMXCS YCIEX0B aHTHUHOH MaTeMaTHKH. EaBa /1M MOXKHO MepeoLeHUTD
3HaYeHHE KOHMUECKUX CeYeHHMH Kak JUIsl UUCTOM, TaK M JJIs MPUKJAJHOH MaTe-
MaTHKH (HarnpuMep, opOMTHI MJIaHET W OPOMTBI 9JIEKTPOHOB B aTOME BOJOPOJA
SIBJISIIOTCS] KOHMUECKUMH CeueHHsiMH). He mpuxoauTcst yAUBJSTBCS TOMY, UTO
KJaccuueckasi, Bo3HuKas B [lpeBHell Ipeunu, Teopusi KOHUUECKUX CEUEHHH
B HAlM JIHU COCTaBJ/sieT HeOOXOJHMYI0 YacTb MaTeMaTHUECKOro 0Opa3oBaHUs.
Ho rpeueckasi reomerpust HUKOUM 00pa3oM He CKasaja I0CJeJHero CJoBa.
Uepes iBe ThICAUH J1eT OblJIH OTKPBITHL 3aMeuaTe/IbHble TPOEKTUBHbIE CBOHCTBA
KOHMUECKMX ceueHHH. HecMoTpsi Ha NpOCTOTY M H3SILLECTBO 3THX CBOKCTB,
aKajleMuueckasi HHepUMsl 10 HACTOSILLEr0 BPEMEHH CJIYXKHMT MPENsTCTBUEM HX
MIPOHUKHOBEHHIO B LIKOJIbHOE TperojiaBaHue.

Haunem ¢ Toro, uto HalOMHUM METPHUECKHE ONpeeseHHs] KOHUUeCKUX Te-
ueHui. Takux onpejeseHUi HECKOJIbKO, U X 9KBUBAJIEHTHOCTb JOKa3blBAeTCs B
3J1eMeHTapHol reomerpud. HauboJiee pacnpocTpaHeHHble ONpee/ieHUs CBs3a-
Hbl ¢ poKycamu KpUBBIX. IAAUNC ONpPELESeTCs KaK reOMETPHUECKoe MeCTo
TaKUX TOYeK P Ha IJIOCKOCTH, UTO CyMMa HX PaCCTOSIHMU 7| U ry OT ABYX
JIaHHBIX TOueK [} U Fy, Ha3bIBaeMbIX (DOKyCaMH, HMEET MOCTOSIHHOE 3HAUEHHe.
(Ecain hoxychl coBnajaior, KpuBasi NpeBpalllaeTcsi B OKPYKHOCTh. ) [iunepboia
onpenessieTcsl Kak reOMeTpUUeCcKoe MecTO TaKMX ToueK P Ha IJIOCKOCTH, UTO
a0COJIIOTHAsS BEJIMUMHA PA3HOCTH | — ry PABHO OJHOH M TOH 2Ke MOCTOSHHOH
BesiMuuHe. [lapaboaa onpenessieTcsl Kak reoMeTpHueckoe MecTo Touek P, pac-
CTOSIHHE KOTOPBIX 7 OT JAHHOH TOUKH [ paBHO PACCTOSIHUIO OT AAHHOH MPSIMOH /.

B aHanutHueckod reoMeTpUH TH KpPHUBble MPEACTABJSIOTCS ypaBHEHUSIMHU
BTOPOH CTENeHH OTHOCHTEJIbHO MPSIMOYTOJIbHBIX KOOPAUHAT X, y. HeTpyaHo no-
KazaTb, 00paTHO, 4TO BCSIKast KpUBas, MpejcTaBJseMasl ypaBHEHHEM BTOPOro
fopaKa ax® + by + cxy +dx + ey + [ =0,
€CTb WJIM OJIHO U3 TPeX Ha3BaHHBIX BbIlLE KOHHUECKUX CEUEHHUH, UM MpsiMasi J1-
HHUS$1, UJIM TTapa MpsIMbIX, WK CBOJAUTCS K OJJHOH TOUKE, UJIM HOCHT YUCTO MHUMbIH
xapakrep. Kak rokasbiBaeTcsi BO BCSIKOM Kypce aHaJMTHUECKOH IeOMETpHH,
JUTs1 I0Ka3aTe/IbCTBA JOCTATOUHO C/Ie/1aTh HaaJIexKallkiM o6pa3oM nopoOpaHHyo
3aMeHy KOOPAMHATHOW CHCTEMBI.

YKaszaHHble BbILIE ONpeaeeHHs] KOHMUECKHUX CEeUeHHH — CYLLECTBEHHO
MeTpHUeCcKHe, TaK Kak I0JIb3YIOTCSl MOHsITHEM paccrosiius. Ho BoT apyroe
onpejiesieHue, YCTaHAB/IUBAIOLIEe MECTO KOHMUECKHX CEUEHHH B IPOEKTUBHOM
TEOMETPUH: KOHUYEeCKUe CeyeHus Cymov He 4mo uroe, KaK npoexkyuu
OKPYHCHOCTIU HA NAOCKOCTb. ECJI Mbl CTaHEM MPOEKTHPOBATh OKPYKHOCTb C
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13 HekoTopoil ToukH O, TO NPOEKTHPYIOLIMEe NpsiMble 00pa3yoT GeCKOHeUHbIH
JIBOHMHOM KOHYC, U MlepeceueHre 3TOro KOHyca ¢ MJ0CKOCTbIO T OyeT NpoeKUueH
okpyxkHocTH C. KpuBasi nepeceueHusi OyjeT 3JUIMICOM HJIH TUNEpOOJOH,
CMOTPSl 110 TOMY, epeceyeT Ju
MUIOCKOCTb TOJIBKO OJIHY <IO-
JIOCTb» KOHyca uiu obe. Bos-
MOKEH U MPOMEKYTOUHbIH CJTy-
yaii napaboJibl, ecjau TJIoC-
KOCTb T apaJijieIbHa OJHOU U3
MPOEKTUPYIOLLUX MPSIMBIX, MPO-
BejleHHbIX yepe3 O (puc. 94).

[IpoexTupyloluii KoHyc He
00513aH ObITb «MPSMbIM KpPYro-
BbIM» ¢ BeplMHOi O, pacrnodio-
JKEHHOH BepTHKA/LHO HAJl IEHT-
poM okpyxHocTH C: OH MOXKeT
ObITb U «HakJOHHBIM». Ho Bo
BCEX Cayuasix (Kak Mbl PUMeEM
3llech, He MPUBOJISA 10Ka3aTe lb-
CTBa) B MepeceyeHut KoHyca ¢
MUIOCKOCTBIO TOJIYyUaeTcs KpHu-
Basi, ypaBHEHHUE KOTOPOH — BTO-
poii cTeneHu; U 0OpaTHO, BCSIKas
KpHBasi BTOPOTO MOPSIJIKA MOXKET
ObITb MOJIyueHa U3 OKPY:KHOCTH
MOCPEICTBOM TPOEKTUPOBAHHUSI.
[To 910l UMEHHO NPHUMHE KPHU-
Bbl€ BTOPOTO MOPSiIKa MHAUe Ha-

Prc. 94. Konnueckue ceuenus 3bIBAIOTCST KOHHYECKHMH Ceue-
HHUSIMH.

Mbl y2Ke OTMETWIIM, UTO €CJIH TJIOCKOCTb MepeceKaeT TOJbKO OJHY «IM0-
JIOCTb» TIPSIMOTO KPYTrOBOTO KOHyca, TO IepecedyeHde £ MpeacTaBJsieT coOok
sJuMnce. HerpyaHo ycTaHoBUTb, UTO KpUBasl £ y10BAETBOPSIET 00LIKHOBEHHOMY
(hoKaJIbHOMY OMpe/ieIeHHIO 3JJTHICa, KOTopoe ObIo chOPMYJIHPOBAHO BHILLIE.
[IpuBeneM oueHb NPOCTOE U U3SILLIHOE A0KA3aTEJIbCTBO, AaHHOe B 1822 1. 6edb-
ruiickuM marematikom Jlanpesenowm. [lpencraBum cebe nBe cdepbl S
u Sy (puc. 95), KoTopble KacaloTcsl MIOCKOCTH CEUeHHsS T COOTBETCTBEHHO
B Toukax | U Fy W, KpoMe TOro, KacaroTcs KOHyca BJOJb MapajiulesbHbIX
okpyxkHocTell K; W K,. B3siB mpousBosibHylo TOouky P KpuBoil E, nposenem
otpe3ku PF; u PF,. 3arem paccmorpum npsimyio PO, coeauHSIIOMIHI TOUKy P
C BepLIMHOH KoHyca O; 3TOT OTPE30K LEJUKOM JIEKHUT Ha MOBEPXHOCTH KOHYCa;
0603HaunM depe3 @ U )y TOUKM ee MepeceueHusi ¢ OKpyKHoCTIMH K| U Ks.
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Tak kak PF| u PQ, — nBe KacaTeJsibHble, POBEJIEHHbIE U3 TOUKH P K OJIHOU U
TOl kKe cepe Sy, TO
PF, = PQ),.

Touno Taxk xe
PFQ == PQQ

CKJIaLIbIBaH 9TH paBEHCTBA, MbI IOJydaeM:
PF, + PFy = PQ, + PQ».

Ho PQ, + PQy; = Q,Qy ecTb paccTosiHie MexX]y MapaJijieJbHbIMU OKPYXKHO-
cTsiMu K| ¥ Ky Ha MOBEPXHOCTH KOHYCa: OHO He 3aBHUCHT OT BbiGOpa TOUKH P
Ha KpuBor £. OTcioza cyefyert, uto, KakoBa Obl HU Gblia Touka P Ha E, umeer
MEeCTO PaBEHCTBO

PF, 4+ PF, = const,

a 3T0 U ecTb (hoKaslbHOE Orpe-
neJsiende sJunnca. Mrak, E ecTb
saaune, a Fy u Fy — ero okychl.

0

YnpaxHenue. Ecin niockoctb
nepecekaer o0e «I0JOCTH» KOHYycCa,
TO KpHUBasi nepeceueHnsi — runep6o-
Jsa. JIoKaxKuTe 3TO yTBepK/EeHHUE, 110~
Melllast 1o oJiHO#H cepe B KaXKI0H U3
«I10JIOCTEH» KOHyca.

2. TpoeKTUBHbIE CBOWCTBA
KOHUYeCcKUX cedeHuir. OcHo-
BbIBAsICh Ha MOJIOXKEHHUSIX, yCTa-
HOBJIEHHBIX B MPEJIbILYILIEM MyHK-
Te, TMpPUMEM Tenepb BPEMEHHO
cJeflytollee onpejesieHue: KOHH-
yecKoe ceueHHe eCTb MPOeKLHs
OKPY»KHOCTH Ha TJIOCKOCTb. DTO
onpejiesieHde B 6OJIbIIEN CTeNeHH
OTBEUAET JAyXy MPOEKTUBHOH reo-
MEeTpHH, ueM OOLIENPUHsTbIE (Ho-
KaJIbHble OIpeJeseHus, TakK Kak
9TH MOCJEJHHE BCELeJ0 OnMupa-
IOTCS Ha METPHYECKOe TOHSITHE
paccrosinusi. HoBoe onpeniesnienne
TOXKE He BIOJIHE CBOGOJHO OT TOTO HEOCTATKA, MOCKOJbKY €OKPYKHOCTb» —
TaKxKe MeTpHueckoe MoHsithe. Ho yepe3 MrHOBeHHE Mbl MPHIEM K YHCTO MPO-
€KTHBHOMY OMpEJIEIEHHI0 KOHMUECKUX CeUeHHH.

Puc. 95. Cdepnr Hannenena
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Pa3 Mbl npuHsIM, 4TO KOHHUECKOE CeueHHe eCTh He UTO MHOe, KaK MPOeKIHs
OKPY?KHOCTH (JIPyTHMH CJIOBAMM, M0]] TEPMHUHOM «KOHHUECKOE CEeUeHHe» Mbl M0-
HUMaeM Jo6YI0 KPUBYIO, MPUHAJIEXKALILYIO TPOEKTHBHOMY KJIACCY OKPYKHOCTH;
cM. cTp. 213), To oTclojia celluac e CJie/lyeT, UTO BCSKOE CBOHCTBO OKPYXK-
HOCTH, HHBAPHAHTHOE OTHOCHUTEJbHO MPOEKTHBHBIX MPeoOpasoBaHUi, NOJKHO
TaKxKe [PUHaJIeKATh JI0OOMY KO-
HUUECKOMY ceueHHI0. Bcrnomuum
Ternepb CJleflylolllee XOpOIlo W3-
BECTHOE — METPHUYECKOe — CBOM-
CTBO OKPYKHOCTH: «BIHCAHHbIE B
OKPYKHOCTb YTJIbl, OTHpPAIOLIHeCs
Ha OJIHY U Ty e JyTy, PABHbI MeXK-
ny co6oit». Ha puc. 96 yron AOB,
onuparolmiicss Ha ayry AB, He
3aBHUCHT OT I0JI0OXKEHHUsST TOUkH O
Ha OKpy:KHOCTH. CBsiKeM, Jajib-
1le, yKazaHHoe 06CTOSATENICTBO C
MPOEKTHUBHBIM MOHSTHEM JIBOHHOTO
OTHOUIEHHS], BBOJISI HA OKPY?KHOCTH
yXKe He JiBe ToukH A, B, a ueTbipe:
Puc. 96. JIBoiiHOe OTHOLLEHHE HA OKPYXKHOCTH A, B, C, D. Yetsipe npsimble a, b,

¢, d, COeIMHSIIONINE 3TH TOUKH C
Touko# O Ha OKPYXKHOCTH, UMEIOT JIBOHHOE OTHOlIeHue (a, b, ¢, d), 3aBucsiiee
TOJILKO OT YIJIoB, onupatoimxcs Ha ayru CA, CB, DA, DB. Coenunss A,
B, C, D ¢ kakoii-HuGyap Apyroil Toukoit O’ Ha OKPYXKHOCTH, MOJyUdM Tpsi-
mble a’, b, ¢’, d’. VI3 oTMeueHHOro paHee CBOHCTBA OKPY:KHOCTH BBITEKAET,
YTO JIBE UETBEPKH TPAMBIX <KOHTPYIHTHbI» !, [To3TOMY y HHX GyaeT 0aHO H
TO Ke JBoHHOe oTHouleHue: (a’'b’c’d") = (abcd). CnpoeKTHpyeM OKPY»KHOCTb
Ha HEKOTOPOe KoHMYeckoe ceueHre K: Toria Ha K MOJydynTCst UeTBepKa TOUeK,
KOTOpble Mbl CHOBa o6o3Hauum uepe3 A, B, C, D, nse toukn O u O’ u npe
YeTBEpPKH MpsIMBIX a, b, ¢, d u a’, b, ¢’, d’. DTN 1Be UETBEPKH MPSIMBIX yiKe
He OY/lyT KOHTPYSHTHbI, TAK KaK yTJibl IPH TIPOEKTHPOBAHUH, BOOGIIlE TOBOPS,
He coxpansitorcs. Ho Tak Kak J[BoiiHOe OTHOIlIEHHe MpPU TPOEKTUPOBAHUH He
M3MeHsieTesl, To paBeHCTBO (abed) = (a’b’c’d’) no-npexHemy umeet MecTo. Mbl
NPHIIIH, TaKUM 06pa3oM, K CJeylollled OCHOBHOH Teopeme: ecail 4emoipe
mouku Konuueckoeo ceuwenus K, wanpumep A, B, C, D, coedurnemnovr c
namoii mouxoti O moeo e ceuerus npamoimu a, b, ¢, d, mo dsotinoe
omuouenue (abed) ne 3agucum om noaosxcerus O Ha kpusoil K (puc. 97).

I Yerpepka npsmbix a, b, ¢, d cunraercsi KOHrpysHTHOI 1pyroii uetsepke a’, b’, ¢/, d’, ecim

YIJIbl M€KLY KaKJI0i napoﬁ TNpsIMBIX B HepBOﬁ YeTBEpPKEe paBHbI KaK I0 BeJHYHHE, TaK W MO
HampapJIEHHIO OTCUHETa YIJlaM MEXKYy COOTBETCTBYIOLIMMH MPSAMbIMHA BTO]Z)OPI YETBEPKH.
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D10 — 3aMeuaresibHbIH pesdyJbTaT. Kak Ham yxke U3BECTHO, eCJIM YeTbipe
toukn A, B, C, D B34Tbl Ha MpsIMOH, TO JBOHHOE OTHOLIEHHE, COCTABJEHHOE
M3 COEIMHAIONUIMX 9TH TOUKM C MATOH TOUKOH O MpPAMbIX, HE 3aBUCHUT OT BbI-
6opa 3TOH MATOH TOUKH. DTO — HCXOJHOE TMOJIOXKEHHE, JexKalllee B OCHOBE
MPOEKTUBHON TeoMeTpuH. Temepb Mbl y3HAJH, UTO aHAJOTHUHOE YTBEPIXKJEHHE
CTpaBeYIMBO U OTHOCHUTEJbHO UEThIPEX TOUEK, B3SITHIX HA HEKOTOPOM KOHH-
yeckoM cedyeHuH K, OfHAKO C CYLIeCTBEHHbIM OrpaHdueHHeM: nsras Touka O
yKe He MOXKeT CBOGOJHO JBMraThbCsl MO BCEH TJIOCKOCTH, @ MOXKET TOJIbKO
nepeMellarhesi Mo KOHHUECKOMY ceueHuio K.

He npexncrasinsier ocoboro Tpysa 10Ka3aTb U 06paTHYIO T€OpeMy B CJleyto-
e dopme: ecau na kpusoi K umeromes dse mouxku O u O, obaadaroujue
mem cgolicmsom, 4mo kaxkosa oot Hu 6viaa wemsepka mouex A, B, C, D
Ha Kpusotl K, 080linble OMHOWeHUs, cOCMAaBAeHHble U3 NPAMbLX, cOedu-
Harowux smu mouku ¢ O, u u3 npamolx, coedurarouux smu mouxu ¢ O,
pasrol mexcdy coboil, mo kpusas K ecmo KOHuueckoe cewerue (a yx
TOr/a, Mo TPSIMOH Teopeme, ABOHHOE OTHOLIEHHE, COCTABJEHHOE W3 TPSIMBIX,
COEIMHSIIONIMX YeThbIpe JaHHble TOUKH C MPOou3BoJibHON Toukod O” Ha K, 6yaer
MMETb OJIHO U TO Ke MOCTOsiHHOe 3HaueHue). Ho nokaszatesbcTBa Mbl 3/1€Ch
MPUBOANTL He OyIeM.

M3noxeHHble NMPOEKTUBHbIE CBOMCTBA KOHHUECKHX CeUYeHHH HaBOIAT Ha
MbIC/Ib 00 001IEeM MeTO/le MOCTPOEHHUST ITUX KPUBbBIX. YCJIOBUMCS TMOJ, MYy 4KOM
npAmoblX TOHUMATb COBOKYTMHOCTb BCEX TMPSIMBIX MJIOCKOCTH, TPOXOASLIUX
uepe3 jaanHyio Touky O. Paccmor-
PUM MyUKH TIPSAMBIX, TPOXOJISIMX Ue-
pe3 e toukn O u O', pacnoJgo-
JKEHHble Ha KOHHUeCKOM ceueHud K.
Mexnay npsiMbiMd nyuka O U mipsi-
MbIMH TiyuKa O’ MOXKHO YCTAHOBHUTb
B3aUMHO OJIHO3HAYHOE COOTBETCTBHE,
COMOCTaBJIsISI NPSIMOH @ M3 NEPBOro
MyuKa MpsiMyto @’ U3 BTOPOTO BCAKUI
pas, Kak a 4 a’ BCcTpeyaloTesl B He-
kotopoil Touke A kpupoit K. Torna
moGast ueTBepka TpsMbIX a, b, ¢, d  Puc. 97. [lBoiinoe oTnowenue Ha ssmnce
13 nyuka O 6yJieT UMEThb TO ¥Ke JIBOH-

HOe OTHOIIIeHHe, UTO W COOTBETCTBYIOIAs yeTBepKa a’, b’, ¢/, d’ w3 nyuka O’.
Bceskoe B3aMMHO OIHO3HAUHOE COOTBETCTBHE MEXKIY JBYMS MyuKaMu MpPSIMbIX,
obJsajatolee TUM TOCJAEIHUM CBOACTBOM, HAa3bIBAETCS NPOEKMUBHbIM COOM -
gemcmeauem. (JTo onpejesieHue ABOUCTBEHHO M0 OTHOLIEHHIO K ONpeleseHHIO
MPOEKTHBHOTO COOTBETCTBUS MEXKIY TOUKAMH Ha NBYX MPsAMbIX, cM. cTp. 204.)
[Tosb3ysicb 3THM oIpeleJieHHeM, MOXKHO Terepb YTBEPXKAATb: KOHUYECKOe
ceuerue K ecmo eeomempuueckoe mecmo mouex nepeceueHus 83auMHO
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COOMBEMCMBYOUUX NPAMBLX U3 08YX NYUKOB, HAXOOAUUXCS 8 NPOECK-
musHom coomsemcmsauu. lojydeHHasi TeopeMa MOJABOAUT (PyHAAMEHT TOJ,
CJIe/lyIolIee UMCTO MPOEKTUBHOE OMMpe/ieieHHe KOHUUECKUX CEUeHHH: KOHuYe-
CKUM CeueHuem HAaA3bl8aemcs ceoMempuiecKoe mMecimo mouek nepeceve-
HUA 83AUMHO COOMBEMCMBYIOWUX NPAMbLY U3 08YX NYUKOB, HAX0O0AUUX-
cs 8 npoekmugrom coomsememsiu . Kak HH cOOGNA3HUTEBHO TPOHHKHYTh
B riyO6b TEOPUH KOHWYECKHUX CeUeHHH, CTPOSIIeHCs Ha TaKOM OIpeJesieHHH,
OJIHAKO Mbl BBIHYKJIEHbl OTPAHHUMTHCS HEMHOTHMH 3aMeUaHUsIMH 10 3TOMY
MOBO/LY.

[Tapbl MyykoB, HAXOJAIIMXCS B MPOEKTHBHOM COOTBETCTBHH, MOXKHO MOJIY-
YUTh CJeayoIHM o6pasoM. CrpoeKTHpyeM Bce TOUKH P MpsiMOd JIMHUK [ 13
JIBYX pa3HbiX 1eHTpoB O U O” 1 yCTaHOBUM MKy MPOEKTHPYIOLIMMU MyuKa-
MH B3aMMHO OJIHO3HAYHOE COOTBETCTBHE, COIMOCTABJISIS JIPYT IPYTY Te MpsiMble,
KOTOpbIE TIepeceKarnTcsl Ha MpsiMOl /. DTOTO J0CTATOYHO, UTOOBI MOJyYeHHbIE
My4YKH HAXOJIUJHCH B MPOEKTUBHOM COOTBETCTBHMH. 3aTeM BO3bMeM myuok O
U MepeHeceM ero «Kak HeuTo TBepJoe» B MpOM3BOJIbHOE noJioxkenune O'. Uto
HOBBII Myuok O’ Oy/ieT HAXOUThCs B TIPOEKTHBHOM COOTBETCTBHHU C MyukoMm O,
3TO COBEpILIEHHO oueBHAHO. Ho 3ameuatesbHO TO, uTO JI060€ MPOEKTHBHOE

OI

Puc. 98. K nocTpoeHuio npoeKTHBHBIX MyUKOB MPSIMbIX

COOTBETCTBHE MEXKJY JBYMSl MyYKaMH MOXKHO MOJIYUHTb HMEHHO TakuM obpa-
30M. (DTOT (paKT MBOHCTBEHEH MO OTHOLIEHHIO K yNpaxKHeHHio 1 Ha ctp. 205.)
Ecou nyukn O 1 O’ KOHTPY3IHTHBI, MOJTydaeTCst OKPYKHOCTb. EcJiu yriibl Mex-
Jly COOTBETCTBYIOLIMMHU JIydaMH B JIByX MyuKaX PaBHbLI, HO OTCUMUTBLIBAIOTCS B
MPOTHBOMOJIOXKHBIX HAMPABJEHUSX, TO M0JyyaeTcsi PABHOCTOPOHHSS runepboJia
(puc. 99).

CJiefiyer ellle 3aMeTHTb, UTO YKa3aHHOE OTpejiesieHre KOHUUECKOT0 CeueHH sl
MOJKET, B UaCTHOCTH, JaTh M MPSIMYIO JIMHUIO, KaK 3TO MOKa3aHo Ha puc. 98.

! 310 reoMeTpruiyeckKoe MeCTo, MpU U3BECTHLIX 06CTOHTeJleTBaX, MO2KET BbIPOKIAATHCSI B IPSIMYIO

JIMHHUIO; CM. puc. 98.
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B stom cayuae npsimasi OO” cooTBeTCTBYET cama cebe, U BCe €€ TOUKH JIOJIKHbI
ObIThb paccMaTtpuBaeMbl Kak MprUHaiaaeKalulue ICKOMOMY reOMETPUUECKOMY Me-
cry. Takum 06pa3om, KOHHYECKOE CEUEHHE BLIPOXKIAETCSI B Mapy MPSIMbIX: ITO
06CTOSITENBLCTBO BIOJIHE COMVIACYETCST C TeM (haKTOM, UTO CYIIECTBYIOT CeUeHHUsI
KOHYCa, COCTOSILIIME U3 IBYX MPSIMbIX (€CJ/H CeKyLlas MJI0CKOCTb MPOXOJUT uepe3
BEpIIMHY KOHyca).

Puc. 99. O6pasoBaHne OKpPY:KHOCTH H PaBHOCTOPOHHEH runepboJibl ¢ MOMOLIBIO
MPOEKTHBHBIX MyYKOB

Ynpaxnenus. 1) Boiueprure ssimncsl, runep6odibl U 1apaboJibl ¢ OMOLLBIO T1PO-
€KTHUBHbIX NMyuykoB. (HYWTaTe/ 10 HACTOMUMBO PEKOMEH/YETCsl T03KCIEPUMEHTHPOBATD C
10J106HOT0 Pojia TMOCTPOEHUAMH. DTO B BbICLIEH CTENEHH CIOCOOCTBYET MOHUMAaHHIO
CyTH JeJia.)

2) IaHo narb Touek O, O', A, B, C nexotoporo KoHuueckoro ceuenust K. Haiinure
TOUKH nepeceuenust D npousBoJsibHOl npsimoil d nyuka O ¢ kpusoil K. (¥kasanue:
uepe3 O nposeaure npsimbie OA, OB, OC u Hazosute ux a, b, c. Hepes O’ nposeute
npsimeie O’A, O’'B, O'C u Hazosute ux a’, b’, ¢’. Ilpoenure uepes O npsivyto d u
nocrpoiite Takyto npsimyito d’ nyuka O’, uro (abed) = (a’b’c’d"). Torna Touka nepece-
ueHust d U d’ NpUHAVIEKUT KPUBOH K.)

3. KoHnueckue ceueHus Kak «j1uHeiluaTbie KpuBble». [lonsithe kaca-
TeJIbHOH K KOHHUECKOMY CeueHHIO MPUHAJIJIEKUT TIPOEKTUBHON reOMeTPHH, TaK
KaK KacaTeJbHasi K KOHHUECKOMY CEUEHHIO ecTb MpsiMasi, UMeloliasi ¢ caMou
KPHUBOH TOJIbKO OfIHYy OOILYI0 TOUKY, a 3TO — CBOHCTBO, COXpaHsIollleecs Mpu
npoekTHpoBaHud. [IpoeKTHBHbIE CBOWCTBA KacaTesJbHbIX K KOHUUECKUM ceue-
HHSIM OCHOBBIBAIOTCSI Ha CJIENYIOLIEH TeopeMe:
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sotinoe omruouienue mouek nepeceueris wemolpex QuKcupoBarHHbLx
KAcameavbHolX K KOHUHECKOMY CeueHuto ¢ npou3soAvbHOl namotl Kaca-
MmeabHOU He 3asucum om solbopa Imoti nAmot KacamerbHoll.
JlokasaTeJqbCTBO 3TOH TeopeMbl BecbMa
npocto. Tak Kak Jo60e KOHHUECKOe ceueHHe
€CThb HpOeKIJ,I/Iﬂ Opr)KHOCTl/I U TaK KaK B Te-
opeMe HJIET peub TOJNbKO O TAaKHX CBOHCTBAX, -
KOTOpPble MHBAPHAHTHBI OTHOCHTEJILHO MPOEK-
THPOBaHUsl, TO, UTOObI J0Ka3aTb TeOopeMy B
oflleM cJyyae, J0CTATOUYHO J0Ka3aTh ee Jiist

% \%
YaCTHOTO cJiydas OKPY>KHOCTH. & %
\ /

—

Jlaisi aTOro »Ke yacTHOro cJjydasi Teope-
Ma JIOKa3blBAETCS CPEICTBAMH 3J€MEHTapHOH
reometpuu. Ilycets P, @, R, S — ueTbipe Tou-
K1 Ha OKpyxXHocTH K; a, b, ¢, d — Kacareb-
Hble B 3THUX Toukax; T — elle Kakasg-HuOyab Puc. 100. OKpyKHOCTb Kak cO-
TOYKa Ha OKPYKHOCTH, O — KacaTeJibHas B BOKYITHOCTb KacaTeJbHbIX
Hel; nmycth, nanee, A, B, C, D — Touku ne-
peceueHusl KacaTeJIbHOH O C KacatesJbHbIMH a, b, ¢, d. Ecan M — ueHTp

L —

1
OKPY»KHOCTH, To, oueBuiaHo, L/TMA = §4TMP, U TOCJe/lHee BhIpaXKeHHe

npeacTaB/ser yroJ, BOMCaHHbIA B K, onupatowmiics Ha ayry TP. Takum xe
ob6pasom ZTMB npexacrtaB/sieT yroJ, BOMCAHHBIH B K M OMUpAIOIMACS Ha
nyry TQ. CnenoBatesibHo,

LAMB = 5 — PQ,

1 . .
e 5 — P oGo3HauaeT yroJ, BnucaHHblil B K ¥ onupatoumiics Ha ayry PQ.

Orciona Bumno, uto A, B, C, D npoexrupyiotcst 13 M ueTbIpbMsi MPSIMBIMH,
YIJIbl MEXKJy KOTOPBIMH HMEIOT BEJHUMHbI, 3aBUCSIIHE TOJBKO OT TMOJIOXKEHHS

A o \B ¢ D
,

Puc. 101. CBoicTBO KacaTeJIbHOI K OKPYKHOCTH
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Touek P, @, R, S. Ho Torna apoiiHoe otHoieHne (ABCD) 3aBUCHT TOJIBKO
OT YeThIpeXx KacaTesbHbIX @, b, ¢, d, HO He OT KacaTeJbHOH 0. Kak pa3 3To u
HY>KHO ObLJIO YCTAHOBHUTB.

B npenblayliem MyHKTe Mbl MMeJIH cayyail yoeIuThbesl, UTO KOHMUecKoe ce-
UeHHe MOXKET ObITb TIOCTPOEHO <TI0 TOUKAM», €CJIM CTAHEM OTMEUaTh TOUKH Tie-
peceueHust B3AUMHO COOTBETCTBYIOIIMX TPSIMbIX JIBYX MyUKOB, MKy KOTOPbIMH
YCTaHOBJICHO MPOEKTHUBHOE COOTBETCTBHE. TOJIBKO UTO J0Ka3aHHasi Teopema
JlaeT HaM BO3MOXKHOCTb C(OpPMYJMpOBaTh JABOHCTBEHHYIO TeopeMy. Bosbmem
JiBe KacaTeJsbHble @ U @’ K KoHuueckoMy ceueHuto K. Tperbsi kacartesbHas !
nycTh repecekaer @ M a’ cootBeTcTBeHHO B Toukax A u A’. Ecau ¢ Gyner
nepemellarbesl BAOJb KPUBOH, TO YyCTAHOBUTCSI COOTBETCTBHE

A— A

MEXKAYy TOUKaMH a U TOUKaMu a’. DTO COOTBETCTBHE 6yIl€T [IPOEKTUBHbIM, TaK
Kak 110 JI0Ka3aHHOU TeopeMe MPpOU3BOJIbHAsT HETBEPKA TOUEK Ha a 6yIL€T Hernpe-
MEHHO HMEeTb TO XK€ JBOHHOE OTHOLLIEHHE, UTO M COOTBETCTBYIOLLAS UYETBEPKa

D

Puc. 102. [1poekTuBHBIE psijibl TOUEK HA JBYX KacaTeJbHbIX K 3JUIUIICY

TOueK Ha a’. OTCIOILa CJICAYET, UTO KOHUYeCcKoe ceuerue K, paccMmatpuBaeMoe
KaK «COBOKYIMHOCTb CBOUX KaCaTeJIbHbIX», KCOCTOUT» U3 NPAMbBLX, coeduHsI0-
wux 83aumMHo coomsemcemseyrowue mMo4uKu dsyx moudeuHolx pﬂaOBI Ha a
u Ha (1/, HaxXoasiuXcsi B IPOCKTUBHOM COOTBETCTBHH. YKazaHHoe 06CTOSATENb-
CTBO IMO3BOJISIET BBECTH HOBOE OTPeEAC/ICHUE KOHUUECKUX CeueHuH, paccMmatpu-
Ba€MbIX Ha 3TOT pa3 Kak «JIMHeHuaTble KpHUBbIE». CpaBHI/IM 9TO olpeaesieHue ¢

! COBOKyHHOCTb TOYEK Ha HpHMOﬁ Ha3bIBa€TCsl TOUCYHBIM PsI0OM. DTO MOHSITHE JIBOMCTBEHHO MO

OTHOLUEHHUIO K MYUYKY MPsIMbIX.
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[PE2KHUM MPOEKTUBHBIM OTpeAe/JIEHHEM KOHUYECKOIro Ce€UYeHHUsl, JTaHHbIM B IMpe-

JBITYIIEM TyHKTE!

I
Konunyeckoe cedende, paccmar-
pUBaeMoOe KakK COBOKYIHOCTb H10-
YeK, COCTOMT U3 MO4eK nepece-
YeHUS B3AUMHO COOMBEMCMBYIio-
WUX NPAMbLX B JIBYX NPOEKTHBHbIX
nyuKax.

11
Konnueckoe cedenne, paccmarpu-
BaeMOe KakK <«COBOKYIHOCTb /psi-
MOLX», COCTOUT U3 APAMbLY, COEOU-
HAIOWUX B3AUMHO COOMBEMCIMEY-
loujie Mo4Ky B JIByX NPOEKTHBHbIX
paoax.

Ec/n Mbl CcTaHeM cuMTaThb KacaTeJbHYI0 K KOHMUECKOMY CEUEHHIO B He-
KOTOPOH ero TOuKe ABOHCTBEHHBIM 3JIEMEHTOM IO OTHOLUEHHIO K CaMOH TOUKe
1 yCJIOBUMCS, KPOME TOro, «JMHeHuaTylo KpuByl0» (0O6pa30oBaHHYI0 COBOKYII-
HOCTbIO KacaTeJbHbIX) Ha OCHOBE JABOHCTBEHHOCTH CONOCTABJATb <TOUCUHOH
KpUBOI» (06pa30BaHHON COBOKYMHOCTBIO TOUEK), TO Mpeiblayliue hopMyJn-
poBKM OyayT Oe3ynpeuHbl ¢ TOUKM 3PEHHsl NPHUHLMNA ABOHCTBeHHOCTH. [Tpu
«1epeBojie» OIHOH (POPMYJIMPOBKH B APYIyIO C 3aMEHOH BCeX MOHATHH COOT-
BETCTBYIOLLMMH JBOACTBEHHbIMH MOHATHAMH, <KOHUUECKOE CeyeHHe» OCTaeTcs
HEU3MEHHbIM; HO B OJIHOM CJiyda€ OHO MbBICJUTCSl KaK «ToueyHasl KpHUBas>,
onpeessieMasi CBOMMHU TOUKaMH, B IPyroM — Kak «JIMHeluaTtasi KpuBasi», onpe-
JieJisieMast CBOMMM KacaTesbHbIMH.

W3 MNpeAbIAYLIETrO BbITEKACT BazKHOE CJACACTBHE: MPUHLIKIT ILBOIjICTBeHHOCTI/I,
nepBoHavyaJbHO yCTaHOBHeHHblﬁ B HpOeKTI/IBHOﬁ reOMETPHH TIJIOCKOCTH TOJILKO
JUISl TOUEK W TPSIMbIX, OKa3blBAeTCsl, MOXKET ObITb paclpoCTpaHeH M Ha KO-
HUUecKue ceuenus. Ecau 8 hopmyauposke 110606 meopemol, Kacaioujeics
moueK, NPAMbLY U KOHUYECKUX CeYeHull, 3aMeHumo Kancooll dAemenm
eny dsolcmeennoim (He yrnycKasi U3 BHIY, UTO TOUKE KOHHUECKOTO CEUeHHs
JloJ2KHa ObITh collocTaBJ/sieMa KacaTe/lbHasi K 3TOMY KOHHUECKOMY CEUEHHMIO),
Mo 8 pesyabmame MaKce noayuumcs cnpasedausas meopema. Ilpumep
JIEHCTBHUS 3TOTO MPUHLMIA Mbl BCTPETUM B MyHKTe 4 HacTosillero naparpada.

HOCTpOQHl/Ie KOHHYECKHX cequnﬁ, MOHUMAaEeMbIX KaK <«JHHeHuaTble Kpu-
Bble», TMokazaHo Ha puc. 103—104. B yacTHOCTH, ec/ii B IBYX MPOEKTHBHBIX
TOUEUHBIX psilax OECKOHEUHO yjaJieHHble TOUKH COOTBETCTBYIOT B3aUMHO OJHA
Jpyro# (Tak OyJaeT HeNpeMeHHO, €CJIM TOUeUHble Psibl KOHIPYSHTHbI WJIH MO-
J00HBI '), TO KOHHUECKOE ceueHne GyieT napaGoJioi; CrpaBeyIuBO 1 06paTHoOe
yTBepKJIeHHE.

YnpaxHenue. [lokaxkure o6paTHyIO TeOpeMy: Ha ABYX HEMOABHKHBIX KaCaTe/bHbIX
K napaboJie IBHKYIIas1Csl KacaTesbHast K mapaboJie onpeessieT ABa Mo100HbIX TOUEUHbIX
psna.

! Urto Takoe KKOHI'PYSHTHBIE» W «110/106HbIE» TOUEUHbIE psizibl, 1OCTATOYHO IMOHSITHO 6e3 00bsIC-

HEHUH.
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Puc. 103. [Tapa6osa, onpenesnenHast KOHrpySHTHBIMH TOUEUHBIMH PsiIaMU

Puc. 104. [Tapa6oaa, onpeneneHHast noJo6HbIMA TOUEUHBIMH PsiIaMH
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4. Teopembl INackans u bpuaHuioHa A/ NPOU3BOJbHBIX KOHUYECKHUX
cedeHuit. OpHON M3 JIyUIINX WTIOCTPALMI MPHHLMIMA ABOHCTBEHHOCTH TPH-
MEHHMTEJNbHO K KOHHUECKHM CEUEHHSIM SIBJISIETCS B3aHMOOTHOLLEHHE MeXKy 00-
UMK teopemamu [lackans u Bpuanuiona. Ilepasi u3 HUX Obl1a OTKpbITa
B 1640 r., Bropag — B 1806 . W, omHako, Kaxias M3 HUX €CTb HEMoCpes-
CTBEHHOE CJIE/ICTBHE JPYrol, TaK Kak Bcsikasg teopema, hOpMYJHPOBKA KOTO-
POl yIMOMHHAET TOJILKO KOHMYECKHE CEUEHHMS], MPsIMble U TOUKH, HENPEMEHHO
oCTaeTcsl CrpaBe/IMBOH NPH U3MEHEHHH (POPMYJIMPOBKH MO MPHHLIMITY 1BOHCT-
BEHHOCTH.

Teopembl, nokasaHHble B § 5 101 TeMH 2Ke HAUMEHOBAHHSIMH, NIPEICTABISIOT
co60H «CJlyuau BBIPOXKACHHUS» CJeLylolUX 6oJee 0OLHX TEOPEM.

Teopema IMackans. [IpomusonoroscHsie cMmopoHsl uLecmuy20AbHUKA,
BNUCAHHO20 8 KOHUHECKOE CeyeHue, Nepecekaromes 8 mpex KoAIuHeap-
HOLX MOYKAX.

Puc. 105. O6uas kougurypauus [lackans. [Tokazanbl aBa ciyuast: oauH AJIs1 I€CTH-
yroJibHUKa 1, 2, 3, 4, 5, 6, npyroii s wectuyrosibHuka 1, 3, 5, 2, 6, 4

Teopema bpuaHwona. Tpu duaeonaiu, coedurfioujee Npomusono-
NOJCHObLe BEPULULHbL WeCMUYeOAbHUKA, ONUCAHHO2O OKOAO KOHUHECKO2O
ceuenust, KOHKYPPEHMHbL.

O06e TeopeMbl HMEIOT OUEBHHOE TPOEKTUBHOE CoiepKaHue. MIX TBOMCTBEH-
HOCTb GpocaeTcsi B 11a3a, ecyid CPopMyJTHUpPOBaTh HX CJAEIYIOLIHM 06pa3oM:

Teopema [lackana. lano mectb Touek 1, 2, 3, 4, 5, 6 Ha KOHHUECKOM Cce-
uenud. CoeMHUM MocJeoBaTesNbHble TOUKH npsambiMi (1, 2), (2, 3), (3, 4),
(4, 5), (5,6), (6, 1). Or™MeTHM TOUKH Mepecedenuss npsimbix (1, 2) u (4, 5),
(2,3)u (5, 6),(3,4)u (6, 1). DTH TPH TOUKH JIeKAT HA OJHOK MPSIMOM.
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Teopema Bpuanuona. JlaHo uiecth KacaresbHbix 1, 2, 3,4, 5, 6 K Ko-
HUUecKoMy ceueHuto. [TocseoBaTeibHblE KacaTe/bHble MepecekanTcs B TOUu-
kax (1, 2), (2, 3), (3, 4), (4, 5), (5, 6), (6, 1). [IpoBenem npsiMmble, COENUHS-
tote ToukH (1, 2) u (4, 5), (2, 3) u (5, 6), (3,4) u (6, 1). D1 TpH NpsiMble
NPOXOJAT Yepe3 OJIHY TOUKY.

D E

Puc. 106. O6uias kondurypauus bpuanmona.  Puc. 107. [lokazaTeabcTBO TeopeMbl
[TokasaHbl TOJILKO JBa cJyyast [TackaJs

JlokazaTesbCTBa MPOBOJSITCS C MOMOIIIBIO CIEelHaIU3alliy TaKoro XKe poja,
KaK U B PACCMOTPEHHbIX paHbllle C/aydyasx BblpoxkIeHus. JloKaxeM Teopemy
[Tackansi. [lycts A, B, C, D, E, FF — BepllMHbI LI€CTHYTOJbHUKA, BITHCAHHO-
ro B Konudeckoe ceuenue K. IlocpencTBoM MpoeKTHPOBAHHS MOXKHO CJe/ATh
napaJesbHbiMu ipsimble AB u ED, FA u CD (1 Toraa noJjiyunutcs KoHgUrypa-
uust, u3ob6paxkeHHast Ha puc. 107; paau yno6¢TBa 1IECTUYTOJNBHUK HAa YepTexe
B3SIT CaMOIepeceKalollMMcsl, XOTsl B 9TOM HeT HUKaKoH HeoOXoauMocTH.) Hawm
HYXXKHO Terepb JI0Ka3aTb TOJbKO OJHO: uTo npsmas CB napaJsiesnbHa mpsi-
Mo# FE; npyruMu cJIoBaMH, 4TO MPOTHBOMOJIOXKHbBIE CTOPOHBI ITepeceKaloTcs Ha
6ecKOHeuyHO yjajeHHoH npsimol. JlJisi okasaresbcTBa PacCMOTPUM UETBEPKY
Touek F, A, B, D, KoTopasi, KaK Mbl 3HaeM, MpPH MPOEKTUPOBAHUU U3 J0OOI
TOUKM K COXpaHsieT OJIHO U TO e JIBOWHOEe OTHOlIeHHe, cKaxkeM, k. CTaHeM
MPOEKTHPOBaTh U3 Touku C Ha npsimyto AF; mosyuum uetBepky touek F, A, Y,
00, MpUUEM

k—=(F, A, Y, oo):%

(cm. ctp. 211).
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Puc. 108. IlocTtpoenune mpsiMbIX, MepeceKkaloldX TPH JaHHblE
npsiMble 06LLET0 MOJOXKEHHS

CraHeM Ternepb MPOEKTHPOBATh U3 TOUKM £ Ha npsamyio BA; nosyuum ue-
TBepKy Touek X, A, B, 0o, npHuem

BX
k=(X, A, B, oo)—m.
Hraxk,
BX _YF
BA T YA”

yTo Kak pa3 W osHauaet, uto YB || FX. [lokasatenbctBo Teopembl [lackais
3aKOHUEHO.

Teopema Bpuanuiona, kak 6b10 yKazaHo, cjeayer U3 Teopembl [lackads
10 MPUHLMITY JBoicTBEHHOCTH. HO ee MOXKHO 710Ka3aTh W HEMOCPEACTBEHHO —
MyTeM pacCy:KAeHHUs], ABOHCTBEHHOTO OTHOCHTENBHO TOJBKO UTO MPHBEIEHHOTO.
[IpoBecTH 3T0 paccyKaeHne Bo BCexX JeTassix OyaeT MPeKPacHbIM ypaxKHEHHEM
JJIST YUTaTelIs.

5. Tunep6oaoua. B TpexmepHOM MpOCTPaHCTBE MBI BCTpeuaeMcsi C Tak
Ha3bIBAEMBIMH K8a0puKamil (TIOBEPXHOCTSIMH BTOPOTO MOPSIIKA ), KOTOpbE B
JIaHHOM CJlyuae UrparoT Ty 2Ke€ POJib, UTO KOHHUYECKHE CeueHHs1» (KPUBbIE BTO-
poTO MOPsIJIKa) Ha MJIOCKOCTH.

[Tpocreiiiinmu U3 HUX sBASIOTCS cdepa M ssmncona. Ksaapuku Gosee
pa3HooOpasHbl, UeM KOHHUECKHE CeUeHHs], i H3yUeHHe UX CBSI3aHO C GOMbIINMH
TPyAHOCTSIMH. MBI paccMoTpuM 6erio u 6e3 J0Ka3aTeJbCTB OJHY M3 CaMbIX
MHTEPECHBIX MOBEPXHOCTEH 3TOTO THMA: TaK HAa3bIBAEMbIil CBA3HBIN (MJIM OLHO-
TOJIOCTHBIH ) THIIEPOOJIONL.
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Drta MoBepXHOCTb MOXKeT ObITh T0JydyeHa cJjeyionum o6pazoM. Bosbmewm
B TIPOCTpPAHCTBE Tpu mpsimble [y, [y, [3, Haxoxsuecss B 0o6lIEM TMOJOXKEHHH.
[TocnenHee o3Hauaet, UTO HUKAKHE JIBE U3 HUX He MapaJjielbHbl U BCE TPH
He SIBJSIIOTCS TapaJjieibHbIMH OJHOH M TOH Ke MJocKocTH. MoxkeT mnoka-
3aThCsl YAMBUTEJbHBIM, UTO CYLIECTBYET GECKOHEUHOE MHOXKECTBO TMPSMbBIX B
MPOCTPAHCTBE, U3 KOTOPBIX KaxKJasi MepeceKkaeTcsi CO BCEMH TPeMsl JIaHHbI-
MU TIPSIMBIMHU. Y6eauMcsi B 3TOM.
[Tycth T — npousBoJibHAs MJIOC-
KOCTb, COJeprKallasi mpsmyio /;
9Ta TUIOCKOCTb TepeceKaeT Mpsi-
Mble [o ¥ [3 B IByX TOUKaX, W Mpsi-
Masi m, TPOBeJIeHHasi uepe3 3TH
JIBE TOUKH, OUEBHJHO, MepeceKa-
eTcsi CO BCeMM TMpsIMBIMH [;, [y
u [3. Korma njockocts m Bpa-
1aeTcsi OKOJIO TpsiMOU [, mpsi-
Masi m GyJeT U3MeHsITb CBO€ Mo-
JIOXKEHHE, OJTHAKO BCE BPeMs MPO-
JoJKasi TMepecekaThbCss ¢ Tpems
JIAHHBIMHU TIpsiMbIMU. [1pu 1BHKe-
HUM 1M BO3HHUKAET MOBEPXHOCTD,
HEOTPAHMYEHHO yxoadllas B 6ec-
KOHEUHOCTb, KOTOpasi ¥ Ha3blBa-
€TCs OJIHOTIONIOCTHBIM rUnep6oJIo-
uaoM. OHa COLEPKHUT GeCcKOHeu-
HOe MHOXKECTBO TMPSIMbIX THIA /1.
JlloGble Tpu Takue MpsMble, CKa-
KEM my, My U M3, Takxke OyayT
HAXOJUTbLCS B 0OLLEM MOJIOMKEHHH,
1 Te MpsiMble B MPOCTPAHCTBE, KO-
Topble OYyLyT NepeceKaTbes ¢ Tpe-
Msl TIPSIMBIMH 171(, My U M3 OJIHO-
BpPeMEHHO, TakKe OYIyT JieXaThb
Ha paccMaTpuBaeMoil nmoBepxHocTH. OTClo/a cJie/lyeT OCHOBHOE CBOHCTBO T'H-
nep6oJI0Ma: OH COCTaBJISIETCS] U3 JIBYX PA3JIMUHbIX CEMEHCTB MPSIMbIX JIMHH,
KaKJible TPU JIMHUKM OJIHOTO W TOTO K€ CeMeHCTBa HaXoJsTcsi B 06IIeM T0JI0-
JKEHUU M KaXKJ1ast psiMast OJIHOTO CeMEHCTBA MepeceKaeTcst CO BCEMHU MPSIMbIMU
JIPYroro.

BakHoe npoekTHBHOe CBOHCTBO THMEp6OJIOUIA 3aKJIOUAETCs] B TOM, UTO
JIBOMHOE OTHOIIEHHE TeX UEThIpeX TOUEeK, B KOTOPbIX JaHHAs UeTBEPKa MPsIMbIX
OJIHOTO CEeMEeHCTBA MepeceKaeTcsi ¢ HeKOTOPOH MPsIMO BTOPOTO CeMeHCTBa, He
3aBUCHUT OT BbIOOpa 3TOH MocC/eHeld. DTO yTBepxK/IeHHe BbITEKAeT U3 MEeToJ]a

Puc. 109. Tunep6osonn
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MIOCTPOEHHs TuIepOOJ/IoHAa C IOMOLIBIO BPaLIAIOLLeHCs VIOCKOCTH, M YUTaTe/b
MO2KET y6eIlI/ITbCﬂ B €ro CrpaBeJIiBOCTH U KAaYeCTBE yIpaKHEHHUsI.

OTmeTnM elie 0JHO 3amMeuaTesqbHOE CBOHCTBO THMepOOJMONAA: XOTSI OH CO-
JeP2KUT JBa CeMelicTBa NPSIMbIX JMHUH, HO CYLLECTBOBAHHE 3THUX MPSIMbIX He
pensTCTBYeT U3rM0aHuIO [I0BEPXHOCTH — He JeJiaeT ee xKecTKol. Eciu yerpo-
UTb MOJeJb TUrepOoJIoMaa U3 CTepKHEH, crnocoOHbIX CBOOOJAHO BpallaThCsl
OKOJIO TOYEK B3aHMHbBIX [epecedyeHuH, TO MOBePXHOCTb B LEJIOM MOXKET ObITb
HerpepblBHO JAedopmupyema, npoderas 6eCKOHEUHOE MHOXKECTBO pas/IHUHbIX
COCTOSTHHH.

§ 9. AKcMomMaTHKa U HeeKJIU0Ba reoMeTpus

1. AKcuomaTHyecKuil MeToA. AKCHOMATHUECKHI METOJl B MaTeMaTHKe Ge-
peT cBoe HayaJio 1o MeHblIeH Mepe oT EBknuaa. bolio 66l coBeplleHHO OLIn-
GOUHO MoJiaraThb, UTO aHTHUHAs MaTeMaTHKa pa3BHBAJaCh WJM H3jarajach HC-
KJIOUMTEJILHO B CTPOTO MOCTYJIaTUBHOH (popMe, cBolcTBeHHOH «Hauanam». Ho
BIeuaTJeHHe, IPOU3BEICHHOE STUM COUMHEHHEM Ha MOCJeLYIoLHe TOKOJIEeHHS,
ObJIO CTOJIb BEJMKO, UTO B HEM CTaJd MCKaTb 06pasibl Ui BCAKOTO CTPO-
roro JI0KazaTesbCTBa B MaTeMaTuKe. MHOH pas paxe ¢uaocogbl (Hanpumep,
CnuHO3a B €ro KHUre «JTHKa») MbITAJUCh H3JlaraTb CBOH PacCyXKJIEHHs B
(hopmMe TeopeM, BbIBOJMMbIX U3 OMpe/ie/leHH 1 akcuOM. B coBpeMeHHoil MaTe-
MaTHKe, MocJie Mepuoaa OTX0/a OT €BKJMAOBOH TPaIULMH, NMPOLOJKABLIErOCs
Ha nporsikennn XVII u XVIII BB., cHoBa 06Hapy»KHJI0Ch BCe YCUIUBAIOLIEECS
MPOHUKHOBEHHE aKCHMOMATHUECKOTO MeToJa B pasjuuHble obaacti. OaHUM U3
caMbIX HeJIaBHHUX MPOJYKTOB MOAOGHOTO poja yCTPEMJICHHS] MbICJH SIBUJIOCDH
BO3HUKHOBEHHE HOBOH JUCLMIVIMHBI — MaTeMaTHUECKOH JIOTHKH.

B o6umx ueprax akcuoMaTHuecKas TOUKA 3PEHHS] MOXKET ObITb OXapak-
Tepu3oBaHa cJenyolm obpa3oM. JlokazaTb TeopeMy B HEKOTOPOH JAeLyK-
THBHOH CHCTeMe — 3HAuUHWT YCTAHOBUTb, UTO 3Ta TeopeMa eCTb HeoOXOAUMOe
JIOTUYECKOE CJIEACTBHE M3 TeX MJM MHBIX paHee J0Ka3aHHbIX MPeLIoxKe-
HUI; MOCJIeIHUE B CBOIO ouepellb JIO/KHBI ObITh 10KasaHbl U T. 1. Ilpotecc
MaTeMaTHYeCKOro 00OCHOBAHUSI CBOAMJCS Obl, TaKHUM 00pa3oM, K HeBbl-
MOJHAMON 3ajauye «OGEeCKOHEUHOTro CIycKa», eC/JH TOJbKO B KaKOM-HHOYIb
MecTe HeJib3si OblIo Obl OCTaHOBUThCA. Ho B TakoMm ciyyae JOMKHO Cy-
ILIeCTBOBATb HEKOTOPOE UMCJIO YTBEPXKICHUH — nocmyaamos, Wi akcu-
OM, KOTOpble NPUHUMAIOTCS B KaueCTBE HCTHUHHBIX W JI0KAa3aTeJbCTBO KO-
TOpbIX He TpeOyercsi. VI3 HUX MOXHO MbITaThCS BBIBECTH BCE Jpyrue Te-
OpeMbl MyTeM YMCTO JIOTHUECKOH aprymeHtauuu. Ecsu Bce ¢akThl Heko-
TOpOH HayyHOH o00JacTH MNpUBeIeHbl B MOAOOHOr0 pojAa JOTHUECKUH M0-
pSJIOK, a MUMEHHO Tako#, uTo JI0O6OH W3 HUX <BBLIBOAHTCSH» M3 HECKOJbKHX
0TOOpaHHbIX MPEIOKEHHH (TPEANOUYTHTENbHO, UTOObl TAaKOBble ObLIM He-
MHOTOUMCJICHHBI, TPOCTbl M HE BbI3bIBAJH COMHEHUH B JOCTOBEPHOCTH), TO
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TOIJa eCTb OCHOBAaHHE CKadaTb, 4To 06JlacTb MpeACTaBUMa B «aKCHOMATH-
yecKkoil (opme» WM «JOMycKaeT akCHOMaTH3alHuio». BeiGop mpeaoxeHHH-
AKCHOM B LIHPOKOH CTereHH MpousBojieH. OHAKO MaJo MOJb3bl, €CJH HAlIH
M0CTYyJIaThl HENLOCTaTOUHO IPOCTbl WJM €C/JH HX CJHLIKOM MHoro. [ajee,
CHCTeMa MOCTYJaToOB JOJKHA ObITb cogmecmumot: (Henpomusopedusoi)
B TOM CMbICJIe, UTO HHKaKWe JBe TeOopeMbl, KOTOpble M3 HHX MOIYT ObITb
BbIBeJeHbl, HE JOJLKHbI COJepxKaTb B3aUMHBbIX IPOTUBOPEUHMH, U MOAHOU
B TOM CMbICJIe, YTO BCSIKasi TeopeMa, HMelollass MeCTO B paccMaTpuBae-
MoH 006JacTH, M3 HHUX MOxKeT ObIThb BbiBefeHa. M3 coobpaxkeHn#t 3KoHO-
MHH 2KeJlaTesbHO TakxKe, UTOObl CHCTeMa I10CTYJ/1aTOB Oblla He3a8ucumoll,
T. €. 4yTOObl HM OJMH M3 HHMX He Obl1 JIOTHUECKMM CJIeACTBHEM OCTaJbHbIX.
Bomnpoc 0 HenpoTHBOPEUMBOCTH M IOJIHOTE CHCTEMbl aKCHOM Obl1 NpeaMe-
TOM OOJIbLIMX JucKyccuil. Pasnuunble dujocodckue B3LsAbl Ha HCTOUHH-
KM UeJIOBEUeCKOIo 3HaHMsl OCYCJIOBMJ/IM Pa3/UyHble, MOAYAC HeCOBMECTHUMble
TOUKM 3pEHMsl Ha OCHOBaHMsl MaTeMaTHku. Ecsn MaremaTuueckue I10HS-
THSl paccMaTpUBAIOTCS KaK cyOcCTaHUMasbHble O0O0BEKTbl B ciepe «UUCTOH
MHTYMLHH», HE3aBUCUMbIC OT OINpele/eHHH M OTAE/bHbIX AKTOB MbICJHTE/b-
HOH JefTeJbHOCTH 4YeJloBeKa, TOrAa, KOHEUHO, B MaTeMaTHUYeCKUX pe3yJlb-
TaTax He MOxeT ObITb HUKAKMX [POTUBOPEUMH, [OCKOJbKY OHH IpejcTa-
BJISIIOT COOOH OOBEKTHBHO HCTHHHbIC IPEJIOXKEHHsl, ONHCbIBAIOLIMe peajlb-
Hblll Mup. Ec/n MCcXoauTb M3 TakoH «KaHTHAHCKOH» TOUKM 3pEHHsl, TO HHU-
Kakoil npoOJsieMbl HENpoTUBOPEUMBOCTH Boobule HeT. Ho, kK coxasenuro,
JeHCTBUTEJIbHOE COlepKaHHe MAaTeMaTHKH He ylaeTcsl YJIOXKHTb B CTOJb
npoctele (ujgocodckue pamku. [lpeacTaBuTeN I COBPEMEHHOTO MaTeMaTH-
UeCKOro MHTYMLMOHM3Ma He I10J1araloTcsl Ha UMCTYIO MHTYMLHMIO B €€ I10JIHOM
KAQHTOBCKOM MOHUMaHUH. OHM IPU3HAIOT CUETHYI0 OECKOHEUHOCTb B Kaue-
CTBE 3aKOHHOIO JeTHLIA WHTYULMH, HO JONYCKAalOT HCIOJb30BAHHE JIMLID
KOHCTPYKTHBHBIX CBOHCTB. Takue e (hyHAaMeHTaJbHble TOHSITHS, KaK UH-
CJIOBOH KOHTHHYYM, CJIeflyeT, C UX TOYKHM 3PEHHUS, UCKJIOYHUTb M3 ynoTpelJie-
HHUsl, T102KePTBOBAB IIPH 3TOM BaXKHLIMM pasjejaMH CyLIeCTBYIOLIeH Marte-
MaTHKH (@ To, UTO MOCJE 3TOr0 OCTaeTcsl, OKasblBaeTcsl Oe3HaleKHO 3ally-
TaHHBIM ).

CoBeplIeHHO Jpyrylo MO3ULMI0 3aHAMH «dopMatucTbi». OHM He Npu-
[IUCLIBAIOT MaTEMAaTHUECKUM I1OHSTHSIM HUKAKOH WHTYWTHUBHOH peaslbHOCTH H
He yTBEepXKJAlOT, YTO aKCHOMbl BbIPaXKaloT KakKhue-TO OObEeKTHBHbIC HCTHHDI,
OTHOCsIlLMecss K 00beKTaM UMCTON HHTYMLMH; OHH (opMasucTbl) 3a60TsATCA
JUIIL 0 (hOPMaJbHOH JIOTHYECKOH MPaBHJIBHOCTH TIpoliecca pPacCyKAeHHH,
6asupyrolmnxcst Ha nocrynarax. [losuumns sta obsanaer 6e3ycJOBHbIMH Ipe-
MMYLLEeCTBAMH 110 CPABHEHHIO C HHTYHLIMOHUCTCKOM, TaK KaK OHa NPeN0CTaBJsIeT
MareMaTHKe I0JIHYlI0 CBOOOJY ACHCTBHH, HYXKHYIO KaK AJIsi TEOPUM, TaK WU A
npunoxeHuii. Ho oHa BMecTe ¢ TeM BblHyXKJaeT (GOpMa/IUCTOB J0Ka3blBaTb,
YTO IPUHATbIE UMM aKCHOMbBI, BBICTYNAIOLIME Telepb B KayecTBe NPOAYKTa
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CBOOOJIHOTO TBOpUECTBA UEJOBEUECKOTO HMHTEJJIEKTA, HE MOTYT MPHUBECTH K
nportuBopeurto. Ha MpoTspKeHHH MOCJAeNHUX [BAAUATH JeT! TpearnpuHu-
MaJIUChb MHOTOUMCJICHHblE M HAMpsDKEHHble [ONBLITKM I[OMCKA TAaKOro poja
J10Ka3aTesIbCTB HEMPOTHBOPEUHBOCTH, OCOOEHHO 110 OTHOLUEHHIO K aKCHOMaM
apuMeTHKH U anre6pbl ¥ K TOHSITHIO YHCJIOBOTO KOHTHHyyMa. Pe3yJsibTaThl,
T0JIyueHHble B 9TOM HalpaBJIeHUH, UMEIOT HCKJ/IOUHTE/bHYIO BaXKHOCTb, HO
3ajaua B LEJOM elle JAajeKo He BbiMoJHeHa. BoJgee Toro, noJydeHHblie B
MOCJIeIHHE TOJbl Pe3yJibTaThl CBHJETEJLCTBYIOT O TOM, UTO Takoro poja
TMONBbITKK M HEe MOTYT NPUBECTH K IOJHOMY YCIIeXy — BbISICHMJIOCb, 4TO AJIs
HEKOTOPbIX CTPOTO OINpeleJeHHbIX W 3aMKHYTbIX CHCTEM TOHSITHH BOOOLE
HeJb351 JI0Ka3aTb, UTO OHM HENPOTHBOPEUMBBI W B TO 2KE& BpeMsl MOJIHbBI.
OcofeHHO 3ameuaTeNbHO TO OOCTOSITENBCTBO, YTO BCE TAKOrO poja pac-
Cy:KJeHHsl, Kacatoudecsi npo6JjeM O0OGOCHOBAHMS, MPOBOAATCS MOJHOCTBIO
KOHCTPYKTHBHBIMH M HHTYHTHBHO YOEIUTEJIbHBIMH METOAMH.

Crnop MexJy HHTYHLHMOHHCTAMH H (popMajucTaMH, 0COOEHHO OOOCTPUB-
ILIMACS B CBSI3H C MTApaJlOKCaMH TEOPHUU MHOXKeCTB (cM. cTp. 114—115), mopoaun
MacCy CTPACTHBIX BBICTYMJIEHHH YOEKAECHHBIX CTOPOHHUKOB 00euX LiKoJ. Ma-
TeMaTHUeCKUI MUp MOTPsiCaJM BO3IJAChl O «KpU3Hce 0CHOB». Ho TH curHasbl
TPEBOTH He BOCIPUHUMAJIUCh — Ja U He CJ1e[10BaJI0 UX BOCIIPUHUMAThL — CJIMLL-
KOM y2K Bcepbes. [1pu BceM yBaxKeHHH K IOCTHAKEHHSIM, 3aBOEBaHHbBIM B 60pbOe
3a MOJIHYI0 SICHOCTb OCHOB, BbIBOJ, UTO 3TH PACXOKJAEHHUs BO B3LIsJaX WJIM XKe
NapaloKChl, BbI3BAHHblE CIIOKOMHLIM M [PUBBLIUHBIM HCII0JIb30BAHUEM MOHATHH
HeorpaHM4YeHHOH OOLHOCTH, TasiT B cebe KaKylo-Ju6o yrpoay Ajs caMmoro cy-
LLIECTBOBAHUSI MAaTeMaTUKH, MIPEACTABJSAETCS COBEPLIEHHO HEOOOCHOBAHHbIM.

CoBeplIlIEHHO HEe3aBUCHUMO OT KakMX Obl TO HH OblIO (DUIOCO(PCKUX pac-
CMOTPEHHH M HHTepeca K MpobJeMaM OCHOBAHMH aKCMOMATHUECKHH MOAXOJ K
NpeAMETy MaTeMaTHKH — CaMblil €CTECTBEHHbII cnocob pa3oOpaTbhest BO BCEX
XUTPOCTIJIETEHUSIX B3aUMOCBSI3eH MeXKIy Pa3JIMUHBIMH (aKTaMM M BBISICHHTb
3aKOHOMEPHOCTH JIOTHUECKOI0 CTPOEHUsI 0ObeluHsoMX uX Teopui. [Topoit
TaKoe CocpelloToueHHe BHUMAaHHUSI Ha (hOpMaJsIbHOH CTPYKType, a He Ha MHTY-
MTHBHOM CMBICJIE TTOHATHH, 0OJIeryaeT oTbiCKaHHe O0OOOLLEHUH M MPUMEHEHHH,
KOTOpBIE JIErKO OblJI0 Obl YIIYCTUTb NPH GoJiee HHTYUTUBHOM MOAXOJE K JeJy.
Ho Bblpatouimecst OTKpbITHS M MOAJIMHHOE TIOHUMaHHUE JIMLIb B HCKJIOUMTEIb-
HBIX CJlydasiX OKa3blBaUCh PE3yJILTATOM IIPUMEHEHHs] YHCTO aKCHOMAaTHUECKHUX
MeToNOB. [ToJUIMHHBIA HCTOUHHK Pa3BUTHSI MATEMAaTHKH — 9TO KOHCTPYKTHBHOE
MBbILLJIEHHE, MOJJIepKUBAEMOe UHTYULIMEH. XOTs akCMOMaTH3alus — TOT Hje-
ajl, K KOTOPOMY CTPEMHUTCSI MaTeMaTHKa, Oblj0 Obl HEMPOCTUTENbHOH OLIHOKOH
yBEpOBAThb B TO, UTO aKCMOMaTHKa cama 1o cebe SIBJSETCS CYyTblo MaTeMaTHKH.

Hanucano B 1941 r. O panbueiimx paGotax B 3Tofl 06s1aCTH, a TakxkKe 110 MOBOMY Bceil 06-
LIMPHOI TTPOG/IEMAaTHKH OCHOBAHUII MaTeMaTHKH M XapaKTePHCTHKH Pa3JIHUHbIX HaNpaBJjeHHii,
cm. [11], [34], [37]. — [Ipun. peo.



§9 AKCHMOMATHKA W HEEKJIMAOBA TEOMETPHA 243

KoHeTpyKTHBHASI MHTYHLIMSA MaTeMaTHKa MPUBHOCHT B MATEMATHKY HelelyKTHB-
Hbl€ U HWppallioHaJIbHble MOMEHTDI, yHOILO6J]ﬂ[OIJ1H€ €€ MY3bIKE HJIH 2KUBOITUCH.

Co Bpemen EBK/HIa TeoMeTpHst HEM3MEHHO Obljla MPOTOTUIIOM aKCHOMa-
TH3HPOBAHHON JUCUMMIKHBL. Ha npoTsKeHHH CTOJIETHI cHUCTeMa €BKJHJ0BbIX
MOCTYyJIaTOB OblJIa MPeAMETOM HarnpsiKeHHoro usyuenust. Ho Tosbko cpaBHH-
TCJbHO HEAaBHO CTaJl0 COBEPLICHHO sICHO, YTO 3TH MOCTYJaTbl NOJ2KHbI ObIThb
M3MEHEeHbI U JIOMOJIHEHbI, /I TOrO YToObl M3 HUX MOIJ1a ObITb BbIBe/leHa JAe1yK-
THBHO COBOKYIHOCTb Mpe/JIOXKeHHI 3/eMeHTapHoi reometpuu. Hanpumep, B
KOHLIe TIpolytoro crosietust I1 a 11 o6Hapy»KuJI, UTO MPH pacCMOTPEHHH TOpsiKa
pacroJozKeHUst TOUeK Ha MPsIMOH, T. €. COOTHOLLEHHH, XapaKTepH3yeMbIX CJI0BOM
«Mexay», TpebyeTcst 0coOblil mocTy.1aT. [1al BbIABHHYJ B KauecTBe MoCTyJara
caelylollee NpeioKeHHe: ecal npamas nepeceKkaern Cmopory mpeyeoib-
HUKQ 8 MOYKe, He A8AL0Welicsl 8epULUHOIL, MO OHA nepeceKkaemcs u eue ¢
00rotl cmoporoll mpeyeosvruka. (HeBHUMaTeIbHOE OTHOLICHHUE K 3TOH Je-
Tasli TIPUBOJUT K PSILY KAXKYIINXCsl MapafoKCOoB: abCypaHble CAEACTBHS — Ha-
npumMep, 06LIECH3BECTHOE «J10KA3aTe/IbCTBO» TOrO, UTO BCE TPEYrOJbHHKH paB-
HOOe/IpeHHble — KaK OyITO Obl CTPOrO «BbIBOASTCA» H3 €BKJIMJIOBbIX aKCHOM.
ATOT «BbIBOJ» OCHOBbLIBACTCSl HA HETOYHOM BBLIINOJHEHHUH YepTEKa, TMpUYEM
HEKOTOpPbIC MpsIMbI€ TIEPECeKaloTCsl BHE WJIM BHYTPHU TPEYroJibHUKA UKW KpPYyra,
BOIPEKH TOMY, UTO MPOMCXOJUT HA CaMOM JeJie.)

B cBoefi 3namennroit kuure «OcHOBaHMSI TeOMeTPUH» (MepBOe H3JAHHE ee
nosisujioch B 1899 r.) [uab6epT gan BHONHE YAOBJIETBOPUTENBHO MOCTPO-
€HHYIO0 CHCTEeMY aKCHOM IeOMeTPUH M BMeCTe C TeM I1POH3BeJ HCUepIbIBAOLIMH
aHaJiIu3 UX B3aUMHOH HE3aBUCUMOCTH, UX HCIPOTUBOPEUHUBOCTHU U MOJHOTDI.

Bo BCSAKYIO CHCTEMY aKCUOM HEH30€eXKHO BXOJSIT HEKOTOPbIC HEOTIpEAC/IUMbIC
TMOHATUS, HANpUMep, «TouKa» WM «IpsMasi» B reoMerpud. Mx «3Hauenue»
(nJn cBSI3b ¢ 06'bEKTAMHU PeANBHOTO MUPA) 04 MAMEeMA MUK HeCYLLIECTBEHHO.
DTH TOHSATHS MOTYT paccMaTpuBaTbCsli YHUCTO a6CTpaKTHO, U HUX MarteMaTu-
ueckde cBoOilcTBa B Ipejesax JAeLyKTHBHOH CHCTeMbl BCELEJIO BbITEKAIOT M3
TeX COOTHOLICHMH MexK1y HHUMM, KOTOpble yTBepXKJAaloTcs B akcHomax. Tak,
B HpOeKTI/IBHOﬁ reOMETPrUHU MO2KHO HaudaTb C OCHOBHbBIX MOHSATHH «TOUKa» H
«IIpsIMast» U OTHOLLICHUS KUHLUUACHTHOCTH>» U cPOPMYIUPOBATh JBE 1BOHCTBEH-
Hble aKCHOMBI: «KaxK/ible JiBe Pa3/iUuHble TOYKH HHLMACHTHbI C OJHOH H TOJBKO
OILHOIjI HpﬂMOIjI» U «KaxKable [BC paaJjniyHblie MpsiMble HHUUACHTHBI C OILHOIjI H
TOJIbKO OJIHOH TOUKOI». B akcuomaTHuecko cucTeMe NPOeKTUBHON reoMeTpUH
JIBOHCTBEHHOCTb B (POPMYJIMPOBKE aKCHOM 0OYCJIOBIMBAET JABOUCTBEHHOCTb B
caMoM rnoctpoeHuu. Besikol Teopeme, copeprkaliiel B cBoel (QOpMyTHPOBKE U B
JI0Ka3aTesIbCTBE TOJBKO 3JIEMEHTbI, CBSI3aHHbIE «BOHCTBEHHBIMH» aKCHOMaMH,
HEeIPEMEHHO COOTBETCTBYET JBOHCTBeHHasl TeopeMa. B camoM jese, 10Kasa-
TeJIbCTBO HCXOJHOH TEOPEMbl 3aK/II0UAeTCsl B TOCJEA0BATEbHOM MPUMEHEHHH
HEKOTOPbIX aKCHOM, M MPUMEHEHHE B TOM Ke MO0psijiKe ABOUCTBEHHbIX aKCHOM
COCTaBHT JI0KA3aTe/JbCTBO JBONCTBEHHOH T€OpEMbI.
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COBOKYMHOCTb aKCHOM MeOMETPHH COCTABJISIET HesABHOEe OnpedeneHue Beex
«HeOoTpe/IeJIIeMbIX» FeOMETPHUECKUX MOHSITHI: «TOUKa», «IIpsSMas», <HHLHU-
JEHTHOCTB» U T. . [/1s TMpUNOXKeHHH Ba)KHO, YTOOBI OCHOBHBIE TOHSITHS M
AKCHOMbI F€OMEeTPHH HaXOJUIUCh B XOPOLLIEM COOTBETCTBHH C JIOCTYIHBIMU (HU-
3UUECKOH MPOBEpKe YTBEPXKAECHUSIMH, KACAIOLIUMHCS «PeasbHBIX», 0Cs3aeMbIX
npeameros. Pusnueckast peasbHOCTb, CTOSIIAS 32 MOHSTHEM <TOUKH», €CTh
KaKol-TO OUeHb MaJIeHbKHH 00'beKT, BPOJe HeBOJbILIOrO MATHBILLIKA, M0Jdydae-
MOro Ha Gymare npH MPUKOCHOBEHHH KapaHjalla, H TaKUM 2Ke 06pasoM «Ipsi-
Mast» npeacTaBJsieT co6oil abCTpakUMIO TYyro HaTSIHYTOH HUTH WJIM CBETOBOTO
Jyya. CBOHACTBA 9THX (DM3HUECKUX TOUEK M MPSIMbIX, KAK MOXKHO YCTAHOBHTb
nyTeM NPOBepKH, 6oJjiee WM MeHee COOTBETCTBYIOT (DOpPMaJbHbIM aKCHOMAaM
reoMeTpuu. Jlerko cebe MpeacTaBUTb, UTO OoJiee TOUHO MOCTABJIEHHblE KC-
MEPUMEHTbl MOTYT BbI3BaTh HEOOXOAMMOCTb B M3MEHEHMH aKCHOM, €CJH Mbl
XOTHM, UTOObI OHH JaBaJii aJeKBaTHOE ONUCaHHe PuanuecKHuX siBJjeHuil. Ha-
TMPOTUB, ecyiM Obl CyLIECTBOBAJIO 3aMeTHOE OTKJIOHeHHe (POPMaJIbHLIX aKCHOM
OT (DM3HUECKUX CBOKICTB NpeIMeTOB, TO reoOMeTpHsl, IOCTPOEHHAs HA 3THX aK-
cHOMax, npejcTapJs/a Obl orpaHHueHHbId uHTepec. Takum o6pasom, naxe c
TOUKH 3peHHust opMauCTa, ecTh HEUTO, UTO OKa3blBaeT GoJbliee BJUSHHE HA
HaMpaBJeHHs] MaTeMaTHUECKOH MBICJIH, HEXKEJH UeJIOBEUeCKHH pasyM.

2. Tunep6oanueckasi HeeBKJIUIOBa reomerpus. B cucreme Eskiunuga
MMeeTCsl OJHa aKCHMOMa, <UCTHHHOCTb» KOTOPOH (T. €. COOTBETCTBHE SKCIEPU-
MeHTaM C HaTsSIHyTHIMU HUTSIMH WJIM CBETOBBLIMH JydaMH) BOBCE HE OUeBHJHA.
ITo 3HAMEHMTAst AKCUOMA NAPAIIEAbHOCMU, YTBEpXKIAWollas, uTo uepes
JIAHHYIO TOUKY, PACMOJIOXKEHHYIO BHE IJAHHOH MPSMOH, MOXKHO MPOBECTH OOHY U
MoAbKO 00HY TIPsIMyI0, apaJsuiesibHyto 1anHo#. CBoeo6pa3Hoi 0cO6eHHOCThIO
9TOH aKCHOMBI fIBJISIETCS TO, UTO COAeprKalleecs B Hell yTBep2KICHHE KacaeTcs
CBOHCTB NPAMOH Ha 8Cem ee npomsjcexuu, TNpuueM NpsaMas IMpeanoaa-
raeTcsl HeOrpaHUUEHHO MPOAOJKEHHOH B 00 CTOPOHBI: CKa3aTbh, UTO JiBe
npsiMble MapaJiiesibHbl, — 3HAUUT YTBEPXKAAThb, UTO Y HUX HeJb3s 0OHAPYKHUTb
o611iell TOUKH, Kak Obl Jajeko WX HH MpojoJsKaTh. BrosHe oueBHIHO, UTO B
npejesiax HeKOTOPOH OeparHuueHHOol YaCcTH MJIOCKOCTH, KaK Obl 3Ta UYacTb HU
Obls1a 0OLLIMPHA, HAIPOTUB, MOXKHO MPOBECTH Yepe3 JaHHYI TOUKY MHOXKECTBO
NpsIMBIX, He TepeceKatoluxcest ¢ JaHHoH npsimMoi. Tak Kak MakcUMaJ/bHO BO3-
MOXKHAsl IJIMHA JIMHEHKH, HUTH, JaxKe CBETOBOTO JIyua, H3yuaeMOro ¢ MoMollbio
TeJlecKorna, HellpeMeHHO KOHEeUHa, M TaK Kak BHYTPU Kpyra KOHEUHOro paauyca
CYLLECTBYET MHOTO NPAMBIX, MPOXOJASALIMX Uepe3 JaHHYI0 TOUKY W B Npejesiax
Kpyra He BCTpeUalOUIMXCsl C JAHHOH MpsIMOH, TO OTClOJa CJedyeT, 4To 3Ta
AKCHOMa HUKOTJIa He MOXKeT ObIThb TIPOBepeHa 3KCrepuMeHTanibHO. Bee npoune
akcHoMmbl EBK/IMA UMEIOT KOHEUHbIH XapakTep, T. €. KacaloTcsl KOHEUHbIX OT-
PE3KOB TPSIMbIX WJIH KOHEUHBIX YacTell paccMaTpuBaeMbIX MaocKux duryp. Tor
(hakT, UTO aKCHOMa NapaJljieJbHOCTH He JIOMyCKaeT IMIUPUUECKOH MPOBEPKH,
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BbIIBMIAeT Ha NepBbIH IJIaH BOIIPOC O TOM, SBJSETCA JIM OHA He3a8UCUMOL
OT npouux akcuoM. Eciiu Obl oHa Oblna HeM30ekKHbIM JIOTHUECKUM CJIeICTBUEM
JPYTHX aKCHOM, TO TOTJa HY2KHO ObLIO Obl IIPOCTO BbIUEPKHYTb €€ U3 CIHCKA
aKCHOM M JI0Ka3blBaTb KaK Te€OpeMy C [OMOLLbIO MHDBIX €BKJHIOBBIX aKCHOM.
MtHoro croJieTHil MaTeMaTHKHU NbITAJMCh HAHTH Takoe A0Ka3aTeJbCTBO; ITOMY
C1oco6CTBOBAJIO LIMPOKO PACHpPOCTPAHEHHOE CPEAM BCeX, KTO 3aHUMaJICs
reoMeTpHel, CMyTHOe CO3HaHHe TOro, YTO aKCHOMa I1apaJl/ieJIbHOCTH 110 CBOeMYy
XapakTepy CyLIeCTBEHHO OTJMYaeTCsl OT OCTa/bHbIX, YTO €d HelocTaeT TOH
ybexknatoler HarIsAHOCTH, KOTOPOH, Kazanochb Obl, 10JKHO OblI0 06Ja1aTh
BCSIKOE FeoMeTpHUecKoe MpejIozKeHHe, BO3BOAUMOe B PAHT aKCHOMBL.

OjHa 13 nepBbIX MOMBITOK B YKA3aHHOM HalpasJ/eHud Oblia cienana B [V
CTOJIETUH H. 3. KOMMeHTaTtopoM EBknuaa ITp o ko M, KoTopblil, uToObl H36e-
2KaTb HeoOXOJAMMOCTH BBOAUTb CIIeLMa/bHbIA NOCTYJ/1aT O Napa/ulesbHbIX Mpsi-
MBIX, BBeJl onpedeserue, COracHo KOTOpoMy NpsiMasi, napaJJe/bHas JaHHOH
PsIMOH, €CTb NeOMETPUUECKOE MECTO TOUEK, PACIIOJIOKEHHBIX OT Hee Ha OJHOM
1 TOM 2Ke 3a7aHHOM paccTostHuM. [1pu stom [Tpoks ynycTus u3 Bujy, uto Takum
00pa3oM TPyIHOCTb He yCTPaHseTcs, a TOJIbKO I1epeMellaeTcs, TaK KaK IIpU ero
X0Jle MBICJ/IEH OCTaeTcsl HeJOKa3aHHbIM, UTO HAa3BaHHOE TeOMEeTPHUUECKOe MeCTO
JeHCTBUTENILHO ecTb npsiMasi JiMHus. Tak kak nocsepnero ITpoks nokasarb
He MOTI, TO MMEHHO 3TO IIpelJIo;KeHHe eMy NPHULLIOCH Obl PUHATL B KauecTse
aKCUOMbI [1apaJl/leJIbHOCTH, H HUUTO He Obl10 Obl BLIMTPAHO, TOCKOJbLKY Mbl MO-
JKEM JIETKO YCTAHOBUTb, UTO 00€ YIIOMSIHYTble aKCUOMbl SKBHBAJICHTHbI MEXKIy
coboit. Cakkepu (1667—1733), a 3arem Jlam6epT (1728—1777) nenanu
TONBITKH JI0Ka3aTb aKCUOMY MapaJie/bHOCTH KOCBEHHBLIM IyTeM, JoMycKas
[IPOTHUBOINOJIOKHOE YTBEPKACHHE M BbIBOAS M3 Hero abCypiHble CJeACTBHS.
Ho BbiBe/ieHHble HMH CJIECTBUSI OKa3aJMChb JaJeKO He abCypAHBIMH: 3TO
ObIK TEOPEMbI HEEBKJIMIOBOW I€OMETPHH, MOJyUYHBLICH MO3[HEE AaJbHelIee
pagsutie. Ecin 661 Cakkepu u JlamGepT paccmaTpHBan CBOH pe3yJib-
TaTbl He KaK HeJIe[OCTH, a KakK yTBepxKleHHsl, CBOOOIHble OT BHYTPEHHHX
IIPOTHBOPEUMH, TO MM IpHHAAexKa/a Obl 3acjyra OTKPbITHS HEeBKJ/IHI0BOU
reOMeTpHH.

Ho B Te BpemeHa Jto6yt0 reoMeTpPHUYECKYIO CHCTEMY, He HaxoJsllytocs B
abCoJIIOTHOM COIVIACHM C €BKJIMAOBOH, HElpeMeHHO cTa/d Obl paccMaTpHBATDL
KaK OUeBHAHYIO HeslenocTb. Kant, HanboJee BAUSTENbHbIN (PHIOCO(D TOH SM0XH,
BbIpa3uJl CBOE OTHOLLIEHHe K BOMpOCY, yTBep:Kaas, uTo akcHoMbl EBk/naa —
HE UTO HHOe, KaK HeusOexHble (DOPMbl UEJOBEUECKOrO MbILJIEHHS, YeM, MO
ero MHEHHIO, U OODbsACHSETCS UX OOBEKTHBHAsl 3HAUMMOCTb [0 OTHOLLEHHIO
K «peaslbHOMYy» MPOCTPAHCTBY. DTa Bepa B akCHOMbl EBKJMAA Kak B Hesbl-
6JieMble MCTHHbI, CYLLECTBYIOLIUE B chepe UUCTOH MHTYULHH, Oblla OJHHUM M3
TJIaBHBIX JIOTMATOB KaHTOBOH (pusocoduu. OfHAKO ¢ TeueHHeM BpeMeHH HH
TNPUBbIYHbIC HABBIKH MbILJIEHHS, HU BJUsHHE (DUIOCO(MCKHX aBTOPUTETOB He
CMOIVIM NIOJAaBUTh PACTyLIero yOexKIeHHsl, YTO HeM3MeHHble Heylayd B [OUC-
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Kax Jl0Ka3aTesbCTBa aAKCHOMbI NapaJsiiejlbLHOCTH MMeJH CBOEH MPUUHHON He
CTOJIbKO HEJOCTaTOK M300peTaTe/IbHOCTH CO CTOPOHbI F€OMETPOB, CKOJILKO TOT
OCHOBHOH (PaKT, UTO 3TOT MOCTyJaT HA CAMOM JeJe He3a8UCUM OT JAPYTHX.
(ITonoOHBIM 2Ke 06pa3oM Heyaaud B PELICHUH MPH NOMOLIM paavKajoB oblie-
ro ypaBHeHUs! [ATOH CTEleHH MaJslo-MoMaJly [PUBEJH K IOJ03PEHHIO, MO3Hee
OMpaB/JaBIIEMyCsl, UTO TaKOe pelleHHe HEeBO3MOXKHO.) BeHrepckuil matemathk
Bo#isau (1802—1860) u pycckuii maremaruik Jlo6aueBckuii (1793—1856)
TMOJIOXKUJIM KOHELL COMHEHHSIM, MIOCTPOUB BO BCEX JeTasIX FeOMETPHUECKYIO CH-
CTEMy, B KOTOPOH aKcHOMa NapaJjuiesbHOCTH Oblia otBepruyta. Korna mosonoit
reHUaJIbHbII SHTY3HACT Dolisin nocsan cBoto paboTy «KOPOJIO MaTeMaTHKOB»
[ayccy, oT KOTOpOro ¢ HeTeprieHHeM »KAaj MOALEP:KKH, TO MOJYyUHJ B OTBET
yBeloM/IeHHe, uTo caMuM [ayccoM OTKpbITHe ObLIO CAEIAHO paHblie, HO OH
BO3JlepKaJICsl B CBOE BpeMsl OT MyOJUKALMH Pe3yJ/bTaToB, 0rnacasich CJULLIKOM
LIYMHBIX 0OCYXKJCHHUH.

[TocmoTpuM, UTO K€ O3HAUaeT HE3aBUCHMOCTb AKCHOMbl MapaJljle/IbHOCTH.
ITy HE3aBUCHMOCTb CJIe/lyeT NOHUMATh B TOM CMbICJIE, YTO BO3MOKHO CBOOO/I-
HO€ OT BHYTPEHHHX MPOTHBOPEUHH MOCTPOEHHE KI€OMETPHUECKUX» MPEIoKe-
HHH O TOUKaX, MPSIMbIX U T. [I., UICXO/S U3 CHCTEMbl aKCHOM, B KOTOPOH aKCHOMa
napaJjeJbHOCTH 3aMeHeHa MPOTHBOINOJIOXKHONU. Takoe nocTpoeHHe Ha3blBaeT-
csl HeeBKJIMA0BOH reomerpueid. HyxKHO Ob10 HHTe/EKTya/bHOE GeccTpallne
laycca, Boiisiu u JIo6aueBckoro, 4To6bl 0CO3HATH, UTO FEOMETPHS, OCHOBAHHAS
He Ha eBKJMI0BOH CHCTeMe aKCHOM, MOXKeT ObITb a0COJ/IIOTHO HelpoTHBOpe-
YUBOH.

Uro6bl yOenuTbesi B HEMPOTHBOPEUHBOCTH HOBOH eOMETPHH, HeT HaJoOHO-
CTH pa3BUBATb BO BCeX MNOAPOOHOCTSIX MHOIOUMCJIEHHbIE TeOPEMbl HEeBKJIN10-
BOH reoMeTpuM, Kak 3To Jenanu boiisin u Jlo6aueBckuil. Mbl ymeeMm Ternepb
CTPOUTb NPOCTblE «MOJEJH» TaKOH IeOMETPUH, YI0BJIETBOPSIOLLHE BCEM aKCH-
omaM EBknujia, Kpome akcHoMbl napajuiesnbHoctd. [Tpocreiiias Moaess Gblia
ykazana ®Pesjukcom Kueiinom, paboTbl KOTOPOro B 3TOH 06JACTH CTUMY-
JIMPOBAJIUCh WESIMH aHryMiickoro reometpa Kaau (1821—1895). B Takoii
MOJIeJIM Uepe3 JaHHYIO TOUKY, JiexKalllylo BHe JaHHOH NPSIMOH, MOXKHO POBECTH
6ecurc/eHHOEe MHOXKECTBO «IIPSMBIX», «apaJlilesbHbIX» 1aHHON npsiMoi. [To-
J0GHOTO pojia reoMeTpust HagbiBaeTcsl reoMeTpuei boiisu—Jlo6aueBckoro, uiu
«runepboJiueckoit» reomerpueit. (OcHOBaHUE JI/IS TIOCJEIHETO HAUMEHOBAHUS
6yJ1eT TpUBEIEHO Ha cTp. 252.)

[Ipu noctpoenun monenu Kieilna cHayana paccmarpuBaioTcsi 0ObeKTbI
OOBIKHOBEHHOH €BKJIMIOBOH T€OMETPHUHM; M 3aT€M HEKOTOpble H3 OODBEKTOB
M OTHOLUEHUH MEeXIy HHUMH NepeumeHro8bi8aromesa TakuM 00pa3oM, uTo
JUISl MX OMNMCaHHSl OKa3blBAeTCsl TPUTOJHOH Y:Ke HEEBKJHI0BA TEOMETPHSI.
dta mnocJeNHsAs, TeM caMbiM, He B MeHblIeH Mepe HEeNpOTHBOPEUHBA, UeM
repBoHavaJsbHasl eBKJIU0BA FeOMETPHUS], TaK Kak Uajaraercs (ec/u nocMoTpeThb
C JIpYrodl TOUKM 3pEeHUs] W ONUCHIBATb JPYTMMH CJIOBAMM) KaK COBOKYMHOCTb
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(hakTOB OOBIKHOBEHHOH €BKJU0BOH reoMeTpun. C 3TOH MOJEJIBbIO MOXKHO JIETKO
OCBOHUTLCS], MPUBJIEKAsH KOe-KaKue MOHATUS U3 IIPOEKTUBHOU FeOMETPUHU.

[Ipu npoexTHBHOM NpeoOpa3oBaHUH OAHOH IJIOCKOCTH Ha JPYLylO0 WM Ha
camy cebsl (MOXKHO MocJjie 0ToOpaxKeHHsl COBMECTHTb 00€ MJIOCKOCTH) OKPYXK-
HOCTb, BOOOLLE rOBOPs, NEPEXOIUT B HEKOTOpoe KoHHueckoe ceueHre. Ho mox-
HO JIETKO MOKa3aTh (J10Ka3aTebCTBA Mbl He TPHBOJUM ), UTO CYIIECTBYeT Gecun-
CJICHHOE MHOXKECTBO TaKHX MPOEKTHBHBIX MPeoOPa30BaHU MJIOCKOCTH Ha CaMy
cebs1, TIPH KOTOPBIX JaHHBIA KPYI, BMECTE€ CO BCEMH 3aKJIOUEHHBIMH BHYTpPH
TOUKaMH, NepexoAuT caMm B cebs. [Ipu Takux npeoOpa3oBaHUsAX BHYTpPEeHHHUE
TOUKH, KaK M TOUKM KOHTypa, MEHSIOT, BOOOLIe IOBOPsl, CBOU MeCTa, HO BHY-
TPEHHHE TOUKH OCTAIOTCS BHYTPEHHHUMH, a TOUKH KOHTYpa OCTAlOTCS Ha KOHTYpe.
(LLenTp Kpyra MOKHO MepeBecTH B J0OYyI0 Harepes 3aAaHHyl0 BHYTPEHHIOO
TOUKY.) PaccMOTpUM COBOKYTHOCTb Bcex Takux npeobpaszoanuil. KoHeuHo, oHu
He OyayT OCTaBJSATb OUEPTAHUs (UIYP HEH3MEHHBIMH U MOTOMY HE SIBJISIIOTCS
JBH2KEHUSIMU B 0ObIUHOM cMblciie. Ho Mbl Tenepb cleslaeM pelualoliuil war 1
HA308eM UX <HEEBKJIUIOBbIMH IBHKEHHUSIMHI» B TOH N€OMETPHUH, KOTOPYIO CTPO-
uM. [TocpencTBOM 3THUX «JBHXKEHUH» MOXKHO JAaJjiblie ONpelesMTh M «paBeH-
CTBO»: JIBe (DUTYPBI HA3b6I8AIOMCA PABHBIMH, €CJIM CYIIECTBYET <HEEBKJHIOBO
JIBH’KEHHE», TlepeBojisiiee OfHy (GUTypy B APYryIo.

[lepeiiziem Ternepb K OMUCAHUIO YITOMSIHYTOH Bblllle KJIEHHOBOH MOJIEJH TH-
nep6oJiueckoil reoMeTpuu. «I1J10CKOCTb» COCTOUT TOJILKO U3 BHYTPEHHHX TO-
ueK Kpyra, BHELIHHe TOUKH 1IPOCTO oTOpacbiBaoTcsl. Kaxnas BHyTpeHHsIs ToUKa
Ha3ovleaemcs HEEBKJIMI0BOH <TOUKOH», Kaxaas
Xoplla Kpyra Ha3o.6aemcs. HeeBKJIHIOBOH «Ipsi-
MO »; « IBU2KEHUS1» U <PABEHCTBA» y2Ke OllpejeJsie-
HBI BBILLE; TPOBEJICHHE <IIPAMOH» Uepe3 J1Be «ToY-
KU» W HaXOXJEHHe <TOUKH» IepeceueHHst ABYX
«IIPAMBIX>» COBEpPLIAIOTCS, KaK B €BKJIUI0BOU reo-
MeTpuH. JIerko yOeauTbes, UTO HOBasi KOHCTPYK-
LMsl YIOBJIETBOPSIET BCEM TIOCTYyJaTaM eBKJHL0-
BOU reOMeTpHH, C eJMHCTBEHHbIM HCKJIOUeHHEM —
MOCTYJIATOM O TapaJJjesbHbIX MpsMblX. UTo 3TOT
MOCTYJIaT 3/1€Ch He BBIMOJIHSAETCS, SICHO BUAHO M3 Py 110, Mogesb HeeBKIIH-
TOTO, UTO Yepe3 «TOUKY», He JIEXKALLYIO Ha <IPS-  jopoii niockocTr Kielina
MO¥», MO?KHO MTPOBECTH OECUMCAEHHOE MHOXKECTBO
«IPAMBIX», He UMEIOLLMX OOLLEH «TOUKH» ¢ JaHHOH npsiMoit. [laHHas «npsimasi»
€CTb €BKJIMJ0BA XOPA4, TOTNA KAaK B KAaueCTBe BTOPOH <IPAMONH» MOXKET ObITb
B3siTa J00ast U3 XOP/1, MPOXOISALINX Uepe3 JaHHYI0 «TOUKY» M He MepeceKalnx
nepBoil «npsiMoit» BHYTpH Kpyra. OnucaHHasi npocTasi MOJeJb COBEpLUEHHO
JIOCTATOUHA 15l TOTO, UTOObl NOKOHUUTb C OCHOBHBIM BOIIPOCOM, MOPOAMBLINM
HEEBKJIMJIOBY '€OMETPHIO: OHA TMOKa3blBaeT, YTO aKCHOMA MapaJljieIbHOCTH He
BBIBOJMTCSl M3 OCTa/IbHbIX AKCHMOM €BKJIMAOBOH reoMeTpuu. IleldcTBUTE/BHO,
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ecsii Obl OHAa BBIBOJMJIACh M3 HUX, TO Toraa Oblia Obl BEpHOH TeOpeMoH U Mo
OTHOLUEHUIO K Mojesan KieitHa, a Mbl BUJIUM, UTO 3TO He TaK.

Crporo roBops, npepliylias apryMeHTalus OCTPOeHa Ha JIONYLIEHHH, UTO MOJIE/b
KuiefiHa HenpoTHBOpeunBa, T. €. YTO HeJib3sl I0KA3aTh BMECTE C HEKOTOPbIM yTBEpK/ie-
HHUEM TaKxXKe M [POTHBOIOJIOKHOIO yTBep:KaeHHus. Ho, Bo BeskoM ciyuae, reomerpus
mojenn KiiefiHa HerpoTHBOpeUrBa B TaKOH 2Ke CTerNeHH, Kak 1 0ObIKHOBEHHAs! €BKJIM/10Ba
reoMeTpHsi, TaK Kak TeOPeMbl O «TOUKaX» M «IPsIMBIX>» U T. 1. Mojean Kueiina npencra-
BJISIOT COOO0M TOJILKO CBO€0OPA3HO c(HOPMysIMPOBAHHbIE TEOPEMbI €BKJIHIOBOI reOMeT-
PUH. YI0BJIETBOPUTEJNLHOTO J10KA3aTe/bCTBA HEITPOTHBOPEUMBOCTH aKCHOM €BKJIHI0BOM
reOMEeTPUU JIAaHO He ObljI0, €CJIM He CUMTATh CBEJEHHSl K aHaJMTHUECKOH reOMeTpHH
M B KOHEUHOM CueTe K YMCJOBOMY KOHTHHYYyMY; a HENpPOTHBOPEUMBOCTb KOHLEMLMH
KOHTHHYYMa — TaKxKe BONPOC OTKPBITHIH.

* Mbl TIpuBJIeUEM BHUMAaHHE UMTaTes elle K OJIHOM JieTau (BIpoueM, CTo-
sIIed 3a rpejesamMy HermoCPeCTBEHHO MOCTaBJAEHHBIX HAMH 3a/au) — MUMEHHO,
K Olpe/le/ieHHIO HEeBKIIMA0BA «PAcCTOSIHUA» B Mojesu Kaefina. 1o «paccto-
sIHME>» JIOJPKHO ObITh HHBAPHAHTHO OTHOCHTEJbHO HEEBKJIMOBBIX «IABHAHKEHUH>,
TaK Kak OObIKHOBEHHOE [BHXKEHHE He H3MeHs-
eT 0ObIKHOBEHHOIO paccTosiHUsl. Mbl 3HaeM, uTo
JIBOFHOE OTHOLIEHHE €CTb WHBApUaHT MPOEKTHB-
Horo mnpeobGpasoBanusl. EcTecTBeHHO BO3HHKAET
MbICJIb O TOM, YTOObI MPH OMpPEeJeHHH «paccTo-
SIHUS1» MEXKJy JBYMsI Pas/MUHbIMH ToukaMu P u @
BHYTPH HALIEro Kpyra BOCIMOJIb30BATbCS IBOHHBIM
otHoteHHeM (OSQP), tne O 1 S — TOUKH, B KO-
TOPBIX TPOJIOJIKEHHbIH B 00€ CTOPOHbI 0TPe30K P
BCTpPEUAeTCsi C OKPY:KHOCTbIO. DTO JBOHHOE OT-
HOLUEeHHE, B CaMOM JeJie, €CTb MOJIOXKHUTEJIbHOE

Puc. 111. HeeBkiunmoBo
paccTosiHue YUCJI0; HO B34Th 3TO OTHOLUEHHE HEMOCPEACTBEHHO

B KAuecTBe «pacCTOsiHUS» PQ) He mpeacraBsercs
y10GHbIM. JIeHCTBUTENIbHO, B MPEANOJIOKEHHH, UTO TPH TOUKH P, @, R nexar

Ha OJIHOH MPSIMOM, Mbl JIOJKHBI ObIK Obl UMeTb paBeHCTBO PQ + QR = PR,
HO, BOOOLLE roBOpH,

(OSQP)+ (OSRQ) # (OSPR).
HaHpOTI/IB, ClpaBeJIMBO HECKOJIbKO MHOE PABEHCTBO

(OSQP)-(OSRQ)=(OSPR), (1)
B CaMOM JeJie,

(OSQP)~(05RQ)={%:%} : {’;—g:%}z’;—g:%z(owm
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CoticTBo (1) mo3BosisieT onpeesnTh «paccrosinue» PQ Kak 10eapughm dsoti-
HO20 omHouleHus (a He Kak camo JABOHHOE OTHOILIEHHE), ¢ TAKHM PacueToM,
4T06b 06ECHeUTh AAAMTHBHOCTL PACCTOSIHNS: PQ = HeeBKIMA0BO «PaccTosi-
Hue» PQ =log(OSQP). d10 «paccTosiHue» eCcTb MOJOKHUTENbHOE UMCJIO0, TaK
Kak (OSQP) > 1 mpu P # Q.

M3 ocnoeHoro cpoiicta Jjiorapudma (cM. ctp. 472) caenyer, B cuny (1),
uto PQ + @R = PR. Tlo kakoMy ocHoBaHHMIO OpaTh Jiorapugmbl — Hecyllle-
CTBEHHO, TaK KakK MpH H3MeHeHHH OCHOBAHMsI MeHsIeTCsl JIMUIb eIHHHIA H3-
MepeHHsi. Mexy TpouuM, eC/d OJlIHa U3 TOueK, CKaxeM (), nmpuosHKaeTcs
K OKPYKHOCTH, TO HEEeBKJMAOBO paccTosiHue P() HeorpaHHUeHHO BO3PAaCTaer.
DTo 03HAUaeT, UTO «IIpsiMasi» Halllell HeeBKJIUAOBOH MOJE/H UMeeT GeCKOHeu-
HYIO HEEBKJIUJIOBY «JUIMHY», XOTSl B €BKJMJIOBOM CMbICJIE MPECTaBaseT coOoi
KOHEUHBIH OTPEe30K.

3. TeomeTpusi u peanbHocTb. Mojnenb KieilHa mokasbiBaeT, UTo rurnep-
6oJiuecKast reoMeTpusi Kak (hopMaJibHO-IeIyKTUBHOE MOCTPOeHHe HENpOTH-
BOpeUMBa B TAKOH »Ke CTeleHH, KaK U KJacCHUYecKasl eBKJMIOBA I'eOMEeTpHSI.
Bosnukaer Bompoc: KOTOPOH ke M3 JBYX F€OMETPHil CJeyeT OTAaTh Mpej-
nouTeHne, KOrjaa peub ujeT o6 OMHCAHHM TeOMETPHUECKHX OTHOLIEHUH, Cylle-
CTBYIOLLMX B (hU3HUecKoM MUpe? Kak Mbl y2Ke OTMETHJIH, IKCTIEPUMEHT HUKOUM
06pa3oM He MOXKET PELIMTh, MPOXOAUT JIM Uepe3 AaHHYI0 TOUKY TOJNBKO OJHA
npsiMasi, mapaJJsesbHasi JaHHOH MPSIMOH, MIN GecurceHHoe MHOKecTBO. OJ-
HAKO B €BKJIMIOBOH reOMETPHU CyMMa yIJIOB TpeyroJbHuKa paBHa 180°, Torna
KaK B runepOOoJHUeCKOl TeOMETPHH, KaK MOXKHO MoKasaTk, OHA MeHble 180°.
[aycc mpeanpuHs ONbITHOE HCC/IEA0BAHHE BOTIPOCA O TOM, KaK 0OCTOMT A0 C
CYMMOI YIJIOB TPEYTOJIbHUKA ¢ (PU3HYECKOH TOUKH 3pEeHHUsT: OH OUeHb TIIATEIbHO
M3MEpHJI YIVIBl B TPEYTOJMbHUKE, 00Pa30BAHHOM TPEMSI JOCTATOUHO YAAJIE€HHBIMH
JIPyT OT ApyTra FOpHBIMH MHKaMH, H B Mpejesax BO3MOXKHBIX OLIMOOK H3Mepe-
HUE cyMMa yryioB oka3zasjach paBHoil 180°. Ecuiu 6bl pedysbTar Obl1 3aMeTHO
menble 180°, To orcioma cjenoBaso Obl, 4TO THMEepGOJHUYECKAs] TeOMETpPHs
Jiydlle MOAXOAUT JIsl OMHCaHUsl BHeIIHero mMupa. Ho skcrmepument He pelnn
HUYETro, TaK Kak Jis HeGOJIbLINX TPEYrOJbHUKOB CO CTOPOHAMHU AJIMHOH BCETO
B HECKOJIbKO MHJIb OTKJIOHeHHe oT 180°, KoTopoe MpeiBUAUT rurepoosruecKast
reOMETPHsI, MOTJIO ObITh CTOJIb HHUTOXKHBIM, UTO TayCCOBBI HHCTPYMEHTHI €r0 He
o6Hapy:kuiH. Takum o6pasom, He JIaB pellalolINX Pe3yJbTaToB, SKCIIEPHMEHT
BCe JKe MOKasaJj, U4TO eBKJMA0BA U THIepOoJHyecKasi TeOMETPHH, pas/nyaio-
IL[HeCs] TONBKO B OUeHb OOWLUPHbLY UACTSIX MPOCTPAHCTBA, I CPABHUTEIBHO
MaJiblX (DUryp OKAa3bIBAIOTCS MPAKTHYECKH OMMHAKOBO TPUTOIHBIMH ISl yIIO-
tpeGienusi. [TosToMy ecsiM paccMaTpUBAIOTCS TOJBKO 10KAAbHbLE CBOHCTBA
MPOCTPAHCTBA, TO BHIOOP MEKJLy ABYMSI F€OMETPHSIMH OCTAETCS JIeJIaTh JIUIb MO
MPUHIAUIY MPocToThl. Ho Tak Kak paGoTaTh ¢ eBKIHI0BOH reoMeTpHel Tropasno
Jierue, yeM C THIepOOJMUECKOH, TO Mbl M TI0Jb3yeMcsl MMEHHO €lo, TOKyJa
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paccmatpuBatoTesi HeGodibllke (MopsiiKa HECKOJbKHX MHJIJIHOHOB MHJIb!) pac-
ctostiusi. OJIHAKO HET OCHOBAHWH OXKHJATh, UTO OHA HABEPHOE OKalasach Obl
NOIXOAALIEH MPHU OMUCAHUK (PU3UUECKOTO MHpa B 1IEJOM, BO BCEX €ro 00-
ILIMPHBIX MpocTpaHcTBax. [TosoxKeHue Bellell B reOMeTPHH COBEPLUEHHO TaKoe
JKe, Kakoe CYyILIeCTByeT W B (hU3MKe, rlae cucTeMbl HbrotoHa u JiiHuuTeliHA
JIAl0T Hepas/JHuuMble Pe3yJbTaThl MPU MaJbIX PACCTOSIHUAX H CKOPOCTSIX, HO
0OHAPYKHBAIOT PACXOXKIEHHE, KOIJa paccMaTpPUBAIOTCsl GOJIbILIME BEJHUHHbI.
HayuHo-peBoJiiolIMOHHOE 3HaUeHHE OTKPBITHST HEEBKJIMI0BOK FreOMETPHH 3a-
KJIOUAEeTCs B TOM, UTO OHO Pa3pyLIMJIO NpeJcTaBiaeHne 06 akcuoMax EBkiauaa
KaK O HEroKoJeOUMOH MaTeMaTHUeCKOH cXeMe, K KOTOPOH MPHUXOAUTCS MpH-
COCOOJISITh HALIK 3KCIEpUMEHTAIbHbIE 3HAHHS 0 (hU3HMUECKOH peasbHOCTH.

4. Mogaeasb Ilyankape. MatemMaTK BOJIeH BHJETh <TE€OMETPUIO» BO BCSI-
KOH HENpPOTHBOPEUMBOH CHCTEME aKCHOM, FOBOPSILLMX O «TOUKAX», <IIPSAMBIX»
U T. JI.; HO €r0 HCCJIIOBAHUS TOJBKO B TOM CJiyuae GyyT MoJie3Hbl s PU3HKa,
€CJIM CHCTEMa aKCHOM HaXOJMUTCSl B COOTBETCTBHM C MOBeJeHHEM (DU3HUUECKHUX
00bEKTOB B peasibHoM Mupe. Mbl xoTesid Obl Tenepb, ¢ TOH TOUKH 3pEHHS,
pazoOpaTbcs B CMbIcJie YTBepKAeHUs: «CBeT pacrnpocTpaHseTcs Mo MpsiMoi
JUHAM». EC/IH B 3TOM yTBEPKIEHUH CONEPKUTCS pusuueckoe onpedenerue

«MPAMOK JIMHUK», TO CUCTEMY T€OMETPH-

UeCKHX aKCHOM cJiellyeT BbiOUpaTh Ta-

KUM 00pa3oM, 4ToObl MOJYUHJIOCh COOT-

BETCTBHE C TMOBEICHHEM CBETOBbLIX Jy-

ueil. Boo6pasum, caenys Ilyankape, uto

MHp COCTOMT M3 BHyTpeHHoCTH Kpyra C

M 4TO BO BCSIKOH TOUKE CKOPOCTb CBe-

Ta NPONOPLUHMOHAJIbHA PACCTOSHUIO TOUKH

OT OKPY2KHOCTH. MOXKHO TOTJIa 10Ka3aTh,

YyTO CBET OYyJeT paclpoCTpPaHsATbCS [0

KPYroBbIM JyraM, oOpasylolludM MpsiMble

yrJbl ¢ OKpy»KHOCTbIO C. B Takom mupe

reoMeTpHuecKue CBOHCTBA «IPSIMbIX JIH-

HUI>» (OTpeJleJIeHHbIX KaK CBETOBbIE Jy-

Prc. 112. Moe/b HeeBKIMAOBOI ui) GyJIyT OTIMYATHCS OT CBOHUCTB €BKJIH-
nsockoety [yankape ZIOBBIX MPAMBIX. B uactHoctH, He Gynet
€BKJIMJI0BOH aKCHOMbI NapaJslilesbHOCTH,

TaK Kak uepe3 JaHHYI0 TOUKY MPOHIET OECUHCIEHHOE MHOXKECTBO KMPSAMBIX
JIMHUI», He MepeceKalolluXcsl ¢ JJAHHOU «TIpsIMOH JinHHel». MoxHOo o6Hapy-
JKUTb, UTO «TOUKH» W <IIPsIMblE JIMHUU» B OMKUCbIBAEMOM MUpe OyayT o6Ja1aTh
B TOUHOCTH TEMH K€ CBOHCTBAMH, KAKHMH OOJIAJIAI0T «TOUKH» U <IIPSIMble» B
moaesu Kaefina. Ipyrumu cjioBaMM, Mbl MOJIYUHJIH HOBYIO MOJIE/b THIIEpOOJIH-
yecKol reometpud. Ho eBKJNIOBY reOMETPHIO TaKKe MOXKHO NIPUMEHSITH B 5TOM
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MHpe: TOT/Ia BBIHJIET, UTO CBETOBBIE JIyUH, KOTOPbIE y2Ke He Oy1yT eBKJHA0BbIMHU
«IPAMBIMH JIMHUSIMH», PAcIIPOCTPAHSIOTCS 110 Kpyram, MepreHAUKyYJIsSPHbIM K
okpyxHocTti C. Takum o6pazoM, ojHa U Ta »Ke (HU3NUECKAsT CUTyaLUs] MOXKeT
ObITb OMHMCAHA PA3NHUYHBIMH TEOMETPHUECKHMH CHCTEMaMH, €CJIM TPearnoJo-
JKHUTb, UTO (PU3HUecKHe OOBEKTH (B HALIEM CJIyuae — CBETOBbIE JIyUl) CBSI3aHHI
C pas/IMUHbIMH MOHATUAMH B 3THX CHCTEMAX:

CBeToBOM Jyu — «npsiMast JIMHUs1» — runepooJ/iMyeckas reoMeTpus
CBeTOBO# Jyu — «OKPY}KHOCTb» — €BKJIM0BA reOMETpHS

Tak KaK B €BKJIMI0BO reOMETPHH MOHSITHE MPSIMON JIMHUH COMOCTABJISETCS
C MOBEJECHHEM CBETOBOTO Jlyua B OMHOPOAHOH Cpefle, TO FOBOPS, UTO FeOMeTpHs
B oNucaHuu Mupa BHyTpH C runep6osudeckast, Mbl yTBepKAaJInd Obl TOJBKO TO,
UTO (PU3HUECKHUE CBOHMCTBA CBETOBLIX JIyuell B 3TOM MHpE Te€ Ke camble, UTO
CBOHCTBA «IPSIMbIX» IHI1ePOOJHUECKOH F€OMETPHH.

5. daaunrtuyeckas, Ui pUMaHOBa, reomMeTpusa. B eBKIHI0BOI reomer-
pHUH, KaK 1 B runep6osuueckoil reomeTpuu boiissu—dJlo6auesckoro, MoJyaniBo
JIOTIyCKaeTCs, UTo BCsikas npsivasi 6eckoHeuHa (OECKOHEUHOCTb NpsIMOH Cy-
ILIECTBEHHO CBfI3aHA C OTHOILIEHHEM «OBITb MEXKIy» H aKCHOMaMH TOPSIAKA).
Ho, nocJie Toro kak runep6osuueckast reoMeTpus OTKpbLIa yTbh K CBOOOJIHOMY
MOCTPOEHHIO FeOMETPHH, €CTECTBEHHO BO3HUK
BOIPOC O TOM, HEJ/b3sl JIM OCYLIECTBUTb MO-
CTpOEHHE TaKHX HEEBKJIMIOBBIX TEOMETPHH,
B KOTOPBIX MpsIMble JIMHUM KOHEUHbl W 3a-
MKHYTBI. PagymeeTcsi, B TakMX TIeOMETPHSIX
TepsIIOT CHUJYy He TOJIbKO MOCTYJ1aT O napaJ-
JIeJIbHBIX, HO M akcuoMbl nopsiika. CoBpe-
MEHHble HCCJIeJOBAHHS BbIACHWIM 3HaueHHe
ITHX TEOMETPHIl /sl HOBEHIIMX (PU3HUECKHX
Teopuid. BriepBble TakWe reomerpud ObliM
MOJBEPTHYThl PACCMOTPEHHUIO B PEUH, NPOU3-
HeceHHo# B 1851 r. Pumanom npu Berym-
JIEHUH ero B (Heorn/jaunBaeMylo) JOJKHOCTb
npuBaT-a0lleHTa [ETTUHIEHCKOro YHUBEPCH-
TeTa. [eomMeTpur ¢ 3aMKHYTBIMH KOHEUHBIMH
NPSIMBIMH MOTYT OBITh TIOCTPO€EHbI 6€3 KaKuX Obl TO HY 60 TpoTHBOpeurit. Bo-
00pa3uM JIByMEpHbIH MHUp, COCTOSILLIMH U3 TIOBEPXHOCTH S cepbl, MPHUEM O]
«MPSAMBIMU» YCJIOBUMCS TOHUMATh GOJIbILIME KPYTH cepbl. DTO Obll Obl CaMblid
€CTECTBEHHbIH CMOCOO ONMUCHIBATL «MUP» MOpernJaBatess: 1yrd G0JbIIHX Kpy-
roB SIBJISIIOTCSl KpaTyallIMMH KPUBBIMH, CBSI3bIBAIOLLIMMH 1BE€ TOUKH Ha cdepe,
a 9T0 KaK pa3 U ecTb XapaKTEePUCTUUECKOe CBOHCTBO MPAMBIX HA IJIOCKOCTH.
B paccmarpuBaeMoM ABYMEPHOM MHUpe 8CAKUe 1BE <IPSIMble» MepeceKatoTcs,
TaK YTO M3 BHEIUHEH TOUKM HeJb35l MPOBECTH HU OJHOU <IpsIMOi», He Te-

Puc. 113. «I1psimble unnu>» B
reomerpuu Pumana
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pecekatollelicsi ¢ gaHHOH (T. e. el mapaJJiesbHoi). [eomerpust «mpsiMbIX>» B
9TOM MHUpe HasblBaeTcsl aaaunmuueckoll ceomempueti. Paccrosnue mexuy
JIByMsl TOUKAM{ B TaKOH reOMETpPHH M3MepsieTcsl MPOCTO KaK JJIMHA MeHblleH
Jyrd 60JIbLIOTO Kpyra, MpOXOsILIEro yepe3 JaHHble TOUKH. ¥YTJbl H3MEPSIOTCS
TaK e, Kak U B €BKJUJI0BOH reoMeTpuu. CaMblM XapaKTEepPHbIM CBOHCTBOM
3JUIUIITHUECKOH FeOMETPUH Mbl CUMTAeM HeCYI1eCTBOBAHHE MapaJliiesbHbIX.

Puc. 114. Daauntruueckast Touka

Caienyst Pumany, Mbl MO2KeM 000OIIUTb 3Ty F€OMETPHIO CJIEAYIOIIMM 0Opa-
30M. PaccMoTpum «MHp», COCTOSILLMH U3 HEKOTOPOH KPUBOH I1OBEPXHOCTH B
npocTpaHcTBe (He 06513aTesbHO Ccephbl) U OTIPEJIeIUM KIPSIMYIO JIMHHIO», MPO-
XOJISILLYIO uepe3 JIBe TOUKH, KaK Kpamuaiulyro Kpusyro (Kreoie3nuecKyio» ),
COCIUHAIONULYIO 3TH TOUYKH. Touku MOBEPXHOCTHU MO2KHO p836l/l’l‘b Ha JBa KJjac-
ca: 1°. Touku, B OKPeCTHOCTH KOTOPBIX MMOBEPXHOCTH Moj06Ha chepe B TOM
OTHOLLIEHUH, UTO OHA BCSI JIEXKUT MO OJIHY CTOPOHY OT KacaTesibHOMU IMJOCKOCTH
B 3TOH Touke. 2°. Touku, B OKPECTHOCTH KOTOPBIX MOBEPXHOCTb Ceoobpas-
Ha — JIEXKUT 10 06e CTOPOHBI KacaTesbHOH TJIOCKOCTH. TOUKH MepBOro Kjacca
Ha3bIBAIOTCS JUIUNITHUECKAMH TOUKAMH MOBEPXHOCTH — 110 TOH MPUUHHE, UTO
npu HeOOJBIIOM MapasyieJbHOM TMepeMelleHMH KacaTeJbHOH MJO0CKOCTH OHa
nepeceyeT MOBEPXHOCTb 110 KPUBOH, HMEIOILIEH BUJL 3JUIHICA; TOUKH 2Ke BTOPOro
KJlacca HOCAT Ha3BaHWe rHnepOOJMUECKUX, TaK KaK MPH aHAJIOTMYHOM TlepeMe-
[1IleHHH KacaTesIbHOH MJIOCKOCTH MOJydyaercs epeceyeHre ¢ MoBEPXHOCThIO, Ha-
nomuHaiollee runepbosy. [eoMmeTpusi reojie3MyecKnx <IpsSIMbIX» B OKPECTHOCTH
TOUKH MOBEPXHOCTH SIBJISIETCS] SJUIUIITHUECKOH HJIH THIIEep6OJMUeCKOH, CMOTPS
no ToMmy, Oy/IeT JiM cama TOuKa 3JUIMITHUECKON MM runepboJnueckoi. B stoi
MOJIeJIN HEeBKJIU/I0BOM TEOMETPUH YIJIbl M3MepsiioTCs, KaKk B OOBbIKHOBEHHOH
€BKJIMJI0OBOH IreOMEeTpHH.
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WznoxxeHHas nies Oblla pasBuTa PUMaHOM jaJibllie: OH paccMoTpes reo-
METPHH TPOCTPAHCTBA, AHAJIOTHUYHBIE TOJBKO YTO Pa3oOpPaHHBIM TE€OMETPHUSM
nosepxHoct. ITo Pumany, «kpuBU3Ha» NPOCTPAHCTBA, MEHSSCH OT TOUKH K
TOUKe, ONpefeisieT XapakTep reoMeTpUH B OKPECTHOCTH TOukH. «IIpsimble Jsim-
Huu» y Pumana — reojesuueckue kpusble. B siiHmITeliHOBONH 06Llell Teopuu
OTHOCHTEJIbHOCTH T€OMETPHS MPOCTPAHCTBA €CTb PUMAHOBA I'€OMETPHS; CBET
pacnpocTpaHsaeTcsl N0 Ieole3UYeCKUM JIMHMAM, a KPUBHM3HA IPOCTPAHCTBA B
KaKJI0H TOYKe OINpefeJisieTcsl B 3aBUCHMOCTH OT CBOHCTB MaTepUH B OKPECTHO-

CTHU TOUYKH.
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/
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Puc. 115. [unep6osueckas Touka

BO3HUKHYB H3 UMCTO aKCHOMATHUECKHX M3bICKAHHI, HEEBKJIMIOBA reome-
TPUsl B HaLIM JHH CTaja Upe3BblYaiiHO MOJIE3HbIM anmnapaToM, AOMYCKaIOLUM
pasyiMyHble TPUMEHEHHUS TIPU U3yueHHH (PU3HUeCKOH peasibHOCTH. B Teopuu ot-
HOCHTEJIbHOCTH, B ONTHKE, B 0011IeH TEOPUH PACTIPOCTPAHEHHUS BOJIH HEEBKJIUI0-
BO OMHCaHHe SIBJCHUH OKa3bIBAETCS B psifle CJlydaeB ropaso 6oJiee aeKBaTHbIM
(busMueCcKOl peasbHOCTH, UeM €BKJIMLO0BO.

[MPHUJIO)KEHHME

[eomeTpus B npocTpaHcTBax
0oJiee ueM Tpex U3MepPEHUH

1. Beenenue. To «peasibHOE» MPOCTPAHCTBO, KOTOPOE CJYKHUT Cpeof Ha-
1ero (PM3MUYECKOro OrbITa, UMEET TPH U3MEPEHHs], MJOCKOCTb UMEET JBa U3Me-
peHusi, mpsimast — ojHo. Hauia, B 06bIUHOM CMbIc/Ie TOHHMaeMasi, MpoCTpaH-
CTBEHHAs! MHTYMLHS PELIMTENbHO OrpaHUUyeHa TPpeMsl U3MEPEHHSIMU — U JaJiblie
He npocTupaetcs. TeM He MeHee BO MHOTHX CJIydyasiX BIOJIHE YMECTHO FOBOPHTD
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O «IPOCTPAHCTBAX», UMEIOLIMX YeTblpe WM OoJjiee H3MepeHHl. B kakom xe
CMBICJIE JIOMYCTHMO FOBOPUTb 00 -MEpPHOM MPOCTPAHCTBE, T1e A7 > 3, U AJI
yero MOryT ObITb MMOJIE3HbI Takve mpoctpaHcTBa? OTBET MOXHO JaTh, CTaB
WM HA aHAJIMTHYECKYIO, UM HA T€OMETPHUECKYIO TOUKY 3peHHsl. TepMHUHOJIOTHIO
N-MEepHOTO MPOCTPAHCTBA J03BOJHUTEIBHO PACCMATPUBATHL TOJIBKO Kak o6pas-
HBIH $13bIK, CJYKALIMH [/ BbIpAXKEHHS MaTeMaTHUECKUX WJEH, HAXOMASAIUXCS
3a npejesaMi 00bIYHOH reOMETPUYECKONH UHTYHMLIMH.

2. AHanuTnueckuil moaxola. Mbl yxKe obpalllajidi BHUMaHHe YUTATesIs Ha
M3MEHEHHe POJIH aHAJIMTHUECKOH reOMETPHH, MPOUCILIE/IIIEe HA TIPOTSPKEHHH ee
pa3BuTHSA. ToukM, MpsiMble, KPUBbIE JIMHUK U T. 1. TIEPBOHAUAJLHO paccMaTpu-
BaJIUCh KaK UHUCTO reoMeTpUuecKHe OObEKTbl, U 3ajauell aHaJUTHUECKOH reo-
MEeTpPHH ObIIO BCEro-HaBCEro, COMOCTABJISII UM KOOPJMHATHI WJH ypaBHEHHS,
MHTEPIPETHPOBATh M PA3BUBAThb Jla/ibllle T€OMETPUUECKYIO TEOPHIO ajreGpan-
YeCKUMHU UJIH aHAJUTHUECKUMH MeToiaMu. Ho ¢ TeueHreM BpeMeHU TTOCTENEeHHO
Haua/ja yTBEPXKIaThCsl MPOTHBOIOJIOXKHAS TOUKa 3peHusi. Hucs0 x, Wik mapa
uhces X, Y, Wi TPOHKA UMCeN X, Y, Z CTaJd pacCMaTPUBAThCS KaK HCXOJHbIE,
OCHOBHbIEe 00'BEKTbI, U 3TH aHAJUTHUECKHE OOBEKTHI Jlajiee «BU3YaJM3UPOBa-
JIMCb» B BHJIE TOYEK Ha MPSIMOK, Ha TJIOCKOCTH, B mpoctpaHcTBe. M Torna
reOMETPUUECKHI SI3BIK CTasl CJYXKHTb JIJISi TOr0, 4TOObl KOHCTATHPOBATh Ha-
JIMUME TeX WM MHBIX COOTHOLIEHHH MEXKIy uucjamu. [Ipy 3TOM Mbl JHlIaeM
reoMeTpHuecKre 00bEKTbl HX CAMOCTOSITELHONO W HE3aBUCHMOIO 3HAueHHs
FOBOPHM, UTO Mapa YUCes X, § ecfb ToUKa Ha MJIOCKOCTH, COBOKYIHOCTb BCEX
nap x, y, yloBJETBOPSAIOLIMX JUHEHHOMY ypaBHeHHI0 L(x, y)=ax + by +c=0
(rne a, b, c — jaHHble MOCTOSIHHBIE YUCJIA), ecimb MpsiMasi JIMHUS U T. 1. Takue
JKe Orpejie/ieHHs] YCTAaHABINBAKTCS U JJIsi TPEXMEPHOro MPOCTPAHCTBA.

Jlaxke B TOM cJiyuae, Korja Mbl 3aHUMaeMcsl COOCTBEHHO asre6panyeckoi
npo6JIeMOH, SI3bIK F€OMETPHH HEPEKO MPEJCTABJSETCS BIOJHE YIOOHBIM s
KpaTKOro H COBEPLIEHHO TOYHOTO OMUCAHUS (PaKTOB, M FeOMeTpHUECcKasl MHTY-
WLMs HauWHaeT paboTaTh, MOJCKA3biBasi NMpaBUJIbHblE ajgrebpanueckue mpotie-
nypbl. Hanpumep, peliasi cucteMy Tpex JIHHEHHbBIX YPaBHEHHH C TpeMsi HeH3-
BECTHBIMHU X, Y, 2

Lx,y, z)=ax+by+cz+d=0
L'(x,y,z)=ax+by+cz+d =0 3 ,
[‘//()Cy y, Z):a//x+b//y+cllz+d//:()

Mbl UCTOJIKOBBIBAEM CTOSILIYIO MEPe HAMH 3aJauy reOMEeTPUUECKH U FOBOPHUM,
YTO B TPEXMEPHOM MPOCTPAHCTBE Ry TpeOyeTcsi HAUTH TOUKY TepeceueHust Tpex
nyiockocTel, 3agannbix ypaBHenusimu L =0, L' =0, L” = 0. Jpyroit npumep:
paccmaTpuBasi Bce Takue UHCJIOBBIE Mapbl X, y, uto x > 0, Mbl CKaxKeM, UTO
MMeeM JIeJIO C TIOJYIJIOCKOCTbIO, PacIofoKeHHOH BIIpaBo OT ocH y. B GoJee
o6l11eM cJlyyae COBOKYITHOCTb UHMCJOBBIX Map X, Y, VISl KOTOPBLIX BBIMOJIHSIETCS
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HepaBEHCTBO
Lx,y)=ax+by+c>0,

UHTEPIPETUPYETCA KaK IMOJYIJIOCKOCTh, JiexKallass M0 OJHY CTOPOHY NPAMOH

L =0, a COBOKYMHOCTb TaKHUX UHCJOBBIX TPOEK X, 4, Z, UTO

L(x,y,z)=ax+by+cz+d>0,

— KaK <II0JIy[IPOCTPAHCTBO», OMpejielisieMoe MaockocTbio L = 0.

[TocJie 9THX pa3bsicHEHUI HAM COBCEM JIETKO TTePeHTH K «4eTblpeXMEepHOMY»
WK Jla’Ke K «71-MEPHOMY» MpOCTpaHCTBy. PaccMOTpUM ueTBepKy uuces X, y,
z, t. CkaxkeM, UTo TaKas ueTBepKa MpeacTaBJIseT co60i TOUKy, HJIH, ellle poLle,
ecms ToUuKa B YeThblpeXMEPHOM IpocTpaHcTse Ry. Booblue, no onpeneseHuo,
TOUKa r-MEpPHOro INPOCTPAHCTBA R, €CTb He UTO HHOE, KaK cHcTeMa M3 1
JeHCTBUTEIbHBIX YHCeJ X|, Xg, ..., X,, 3A[IMCAHHBIX B OIPEJeJICHHOM MOPsIKe.
He Tak BaxHO, UTO Mbl He «BHUJIMM» 3TOl TOUKH. [eoMeTpuuecKuil A3bIK He Ile-
pectaeT ObITb BIOJIHE [OHATHBIM B CJydae, ec/ld HieT peub 00 ajre6paHuecKux
cBOHCTBax 7 nepeMeHHbIX. [lesio B TOM, UTO MHOrHe ajre6panueckue cBOHCTBA
JIMHEHHbIX YPaBHEHMH M T. I1. COBEPLUEHHO HE 3aBUCAT OT UMCJa BXOIALLUX
nepeMeHHbIX, WM, KaK MPHHATO TOBOPUTb, OT Pa3MEPHOCTH IPOCTPAHCTBA ITHX
nepeMeHHbIX. Mbl HazoBeM, TakuM 00pa3oM, «THIEPIIOCKOCTbIO» COBOKYII-
HOCTb BCEX TaKHUX TOUEK X|, Xg, ..., X, B 1-MEPHOM IIPOCTPAHCTBE R,, KOTOpble
YAOBJIETBOPSIOT JIMHEHHOMY YPaBHEHHIO

L(xy, Xo, ..., X)) =a1X; + asxs + ...+ a,x, + b=0.

Touno Tak »Ke oCHOBHasi aﬂre6panqecxa${ 3aJaya peuieHusi CUCTEMBI 1 JINHEeN -
HbIX ypaBHeHI/IfI C /1 HEU3BECTHbIMH

L]()Cl, Xoy o ovy Xn) = O
Lo(xy, X9, ..., x,)=0
La(xy, Xo, ..., x,)=0
MCTOJIKOBBIBAETCS HA FE€OMETPHUECKOM 5I3bIKE KAK HAaXOXKIEHHE TOUKH Tepece-
uenust n runepruiockocreil Ly =0, L, =0, ..., L, =0.
lIpeumyuiecmso maxkoeo ceomempunecko2o cnocoba onucanus mame-
Mamuveckux gakmol 3aKAouaemcs 8 Mom, 4mo oM noduepKusaem He-
Komopole 006Ccmosmerscmsaa areedbpauieckoeo xapakmepa, Komopole He
3ABUCAM OM HUCAA USMEPEeHULl N U 8Mecme ¢ mem 8 cayiae n < 3 moeym
06LMb HAALOHO UHmMepnpemuposarsl. Bo MHOrUX MPUIOKEHUSIX yHOTpe6-
JIeHHe reOMeTPUYECKOH TEPMUHOJIOTHH HMEET TaKKe TMPEUMYIECTBO KPATKOCTH,
1 BMecTe ¢ TeM oOJieryaeT aHaJIMTHUECKHEe PACCY:K/IeHHs], 8 MHOTIA PYKOBOJHT
VMU W HarfpaBJsieT UX B JOJ/DKHYIO CTOPOHY. TeopHsi OTHOCHTEJIbHOCTH CHOBA
MO2KeT ObITh MpUBEJIeHa 371eCh B KauecTBe rnpuMepa 06J1acTH, B KOTOPOH Cyllle-
CTBEHHBIH ycriex Obll JOCTUTHYT M0 TOH MPUUMHE, YTO TPU MPOCTPAHCTBEHHbIE
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KOOPJMHATHI X, Y, Z U BpeMeHHAasl KOOpAUHATa ¢ «COObITHS1» OblIM 00beIHHEHDI
B OJHO <«IIPOCTPAHCTBEHHO-BpeMEHHOE» ueTblpeXxMepHoe MHoroodpasue X, y,
z, t. ITonuunas, TakuM 06pa3oM, «IIPOCTPAHCTBO-BPEMS» TOH aHAJIUTHUECKON
cXeMe U HajeJisisl ero, KpoMe TOro, CBOACTBAMH HEEBKJ/IMIOBOH reOMeTpUH, yla-
JIOCh OIHCATb MHOIHE BECbMa CJI02KHble CUTyaLUH € 3aMeuaTesbHON IPOCTOTOH.
Crosib Ke TOJIE3HBIMH OKAa3aJUChb f-MepHBlE MPOCTPAHCTBA B MeXaHHKe, B
CTATUCTHUECKOH (hH3KKe, He TOBOPS y»Ke 0 caMoil MaTeMaTHKe.

[TpuBeseM elle Koe-KakHe UMCTO MaTeMaTHUYecKHe npuMepbl. COBOKYMHOCTb
BCeX KPYroB Ha IJIOCKOCTH 0OpasyeT TpeXMepHoe MHOroo0pasue, Tak Kak Kpyr
C LIGHTPOM X, Y U PaHycOM { MOXKeT ObITb M300pazKeH TOYKOH ¢ KOOpAHHAaTaMH
X, y, I. Tak KaK paguyc Kpyra ecTb MOJOXKHTEJIbHOE UHMCJIO, TO COBOKYMHOCTb
paccmaTpHBaeMbIX TOUEK 3aMOJIHSET [10JyIpPOCTPaHCTBO. Takum xKe oGpasom
COBOKYIHOCTb BceX cep B OObIKHOBEHHOM TPeXMEPHOM MPOCTpaHCTBe oOpa-
3yeT ueTblpeXxMepHoe MHOroo6pasue, Tak Kak Kaxjaas cdepa ¢ LEHTPOM X, Y, 2
U paaMycoMm { MoxKeT ObITb MpejiCTaB/eHa TOUKOH C KOOPAMHATaMHU X, y, 2, 1.
Ky6 B TpexmepHOM NMpocTpaHCTBe C LIEHTPOM B Hauajle KOOpAHHAT, peGpamu
JUIMHBl 2 U IPaHsAMH, apajuleJIbHbIMH KOODAMHATHBIM MJIOCKOCTSIM, COCTOUT H3
COBOKYIHOCTH BCEX TOUEK X|, Xg, X3, JUIs KOTOPBIX |x;| < 1, x| < 1, |x3| < 1.
Tak e TouHO «Ky0» B r-MepPHOM I[POCTpPaHCTBe R, ¢ LEHTPOM B Hauaje
KOOPJMHAT, «pe6paMu» IJIMHbI 2 U «TPaHSMU», NapaJ/ie/bHBIMH KOOPAHHATHBIM
IUIOCKOCTSIM, ONpe/iesIsieTcs KaK COBOKYIHOCTb TOUCK X, Xo, ..., X,, A1 KOTO-
PBIX OJIHOBPEMEHHO CIpaBeVINBbI HepaBeHeTBa |x1| < 1, |xo| < 1, ..., |x,| < L
«IToBepxHOCTb» Takoro Ky6a COCTOMT M3 BCEX TOUEK, JUIl KOTOPBIX XOTs Obl B
OJIHOM H3 3THX COOTHOLLEHMH MMeeT MeCTO 3HaK paBeHcTBa. [ToBepXHOCTHbBIE
3J1IeMEeHTBl Pa3MePHOCTH 11 — 2 COCTOSIT U3 TOUEK, JJIsT KOTOPBIX 3HAK pPaBEHCTBA
CTOMT 110 MEHbLIeH Mepe JBa pasa; U T. I.

Ynpaxnenue. [laiite onucaHue NOBEPXHOCTH TAKOro Ky6a B TPEXMEPHOM, UeTbl-
pexMepHOM, 1-MepPHOM [POCTPAHCTBAX.

*3. leomeTpUYeCKUi, UM KOMOMHATOPHBIN, MOAX0A. XOTS aHaJUTHUE-
CKHH MOJAXOM K 71-MEPHOH reOMETPHH UPE3BbIYalHO MPOCT U y100€H /11 MHOTHX
MPUJIOKEHUH, BCE 2Ke CJIe/lyeT YIIOMSIHYTb U O JPYroM METOJE, HOCSILIEM UHCTO
reomMeTpuueckuil xapakrep. OH OCHOBaH Ha peIyKUHMH OT 7-MEPHbIX JAHHbIX
K (7 — 1)-MepHBbIM U TeM OTKPbIBAE€T BO3MOXKHOCTb OTIPENE/siTh MHOTOMEPHbIE
reOMeTPHHU MOCPEICTBOM MaTeMaTHUECKOH MHYKLMH.

Haunem ¢ Toro, 4to paccMoTpuM KOHTYp TpeyrosbHHKa ABC B ABYX HM3-
Mepenusix. Paspesast ero B Touke C u 3aTeM nosopaunBasi croponsl AC u BC
COOTBETCTBEHHO 0K0JIO A W B, Mbl BHIIPSIMHUM KOHTYP B MPSIMOJIMHEHHBIN OT-
pe3ok (puc. 116), Ha kKotopom Touka C Oyner urypupoBaTh ABaxibl. [lo-
JIyueHHast OflHOMepHasi (PUrypa JaeT HcuepribiBatollee MpeiCcTaBAcHe KOHTypa
JIByMepHOTO TpeyroJibHuKa. Crubast purypy B Toukax A u B U JoOGUBLINCH COB-
najaeHust AByx Touek C, Mbl HMeeM BO3MOXKHOCTb BOCCTAHOBHUTb TPEYrOJbHHUK.
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Ho BaxHo T0, uT0 cru6ath BoBce M He HYKHO. JloCTaTOUHO YCJIOBUTBLCS, UTO MBI
«upeHTUULIHpPYeM>» (T. €. He OyaeM pasanuath) obe Touku C, HECMOTPS Ha TO
YTO 3TH JIBEe TOUKHM H HE COBMAJAIOT B OOBIYHOM CMbIcje. MoOXKHO caesaTh ere
CJICTYIOLIME Iar: padpe3ast Urypy Takke M B Toukax A M B, Mbl T0JyuuM
tpu orpeska CA, AB, BC, KoTopble MpH KeNAHHH MOXKHO OMSATb CJOXKHTb
TakuM 00pasoM, u4ToObI Obll BOCCTAHOBJIEH «HACTOSILIHMIT» TpeyrojbHuK ABC,

C
A B
C A B C
A B
B C
c A

Puc. 116. Omnpenenenvie TpeyrobHUKa 10 CTOPOHAM C COIMOCTAaBJIEHHBIMH
JIPYT APYTy KOHLIAMH

TNpUYeM Taphbl HIEHTH(HUIMPYEMBIX TOUEK COBMALYT Mexay coboil. Mnest nnen-
TH(HULIMPOBATE pa3/HyHble TOUKH B JAHHOH COBOKYMHOCTH OTPE3KOB, UTOOHI
13 HUX MOCTPOUTb MHOTOYTOJIBHBIE KOHTYp (B HaIleM CJlydae — TPEYroJbHHK ),
MPaKTHUECKH MHOTIA OKA3bIBAETCsl OUYeHb IM0Jie3HOH. Ec/i Hy:KHO OTIpaBHTD
B JaJbHee MyTellecTBHe KaKoe-HHOYAb COeIHEHHEe H3 MeTa/uIMuecKnx 6alok,
HanpHuMep, MOCTOBYIO (hepMy, TO y100Hee BCEro ynakoBaTh CJ0KEHHbIE BMECTE,
TpeIBAPUTENbHO pa3beldHeHHble GaslK, 0603HAUMB OJHUMH H TEMHU 2Ke 3Ha-
KaMH Te KOHIIbl pa3jiHuHbIX OaJloK, KOTOpbIe JIO/KHBI ObITh COeJMHEHBI BMECTE.
Takoe co6panue 6aoK ¢ pa3MedeHHbIMH KOHIIAMH COBEPILIEHHO 3KBUBAJIEHTHO
MPOCTPAHCTBEHHOH KOHCTPYKUMH. [Ipenpinyiiee 3aMeuanne MpUBOIUT K MBIC/IH
0 TOM, KaK MOXHO «Pa3HsITb» IBYMEPHBIH MHOTOTPAHHHK B TPEXMEPHOM MPO-
CTpaHCTBe, 3aMeHsIs ero (UrypamMy HU3IIMX M3MepeHui. Bosbmewm, nanpumep,
noBepxHocTh Ky6a (puc. 117). Ee cefiuac ke MOXXHO CBECTH K CHCTeMe M3
IIECTH KBAJIPATOB, CTOPOHBI KOTOPBLIX HAIJIEXKAIMM 06pa3oM HAEHTU(PULHPO-
BaHBI; CJIEAYIOUIHMI War 6yJAeT COCTOSITb B TOM, YTOOBI 3aMEHHTb 3Ty CHCTEMY
KBaJPATOB CUCTEMOH U3 12 MpsMOJIMHEHHBIX OTPE3KOB C HaJIEXKAIIIM 00pa3oM
WAEHTU(UIHIPOBAHHBIME KOHIIAMH.

Boo6uue, /11060#1 MHOrOrpaHHUK B TPEXMEPHOM NPOCTPaHCTBe K3 IPUBOAUT-
csl TaKUM 06pa3oM WJIH K CHCTeMe TIOCKHX MHOTOYTOJIbHUKOB, HJIH K CHCTEMe
NPSIMOJIHHENHBIX OTPE3KOB.
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YnpaxHenue. BbirosiHnte ykazaHHyl0 PelyKUHIO /s BCEX MMPABHJIbHBIX MHOTO-
FPAHHUKOB (CM. cTp. 263).

Tenepb yxKe 5ICHO, UTO Mbl MOXKeM OOpPaTUTb XOJ HALUMX pacCyKAeHHH,
onpedeasiss MHOTOYTOJIbHUK Ha MJIOCKOCTH C MOMOLUBIO CHCTEMbI MPSMOJIH-
HEMHbIX OTPE3KOB M MHOIOIPaHHHK B IIPOCTPAHCTBE R3 — C MNOMOLIbIO CH-
CTE€Mbl MHOIOYTOJIbHUKOB B Ry WJIM 2Ke, [IPH YCJIOBUM JaJibHEHLIeH pelyKLHH,
C TOMOLIbIO ONATb-TaKM MPSMOJMHElHbIX oTpe3koB. Ho Toraa coeeplieHHo
€CTECTBEHHO OIIPeJeJIMTh KMHOTOTPAHHUK» B UeTbIPEXMEPHOM I1POCTPAHCTBE R,
C TMOMOLIBIO CHCTEMBI MHOTOTPAHHUKOB B K3 MPH HaJIeXKalleH HAeHTH(DUKALNHN
JBYMepHbIX IpaHell; «MHOrOrpaHHUK» B R5 — € MOMOILBIO <MHOTOTPaHHHKOB»
B Ry u T. 1. B KOHeUHOM cueTe BCSIKMI «MHOrOIpaHHHK» B R, CBOIMTCS K
CHCTEME OTPE3KOB.

8 7
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4 3| |8 41 13 7 5 6
/ 11 i
L1 2] 15 1] 2 6l 1 5 3 7
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Puc. 117. Onpenenenue Ky6a no coroctaB/JeHHbIM IPYT IPYry BepUIHHAM U pebpam

OcTaHaB/IMBaTbLCSl HA 3TOM BOINpOCe MoAPOGHee Mbl JHILEHbBI BO3MOXKHOCTH.
Jlo6aBuM JiMIIb HECKOJIBKO 3aMeuaHuil, He MPUBOJIs loKa3aTenbeTB. «Ky6» B Ry
orpaHuueH 8 TpeXMEpHbIMM KyOaMH, M3 KOTOPbIX Kax/bli MMeeT CO CBOWMH
«cocesIMH» 110 UJIEHTU(DULMPOBAHHON JABYMEpHOH rpaHu. ¥ Takoro kyba 16
BEPLLUUH, B KaXK/J0H BEpPLUMHE CXOJATCS MO ueTblpe pebpa; Bcero pebep umeer-
cs1 32. B R, cyluecTByer 1ecTb NpaBUJbHBIX MHOrOrpaHHHKOB. Kpome «ky6a»,
MMeeTcsl OIMH MHOTOTPaHHHUK, OFPaHHUEHHBIH 5 MpaBUJbHBIMH TETpaspamy,
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OJIMH, OTpaHWYeHHBIH 16 TeTpasapamH, OIWH, OrpaHHUYeHHBIH 24 OKTasnpamu,
oznH, orpannuenusll 120 nonekasapamu, u elie oauH, orpanuueHtsri 600 Te-
Tpasapamu. JlokaszaHo, uto B R, Ipu 11 > 4, CYIIECTBYET TOJIbKO 3 MPaBUJIbHBIX
MHOTOIPaHHHUKA: OJIMH C /1 4+ | BepllIMHaMHU, OrpaHHUYeHHbIH 72 + 1| MHOTOTpaHHHU-
KaMH U3 R, |, UMEIOLUMHU N0 11 (11 — 2)-MepPHbIX TpaHei; OfIuH ¢ 2" BepLIHHAMH,
OrpaHHUYEHHbIH 21 MHOTOTPAHHUKAMH U3 R,_ |, HMEIOUMMH 110 21 — 2 (1 — 2)-
MEpHBIX I'paHeil; U ellle OUH C 271 BepLINHAMH, OTPAaHHUYEHHBIH 2" MHOTOrpaH-
HUKaMH U3 R,_|, UMEIOLLMMHU N0 1 (1 — 2)-MepHBIX rpaHeii.

Ynpaxuenune. CpaBHuTe onpejesenue «kyba» u3 Ry, 1aHHOE B MyHKTE 2, C onpe-
Jle/leHHeM, JaHHbIM B HACTOSILLEM [IyHKTe, i yCTAaHOBUTE, UTO [IPeXKHee «aHaJUTHUeCKOoe»
onpeseseHye Ky6a paBHOCUJILHO HACTOsILLEMY <KOMOHUHATOPHOMY>.

Co CTpYKTypHOH, WM «KOMOHUHATOPHOH», TOUKH 3PEHHST MPOCTEHILINMY Te0-
MeTpuueckumMu ¢urypamu pasmeproctd 0, 1, 2, 3 sIBJsIIOTCS COOTBETCTBEHHO
TOUKA, OTPE30K, TPEYToJbHUK, TeTpasap. Paau equHoobpasust CHMBOJIMKHA 0060-
3HAUMM (DUTYPBI 3TOTO THUMA COOTBETCTBEHHO Ty, T, T, T5. (MHmeKCh yKa3biBa-
IOT Ha padMepHOCTb. ) CTPYKTYpa KaxKa10H U3 3THX (DUIyp XapaKTepU3yeTcs TeM,
yTo Kaxkaas ¢urypa tMna T, umeeT 1 + | BepLIMH M Kaxk[10€ MOJIMHOXKECTBO
u3 i + | BepwmnH ¢urypsl Tuna 7T, (i =0, 1, ..., n) onpeneysieT HEKOTOPYIO
¢urypy tuna T;. Hanpumep, TpexmepHbiii Tetpasap T3 umeer 4 BepiluHbl, 6
pebep u 4 rpaHu.

AR &P

Puc. 118. I1pocTefiiine snementsl B 1, 2, 3, 4 uamepeHusx

SIcHo, kak OyzeT nasblie. Mbl onpelesum deTbipeXMepHblil «TeTpasap» Ty
KaK MHOXECTBO, COCTOsILLEE U3 D BEPLIMH, TPHUEM KaxKa0€ MOAMHOXKECTBO U3
4 BepuinH nopoxjaaet urypy tina T3, KaxKJ10€e TOJMHOYKECTBO U3 3 BEPIIUH —
¢urypy tuna T, u T. 1. Purypa tuna 7, cxeMaTHUeCKH MOKa3aHa Ha puc. 118: mbl
BUJIMM, uTO y Hee 5 BepiuH, 10 pebep, 10 TpeyroJibHbIX rpaHel U 5 TeTpasapos.

O6o611eHde Ha 1 U3MepEeHUH He MpeAcTaBJsieT Tpyaa. M3 Teopuun coenu-

" ; r
HeHWH U3BECTHO, UTO CYLIECTBYeT poBHO C! = ————— TaKUX pa3JIMUHbIX M0JI-
TN r—i)

MHO>KECTB 10 i 06’b€KTOB, KOTOpbI€ MOTYT ObITb COCTaBJIEHbl U3 MHOXKECTBA r
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00beKTOB. [103TOMY n1-MepHBIl «TeTpasap» COAECPKUT

Cl,=n+1 BepluH (uryp tuna 7Tp),
n+ 1)
= ﬁ pebep (¢uryp tuna 7T;),
!
Ci, = % Tpeyro/ibHUKoB (uryp Tuna Ty),
n+ 1)
Ci = ﬁ ¢uryp tuna T,
Crti=1 durypy tuna T,.

Ynpaxuenue. Hapucyiite cxematnuecku ¢urypy tuna 75 U ONpeLeNHTE UHCJIO
¢uryp tuna T;, B Heii comepxammxes (i =0, 1, ..., 5).



FJIABA V
TonoJiorus

BBenenue

B cepeaune XIX cToJieTHs BO3HUK/IO COBEPLIEHHO HOBOE T€UEHHE B Fe€OMET-
pHH, KOTOPOMY ObLJIO CY2KJIEHO BCJIE 34 TEM CTaTh OJHON M3 IVIaBHBIX JIBHXKY-
ILIMX CHJI COBPEMEHHON MateMaTHKM. [IpeameToM HOBOM oTpacJ/ii, Ha3biBaeMOK
TonoJjiornei (uan analysis situs), siBiseTcs u3yueHue CBOHCTB FreOMETPHUECKHUX
(uryp, CoxXpaHsoLLMXCS 1aKe TOTAA, KOT/a 3TH (UIypbl MOJBEpPraloTcsl Takum
npeo6pa3oBaHUsIM, KOTOPbIE YHHUTOXKAIOT BCE UX U METPUUECKHE, U TPOEKTHUB-
Hble CBOMCTBA.

OJIHUM U3 BEJUKHUX TeOMETPOB 3TOH 310xu Obl1 A. ©. MEébuyc (1790—
1868), uesioBek, He CJMIIKOM TpeEYCreBIIMH B HAyUYHOH Kapbepe M3-3a CBOei
Uype3MepHOH CKPOMHOCTH: OH 3aHHUMaJl JIO/PKHOCTb aCTPOHOMA B OJIHOH W3 BTO-
popaspsiHbIX HeMelKUX obcepBaTopuil. B Bo3pacTe 1ecTHaecATH BOCbMH JI€T
oH nipescTaBua [lapukckod Akanemuu MeMyap 06 «OJIHOCTOPOHHUX» MOBEPX-
HOCTSIX, COJepKallMi Koe-KaKue U3 HauboJiee U3YMUTENbHBIX (PaKTOB B HOBOH
oTpacsiu reomeTpuu. [1og06HO MHOTMM JPYTMM BaXKHbIM HayuHbIM paboTam,
€ro PyKOITMCh HECKOJIbKO JIeT Bajisjach Ha MoJkax AKajeMuu, Tmoka 06cTo-
ATEJIbCTBA HE CJOXKWIMCH TakK, UTO ee onyOGJMKoBaJ caM aBTop. HesaBucumo
ot Mébuyca rérrunrenckuii acrpoiom M. Jluctunr (1808—1882) cuenan
noloGHbIE ’Ke OTKPBITHS U, IO BausiHueM [aycca, B 1847 . u3nan HeGoJibliIyIo
kuury «Vorstudien zur Topologie». Korna bBepurapn Puman (1826—1866)
npuObLI B [eTTHHIEH, UTOOBI CTAaTh TaM CTYJIEHTOM, MaTeMaTHuecKasi atMocdepa
3TOr0 YHUBEPCHTETCKOr0 ropojia yxKe Obljla HacbllleHa OCTPbIM JIIOOOMBITCTBOM
10 OTHOLIEHHIO K HOBbIM H CTPAHHBIM IeoMeTpHUecKUM HaesiM. CKopo OH 0co-
3HaJ, UTO UMEHHO B HHMX HYXKHO MCKATb Pa3rajikKy caMbiX TJyOOKHX CBOHCTB
aHaJIMTHUECKUX (PYHKLMH KoMILIeKcHoro nepemenHoro. [losaneiiiee pa3sutue
TOMNOJIOTHH, BEPOSITHO, €/1BA JIK 00513aHO UeMy-JHO0 B TAKOH CTENEHH, KaK BeJiH-
KOJIETTHOMY 3/1aHHIO PUMaHOBOH TEOPHH (PYHKLME, B KOTOPOH TOMOJOTHUECKHE
KOHLICTILIMH UMEIOT camoe (yHaaMeHTaJ bHOe 3HAaUeHHe.

Ha nepBbix nopax cBoeo6pasue METOJ10B, KOTOPbIMH MTPUXOAMIIOCH AE€HCTBO-
BaTb B HOBOH 00GJIaCTH, BOCMPENSATCTBOBAJIO TOMY, UTOObI TOJyUeHHbIE 3/1eCh
pe3yJibTaThbl OblJIH H3J10XKEHbl B TPAAULHOHHON AeyKTHBHOH hopMe, THITHUHON
JUISl 3J1eMEHTapHONH FeOMETPHH.
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[Ipoucxoauso Heuto coBceM MHoe: Tak, [lyaHkape, jnesasi cmesble LIard
Briepesl, 6bl BbIHY?K/JIEH LIHPOKO W OTKPOBEHHO OMUPATHCS HA F€OMETPHUECKYIO
UHTYHLMI0. Jarke B HALIK HU U3YYaIOILMH TOMOJIOTHIO SIBCTBEHHO OILLYIIAET, UTO
NpH CJAUIIKOM GoJiblIol 3a60Te 0 opMasibHOH 6e3ynpeuHoCcTH CYIIeCTBEHHO
reoMeTpHUeCcKoe COJEpKaHUe YIyCKaeTCs M3 BUIY W TOHET B Macce AeTajed.
Bnpouem, Kak Obl TO HU OblJ10, HY?KHO paccMaTpUBaTh KaK 0C000€ JOCTHXKEHUE
TO OOGCTOSITE/IbCTBO, UTO caMble HeJlaBHHE PabOTbl MO TOMOJOTHH BKJIOUMJIN
3Ty OTpacJ/lb FeOMETPUH B KPYT BIOJIHE CTPOrO MOCTPOEHHBIX MaTeMaTHUECKHX
JMCLMIIINH, /51 KOTOPbIX HHTYHLMS Obl1a W OCTaeTcsl HCTOYHUKOM, HO He KO-
HEUHbIM KpHUTepHeM HcTHHbI. [lo Mepe pasButHs npouecca «hopmaaudalun»
TornoJioruu, uayiero ot J1. 3. 5. Bpayspa, yueabHblll Bec TOMOJOTHU 110
OTHOLLIEHHIO K MaTeMaTHKe B LeJOM HempepbiBHO Boapacrtan. CyllecTBeHHbIE
YCIEXH B yKa3aHHOM HarpaBJ/eHHH MPUHALJIEKAT aMEPHKAHCKUM MaTeMaTHKaM,
B yactHoctd, O. BeGaeny, Jk. Y. Anekcannepy u C. Jlepuweny.

XoT$sl TOIOJIOTHIO MOXKHO C IOJIHOH ONpPEAE/IEHHOCTbIO HAa3BaTh I1POLYKTOM
MOCJIEIHETO CTONETHS], HEOOXOIMMO BCE K€ OTMETHTb, UTO €llle U paHblie OblI0
C/IeIaHO HECKOJIbKO OTKPBITHH, KOTOpbIE, KaK BbITEKAEeT U3 COBPEMEHHOH CHCTe-
MAaTHKH MaTeMaTUUECKUX 3HAHUH, HMEIOT OJIMKalllee OTHOLICHUE K TOMOJIOTHH.
M3 HUX caMbIM KPYTIHBIM, HECOMHEHHO, SIBJISIETCS yCTAHOBJIEHHE (DOPMY.JIbI, CBSI-
3bIBalOLLEH UHCJ/Ia BeplluKH, pebep U rpaHel IPOCTOro MHOrorpaHHUKa: oHa obljia
nonMeueHa yxe lekaptom B 1640 r., nosaHee nepeoTKpbiTa W MCMOJb30BaHA
Ainepom B 1752 r.; xapakTepHble UepPThl TOMOJOTHUECKOTO YTBEPKIEHHUS B ITOM
chopmyJie cTanu OUeBMAHBIMU TOpasyio Mo3jiHee — rocde Toro kak Ilyankape B
«popmyJie Disiepa» U ee 060OLIEHHAX YCMOTPEJ OJIHY H3 LIEHTPaJIbHbIX TEOpPEM
TornoJiorud. KFiTak, no npuunHaMm Kak MCTOPUYECKOro, TaK U BHyTPEHHEro Mopsiji-
Ka Mbl HauHeM Halle 3HAKOMCTBO C TOMNOJIOTHEH MMeHHO ¢ (opMyJbl DiJepa.
Taxk kak npu nepBbIX Llarax B HeM3BeLaHHOH o6JacTH Hpeas OGe3ynpeuHoi
CTPOrOCTH BOBCe He 00s13aTeJ/IeH U Jayke MaJlo »KeJlaTesleH, To Mbl Oy/eM HHOra
6e3 KosieGaHUH anesJIMPOBTb HEMOCPEICTBEHHO K MHTYHLIMH YHTATE s,

§ 1. ®opmyaa Jitnepa a9 MHOTOTPAHHUKOB

XOoTs B aHTHUYHOHU reOMETPHUH H3yueHUEe MHOTOTPpaHHUKOB 3aHUMaJio OJHO

U3 I1IeHTPaJIbHBbIX MeCT, TOJNbKO JlekapTy W Diljiepy ObUIO CYXJIEHO OTKPBITH

cJeflytollee MpeyioxKeHue: nycmo V — 4ucio 8epuiur npocmoeo MHO20-
epannuxa, E— uucao pebep, F— uucro epaneil: moeda

V-E+F=2 (1)

[Ton mHOCOEpaAHHUKOM 3]IeCh TIOJIPA3yMEBAETCS TEJIO, TTOBEPXHOCTh KOTO-

pOro COCTOUT M3 KOHEUHOTO UKcJia FpaHe, HMeLHX GOpMy MHOTOYTOJbLHHUKOB.

(B CcJaydyae npaBUJIbHbIX MHOTOTPaHHUKOB BC€ MHOTOYTOJIbHUKH KOHT'PYSHTHBI U

BCE MJIOCKHE YIJIbl TIPU BEPIIMHAX PABHbI MEX1y c060k. ) MHOrOrpaHHHK Ha3bl-

BAETCS MPOCHIbLM, €CJIU B HEM HET «JIbIP», TaK UTO TMOCPEJICTBOM HENpepbIBHOK
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Puc. 119. [1paBuibHble MHOTOTPaHHUKH
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JehopMalkH ero NoBepXHOCTb MOXKeT ObITh MepeBe/ieHa B TOBEPXHOCTb Cepbl.
Ha puc. 120 uzo6paxen npocToil MHOTOTPAaHHUK, KOTOPBIH He sIBJsIeTCs Mpa-
BUJIBHBIM; Ha puc. 121 uzo6pakeH MHOTOTPAHHHUK, He SIBJISIIOLIMHCS MPOCTHIM.

Puc. 120. Ilpocroit muororpannux: V — E +
+F=9-18411=2

Puc. 121. HenpocToii MHOrOrpaHHUK:

V-E+F=16—-324+16=0

[Ipensiaraem uuraresio npose-
pUTb  CIIPABENJUBOCTb  (hDOPMYJIb
Dusepa AT BCEX MHOTOTPAHHH-
KOB, TpeJCTaBJeHHbIX Ha puc. 119
1 120; Ho nycTb OH y6eauTes Tak-
)K€, uTO JJIi MHOTOTPaHHHKA Ha
puc. 121 sta popmysa HeBepHa.

[lepexonst K J0Ka3aTesbCTBY
tdbopmyibl Ditnepa, BooOGpasuM, 4To
Halll MHOTOTPaHHUK — BHYTpHU Ty-
CTOH M UTO TIOBEPXHOCTb €ro Clie-
JaHa M3 TOHKOHW pesunbl. Torna,
BBIPE3aB TPeABAPUTEJBLHO OHY M3
rpaHell MycTOro BHYTPH MHOTO-
rpaHHUKA, MOYKHO OCTaBIIYIOCS MO-
BEPXHOCThb J1€(hOPMUPOBATH TaKUM
06pa3oM, UTO OHa paccTelieTcsi Mo
miockoctd. KoHeuHo, npu 3TOM
¥ TpaHu MHOTOTPAHHHKA W YIJIbl
MeKIy peGpaMi HCIbITAIOT pe3KHe
usmeHenusi. Ho «cerka», cocra-
BJICHHAs] M3 BEpLIMH M pebep Ha
TUVIOCKOCTH, OylIeT couepKaThb TO
JKe YHCJO0 BEpLIMH UM pebep, uTo
¥ MepBOHAUAJIbHBIH MHOTOTPAHHUK,
TOTZAa KakK YHCJIO TpaHell CTaHeT
Ha OJHY MeHbllle, TaK KakK OJHA
rpaHb Obuia BblpedaHa. Mbl yGe-
JIUMCS1 TeTepb, UTO JIJIs TOJTyUeHHOH
HAMH CeTKH Ha TUIOCKOCTH GyaeTr
cnpaBeauBo paseHctso V — E +
+ F =1; torna, no6asnsisi Bbipe-
3aHHYIO I'paHb, JAJIsI TlepBOHAYAJb-
HOrO MHOTOTPaHHHMKA MOJYUUM pa-
BeHcTBO V — E+ F=2.

[Ipexxne Bcero «TpHaHIyJUpy-
eM» TIJIOCKYI0 CeTKy CJeyIoLUM

06pa30M. Ecnau B ceTke umeroTcst MHOT'OYTOJIbHUKH C YHCJIOM YTIJIOB, 6OJIbILIUM
Tpex, TO, BbI6paB OJIMH M3 HHX, IMPOBEIEM B HEM KaKle—HI/I6yILb JuaroHaJib.
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B pesysbrate kaxmoe u3 unces £ u F yBeJMUMTCS HA eJIMHUILLY, HO 3HAUEHHE
BblpaxkeHuss V — E + F oT 9Toro He M3MeHUTCS. Dylem M janblie MpoBo-
JIUTb JMArOHaJM, COeIMHSSA Napbl Touek (puc. 122), moka ceTka He oKaxKeTcsi
cocTosilliell M3 OJIHMX TOJIbKO TPeyroJibHUKOB. B TpuaHrysupoBaHHOH ceTke
BesinunHa V — E 4 F nmeet To ke 3HaueHHe, KAKOE UMeJsa U J10 TPUAHTYJISILIIH,
TaK KaK TpoBejleHHe KaX/I0d HOBOH JHAaroHa/Jd 3TOTO 3HAuYeHUs] He MEeHseT.

M " 7T

Puc. 122. JlokasaresnbcTBO TeopeMbl Jiliepa

Hekoropble U3 TpeyroJbHUKOB, faJjee, UMeloT pedpa (Mpolle cka3aTb — CTOPO-
Hbl), TIPUHAJJIEXKALIUE K <TPAHHULLEe» TPUAHTYJUPOBAHHON ceTKH. HekoTopble u3
TUX TPEYroJbHUKOB (Hanpumep, ABC) UMEIOT JUllb OJJHO PeOGPO Ha IpaHHULLE,
Jpyrue — no aBa. Bo3bMeM 0JiMH U3 TaKOro poja «IpaHHUHbIX» TPEyroJbHHKOB
¥ YAaJUM M3 HEro BCe TO, UTO He MPHHAIEKHUT KAKOMY-HUOYAb APYromy
TpeyrosibHuKy. Tak, B TpeyrosbHuke ABC ynamum pe6po AC W camy rpab,
ocrapsisiss Bepuinnbl A, B, C u pe6pa AB u BC, Ho B TpeyrosbHuke DEF
yJanuM Tpaub, aBa pebpa DF w FE u Bepunny F. [1pu «yHHUTOXKEHUH» Tpe-
yrosnbHuka ABC uncsia E u F ymenbiiaoTes Ha 1, a V' He U3MeHsieTCsl, TaK U4ToO
V — E + F rakxke He uamensiercs. [1py yHHuTOKeHUH TpeyroJibHUKa THna DEF
uncsio V ymenbuures Ha 1, £ Ha 2 u F nHa 1, tak uto onsitb-taku V — E + F
He uamenurcesi. [TocsenoBaresbHOE OCYIIECTBIECHHE TAKUX YIaJCHUH IPAHUUHbIX
TPEYroJIbHUKOB (MpUUYeM BCSIKUH pa3 MEHSIeTCsl W cama IPaHMlia) NPHBOJIMUT,
HaKOHell, K 0HOMY-€eJIHHCTBEHHOMY TPEYyTroJbHUKY, UMEIOLLLEeMY, OUeBUIIHO, TPH
pebpa, TpWU BeplMHBI U OAHY rpaHb. st o6pa3yemMoil UM COBCeM MPOCTOH
cetki V —E+ F=3—-3+1=1. Ho Mbl Buaeau, UTO NpU YyAaJeHUH U3
CEeTKU Kaxkjioro Tpeyrojibhuka V — E + F He uamensiioch. 3nauut, V — E+ F
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JOJKHO OBLJIO PABHSITBCSI €IMHHUIIE M /s TIepBOHAYAJIbHON TUIOCKOH CEeTKH, a
TaKxKe W JIIsi TOr0O MHOTOTPAHHHMKA C BbIPE3aHHOH IPaHblo, U3 KOTOPOTo Oblia
noJlydeHa njaockast cerka. OTciofa cieyer, 4To AJ1st HICXOAHOTO MHOTOTPaHHUKA
(10 BbIpe3aHusi rpaHu) JOJKHO ObLIO UMETh MecTo paBeHCTBO V — £+ F = 2.
OTHM U 3aKaHUHBAETCS I0KA3aTeJIbCTBO TeOopeMbl Dhjepa.

C nomoliblo TeopeMbl Jiljiepa JIerko MokasaTb, UTO CYyLIeCTBYeT He 0oJiee MSATH
THUIOB MPaBUJIbHBIX MHOTOrPAaHHUKOB. [Ipe/nosioKum, uTo npaBUJbHBIE MHOTOTPAHHUK
vMeeT [ rpaHeil, U3 KOTOPBIX Kax/asi €CTh MPaBUJIbHbBIH A-yrOJbHUK, U UTO Y KaxKI0H
BeplUKHbI cxoauTesi r pebep. Cuntasi pebpa OfMH pa3 Mo rpaHsiM, APYroil — Mo BepLin-

HaM, MOJyYduM, BO-TIEPBBIX,
nF =2E (2)

(TaK Kak Kaxjoe pe6po NPUHAVIEXKHUT JIBYM FPAHSAM U, CJIe/I0BATE/bHO, CUNTAETCS JBa-
JKJbl B IPOU3BEJEHHH nf7), U, BO-BTOPBIX,

rV =2 (3)

(Tak Kak Kaxjoe pe6po ynupaercs B jBe BepluuHbl). Torna paBencto Jiiepa (1) Ham

JlaeT

2E
n

2F
+=—-E=2,
r
HJIH
1 1 1 1
-+ -=5+ = 4
n + r 2 E (4)
3ameTuM npexJe Bcero, o6palasicb K pacCMOTPEHHIO MOCJIETHET0 COOTHOILIEHHSI, UTO
n >3 ur>3, Tak KaK MHOTOYrOJIbHUK UMEET He MeHblIe TPeX CTOPOH H B KaXKioi

BepLUHHE CXOJUTCS He MeHee TpeX rpaHeil. C ipyroil CTOPOHbI, 006a Ukc/a 1 U r He MOTYT
ObITb 604ee 3, TaK KaK B IPOTUBHOM CJlyuae JjieBasi UacTh paBeHCTBa (4 ) He mpeBbllliaia

1
Obl § U PaBEHCTBO OblJI0 Obl HEBO3MOXKHO HU [pHU KaKOM I10JIO2KUTEJ/IbHOM 3HAY€HUU E.

Hrak, Ham ocTaercsi BbISICHUTb, KAKHe 3HAUEHHs] MOXKET TPUHATD 7, €CJI 1 = 3, U KaKne
3HAUEHHSI MOXKET MPUHATH 1, ecan r = 3. [loacunTaB Bce BO3HUKAIOLIME BO3MOKHOCTH,
MbI T10JIy4MM YHCJIO THIIOB MPABUJIbHBIX MHOTOIPAHHUKOB.

[1pu n =3 paBenctBo (4) NpUHUMAET BUJL

1 1 1

r 6 E
r MOXKeT 3JleCh paBHATbCSA 3, 4 Wi 5 (6 wiau GoJiblllee 3HAUEHHE HCKJIOUAeTCs], TaK

1
Kak E HOJIO}KI/ITeJleO). HpI/I 9TUX 3HAYEHHUSIX 11 U I OKa3bIBaeTCsl, UTO E COOTBETCTBEHHO

paBHo 6, 12 uan 30. Tak nosyualoTcst MHOrOrpaHHUKH: TETPA3p, OKTA3Ap U HKOCAIP.
Takum ke 06pa3oM npu r = 3 paBeHCTBO (4) NPUHUMAET BUJL

111
n T8 E
U3 KOTOPOTo cJieayeT, uto 7 =3, 4 wiu 5 u, cootBercTBeHHO £ = 6, 12 uau 30. IToay-
YalOTCsl MHOTOTPAHHUKU: T€Tpasp, KyO U JlofeKasIp.
[Toncrapsisi mosyyeHHble 3HaUeHust 71, r U E B cooTHOLIeHHUs (2) U (3), Mbl yCTaHOBUM
YKCJI0 BeplIMH V' u ukcesio rpaHeil F cOOTBETCTBYHOLIMX MHOIOIPAHHHKOB.
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§ 2. TonoJoruueckue cBocTBa GUryp

1. Tonosoruyeckue cBoiicTBa. Mbl yCcTaHOBUHJIM, uTO hopmysa Dilsiepa
crpaBe/yIuBa /s cJyuast Jo6oro NpocToro MHororpanHuka. Ho sta dopmyna
He TepsieT CMbICJAa W 3HAUUMOCTH TaKxKe W MPUMEHHTEJNbHO K MHBIM, FOpasjio
6oJsiee OOLIMM CJlyuyasiM: BMECTO MHOIOTPAHHMKOB 3JeMEHTapHOH IeOMeTpHUH C
MUIOCKUMH TPaHAMH U MPSIMBIMH peOpaMH MOXKHO B3SITb MPOCTblE «MHOIOTpaH-
HHUKM», Y KOTOPbIX «TpaHsIMH» OyIyT KPHUBble MOBEPXHOCTH, a «pebpamu» —
KpHBbI€ JIMHUM, UM MOYKHO HapUCOBATh «IpaHn» W «pebpa» Ha MOBEPXHOCTH,
HanpuMep, wapa. BoJblie Toro, Boo6Gpasum, UTo MOBEPXHOCTb MHOTOTPAHHHUKA
WK cepbl clieslaHa U3 TOHKOTO CJ10s1 Pe3UHBI; Torja dopmyna Jisiepa coxpa-
HUTCS, KaK Obl HU Oblia NeopMHpOBaHA paccMaTpHBaemasi MOBEPXHOCTb —
nyTeM U3rMOaHUH, CXKATUH, PACTSKEHUH W T. [.,— JHLIb Obl PE3UHOBBIH CJOH
He Obl1 nopBaH. JelicTBUTeNbHO, hopMy/aa Disiepa OTHOCHTCS TOJIBKO K #ucAy
BEPLIKH, peOep U TpaHeH; IJIMHbI 2Ke, MJIOLIAAH, ABOFHbIE OTHOLLICHHS, KPHBH3HA
U T. 1., KAK U MHblEe TOHSITHSl 3JE€MEHTApHOH WJH MPOEKTHUBHOH TFeOMETpHH, B
JIAHHOM CJlydae HUKaKOH POJIM HE Urpaior.

Mbl yKe ykasblBajd, UTO 2JIeMEHTapHasl FreoMeTpHst UMeeT 1eJ10 C Besd-
UYMHAMH (PacCTOSIHUSA, YIJIbl, MJIOLIAH), KOTOPbIE HE MEHSIIOT CBOMX 3HAUECHHH
NpH IBUKEHUAX paccMaTpUBaeMblX (QUIyp, TOT/A Kak NPOEKTHBHAS FeOMETpHs
3aHUMAETCS TAKUMH MOHATHAMH (TOUKa, MpsiMasi, OTHOLIEHHE WHUUAEHTHOCTH,
JIBOHHOE OTHOLLEHHE ), KOTOPble COXPAHSIOTCS MpH GoJiee HPOKOH rpyrre npo-
eKTUBHbIX NpeobpasoBaHuii. OHAKO U JABHXKEHHSI, U TPOEKTHBHbIE PpeoOpaso-
BaHUs1 — TOJIbKO OUeHb YaCTHblE CJydad ropasno 6osee oOLUX monoso2uye-
cKux npeobpazosaruli; Tonojornueckoe nNpeodpasoBaHue OfHON reomMeTpuUe-
ckoll ¢urypel A B apyryio A’ ompenesisieTcst Kak MpOU3BOJLHOE COOTBETCTBHE
p «— p’ Mexay Toukamu p ¢urypbl A u Toukamu p’ durypsl A’, obsanatoiiee
CJIEYIOLIMMU CBOHCTBAMHU:

l. B3auMHON OAHO3HAYHOCTHIO. (DTO 3HAUUT, UTO KAKJIOH TOU-
Ke p durypol A comocraBiieHa oHA U TOJbKO ofnHA Touka p’ ¢urypel A’, u
o6parHo.)

2.B3auMHOl HenmpepbiBHOCT 0. (ITO 3HAUUT, UTO €CJIH Mbl BO3b-
MeM JIBe TOYKH p, ¢ ¢urypel A U cTaHeM IBUraTh p TaK, YTOOBI PACCTOSTHHE
MEXIy p U ¢ HEOTPAHUUEHHO YMEHbLIANO0Ch, TO PACCTOSIHUE MEXK]Y COOTBET-
CTBYIOILIMMHU ToukaMu p’ U ¢’ ¢urypel A’ Takke GyleT HeOrpaHHUEHHO YMeHb-
laThcs, 1 06paTHO.)

Besikoe cBOiCTBO reomeTpuuecKoit urypbl A, KOTopoe coxpaHsieTcs TakxkKe
¥ 17151 ol purypsl A’, B KoTopyio A nepexoquT MpH TOMOJOTHUECKOM TIpeodpa-
30BaHMH, HAa3bIBAETCS /MONOAOUUCCKUM CBOLicmBoM DUryphl A; monoaoeus
JKe — ITO Ta OTpac/lb FeOMETPHM, KOTOpasi paccMaTpHUBaeT HCKJIOUHTEBLHO
TornoJiornueckue corictBa ¢uryp. IlpenctaBbre cebe, uto HekoTopasi (urypa
JIOJIXKHA ObITb CKOTMPOBAaHA OT PyKH COBEPLUEHHO MAaJIOOMNBITHBIM, HO OUeHb
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J106pOCOBECTHBIM YePTEXKHUKOM, KOTOPbIE HEBOJIbHO UCKPHUBJSICT MpsIMble JIH-
HUM, UCKaXKAEeT YIVIbl, PACCTOSIHUSL U IIJIOLLAH; TOIJA Ha CAEJaHHOH UM KOIUH,
XOTs METPHUUECKHE U MPOEKTHBHbIE CBOHCTBA (DUTYPBI, MOKET ObITh, H HE COXpa-
HSITCS1, HO TOIIOJIOTHYECKHE CBOKCTBA BCE 2Ke OCTaHYTCsl B HeIPUKOCHOBEHHOCTH.

HauGosee HaryisAHbIMY IPUMEPAMU TOIMOJIOTHUECKUX NTpe0Opa3oBaHuil Mo-
TyT CJyKHTb Oegpopmayuu. Boobpasure, uto durypa Bpoje cdepsl HIH Tpe-
YroJIbHHKA CJleJlaHa M3 TOHKOTO CJIOsi Pe3UHbI (MJIH HapUCOBAHA HAa TAKOBOM ), H
3aTeM PacTATMBaiTe W KPyTHTe PE3HHY CAMbIMH Pa3HOOOPAa3HbIMH CII0COOAMH,
Juuib Obl He pBaThb ee M He MPUBOAUTL ABYX PA3J/IMUHLIX TOUEK B COCTOsSIHUE

Puc. 123. [ToBepXHOCTH, TONOJIOTHYECKH SKBUBAJIEHTHBIE

¢usuueckoro cosnaaeHusi. (IIpuBeaeHne NByX pasjiMuHbIX TOUEK B COCTOSHHE
(h3nuecKoro coBrnajeHus Hapyuiusao 6ol ycaosue 1. PaspoiB peanHoBoro ciios
MPOTHBOPEUMJ Obl YCJOBHIO 2: NEHCTBUTENBHO, paCCMATpUBAsi JBE TOUKH, Jie-
JKallye 1Mo pasHble CTOPOHbI JIMHUM Pa3pbiBa, Mbl BUIMM, UTO PACCTOSIHUE MEXKLY
HAMH MOKET ObITh HEOTPAHUUEHHO MaJlbIM, TOT/IAa KaK T10CJIe pa3phbiBa 3TOTO yxKe
He GyJeT.)

durypa B 0KOHUATEJLHOM €€ MOJI0KEHHH — T0CJ/Ie YKa3aHHbIX onepalni —
6yJIeT HAaXOJUThCS B TOTIOJOTMUECKOM COOTBETCTBUU C (PUTYPOH B ee MepBO-
HauaJbHOM TOJOXKEHHH. TPeyroJbHUK MOXKHO 1ehOpMHPOBATh B APYroH Tpe-
YrOJIbHUK, WM B OKPYXKHOCTb, WJIM B 3JUIMIIC, U MOTOMY HA3BaHHbIE (PUTYPBI
06/1aJ1a10T COBEpIIEHHO OJ1HA-
KOBLIMH TOTOJIOTHUECKHUMH CBOH-
ctBamu. Ho HuUKakK Hesb3si je-
(hopMHpOBaTL KPYr B OTPE30K
NpsIMOH WJIM TOBEPXHOCTh Che-
pbl B OOKOBYIO MOBEPXHOCTb LM~
JIMHJIpA.

Ho o61iee noHsitie TOMoJo-
TMYeCKOro mnpeoO6pa3oBaHus LIH-
pe, ueMm TMoHsiTHE jedopMalllH.
Hanpumep, ecnu durypa paspesana o aeopMalyud U CKjeeHa MO TeM XKe
JIMHUSIM Toc/e fehopMallii, TO B UTOTe, HECOMHEHHO, MOJIydaeTcsi HEKOTOpoe
TOMOJIOTHUECKOEe TpeoOpa3oBaHuie TepBOHAUAIbHON (DUIyphl, XOTSI 3TO Tpe-
o6pa3oBaHHe MOXeT W He ObiTb nedopmauuer. Tak, J1Be KpuBble, M306pa-

Puc. 124. TToBepxHOCTH, TONOJIOTHUECKH He-
5KBHBAJICHTHbIE
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JKeHHble Ha puc. 134 (cTp. 281), ToroJsiornuecky 3KBUBaJIEHTHDI JPYT APYTY U
KBUBAJICHTHbBI KaX/1asi OKPYXKHOCTH, TaK KaK HX MOXKHO pa3pe3aTh, pacyTaTb
¥ CHOBA CKJenThb. Ho npeasapuTebHO He pa3pes3as, HEBO3ZMOXKHO OJHY KPUBYIO
nehopMUpPOBATh B PYTYIO.

Tonosoruueckue cpofictBa Uryp (Bpoje TOro CBOKHCTBA, KOTOPOE JaeTcsi
TeopeMoll Dilsiepa, WIM JPYTHX, KOTOpble OYIyT PAacCMOTPEHbl HUXKe) Mpeji-
CTaBJISIOT BeJMYAHIINI MHTEpPeC BO MHOTHX MaTeMaTHUeCKHX HCCJeIOBAHUSIX.
B u3BecTHOM CMbICJe 3TO — camble IIy6OKHe, caMble OCHOBHbIE TeOMeTpHYe-
CKHe CBOWCTBA, TaK KaK OHH COXPAHSAIOTCS MPH CaMbIX «PE3KUX» MpeoOpaso-
BaHUSIX.

2. CgoiicTBa cBsI3HOCTU. B KauecTBe cieyioliero npuMepa Quryp, Torno-
JIOTHUECKH HE3KBHUBAJIEHTHBIX, PACCMOTPHUM JIBE TJIOCKHe 06/1acTh Ha puc. 125.
[lepBasi cOCTOMT U3 BceX BHYTPEHHHUX TOUEK Kpyra; BTopasi — M3 BCEX TOUEK,
PAacCIoJIOKEHHBIX MEXK/Y ABYMSI KOHLEHTPHUECKMMH Kpyramu. Jlo6as 3aMKHY-
Tast KpUBasi, Jexalast B 06/1aCTH @, MOXKeT ObITb HEMTPEPBIBHO Ae(hOpPMHUPOBaHa,
WM «CKaTa», B OJIHY TOUKY, He 8bix004 u3 amoti ooaacmu. Obaactb, obaana-
[0L1asl TAKUM CBOHCTBOM, HasblBaeTcst 00Hoc8A3H0U. UTo Kacaercst o6J1acTi 0,
TO OHA He OJIHOCBSI3HA. Tak, OKPY»KHOCTb, KOHLIEHTPHUUECKAs! C ABYMS FpaHHU-
HBIMH OKPYKHOCTSIMM M JiexKalllasi MexKy HUMH, He MOXKeT ObIThb C2KaTa B TOUKY,
He BbIX0Js U3 006J1aCTH, TaK Kak BO BpeMsl JedopMallii KpUBasl 10JKHa Oy1eT
PONUTH uepe3 OOLUMI LIEHTP KPYroB, a OH He NPHHAJIEKHUT paccMaTpUBaeMoi
obsacti. O6sacTb, KOTOpast He SIBJASIETCS] OJAHOCBSI3HOM, HA3BIBAETCS MHO20-
cga3Hoil. Ecam MHOrOCBsi3HYI0 06/1aCTh Ha puc. 215, 6 paspesaThb BIOJb OJHOTO
13 PajMyCcoB, KaK 3TO c/eJaHo Ha puc. 126, To noJyuenHas 06/1acTb CTaHOBHTCS
OJIHOCBSAI3HOM.

Puc. 125. OnHocBsi3Has U IBYCBSI3- Puc. 126. ITocsie paspesa
Hast o6J1acTH JIBYCBsi3Hast 00/1aCTh CTa-
HOBUTCSI OJIHOCBSI3HOM

BooGliie, MOKHO MOCTPOUTb OGJIACTH C JBYMsl, TPeMsl WM OOJbLIUM KO-
JuuecTBOM «Jplp». OO6JacTh ¢ IByMsl «IblpaMH» H3o0paxkeHa Ha puc. 127;
yTOOBI TIPEBPATUTh €€ B OAHOCBSI3HYIO, HYXKHO CAesaTh ABa paspesa. Ecun
HY»KHO cJieslaTb 17 — | B3aUMHO He MepeceKarolluxcsl pa3pe3oB OT IPaHMLbl K
rpaHule, 4yToObl PEeBPATHTb JaHHYI0 MHOTOCBSI3HYIO 06J1acTb B OJIHOCBSI3HYIO,
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TO FOBOPST, UTO 06JIacTb UMeeT nopAdok cesasnocmu n. T1opsaoK CBSA3HOCTH
TJIOCKOH 06JIaCTH TPEACTaB/sAeT COOOH BAXKHBIM TOMOJOTHYECKHH MHBAPHAHT
3TOH 00J/1aCTH.

§ 3. Jlpyrue npumMepbl TOMOJOTHUECKUX TEOPEM

1. Teopema )KopaaHa o 3amkHyTO# KpuBOi. Ha njockocTn HapucoBaHa
npocTasi 3aMKHyTasi KpuBasi (Hurzae cama cebs He nepecekatouias ). [Tocmorpum,
KaKoe CBOHCTBO 3TOH (DUIYpbl COXpaHSETCS HEU3MEHHBIM JlaXKe B TOM CJyuae,
€CJIM TJIOCKOCTb OyJIeT MOABEPraTbesi KAKHM YToiHO AeopMalusiM, Kak OyaTo
Obl OHa Obla CHeJaHa W3 TOH-
KOro cJj1os1 pe3unbl. JliuHa Kpu-
BOM WJIM MJIOLIAAb OMPAHHYEHHON
€10 YacTH TUIOCKOCTH TpH Jedop-
Mauusix He coxpansiercs. Ho y
paccmaTpuBaeMoll KOH(UTypaLHu
€CTb M TOIOJIOTHYECKOE CBOHCTBO,
CTOJIb MTPOCTOE, UTO MOXKET MoKa-
3aTbCsl TPUBMAJLHLIM. [Ipocmas
sanknymas kpusasa C Ha naoc-
Kocmu 0eaum NAOCKOCHb pPOo8-
HO Ha 0se obaacmu, BHYMPEH-
Hiot0 U 8HeuwHtoro. TouHee ro-
BOPS, Mbl YTBEPKIAEM CJIEIyIO-
1Iee: TOUKH IJIOCKOCTH pa3OuBa-
IoTCs Ha 1Ba Knacca — A (BHel-
HHE TOUKH) U B (BHYTpEHHHE TOU-
K1) — TakuM o6pa3oM, uto Jio6asi mapa TOUeK, MPHHAIJIEKALMX OIHOMY H
TOMY K€ KJaccy, MoxKeT ObITb CBsI3aHa KPUBOH, He MMelollled o6LIMX ToueK
¢ C, Torna Kak Bcsikasi KpMBasi, COeIMHsOLIAs IBE KaKhe-HUOYIb TOUKH pasHbIX
KJ1aCcCOB, HeMpeMeHHo nepecekaercsi ¢ C. DTO yTBep:KIeHHE BIIOJHE OUEBHIHO,
HanpuMep, sl cjyuasi OKPYKHOCTH MJIM 3JIIMIICA, HO yXKE UyTb MeHee oue-
BU/HO VISl TAKOH CJIOXKHOH KPUBOH, KaK MpHUyVIMBOH (POPMbl MHOTOYTOJIbHHUK,
1306pakeHHbI Ha puc. 128.

BriepBbie 3ta Teopema Gbina chopmynupoBana Kamusiom JKopapanow
(1838—1922) B ero mmpoko uzBectHom «Cours d’analyse», u3 Koroporo 1e-
Jloe TIOKOJIEHHE MaTeMaTHKOB TOUEPITHYJIO COBPEMEHHYIO KOHUEMIUI0 MaTeMa-
THUECKOH CTPOrocTH. Kak 3TO HM CTpaHHO, J0KAa3aTeJbCTBO, AAHHOE CaMHM
JKopnatom, He OblI0 HH KPAaTKHUM, HH MPOCTBIM MO CBOEH Hjee, HO B 0COOEH-
HOCTH YIMBHTENLHO TO, UTO, KaK OKAa3aJoCh, OHO U He ObLIO BIOJHE HCUep-
MbIBAIOLLMM, M MMOHAN0OUINCH 3HAUMTEJIbHBIE YCHJIMS, YTOObl BOCHOJHUTD €ro
npobesibl. [lepBble cTporue mokasatesbeTBa TeopeMbl JKopiaaHa Obld OueHb

Puc. 127. Penykuusi TpexcBsidHoi o6/acti
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CJIOKHBIMH U TPYZHO BOCIIPUHUMAJIMCh JlaxKe JIFOJbMU C X0pollel MaTeMaTHue-
CKOH MoarotoBKoi. CpaBHUTENLHO MPOCThIE I0KA3aTeNbCTBA OblIN TPULYMAaHbI
Julb HeflaBHO. OfHO M3 3aTpyAHEHHH 3ak/iouaeTcss B GOJBILIONH OOLIHOCTH
MOHATHS <MIPOCTOH 3aMKHYTOH» KPHUBOH, 3HAUHTEJNbHO GoJiee LIHPOKOTro, 4eM
MOHAATHE MHOTOYrOJIbHHKA WJIM <TJIQJAKOH» KPUBOW: MO OINpPENEeJICHHIO, <ITPO-
CTasli 3aMKHYTasi KpuBasi» €CTb nobast KpuBasi, TOMOJIOTHYECKHU SKBUBaJICHTHAas
OKpYKHOCTH. C JIpyrodl CTOpPOHbl, HEOOXOIMMO TAaKUM TEPMHMHAM, KaK «BHY-
TPU» WJU «BHE» (CTOJIb SICHBIM MHTYUTHBHO), AaTh JIOTHUECKHE ONpeeseHUs,
pez/e ueM CTPOroe J0Ka3aTe/IbCTBO CTaHeT BO3MOXKHLIM. IIpoaHanusupoBaTh
B HX TOJHOH OOIIHOCTH BO3HHKAIOLIME B CBSI3H C 3THM OTHOLUEHHS M KOH-
LeMUMH eCTb TeopeTHUecKas 3aj1aua nep-

BOCTENEHHOr0 3HAUEHHS, pa3peLleHHIO

KOTOPOH B OOJIBLIOH CTEMEHH CJIY2KUT l_‘/\
coBpeMeHHasl TonoJsiorusi. Ho, ¢ npyroi

CTOPOHBI, CJEAYeT UMETb B BHIY H TO

00CTOSITENIbCTBO, UTO, 3aHUMAsICh H3yue-

HHEM KOHKPETHBIX SIBJIEHMH B 00J1acTH

reOMETPUH, B TPOMAJHOM OOJBIIMHCTBE

CJiyuyaeB MaJIOyMeCTHO BBOJAUTDL TTOHATHSA,

HeorpaHHyeHHast 0OLIHOCTb KOTOPhIX CO-

3/aeT u3JullHUe 3aTpyaHenus. Tak, Bo3-

Bpawasicb K teopeme yKopnana, cyuie-

CTBEHHO TO, YTO JJIs CJydas <«XOpOLIO

BellylIMX ceOs» KPHUBLIX — HaNpUMep,

AJist MHOTOYTOJIbHHKOB H‘“UH AT KPUBBIX Puc. 128. Kakue TOUKH HaxomsiTCst
C HerpepblBHO MeHsoLIeHcs KacaTedb- BHYTPH 3TOFO MHOFOYFOJIbHHKA?
HOH (KOTOpble TOJIbKO W BCTPEUaloTCs B

HauboJiee BaXKHbLIX 3aauax) — JI0Ka3aTe/bCTBO ITOH TeopeMbl MOXKeT ObITb
NpoBe/ieHo coBceM npocTo. [lisl ciiydast MHOTOYroJIbHHKOB Mbl YKaXKeM J0Ka-
3aTeJIbCTBO B JONOJHEHUH K 3TOH IJIaBe.

2. Mpobaema ueTbipex KpacoK. [IpumMep TOJLKO UTO pacCMOTPEHHOH Te-
opeMbl YKopana crioco6eH, MoKaJsyi, HaBeCTH Ha MBICJIb, YTO TOTIOJIOTHST 3aHH -
MaeTcs MPUIYMbIBAHUEM CTPOTHX JIOKA3aTeJbCTB JJIsl TAKUX UCTHH, B KOTOPbIX
He CTaHeT COMHeBAThCsl HU OJIMH 3APaBOMBIC/SALINN yesoBek. Ho 310 coBcem
He TaK: CyLLeCTBYeT MHOIO BOINPOCOB TOMOJIOTHUECKOTO Xapakrepa, B uUMcje
KOTOPBIX HHble (DOPMYJIUPYIOTCS UPE3BbIUAHHO TMPOCTO U HA KOTOPbI€ HHTYHIIUS
He J1aeT Y/I0BJIeTBOPUTENbHBIX OTBETOB. [IprMepoM MOXKET CJIyKUTh 3HAMEHHTas]
«Tpo6JieMa YeThbIpex Kpacok».

PackpaimBasi reorpaduueckyio KapTy, 0ObIKHOBEHHO CTapaloTcsl pacrhpe-
JIeJIUTh 1IBeTa MeXKJly CTpaHaMH TaKUM 00pasoM, YTOGBI IBe CTPaHbl, UMEIOlIHe
061I1yI0 TpaHULLy, ObIIH OKpalleHbl 0-pasHOMYy. Dbijio 06Hapy:KeHO Ha OTIBITE,



272 TOITOJIOTI'MA rn. vV

yto Jbasi KapTa, CKOJIbKO Obl HM ObLIO M300paKeHO HAa HeH CTpaH U Kak
Obl OHM HU ObLIM PACIOJIOKEHbI, MOXKET ObITb pacKpalleHa ¢ COOJIOJCHHEM
YKa3aHHOTO MpaBua He GoJjiee UeM 4emolpoms KpackaMu. Jlerko yOeauTbes,
YTO MeHbllIee YHUCJIO JOCTATOUHbIM /Il BCeX cJyuaeB He sBasietcs. Ha puc. 129
1300paxKeH OCTPOB MOCPENH MOPSi, KOTOPbIH HUKAK HEJb3sl pACKPaCHTh MeHee
yeM UEThIPbMS KDACKaMH, TaK KaK Ha HEM HMEETCS UeThbIpe CTPaHbl, U3 KOTOPBIX
KaxK/1asl COMpHUKacaeTest ¢ OCTalbHbIMU TPEMSI.

ToT chakT, uTO 10 HACTOSALLErO BPEMEHH He OblJIO HANUIIEHO TaKOH KapTbl, sl
packKpallBaHus KOTOpoil moTpeGoBaioch Obl GoJiee UeThIPpEX KpacoK, MPUBOIUT
K MbICJIM O CIIPABEJIMBOCTH TaKOU TeopeMbl: npu A10bom darnrnom pa3buenuu
naockocmu Ha obaacmu, He noKpeiearowue opye Opyea Hi NOAHOCMbIO, HU
4acmuU4Ho, 8ceeda 803MOUCHO nomemumeo ux yuppamu 1, 2, 3, 4 makumn
obpaszom, umobol «npusexcaujuey obaacmu 6oiau 0003HAUEHbL PAZHOILMLIL
yugpanu. Tlon «npunexalldMU» 06JaCTSMU [TOHUMAIOTCSl Takue, KOTOpble
MMEIOT LIeJIbll OTPE30K IPaHHllbl OOUIMM: JIBe 0OJACTH, UMEIOLIHE JIUIIb OJHY
o0lLyl0 TOUKY (MJIM Jaxe KOHEUHOoe 4Yucjo 00-
LIMX TOUeK) — Kak, Harnpumep, wrtatbl Kosopano u
ApusoHa,— He OyJyT Ha3bIBATLCSA <MIPUJIEKALIK-
MH», TaK KaK HUKaKOTO CMellIeHHsI WK Heyl06CTBa
He BO3HHMKAET, €CJIM UX PACKPACUTb OJIMHAKOBO.

EcTb ocHoOBaHHs moJiararh, 4To BHEpBble NMPO-
6siemMa yeTbipex Kpacok Obljia moctasjaeHa Méou-
ycom B 1840 r; mosaHee ee QopmyanpoBasu
ne Mopran B 1850 u Kanu B 1878 1. «/lo-
Ka3aTeJbCTBO» ee ObIo omybJaukoBaHo B 1879 1.
Kemne, o XuByn B 1890 r. Hauiesn oum6ky
B paccyxaenun Kemne. [TepecmarpuBasi nokasa-
tenbetBO Kemne, XuByn oGHapyXKuJ, uTo namu
Kpacok Bcerja jgoctatouHo. (IlokazaresnbcTBo Te-
OpeMbl 0 MATH KpacKax AaHO B MPHUJI0KEHHH K TOH
riaBe.) HecMoTps Ha yCu/IMsi MHOTHX BBIAAIOIIMXCSA MAaTEMATHKOB, MOJIOKEHHE
BIIOTb JI0 HAlLlero BpEMEHH OCTAeTCs B CYLIHOCTH HeM3MeHHbIM. Bblio dokasa-
HO, UTO MSTH KPAcOK J0CTATOUHO /151 BCEX KAPT, U UMeemca npeodnoiodicerue,
YTO JIOCTATOUHO TaKxKe ueTbipex. Ho, Kak u B cjyuae 3HAMEHUTOH TeOpeMbl
®epma (cM. cTp. 66), HU Jl0KA3aTeJbCTBA STOTO TPEJIIOJ0XKEHHUs, HH MPOTH-
BOpeuyallero emy npuMepa MpUBeIeHO He OblIo, W YKa3aHHOE MPEeANoJoxKe-
HUE OCTAETCsI OJIHOK M3 HEPEIIEeHHBIX «BOJIbIINX» MaTeMaTHUeCKHX npobJiem ',
3ameTuM, MexXIy MPouuM, yTo rpobJeMa YeTblpex Kpacok Oblla pelleHa B

Puc. 129. PackpaimBanue
KapTbl

' Tlpo6sema uethipex Kpacok Gbuia petuena B 1976 r. Ee peienue cpestoch K nposepke 1482

KapT ¥ nepe6opy pas3jiMuHbIX KOMOHWHALMH pacKpacok Kaxkaol u3 nux. [lepe6op Obl1 ocyliie-
CTBJIEH C TTOMOLIbIO KOMIbIOTEPA; MHOTHE MaTeMaTHKH M0JIaraloT, YTo paccyKjaeHue, ofupa-
1eecst Ha KOMIbIOTEPHBbI nepe6op, Heslb3s CUMTaTh yOeIuTelbHbIM. — [Ipun. ped. Hacm. uso.
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T0JIOKUTEJILHOM CMbICJIe JI/IS1 YaCTHBIX CJyuaeB, KOrJa 4ucjo obJsacTeil He
npesbliaer mpudyamu gocomu. OTciofa FCHO, YTO €cJid B OOLIEM CJjydae
TeopeMa HEBEpHA, TO OINPOBEPralOUIMi TMPUMEDP AOJKEH ObITb He OCOOEHHO
POCTbIM.

B paccmatpuBaemoil npo6Jeme YeTblpex Kpacok IpejroJiaraeTcs, uTo Kapra
HapUCOBaHa WM Ha TIJIOCKOCTH, WM Ha cdepe. DTH 1Ba cayyast SKBUBAJIEHTHBI.
B camom gene, kaxjas KapTa, 3ajlaHHast Ha cdepe, MOKeT ObITb NepeHeceHa
1a MJI0CKOCTb, €CJIH MPOoJIeaeM JbIPOUKY BHYTPH 0JIHOH U3 objacTeil A 1 3aTeM
PACTTIOIIMM OCTAaBIIYIOCS YaCTh C(hephl MO MJIOCKOCTH, KaK Mbl 3TO JieJlajiH TIpH
JloKasaTeslbCTBe TeopeMbl Disepa. [TosyueHHas kapra Ha MJI0CKOCTH MOKaKeT
HaM «OCTPOB», COCTOSILLUUI U3 BCEX HETPOHYTLIX 00JacTel, U «MOpe», COCTOsI-
iee U3 oaHoH obsactu A. C apyroit CTOPOHBI, TPOJE/BIBAsI BCIO 3Ty NPOLELYPY
B 00paTHOM HanpaBJ/IeHHH, MOXKHO JIIOOYI0 KapTy Ha IMJIOCKOCTH MpPEBPaTHTb
B KapTy Ha ccepe. Mrak, BMeCTO KapT Ha MJOCKOCTH MOXKHO OTPaHUYHTbCS
paccMoTpeHHeM KapT Ha cdepe. BoJblie Toro, Tak Kak gedopMannn obaacreit
M MX PAHHULL CYLIECTBEHHO He BJUSIOT Ha Hally po6JieMy, TO MOXKHO IpeAnoJio-
JKHUTb, UTO TPAHHULA KaXKI0l 06J1aCTH eCTb MPOCTOH 3aMKHYThI MHOTOYTOJIbHUK,
cocTosilMi U3 ayr Gosbliux Kpyros. Ho naxke takum oOpa3oM «perysisipu3u-
poBaHHasi» MpoOJjieMa He pelleHa; TPYJHOCTH B JIaHHOM cJyuae (He B MpUMep
teopeme JKopaaHa) 3aBUCAT He OT OOLIHOCTH MOHATHS 06J1aCTH U KPHBOH.

B cBs3u ¢ npo6JjieMoli ueTblpex KpacoK CTOUT OTMETHUTb TO 3aMeuaresibHOe
00CTOATE/NLCTBO, UTO [yl HEKOTOPbIX IMOBepXHOCTell 0oJjiee CJI0XKHOMO THIA,
ueM MJI0CKOCTb WM cdepa, COOTBETCTBYIOLIME TeopeMbl AeHCTBUTEILHO ObLIH
JI0Ka3aHbl, TaK UTO, KaK 3TO HU NapalloKCcalbHO, aHa/u3 6oJlee CJI0KHBIX (B reo-
METPHUECKOM OTHOLIEHHH ) TOBEPXHOCTEN B JAHHOM CJlydae MPOBOAHUTCS JeTue,
ueM GoJiee TpocTbix. Hanpumep, OblL10 yCTaHOBJICHO JUISl CJlydast TIOBEPXHOCTH
TOpa, nMelolell Bug «6ybmuka» (cM. puc. 123), uto Besikasi HapHUCOBaHHAs
Ha Hell «kapTa» MOxKeT OblTb pacKpalleHa Cemblo KpacKaMH W 4To, ¢ ApYyroi
CTOPOHbI, Ha Hell MbICJUMbI TaKHe «KapTbl», COCTABJEHHbIC H3 CeMH obJacTel,
uTO Kakaast 06JlacTb CONPHKACAETCs C OCTAJbHBIMU LIECTIO.

*3. MonsTue pasmepHocTu. IloHATHe 0 «uuc/le H3MEDPEHUI», WIM O «pasMep-
HOCTH», He INpelCTaBJsieT 0CcOObIX 3aTPyAHEHHH, NoKa peub MIET O TaKHX MPOCTHIX
reoMeTpHUuecKuXx 06pasax, Kak TOUKH, JIUHUH, TPEYrOJbHUKH MM MHOrOrpaHHuKH. OT-
Jle/ibHast TOYKA WJM JI000e KOHEeYHOe MHOXKECTBO TOYeK MMEET Pa3MEpHOCTb HYJlb,
OTPe30K — pa3MepHOCTb |, NOBEPXHOCTb TPEYro/IbHUKA WIH chepbl — pa3MepHoCTb 2.
MHO0KeCTBO Bcex ToueKk Ky6a HMeeT pa3MepHOCTb 3. OJHAKO NpH 2KeJlaHUH 0600LIUTh
MOHSATHE PA3MEPHOCTH Ha TOUEUHble MHOXKecTBa GoJiee 0OLIMX THIIOB BO3HHKAeT He0OX0-
JMMOCTb B TOUHOM olpefe/ieHud. Kakylo pasMepHOCTb cilellyeT, HallpuMmep, [pUIucaTh
MHOKeCTBY R, COCTOsILIeMy M3 BCeX TOueK MPSIMOH, y KOTOPbIX KOOPAMHATbl — pa-
YuoHaabHole uncaa? MHOXKeCTBO palMOHaJIbHBIX TOUEK Ha MPSIMON BCIOAY MJIOTHO, U
MI0TOMY, Ka3asoch Obl, eMy, KaK H CaMOMy OTPe3Ky NpsIMOH, HajlexKaJso Obl IPUIHCATh
pasmepHocTb 1. C 1pyroit cTOpOHbI, MeXKy BCAKMMH JIBYMsl PAlMOHA/IbHBIMU TOUKAMH
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CYLLECTBYIOT HPPALMOHAJIbHBIE «JIbIPbI», KAK MEXK/y BCSKUMH JBYMsl TOUKAMH KOHEYHOT'O
MHOKECTBa, H 3TO FOBOPHUT B M0J1b3y pasmepHocTH 0.

Ewle 3amyrannee 06CTOUT 1€J10 ¢ PA3MEPHOCTBIO JIIOGOMBITHOIO MHOXKECTBA, BIep-
Bble paccMoTpeHHoro KaHtopom, nocTpoeHHoro ciaeayouum o6pasom. Ma eaunuunoro
orpeska 0 < x < | ypanum cpeiHiol0 TpeTb (MHTepBadl), T. €. BCE TOUKH X, Y/OBJe-

1
TBOPSIOLIME HEPaBEHCTBY g <x < g OcraBlieecsi TOUeUHOE MHOXKECTBO 0003HAUMM

yepe3 C;. MuoxectBo C; COCTOMT M3 JIByX OTPE3KOB; yHaJWUM TeNepb W3 KaxKioro
OTpPe3Ka ero CpeJIHIOI TPETh, U TO MHOXKECTBO, KOTOPOe OcTaHeTcsi, 0603Hauum uepes Co.
[ToBTOPHM ONSITH 3Ty NPOLELYPY, YAaJsis CPEHIO TPETh Yy BCEX UETbIPEX OTPE3KOB;
nosyunm Cs. Hasbliie takum ke o6pazom nosyunm Cy, Cs, C, ... OGo3Hauum ue-
pe3 C MHOXKECTBO TOUeK, KOTOPOe OCTAHETCS, KOTJla BCe CPe/IHUE TPETH OYyT yAaJeHbl;
JpyrumMu cjioBamu, C ecTh MHOXKECTBO TOUEK, MPHHAJJIEKALIMX OJHOBPEMEHHO BCEM

. L.
mHoxkectBaM Cj, Co, C3, ... B nepoil onepauuu Obll yiajeH HHTEPBaJ JUIMHbI 3

. . 1
BO BTOPOHW oOllepallMd — JiBa HHTEpBaJla, KaxKIblM AJUHbI § H T. I.; CyMMa JJIMH BCEX
YAaJIEeHHbIX HHTEPBaJIOB paBHa

1-%+2-3i2+22-%+...:%(1+§+(%)2+...).

beckoHeuHbli psin B 60JbIIMX CKOOKaX eCcTb reometrpuyeckasl nporpeccusi, CcymMma Ko-

TOpOil paBHa = 3; uTaK, CymMMa JUIMH YJaJleHHbIX NPOMEXKYTKOB cocTasJser .

"3
W Bce-taku mMHoxKecTBO C He nycroe. HaanMep, BC€ TOYKH, fABJAIOLIHMECA KOHLLAMH
YAaJ€HHbIX HHTEPBaJJOB —

12 1 2 7 8

33 9 9 9w
— eMy npuHajiexar. MoKHO JIerko yoeuThCsl, UT0 MHO2KeCTBO C COCTOMT B TOUHOCTH
M3 BCEX TeX UMCeJs X, Pa3joXkKeHHs KOTOpbIX B GeCKOHEUHylo apobb MO OCHOBaHHMIO 3
MOryT ObITb HanucaHbl B opme

a
x= 2

a a a,

3—§+3—§+...+3—Z+...,

rjie BCsSIKOe @, ecTh O uiik 2 Torja Kak B aHaJOTHYHOM Pa3JioKEHHH JUIsl BCSIKOH ya-
JIEHHOH TOUKH CPe/ UMCell dy, XOTb pa3 BCTpeTutes 1.

KakoBa ke pasmepHocTb MHOxKecTBa C? JluaroHasibHblA mpoliecc, ¢ MOMOLIBIO
KOTOpOTro Obljia JOKa3aHa HECUETHOCTh MHOXKECTBA BCEX JCHCTBUTEIbHBIX UHCEJ, MO-
JKeT ObITb BHIOH3MEHEH TaKUM 06pa3oM, 4TOOLI TOT XK€ PEe3YJbTaT MOJYUHJICST U s
MHoKecTBa C. OTciozia 6bII0 Obl €CTECTBEHHO 3aKJIOUUTD, UTO MHOXKeCTBY C HaJlIEKUT
npunucatb paamepHoctb 1. C npyro#i ctoponbl, C He COLEPKUT HUKAKOTO, 1axKe CaMOro
MaJjioro, MPOMEKYTKa, Kak U JII0G0e KOHEUHOE MHOXKECTBO; 3T0 cOsxkaer C ¢ MHOXKe-
ctBamu paamepHocTH 0. TakuMm ke 06pa3oM, BOCCTABUB B NAOCKOCTML X, Y U3 KAKIOH
pauMoHa/IbLHOH TOUKH MJIM M3 KaXKIOH TOUKM KaHTOPOBA MHOXKECTBA IepIeHUKYJISIp
IUHHBL | K 0cH X (HanpasJisisi €10 B CTOPOHY MOJIOKHTEIbHBIX 3HAYEHHH ¥/), MbI MOJIYUHM
MHO?KECTBA, OTHOCHTE/IbHO KOTOPBIX MOKET BO3HUKHYTh COMHEHHE — TIPUITHCATh JIH eMy
pasmepHoCTb 2 Wi 1.
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Bnepsbie [Tyankape (B 1912 r.) o6paTus BHUMaHHe HAa HEOOXOAUMOCTh HoJiee Tiry-
60Koro aHasiuaa u 6oJiee TOUHOTO onpejesieHust paamepHocTH. [lyankape 3ameTnJ, uto
npsiMasi UM KpUBasi UMeeT pa3MepHOCTb 1, Tak Kak JiloOble JIBe TOUKH Ha Hell MOXKHO
paseuTh, yaasss OJHy-€JAMHCTBEHHYIO TOUKY (MHOKeCTBO pa3dmepHocTH 0); M10CKoCTh
JK€ HMEeT pasMepHOCTb 2 110 TOH MpPHUMHE, YTO YISl pasjle/IeHusl ABYX TOUeK Ha IJ10C-
KOCTH HYXHO YIaJIUTh LIeJyl0 3aMKHYTYIO KPHBYIO (MHOXeCTBO pasmepHoctH 1). ITo
MPUBOJIUT K MBICJIM O TOM, YTO MOHSTHE PA3MEPHOCTH UMEET <HHYKTHBHYIO» [PHUPOJLY:
HEKOTOPOMY «IIPOCTPAHCTBY> CJIEyeT PUITHCATh PA3MEPHOCTb A, €CJIM JIBE TOUKH B HEM
pasnessiioTes MpU ylaJeH|H T0JIMHOXKECTBAa ToueK pa3mepHocTH n — | (HO yjasieHus
MOJIMHOKECTBA MeHbLIEH pa3MepHOCTH yxKe He Oblio Obl gocTatouHo). B cyuinocTy,
TAKOro pojia HHAYKTHBHOE ONpe/ie/ieHHe HEsIBHO COJEPIKUTCS YKe B eBKIML0BbIX «Ha-
yaJjiax», rje oJHOMepHbIi 06pa3 TOJKyeTCs Kak HeuTo, 'PaHMlia Yero COCTOUT U3 TOYEK;
JBYMEPHbIA 00pa3 — KakK HeuTO, PaHHILA Yero COCTOUT M3 JIMHUH; HAKOHELL, TPeXMEePHbIH
00pa3 — KakK HeUTo, rPaHHLa Yero COCTOUT U3 MIOBEPXHOCTEH.

L |

_ A

S Y iy B Iy

Puc. 130. KantopoBo MHOKeCTBO

3a nocseHue roapl Oblia pasBUTa OOLIMPHAS TEOPHsl — TEOPHsl PA3MEPHOCTH.
OnpejesieHde pa3MepPHOCTH HAUMHAETCS C TOTO, UTO PA3bSCHSETCS CMBICJ TEpMHHA
«TOUeyHOe MHOXKeCTBO padmepHoctd 0». JlioGoe KOHeuHOe ToueuHoe MHOXKECTBO
o6JslaziaeT TeM CBOHCTBOM, UTO KaKiasi ero ToYka MOXeT ObITb 3aK/ioueHa B CKOJIb
YrOJHO MaJyto 06/1acTb IPOCTPAHCTBA, IPUUEM Ha IpaHuLe 00JACTH HET TOUEK MHOXKe-
cTBa. DTO CBONCTBO MPUHUMAETCS Terepb 3a onpejeneHne paamepHoct 0. YcaoBUMes
pamu yao06cTBa TOBOPHUTB, UTO TyCTOE MHOXKECTBO MMeeT pa3mepHocTb —l. B Takom
cjlyyae MHOXKeCTBO S HMeeT pa3MepHOCTb O, €C/id OHO He MMeeT pa3MepHOCTH — |
(T. e. ecin S CONEP:KUT XOTb OJIHY TOUKY) M €CJIM Kaxk/Jas Touka S MOXeT ObITbh
3aKJloueHa B IPOU3BOJIBHO Masylo 00J1acTb, TpaHWlla KOTOpOH Iepecekaer S 1o
MHOXKECTBY pasMepHocTH —1 (T. e. coBceM He COJep:KUT HU ojaHOH Touku S). Tak,
HarnpuMmep, MHOYKECTBO PAaLlHOHAJIbHBIX TOUEK Ha MPSMOil uMeeT padmepHocTb 0, Tak Kak
KaxkJasi paludoHa/bHasi TOUKa MOXeT ObITh paccMaTpHBaeMa Kak LEHTP MPOM3BOJIBHO
MaJioro TpoMexKyTKa ¢ HppalMoHaJbHBIMA KoHlaMu. KantopoBo MHOxKecTBO C Takxke
pasmepHoctd 0, Tak Kak, M0J06HO MHOXKECTBY PalHOHAJIbHBIX TOUEK, OHO MOJyYaeTcst
MOCPECTBOM Y/la/leHH!sl Be3Jle MJIOTHOTO MHOXKECTBA TOUYEK MPSMO.

HTaK, Mbl yxKe ONpee/nI MOHSTHsI «padMepHocTb —1» U «pasmepHocTb 0». Te-
1epb JIETKO MOHSATb, YTO TaKOE «Pa3MEPHOCTb |»: TOBOPSIT, UTO MHOXKECTBO S HMeeT
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«pa3MepHOCTb |», ecyii OHO He ecTb HH pa3mepHocTH — I, HU pasmepHocTH 0, U ecau
Kax/aasi Touka S MoxKeT ObIThb 3aK/IOUeHa B MPOU3BOJIBHO Maslylo 06JacThb, rpaHula
KOTOPOII nepecekaercs ¢ S no MHoxecTBy pasmepHoctd 0. OTpe3ok npsiMoit obJanaer
3THM CBOHCTBOM, TaK Kak IpaHHLIeH KaxIoro MpoMexKyTKa sIBJISIETCS Mapa TOouek, T. €.
MHOKeCTBO paamepHocTH O Mo npespiiylemMy onpesesnenuio. lasblie, NpoaosKas Ta-
KHM K€ 06pa3oM, Mbl MO2KEM MOCJIEIOBATEILHO OMPEJE/IUTh, UTO TAKOE PA3MEPHOCTb 2,
pasMepHOCTb 3 U T. [, TIPHUYEM KaxkJoe CJelylollee Orpejie/ieHHe OCHOBLIBAeTCs Ha
TpeIbIIYyLIEM.

Takum 0Gpa3oM, roBOpPAT, UTO MHOXKECTBO S UMEeT Pa3MEpPHOCTb /1, €CJIH OHO He
MMeeT MeHbllel pa3MEPHOCTH H eCJIM KaXKjiast TOUKa S MOXKeT ObITh 3aKJII0U€Ha B POU3-
BOJIbHO MaJlylo 06J1acThb, FPaHULIA KOTOPOH TiepeceKkaeTcst ¢ S M0 MHOXKECTBY pa3MepHO-
cti n — 1. Hanpumep, niockocTb UMeeT pa3MepHOCTDb 2, Tak Kak Jito6ast TouKa MiocKo-
CTH MO2KeT ObITb 3aKJIIOUEHA B KPYXKOK MPOU3BOJILHO MAJIOr0 pajuyca, FpaHiilia KOTopoil
uMeer pasmepHocTb 1.! B 0ObIKHOBEHHOM MPOCTPAHCTBE HUKAKOE MHOMKECTBO TOYEK
HE MOXKET UMeTb pPa3MepHOCTb OOJIbLIYI0 YeM 3, Tak Kak Jiio6asi TouKa MpocTpaHCTBa
€CTb LEHTP NPOU3BOJILHO MaJioi cdepbl, rpaHulia KOTOpoil umeer padmepHocTs 2. Ho
B COBPEMEHHOH MaTeMaTHKe TEePMHH «IPOCTPAHCTBO» yMoTpebsisieTcs B GoJiee 00LIEM
cMbIcJie; OH 0003HauaeT JoOylo CHCTeMy OOBEKTOB, 1JIsi KOTOPOH BBEJEHO MOHSTHE
«PACCTOSTHUSI» MJIH OKPECTHOCTH», U TaKOro pojia abCTPaKTHbIE <IIPOCTPAHCTBA» MO-
TyT UMeTb pa3MepHOCTb GoJibliyto ueM 3. [TpocTbiM npuMepoM siBJsieTcs dekapmoso
n-mepHoe npocmparcmso, <TOUKH» KOTOPOTO CYTb CHCTEMbI M3 f1 JeHCTBUTEbHbIX
yuCeJl, B3SIThIX B OTPe/ieJIeHHOM MOPSIIKE:

P=(x1, xo, ..., Xn),

Q:(ylv va s yﬂ)v
a «paccrosinue» Mexkay P u @ omnpenessiercs no gopmyJe

d(P, Q)= /(x1 — g1 P+ (x2 — 2P + ...+ (X — ya -

Mo2KHO MOKasaTh, YTO 3TO MPOCTPAHCTBO MMeeT pasMepHocTb 7. [IpocTpaHcTBO,
KOTOpO€e He HMeeT Pa3MepPHOCTH 71, KaK Obl BeJIMKO HU ObLJIO A, HA3bIBAETCS IPOCTPAH-
CTBOM 0€CKOHEUHOH pa3MepHOCTH. FI3BeCTHO MHOTO NPUMEPOB TAaKUX POCTPAHCTB.

B Teopuu pasMepHOCTH yCTaHABIMBAETCS OJIHO UPE3BbIYaliHO HHTEPECHOE CBOHCTBO
JIBYMEPHbIX, TPEXMEPHBLIX H BooOlLle 7-MepHbIX uryp. Haunem ¢ nBymepHoro ciyuasi.
Ecuan kakasi-To mpocrast ABymepHast urypa noapasjeseHa Ha A0CTaTOUHO MasleHbKHe
«siueiKu» (MpUUeM MperosaraeTcsi, uTo Kaxjas siueiKa CoepKUT CBOIO IPaHHlLy), TO
HerpeMeHHO HalIyTCsl TakHe TOUKH, KOTOpble MPUHAJIEKAT Cpasy no MeHouleil mepe
mpem auetikam, Kakosa 6vl Hu Oviaa opma svlbpamnHbix fueek. Bmecre ¢ TeMm
cywecmsyiom maxue pa3dueHust Urypbl Ha siuefiKM, UTO HHKaKas TOuKa (DUrypbl
He TPUHAMJIEKUT cpasy Ooavuie uem mpem siueiikam. Tak, ecsau paccmarpuBaemast
AByMepHasi (urypa ecTb KBazpar (puc. 131), To HermpeMeHHO UMEIOTCsl TOUKU BPOJe TOH,

! CkasaHHoe He O3HayaeT, 4ToO J0Ka3aTeJbCTBO TOro, YTO IJIOCKOCTb HMEET pa3MEpHOCTbH 2

B CMbICJIe Hallero orpeje/eHHs, y:Ke 3aKOHUeHO: ocTaeTcs J0KasaTh, UTO TpaHHLA Kpyra
(OKpY»KHOCTb) HMeeT pa3MepHOCTb |, W UTO cama MJOCKOCTb He HMeeT paamepHocTH 0
v 1. DTH yTBeprK/IeHHs] MOXKHO J10Ka3aTh, KaK H aHAJOTHUHbIE YTBEP:KIEHHS ISl BBICLLIMX
pasmepHocTeil. Bee npefpiiyline paccyxk/ieHHs 10Kas3blBaloT, UTO MPUBEJEHHOE Bblllie obliee
orpejiesieHHe Pa3MepPHOCTH He CTOHT B NPOTHBOPEUHH € OOBIUHBIM €ro MOHHMaHHeM.
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KOTOpasi cpasy NpUHAWIEKHUT TPeM suerikam 1, 2 u 3, HO ISl yKa3aHHOTO HAa PUCYHKE
pa3OueHus He CYLIEeCTBYET TOUKH, KOTOpast cpady npuHaniexkasna Obl 60JbLIEMY UUCIY
siueek. TOUHO TaK »Ke B TPEXMEPHOM CJlyuae MOXKHO JI0Ka3aTb, UTO €CJIM HEKOTopas
oO0beMHast durypa (Tes10) pa3éuta Ha JIOCTATOUHO MasleHbKHe SYEHKH, TO HaBepHsKa
CYLLECTBYIOT TOUKH, NPHHAVIEKALIME MO MeHbLIeH

Mepe ueTblpeM fueiKaMm, M BMECTe C TeM MOXKHO { { {
BbIOpATh TaKue M0JipasjiesieHus, YTo HUKaKasi Touka ‘ ‘ ‘
He OylleT NpUHaVIeKaTh cpady 6oJiblie yeM UeTbipeM ‘ ‘ ‘
SYCHKaM.

Bce 311 cooGpaxeHus MPUBOAST HAC K CJIELyI0- 1 ‘ 2
1ieit reopeme, BhickazanHoi A. JleGerowm u bpay-
IpoM: ecau n-mepuas ¢ueypa pazbuma Ha do- ‘
CMamouyHo MareHbKUe A4eliKu, Mo HenpemeHHo ‘ ‘ ‘
cyujecmayiom mouku 3motl gueypol, npuraoie- ‘ ‘ ‘
Jcaujue cpasy no mexowel mepe n+ 1 auetikam; [ [ [
smecme ¢ mem 803MONMCHO YKA3AMb U MakKie pas- | | |
bueHus, umo Hu 00Ha mouka gueypol He bydem
npuxadaexcame cpasy 6osee wem n + 1 ayelikam. Pyc. 131. TeopeMa 0 MOKPLITHH
Dra TeopeMa XapaKTepH3yeT Pa3MepHOCTb paccmar-
puBaemMoil pUrypbl: Bce QUIypbl, VI KOTOPbIX TeOpeMa BepHa, SIBJASIOTCS 11-MEPHbBIMH,
BCE MPOYME MMEIOT MHYI0 pa3MepHocTb. 1o 3Tofl MpuuHHE yKasaHHas TeopeMa MOXKET
ObITb B3siTa 3a OMNpeJleJieHHe Pa3MEePHOCTH (TaK M J1€]1al0T HEKOTOPbIe aBTOPbI ).

PasmepHOCTb (DUIypbl OTHOCUTCS K UHCJIY TOTIOJIOTHUECKUX €€ CBOFCTB: HUKAKHE JIBE
(hUrypbl pa3siMuHbIX Pa3MepHOCTENl He MOTYT ObIThb TOMOJIOTHUYECKH IKBUBAJIEHTHBIMH.
B a10M 3akiiouaercsi 3amMeyartesibHasi TeopeMa 00 «MHBAPMAHTHOCTH Pa3MepHOCTH» !:
YTOObI OLIEHUTD €€ JI0JKHBIM 06PA30M, CTOUT HAMIOMHHUTB JIPYTYIO TeopeMy (J10Ka3aHHYo
Ha cTp. 112), coriacHO KOTOPOI MHOXKECTBO TOUEK KBaJpaTa UMeeT Ty »Ke MOLIHOCTb,
YTO W MHOXKECTBO ToueK oTpe3ka. COOTBETCTBHE MEXK/y TOUKAMH, YCTAHOBJIEHHOE TPH
JI0Ka3aTe/IbCTBE ITOH TEOpPeMbl, HE TOMOJIOTHUECKOE, TaK KaK TpeGOBAHHE HElpPEPbIBHO-
CTH HapyLlaeTcs.

4. Teopema 0 HeMOABUKHOM TOUKE. B MpU/IoKEHUSIX TOMOJOMHU K ApYy-
TUM OTpacJisiM MaTeMaTHKH MIPAIOT BaXKHYIO POJIb TEOPEMBl O «HEIOJBHKHOU
Touke». TUMMuecKUM NpUMepOM SsIBJIsIeTCs U3/1araeMast Huxxe Teopema bpayspa.
Ona ropasyio MeHee «OUeBHAHA» B MHTYUTHBHOM CMEICJIE, UM APYyTHE TOMOJO-
THYeCKHEe TEOpeMBl.

PaccmorpuM kpyrblii uck Ha miockocTd. ITox TakoBbIM Mbl MOHHUMA-
€M BHYTPEHHOCTb HEKOTOPOTO Kpyra BMECTe C ero rpaHulel (OKpY»KHOCTBIO).
[Ipenrnosioxkum, uTo Becb 3TOT AMCK MOJABEPraeTcsi HEKOTOPOMY TOIMOJIOTHUE-

CKOMY Tpeo6pa3oBaHuIo (j1axke He 06s13aTeIbHO B3aUMHO OJTHO3HAUHOMY ), TIPH
I To, uto TonosoruuecKy SKBHBAJEHTHBIE (GUIYPbl HMEIOT OJMHAKOBYIO Pa3MEPHOCTh, OUEBHJHO
13 NPUBE/ICHHBIX Bblillie ornpesesetuii. [Tox TeopeMoil 06 HHBAPHAHTHOCTH Pa3MEPHOCTH OOBIUHO
MIOHUMAETCsT TOT (DaKT, UTO «-MEpPHOE JEKAPTOBO MPOCTPAHCTBO» WJIM f-MEPHbI KyO MMeeT
Pa3MepHOCTb 11, U3 YEro CJIELYeT, YTO OHH He SIBJISIOTCS TOMOJNOTHYECKH SKBHBAIEHTHBIMH TPH
pasubix 1. — [Ipum. ped. Hacm. u3o.
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KOTOPOM BCSIKasl TOUKa JMCKa OCTAeTCsl TOUKOH JAMCKa, XOTSl M MEHseT CBoe
noJioxkenne. Hanpumep, npencrapisiss cebe 3TOT AMCK CAEJAHHBIM M3 TOHKOH
pe3HHbI, MOYKHO €ro C’KHMaTh, PacTArHBaTh, BpallaTh, U3rH6aTh — OJHUM CJIO-
BOM, J1e)OPMHPOBATb KaK YrojiHO, JIMIb Obl €0 TOYKH HE BBILIM 32 Tpeaesbl
nepBOHAYAJBHOTO MOJIOXKEHHsT AMcKa. VHaue ellle MOXKHO MpeiCTaBUThL cebe,
YTO JKHJIKOCTb, HaJMTasl B CTaKaH, MpUBe/eHa B JBHKEHHE TaKUM 00pasoM,
YTO YACTHLbl, HAXOJMBLLIMECS HA MOBEPXHOCTH, OCTAIOTCS HA Hell U BO BpeMs
JIBH2KEHMSI; TOrJa B KaxK/Iblid onpe/iesieHHbIi MOMEHT BPEMEHH T0JI0XKEeHHEe ua-
CTHLL Ha MOBEPXHOCTH OMpeJiesieT HEKOTOpoe TOMoJoTHIecKoe npeoOpasoBa-
HHE NepBOHAYAJIBHOTO UX paclpeiesieHusl.
Teopema bpayspa ytBepxknaer: kasxcdoe
HenpepoleHOe npeobpasosanue mako-
20 poda ocmasasem Henoo8uNCHOU no
Kpaiinetl mepe O0HYy MOUKY; JPYTUMU
CJIOBAMM, CYLIECTBYET 10 MeHblleH Mepe
OJlHA TOYKa, MOJIOXKEHHE KOTOPOH MocJe
npeo6pa3oBaHusl COBNANAET C TTOJNOKEHU-
eM ee J0 npeobGpasoBanusl. (B npumepe
C 2KMJKOCTbIO HENOJBHKHbIE TOUKH 3a-
BUCAT OT U30PaHHOTO MOMEHTa BPEMEHH;
B YACTHOCTH, €CJIM JIBH)KEHHE CBOAUTCS
K MPOCTOMY KpyroBOMY BpalleHHIO, TO
Puc. 132. Bektopbl npeoGpasosannst ~ HETOJBHAKHOH TOUKOH B J10G0H MOMEHT

siBsisieTcsl LeHTp.) Manaraemoe nanee no-
Ka3aTeJbCTBO CYILECTBOBAHHSI HEMOABHXKHOH TOUKM — OUeHb XapaKTepHbIH
NpUMep pacCyKACHHH, TPUMEHSIEMbIX B TOMOJIOTHH.

PaccmoTtpum Haur aucK a0 W nocse npeo6GpazoBaHus M JOMYCTHM, UTO,
BOMPEKH YTBEPXKIEHHIO TEOPEMbI, HU OOHA TOUKA HE OCTAETCS HEMOJBHKHOM,
TaK 4Tto Jio0asi TouKa JMcKa rocJje npeoGpa3oBaHusl MpeBpallaeTcsi B HEKO-
TOpylo Opyeyto ToUuKy aucka. Kaxnoi touke P aucka B €ro nepBoHauyajbHOM
T0JIO2KEHUH COIIOCTaBUM CTPEJIKY WJIM «BEKTOp NpeobpasoBanus» PP, npu-
yeM P’ eCTb Ta TOUKa, B KOTOPYIO MepexoauT P nocJje npeobpaszoBanus. Takas
cTpediKa OYET BbIXOANTb M3 KaXK10H TOUKH IMCKA, TaK KaK BCsIKash ToUKa Kyjla-
To nepemeniaercs. PaccMOTpUM Termepb BCe TOUYKH TPAHMYHOH OKPY:KHOCTH
BMECTE C COOTBETCTBYIOLLMMH BeKTopaMu npeoGpasoBaHusl. Bece 3TH BekTOpbI
HanpasJeHbl BHYTPb Kpyra, Tak Kak MO NperoJioXKEeHHI0 HH OJHA TOUKa He
BBIXOJIMT 32 €ro mnpegesbl. Haunem ¢ kakoi-HuOyab TOUYKM Py, Jiexkalleh Ha
IPaHUUHON OKPY:KHOCTH, M MOKJEM 110 STOH OKPY:KHOCTH B HarpaBJeHHH, MPO-
THBOIIOJIOXKHOM JIBMXKEHHIO yacoBol cTpesiku. [1pu 3ToM HampasJieHue BeKTOpa
npeo6pazoBanusi Oy/eT H3MEHSAThCS, TaK KaK pas3/MUHbIM TOUKaM FPAHHLbI CO-
OTBETCTBYIOT Pa3JjIMuHO HarpaBJ/eHHble BEKTOPLI. Bece 9TH BEKTOPbI MOXKHO TaK-
JKe MPeACTaBUTh cebe (MoIBEPrHyB UX MapajiieJIbHOMY EePEHOCY ) BBIXOAALLIMMU
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13 HEKOTOPOU OJIHOH ¥ TOH 2Ke TOUKH MJI0CKOCTH (puc. 133). Jlerko nousitsb, uto,
KOrJ1a Mbl 000H/IEM OJIMH pa3 BeChb KPYT, BEKTOP MOCJe psifia MOBOPOTOB BEPHET-
csl B epBOHAUa/NbLHOE T0JI0KeHHe. YHC/I0 MOJHBIX MOBOPOTOB, CIEJAHHbIX MPH
ITOM HAIIUM BEKTOPOM, Mbl HA30BEM (HOEKCOM pacCMaTpUBAEMOH rpaHUYHON
OKPY>KHOCTH; TOUHEEe TOBOPS, Mbl OMPEIEJUM HMHIEKC KaK aneebpauteckyio
CYMMY DPa3JUUHBIX UBMEHEHHH B yryle BEKTOPOB, YCJOBJUBASICh, UTO BCAKOMY
YacTHOMY TIOBOPOTY MO YaCOBOH CTpeJiKe TIPUMHCHIBAETCST 3HAK MUHYC, TPOTUB
YacoBOH CTpeJIKH — 3HaK TUIoc. VIHueKe ecTb UTOTOBBIA pe3yJbTaT, KOTOPLIH
a priori paBeH oaHomy W3 uncen 0, £1, £2, £3, ..., COOTBETCTBYIOLIMX HTO-
roBbiM noBopotam Ha 0°, £360°, £720°, ... Mbl yTBep:K/Iaem Ternepb, uTo
VHIEKC IPaHUUHON OKPYKHOCTH paBeH eJMHHULIE, T. €. YTO HTOTOBBIH MOBOPOT
BeKTOpa Mpeobpa3oBaHust COCTABJSET OJMH TOJHBIH MOBOPOT B MOJIOXKHUTEIb-
HOM HaripaBJieHud. [Ipeskiie Bcero HaNmoMHHUM ellle pas, UTo BeKTOp mpeobpaszo-
BaHHsl, UMEIOLIMI HayaJlo B TOUKe TPaHAYHOTO Kpyra, HarpapJjieH HelpeMeHHO
BHYTPb Kpyra, a He Mo KacaTeJbHOH. EcJ/ii 10MyCTUTh, UTO HTOTOBbIH MOBOPOT
BeKTOpa Mpeo6pa3oBaHust OTJIHYAETCST OT UTOTOBOTO MOBOPOTA KACAMEAbHO-
2o sekmopa (a 3TOT MocJeJHUH MOBOPOT B TOUHOCTH paBeH 360°, Tak Kak
KacaTeJIbHbIH BEKTOP, OUEBUJIHO, JIENAET OJIMH MOJIHBIA MOBOPOT), TO PA3HOCTD
MEXJly WTOTOBBIMH MOBOPOTAMH KacaTeJbHOTO BEKTOpa M BeKTOpa mnpeobpa-
3oBaHus OyjieT paBHA KpatHoMmy 360°, HO HUKaK He HyJio. OTcloa CJemyer,
4yTO BeKTOp npeobpasoBaHusi Npu o0Xole Kpyra AoJKeH OyAeT Mo KparHed
Mepe pa3 cjieiaTh TOJHBIH MOBOPOT BOKPYT KacaTeJbHOTO BEKTOPa, a TaK Kak

Puc. 133. K nokazaresnbcTBy Teopembl Bpayspa
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o6a BEKTOpa M3MEHSIOTCS HEMPEpbIBHO, TO B HEKOTOPOH TOUKE OKPYKHOCTH
HarpasJieHHsl IByX BEKTOPOB coBMaayT. Ho 3To, KaK Mbl BH/E/IH, HEBO3MOXKHO.

PaccmoTtpuM Tenepb OKpY:KHOCTb, KOHLUEHTPHUECKYIO TPaHMLE AMCKa, HO
C MEHBILIHMM PaJHyCOM, a TaKXKe COOTBETCTBYIOLHE BEKTOPbl MPeoOpa3oBaHUs.
JL151 5TOH HOBOH OKPY>KHOCTH MHJIEKC TAaKXKe HEMpPeMeHHO paBeH equHuue. B ca-
MOM Jiesie, TpH Nepexofe OT IPAHUUYHOH OKPYXKHOCTH K HOBOH OKPYKHOCTH
MHJIEKC JI0J7KEH MEHATbCS HEMPEPbIBHO, TaK KaK HAMpaBJIEHHS] CAMUX BEKTOPOB
npeo6pa3oBaHusl MEHSIIOTCS HeNpepbiBHO. Ho HHAEKC MOXKET NPUHUMATb TOJIBKO
1eJible 3HaYeHHsI U TOTOMY OCTAEeTCsl paBHbIM €/IMHHLIE: I€HCTBUTE/bHO, TEPEX0]L
OT €MHHLBI K KaKOMYy-HHOY/Ib APYroMy LIEJIOMY YHCJY 00513aTesIbHO OBl Obl
CBfI3aH CO CKAuKoM, T. €. HapylleHHeM HenpepblBHOCTH. (OueHb XapakTepHoe
MaTeMaTHYeCcKoe paccyxKJIeHHe: BeJUUMHA MEHSIeTCSl HerpepbiBHO, HO MOXKET
MPUHUMATD TOJIBKO LieJible 3HAUEHHs], 3HAUMT, OHA MOCTOsIHHA. ) MITak, Mbl MoxKeM
HaUTH OKPY>KHOCTb, KOHLEHTPUUYECKYIO T'PAHUYHOMH, TIPUTOM CKOJIb YTOJHO Ma-
JIyt0, /17151 KOTOPOH HHEKC OyzeT paBeH eaunuie. Ho 370 HeBO3MOXKHO, TaK Kak,
B CHJIy HEMPEPLIBHOCTH NpeoOpa3oBaHHusl, BEKTOPBI peoOpa3oBaHusl B J0CTa-
TOYHO MaJIOM Kpyre AOJKHBI BeCbMa MaJjo OTJHYaThCSl OT BEKTOpa B LIEHTpe
Kpyra. M motomy UTOroBbIH MOBOPOT TAKOTO BEKTOpa MpH 00X0Je Kpyra MOKeT
ObITb cJesaH, CKaXeM, MeHblie 10°, ecsiu ToJIbKO paauyc Kpyra GyaeT jocra-
TouHo MaJj. Ho oTciona caenyer, uTo HHAEKC TaKoro Kpyra (00513aTesibHO Liesoe
YUCJI0) He MOKeT ObITh OTJHueH OT HyJs. [losyueHHoe mpoTHBOpeuHe Moka-
3bIBAET, UTO CJIeNaHHOe HAMH JIoMylleHHe 00 OTCYTCTBMH HEMOABHXAKHBIX TOUEK
npeo6pa3oBaHusl JOJKHO ObITb OTBEPrHYTO. TakuM 06pa3oM, Teopema JoKazaHa.

Teopema 0 HemoJABHKHBIX TOUKAX MMEET MECTO He TOJBKO JIJIsi KPyroBOro
JIMCKA, HO, KOHEUHO, U JUIl TPEYToJbHUKA, KBaJpaTa U BCAKOH IPYroi purypsl,
B KOTOPYIO JUCK MOKeT OBbITb NMepeBeIeH TOMOJIOTHUECKHM MpeoOpa3oBaHUeM.
B camom gene, ecau Obl HekoTopasi urypa A, moJyuarouiasics U3 KpyroBoro
JIMCKa MOCPEICTBOM TAKOr0 poja npeobpa3oBaHus, MOT/Ia ObITb TPeoOpa3oBaHa
cama B ce0s1 6e3 HeroJIBHKHBIX TOYEK, TO TeM CaMbIM ObWIO Obl OMpeaeseHo U
TomnoJioruyeckoe npeo6pazoBaHue KPYroporo JMcka camoro B ceOs1 6e3 Hero-
JIBMXKHBIX TOUEK, a 3TO, KaK Mbl BHJEJH, HEBO3MOXKHO. Teopema o6obuiaercs
TaKKe Ha cJydyail TpexmepHbIX Guryp — cdep M Ky0oB, HO 10Ka3aTe/bCTBO
He CTOJIb TPOCTO.

* Xorst TeopeMa bBpayspa o HenoABHKHBIX TOUKAX B Cjyuae Kpyra He siBJIsieTCS
BIIOJIHE OYEBHJHOH B HHTYMTHBHOM CMBICJI€, OJIHAKO JIErKO YO€IMTbCs, UTO OHa SIBJISETCS
HEMOCPEACTBEHHBIM CJIEACTBHEM TAKOH JOCTATOYHO OYEBUJHOH TEOPEMbI: HeBO3MONHO
HenpepoLeHo omobpasums Kpyeo8ot OUCK 8 00HY MONbKO €20 ePAHUYHYIO OKDYH-
HOCMb makum oopasom, 4mobol Kaxncoas MoOUKa IMOL OKPYIHCHOCIMU OCMABALACH
HenodsudicHotl. YoeluMcsl, UTo CyLLeCTBOBaHHe HellPepbIBHOIO 0TOOpaKeHHs1 1UCKa B
cebs1 6e3 HeloABUKHbIX TOUEK ITPOTHBOPEUUT 3TOH nocieHeil Teopeme. [Ipeanosnoxum,
YTO YKa3aHHOTo pojia HerpepblBHOe otobpaxenue P — P’ cyuwectsyer. Torna ans Besi-
KOl TOUKM P Halllero AucKa NpoBeleM BeKTOp C Haya/loM B Touke P’, 1poBojs ero
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yepe3 P U 3akaHuMBasi B TOUKe P*, rjle OH BCTPETUTCSl C IPAHHYHOH OKPYKHOCTbIO.
Torna npeo6paszosanue P — P* Oyjer HenpepblBHbIM OTOOpPaXKEHHEM BCEro JMCKa B
FPAHUUHYIO OKPYXKHOCTb, OCTABJISIIOLLMM HEMOJIBHKHBIMH BCE TOUKH 3TOH OKPY?KHOCTH,
BO3MOKHOCTb uero Oblia otBepruyTta. [TonoGHoe paccyzKieHHe MOXKHO IPUMEHHUTD  [IPH
JloKa3are/ibCTBe TeopeMbl bpayspa B TpexmepHOM ciyyae cdepbl WM KyOa.

Jlerko yGenutbesi, ¢ ApPyrofl CTOPOHbI, YTO 1JIsl HEKOTOPLIX (DUIYp HeENpepbIBHbIE
npeo6pa3oBaHus B ce0st 6€3 HelOoABHAKHBIX TOUEK BO3MOKHBI.

Hanpumep, Kosbleo6pasHas 06/1aCTb MeKIy AByMsl KOHLEHTPHUECKUMH OKPY2KHO-
CTSIMH MO2KET ObITb MOJBEPTHYTA BPALLEHHIO OKOJIO LIEHTPA Ha YroJl, He SIBJISIIOLLUACS
KpaTHbIM 360°, 1 3T0 Kak pa3 OyleT HenpepbIBHBIM peo6pa3oBaHueM 006/1aCTH B cebst
6e3 HeroJABHKHbIX ToueK. Takoe ke npeoOGpa3oBaHHe MOXKHO IIPOU3BECTH HaJ, [10BepX-
HOCTbIO chepbl, COINOCTABJIsISA BCSKOU ee TOuKe JHaMeTpaslbHO IPOTHBOINOJ0KHY0. Ho,
NPUMEHSIST TOT 2Ke METOJ, UTO W B CJlyuae AMCKA, He MPEACTABUT TPyAa 10Kas3aTb, UTO
HelrpepblBHOE NpeoOpasoBaHue cepHuecKoll I0BEPXHOCTH, He NepeBojslliee HU OIHOH
TOUYKH B JHaMeTpaJlbHO [1POTHBOIIOJIOKHYIO (HalpuMep, Besikass Madast Jedopmauus),
HEeNpeMeHHO HMeeT HeMOABHKHbIE TOUKH.

TeopeMmbl 0 HEMOABHKHBIX TOUKAX BPOJE MEPEUHCIEHHBIX BhILLE J0CTABJSIOT MOTY-
LLLECTBEHHbIH MeTOJ /sl J0Ka3aTe/bCTBA MHOTHX «T€OpeM CYLIeCTBOBAHHs» B Pa3HbIX
06J1aCTSIX MaTeMaTHKH, [PHUEM TeOMETPUUECKUH XapaKTep 3THX TEOPEM 4acTo JaseKo
He oueBHJEH. 3aMeuaTesbHbIM IPUMEPOM MOXKET CJly:KHTb TeopeMa Ilyankape, BbicKa-
3aHHasl UM He3anoJro a0 cmeptd, B 1912 r., 6e3 nokazatenbctsa. M3 370l Teopembl
HeIrocpeCTBEHHO BbITEKALT CYLLeCTBOBaHHe 6eCUMC/IeHHOro MHOXKeCTBA ePUOANUCCKUX
opOUT B orpaHuueHHOil npoGJseme Tpex TeJs. [lyaHkape He cymes o6ocHOBaTb cBoeil
JIOTaJIKH; I0Ka3aTesbCTBO 3TOTO 3aMeuaTe/lbHOro (hakTa MoJlyuus uepes3 roj aMepHKaH-
ckuil marematuk . JI. Bupkrod, 1 370 6bl10 KPYHNHbIM JOCTHKEHHEM aMepPHKaHCKOH
MaTeMatHK. C Tex IOp TONOJIOrHUYECKHe MeTO/Ibl HEOAHOKPATHO U ¢ GOJIBLIMM YCIEXOM
NPUMEHSINCH K M3YUEHHIO KAueCTBEHHOTrO MOBeJeHHs] IMHAMUUECKHX CHCTEM.

Puc. 134. Torosiornueckn SKBUBaJIEHTHbIE Y3Jibl, HE TIepEBOJISILIIMECS IPYT B Apyra

5. ¥Y3abl. B kauectBe mocsenHero mpumepa OTMETHM, UTO TPYAHBIE Ma-
TeMaTHUeCKHe MPOGJIEMBl TOMOJNOTHUECKOTO XapaKTepa BO3HHKAIOT B CBSI3H C
M3yueHHeM Y3JI0B. ¥Y3esl 00pasyeTcsl, Korja M3 OTpe3Ka BepeBKH Ae/aloT Ie-
TJIM, 3aTeM CKBO3b HHUX TIPOIYCKAIOT KOHIBl BEPEBKH M, HAKOHELl, /JBa KOHLA
COEIMHAIOT BMecTe. VI3roToB/ieHHasi U3 BepeBKHM 3aMKHyTasl KpHBast TpeJcTaB-
JisieT co00H TreoMeTpHuecKylo (HUIypy, CyLIeCTBEHHBIE CBOHCTBA KOTOPOH He
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U3MEHSIOTCS, KaK Obl B JajbHeHIleM HH MepeTsiruBaThb WJM HU TepeKpyur-
BaTh BepeBKy. o Kak BO3MOXHO 6blI0 OBl 1aTh BHYTPEHHIOO XapaKTEePHCTHKY,
KOTOpasi Mo3BOJMIA Obl PA3JIMUMTE T€M HJH HHBIM CHOCOGOM «3ay3JeHHbIe»
KpUBble MexK1y COOOH M OTJIHUaThb UX OT «He3aysJeHHbIX» Bpoae kpyra? OTt-
BET Ja/leKo He TIPOCT, U ellle MeHee MPOCT HCUEPMBIBAIOLINN MaTeMaTHIeCKHE
aHaAJIN3 Y3JI0B Pa3HbIX THUIOB. 3aTPyAHEHHs] BCTPEUAIOTCS AakKe MPH CaMbIX
MepBbIX llIarax B 3TOM HarpasJeHud. BaryisiHuTe Ha Ba ys/a, HalloMUHAOLIUE
TPUJIMCTHUKH, H300pakeHHble Ha puc. 134. OHM COBEPLUIEHHO CUMMETPHUHBI
JPYT APYTY, SBJSIOTCS B3aHMHO «3€PKaJIbHBIMH 0TOOPaXKEHUSIMU», OHH TOMOJIO-
TMUYECKH SKBHUBAJIEHTHBI U BMECTE C TeM HEKOHIPYHTHbI APYT 1pyry. BosHukaeT
npobJieMa: MOXKHO JIH 1eOPMUPOBATh HENPEPLIBHBIM JABHXKEHHEM OJMH Y3ell
B Apyroii? OTBeT oTpHLaTesNeH; HO J0Ka3aTeJbCTBO MOTpeGoBano Obl 3HAUH-
TeJIbHO OOJIbLIETO BAAACHUS TOMOJOIHUECKOH TeXHUKOH M OOJbIUMX 3HAHUH U3
00J1aCTH TEOPHUH TPYIIM, YeM NPearoaraloT paMK1 3TOH KHHIH.

§ 4. Tonoaoruueckas kaaccudmKalus nNoBepxXHocTen

1. Pox noBepxHoctu. Muorue ! mpocThle, HO BeChMa CYIIECTBEHHbIE 00-
CTOSITE/IbCTBA BBISICHSAIOTCS MTPH U3yUeHUH JIBYMEPHbIX MOBepXHOCTel. CpaBHUM,
HarnpuMep, TIOBEPXHOCTb cepbl ¢ MOBEPXHOCTBIO TOpa. BarsiHyB Ha puc. 135,
cpasdy MOKHO oOHapyKHTb pasinune: Ha cepe, KaK U HA TJIOCKOCTH, 3aMK-
HyTasi kpuBasi Bpoae C pasjessieT TMOBEPXHOCTb Ha JBE YaCTH; HO Ha Tope
CYLLECTBYIOT U TaKHE 3aMKHYTble KpUBbIe, HarpuMep C’, KoTopble He pasiesioT
[I0BEPXHOCTH Ha JBe yacTu. Ec-
JI1 Mbl TOBOpUM, uTO KpuBasg C
pasnesisieT cdepy Ha JBe 4acTy,
TO 3TO O3HAYaeT, APYTHUMHU CJIO-
BaMH, UTO MPH pa3pe3aHud Mo-
BepXHOCTH cepbl 1o KpuBok C
3Ta TMOBEPXHOCTb pacragaercs
Ha JIBa HE CBfI3aHHBIX MEXIY
co00l KycKa, WM ellle, MHa-
ye, YTO MOXKHO HAHTH JIBE TaKHe
TOUKHM c(epbl, UTO BCSKAs KpHU-
Basi Ha cdepe, UX COEIUHSIO-
1asi, HermpeMeHHo mnepeceyeTcs
¢ kxpuo#i C. Hampotus, ecqu
paapesatb Top 1o KpuBoil C’, To mocJjie pa3pe3a MOBEPXHOCTb He PACMaieTCs:
Jo0ble JIBE €€ TOUKH MOXKHO COEIMHUTb KPUBOH, He HMeEloLlel o0LIMX ToueK
¢ C’. YxasaHHOe pasjiMuMe CBHIETEJBCTBYET O TOM, UTO cdepa H TOp B TOMO-

Puc. 135. Paspessl Ha cdepe 1 Ha Tope

I Pekomenyem untateso napajiebHO ¢ 3THM naparpacboM 3arisueBath B Kaury [107], conep-

JKallyto 6osiee COBPeMEHHOE MOMyJIsipHOe U3JI0XKeHHe ToroJiorud. — [Ipum. ped. nacm. u3d.
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JIOTUYECKOM CMbICJ/Ie He IPUHA/IEKAT OTHOMY M TOMY 2Ke KJ1acCy MOBEPXHOCTEH:
TOP HeJIb351 TOTIOJIOTHUECKH TTpeo0pa3oBats B cdepy.

PaccMoTpUM Temepb MOBEPXHOCTb C JIBYMS «JIbIpaMU», H300PaXKEHHYIO Ha
puc. 136. Ha sToii noBepxHoCTH OKa3bIBaeTCsl BO3MOXKHBIM IPOBECTH Cpasy JBe
3aMKHYyTble KpuBble, A 1 B, KOTOpble He Pa3je/fioT MOBEPXHOCTH HA YACTH.
Top, HanpoTHB, Npu MPOBEJIEHHUH JBYX TAKMX KPHUBBIX HEITPEMEHHO pa3lesuTCs
Ha yacTtu. C pyroil CTOPOHHI, J0Oble TPH 3aMKHYTbIEe KPUBbIE Pa3e/IsIiOT HALLy
MOBEPXHOCTb C JABYMSl JbIpaMH.

Bce 310 mojckasbiBaeT MbIC/Ib BBECTH TMOHSITHE pOJ@ MOBEPXHOCTH, MO-
HUMasl T0Jl POJOM MOBEPXHOCTH HauOOJbllee BO3MOXKHOE YHCJIO B3aHMHO He
repecekarolMxcsl MPOCTbIX  3aMKHYTBIX
KPUBbBIX, KOTOPble MOXKHO TIPOBECTH Ha
MOBEPXHOCTH, He pasiessis ee Ha ua-
cti. Pon cdeprl pasen 0, pox topa pa-
BeH |, poji MoBepXHOCTH, H300parKEeHHOH
Ha puc. 136, paBen 2. Takas e noBepx-
HOCTb C p «JblpaMu» uMeeT pox p. Pox
€CTb TOMOJIOTHUECKHE HHBAPUAHT MOBEPX-
HOCTH: OH He U3MeHsieTCs npH AehopMu-
poBaHuu noBepxHocTH. O6paTHO, MOXKHO Puc. 136. [ToBepxHoctb poaa 2
JI0Ka3aTh (HO Mbl He MPUBOJUM 3/1€Ch ITO-
ro JI0Ka3aTesJbCTBA), UTO €CJIM JIBE 3aMKHYTbl€ MOBEPXHOCTH HMEIOT OIMH U TOT
JKE POoJl, TO OJIHY MOXKHO ehOpMHPOBAThb B IPYTylo; TaKUM 00pa3om pox p = 0,
1, 2, ... 3aMKHYTOH MOBEPXHOCTH MOJIHOCTBIO XapaKTEPU3YET TOMOJIOTHUECKHH
KJ1acc, K KOTOPOMY OHA NMPUHAAEKHUT. (3/ech Mpearnoaraercs, 4to Mbl pac-
CMaTpPUBAEM TOJbKO OOBIKHOBEHHbBIE «JIByCTOPOHHHE» MOBEPXHOCTH. B nyHkTe 3
3TOro naparpada Mbl paCCMOTPUM TaK:Ke H «OJHOCTOPOHHHE» MOBEPXHOCTH. )
Hanpumep, ToJIbKO UTO paccMOTpPEHHAst MOBEPXHOCTh C ABYMS IbIpaMH U cepa
C IByMSl «pydyKaMu», u3o0paxkeHHast Ha puc. 137, sBasioTcst 06e 3aMKHYTbIMH
MOBEPXHOCTSIMH pojia 2, U Mbl BHAUM, UTO KaxKIyl0 M3 3THX [OBEPXHOCTEH
ynaetcsi 1ehopMHpPOBaTh B Apyryto. Tak Kak MOBEPXHOCTb € p JAbIpaMH WM ee
9KBUBAJIEHT — chepa ¢ p pyukaMu — [OBEPXHOCTH pojia p, TO JoOYI0 U3 STHX
MOBEPXHOCTEH MOXKHO B35ITb B KauecTBE <«TOMOJIOTHYECKOrO MpeacTaBUTEss»
BCEX 3aMKHYTBIX [MOBEPXHOCTEH poja p.

Puc. 137. IToBepxHoctu poza 2
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*2. JiliepoBa XapakTepucTMKa mnoBepxHocTu. [lpeanosioxkum, uTo
3aMKHyTasi MOBEPXHOCTb S poja p pa3buTa Ha HEKOTOPOE UMCJIO OOJACTEH:
Takoe Mojipas3jieieHHe MoJyyaeTcsi, €CJii Mbl OTMETHM Ha S psijl «BEpLIMH» U
COEJIMHUM HX 3aTeM MexK1y coOoi jyramu KpuBbIX. Mbl TOKaxKeM, UTO B TaKOM
cryuae

V—E+F=2-2p, (1)
rie V — uuciio BepivH, £ — uncyo ayr u ' — uncsio obsacteit. Yueso 2 — 2p
HasblBaeTcs 9uaeposoll xapakmepucmukot noepxHocti. Kak mbl yxe BU-
nenu, aas caydas cdepbl V — E 4+ F =2, uto corsacyercsi ¢ dopmyJior (1),
TaK Kak cepa UMeeT pojl p, paBHbIH HYJIIO.

JKenasi nokasarb obuiyio ¢opmyay (1), Boo6pasum, uto S ecth cdepa
¢ p pyukamu. Kak Mbl OTMeTHJH, Jl06asi MOBEPXHOCTb POjia P MOXKET ObITb
HernpepbIBHON NepopMmaliell NPUBEEHA K STOMY BHILY, U BO BpeMsi 1epopMaLiiu
Hi V — E+ F, uu 2 — 2p ne uamensitorcs. HenpepbiBHylo nedopmaiinio Mbl
BbiGepeM TakuM 06pas3oM, uToObl 3aMKHYTbie KpuBble Ay, Ay, By, By, ..., 1O
KOTOPBIM PYUKH COEIMHSAIOTCS O Chepoid, MPULLIUCh KaK pa3 Ha JyTH JaHHOTO
nospasaenenusi. (Puc. 138 witoctpupyer onucbiBaeMylo jajiblile NPoLeLypy B
caydyae p =2.)

Puc. 138. K siisepoBofi XapakTepUCTHKe OBEPXHOCTEl

[Tpopexkem Terepb moBepxHOCTb S MO KpuBbIM Ag, B, ... M BBINPSIMUM
pyYkd. ¥ KaxKJIOH PY4YKM TOSIBUTCS CBOOOJHBLIN Kpail, orpaHUYeHHbIH HOBOU
KpuBoil A*, B*, ..., IpuueM Ha NosIBUBLIEMCs] Kpae OY/IeT CTOJIbKO ¥Ke BepLIHH
M CTOJIBKO JK€ JIYT, CKOJIBKO MX OBLIO COOTBETCTBEHHO Ha As, By, ...

Yucso V — £+ F npu npope3blBaHHH HE H3MEHUTCS, TaK KaK HOBbIX 00J1a-
CTell He BO3HHUKHET, a UMCJO BHOBb BO3HHKILMX BEPLUHH YpPaBHOBELIMBAETCS
UMCJOM BHOBb BO3HMKIIMX JAYT. 3aTeM JeOpMHpPYeM MOBEPXHOCTb JaJblile,
CIVIIOLIMBAsT TOpUallMe PYUKH (BKJIOYasi UX B MOBEPXHOCTb cepbl). B utore
noJyyaercsi cepa ¢ 2p orBepctusimu. Tak kak V' — E + F, Kak HaM H3BeCTHO,
paBHO 2 1t BCAKOTO pa3OHeHusi MOJHON cdepbl, TO AJs Hallel cdepbl ¢ 2p
OTBEPCTUAMHU Mbl nojydaeM V — E+ F =2 — 2p, 0 9T0 paBeHCTBO, OYEBHU]I-
HO, CIIPAaBEMLJIMBO TaKxKe W JUIsl NepBOHAuaslbHOH cdepbl ¢ p pyukamu. Haiue
yTBepIKJAeHHE I0KA3aHO.

Puc. 121 unmoctpupyer npuMenenue gpopmyJbl (1) K noBepxuoctu S, co-
CTaBJICHHON U3 MJOCKMX MHOIOYTOJIbHUKOB. DTy MOBEPXHOCTb MOXKHO TOIMOJIO-
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THUECKH JepOpMHPOBATh B MOBEPXHOCTb TOPA, TaK UTO ee POX p paBeH I, u
notomy 2 — 2p =2 — 2 =0. Kak u tpebyercs no dopmyJe (1), Mbl nosyuaem

V-E+F=16-32+16=0.

Ynpaxuenue. [Tpoussennte kakoe-HHOYAb pa3breHHe HA TOBEPXHOCTH C JBYMS
ablpamy, u3o6paxenHoil Ha puc. 137, n nposepsre, uto V — E+ F = —2.

3. OaHOCTOPOHHUE MOBEPXHOCTH. ¥ KAXKI0H U3 OOBIKHOBEHHbBIX MOBEPX-
HOCTEH HMEETCS M0 JIBe CTOPOHBL. DTO OTHOCUTCS H K 3aMKHYTBIM OBEPXHOCTSIM
BpoJie chepbl UK TOPA, U K MOBEPXHOCTSM, HMEIOLIMM IPAHHILLb, KAKOBbBI, Ha-
npuMep, AUCK UJIHM TOP, 3 KOTOPOTo ylaJsieH KYCOK MOBEPXHOCTH. UToOb! Jierko
pas/nyaTh JBE CTOPOHBI OJHOH M TOH K€ MOBEPXHOCTH, MX MOXKHO OBbLIO Obl
pacKpacHTb pa3HbIMH KpackaMu. Ec/iM MOBepXHOCTb 3aMKHyTasi, ABe KpacKH
HHUTJIE He BCTPETATCS. EC/M MoBepXHOCTh HMeeT rpaHHuHble KPUBbBIE, TO pasHble
KPacKH BCTPeUatoTes 110 3TUM KPUBbIM. [IpeinosnoKum, 4to no TakuM MoBepx-
HOCTSIM M0J13aJ1 Obl XKYK M UTO-HUOY/b MellaJjo Obl €My NepeceKaTb rPaHUUHbIE
KPUBLIE; TOT/Ia OH OCTaBaJICA Obl BCErja Ha OJHOH CTOPOHE MOBEPXHOCTH.

Puc. 139. Jluer Mébuyca: a, 6, 8 — nepekpyurBaHue W CKJIeMBaHHE JIEHTbl; & —
OpHEeHTALHST <KCTOPOH»
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MéEbuycy npUHaLJIEKUT YeCTb OLIEJOMJISIIOLIETO OTKPBITHS: CYLLECTBYIOT
MOBEPXHOCTH, Yy KOTOPbIX HMEETCS TOJNbKO oJHA cTopoHa. [lpocrtefimas u3
TaKUX MOBEPXHOCTEH eCTh TaK Ha3biBaeMast jieHTa (uiau juct) Mébuyca. Hrobwl
ee MOCTPOUTh, HYKHO B35ITb JIMCT OyMar, MMetolLi popMy OueHb BBITSIHYTOTO
NPsIMOYroJIbHHKA, U CKJIEUTh €ro KOHIbI MOocJe TOJMyNoBOpoTa, KaK MoKa3aHo
Ha puc. 139 (a, 6, 8). JKyK, KoTopblil OyleT MOJ3TH MO 3TOH TMOBEPXHOCTH,
Jlep:Kach BCe BPEMsl CEPEIMHbl «JIEHTbl», BEPHYBLUMCb B HCXOJHYIO TOUKY,
OKaXKeTCsl B IEPEBEPHYTOM MOJIOKEHHH. Y JieHTbl MeEOGuyca TOJIbKO OJMH
Kpail: Bcsl rpaHHLIA COCTOMT M3 OJIHOM 3aMKHYTOH KpuBOH. OOGbLIKHOBEHHast
JIByCTOPOHHSISI OBEPXHOCTb, MOJyYatolasicsl MpH CKJAEHBAHUH KOHLOB JIEHTbI
6e3 BCSKOTro MOBOPOTA, SIBCTBEHHO MMeEeT JBe pasJjMuHble MPaHUUYHble KPHUBBIE.
Ecau 3Ty mocJieiHIO MOBEPXHOCTb paspe3aTb MO LEHTPaJbHON JIMHUM, OHA
pacnajercsl Ha JBe TOBEpXHOCTH Toro e tuna. Ho ecqau paspesatb Ta-
KUM ke 06pa3oM 1O LeHTpasbHOH JuHUM JeHTy Meébuyca (cm. puc. 139),
TO Mbl YBHJIMM, UTO pachajeHHsi Ha JBe dacTh He Oyner. Tomy, KTo He
ynpaxHsiicsl ¢ JeHtol MeEbuyca, TpynHO NpeackasaTb 3TO 0OCTOSITENbCTBO,
CTOJIb TIPOTHUBOpEYAlllee HALUMM HHTYUTUBHBIM MPEJICTABJECHHSM O TOM, UTO
«JIOJKHO» cayuuTbesi. Ho eciii MoBEpXHOCTb, MOJYyUEHHYIO MOCJE OMUCAHHOTO
Bblllle padpesaHusi JeHTbl MEGuyca, CHOBa paspesaTb MO ee IEeHTpaJibHOM
JIMHUM, TO Y HAC B PyKax OKaxKyTCsl JiBe He CBsI3aH-
HblE, HO TIeperieTeHHble MeXK1y COO0H JIEHThI!

OueHb HHTEPECHO paspe3aTb TaKHE JIEHTbl MO
JIMHUSIM, Mapajijie/ibHbIM PaHHULE W OTCTOSILUUM OT

Hee Ha 5, 5 M T.JL WHPHHBI JICHTHI. [ToBepxHOCTD
M¢ébuyca, 6e3 cOMHeHHUs1, 3acCyKHBAET YIOMHHAHMS
M B LIKOJILHOM Kypce.

[panuua nosepxHoctd MeEbuyca npeacTaBJsieT
co00H MPOCTYI0 «He3ay3JIeHHYI0» 3aMKHYTYIO KpH-
BYIO, H € MOXXHO 1e()OPMHPOBATH B OKPYXKHOCTb.

Puc. 140. Kpoce-ksn Ho npunercst nonyctuts, uto B mpouecce aedop-
MalMH OBEpXHOCTb OyaeT cama cebsl rnepeceKaThb.
[Tosyuarouiasics npy 3TOM camollepeceKaloLascsl 0AHOCTOPOHHSIS [I0BEPXHOCTD
M3BECTHA M0]1 HA3BaHHEM «Kpocc-Kam» (puc. 140) . JIunuio nepeceuenus 3uech
CJIeyeT CUMTaTb JABAXKbl, OJMH pa3 OTHOCS K ONHOMY M3 IepeceKaioliuxcs
JINCTOB TIOBEPXHOCTH, APYrod pas — K apyromy. Kpocc-kam, Kak H BCSKYIO
OJIHOCTOPOHHIOIO TOBEPXHOCTb, HEJIb351 HEMPEPBIBHO 1€(hOPMUPOBATDH B JBYCTO-
POHHIOIO (TOMOJIOrHYECKOE CBOKHCTBO).

JIto6ombITHO, uTo JieHTy MéGHyca MOXKHO, OKa3blBaeTcs, Tak 1eopMUpo-
BaTh, UTO €€ rpaHula OyJeT MJOCKOH JIOMaHOH (a MMEHHO, TPEYrOJbHUKOM),
MpHUEeM JIeHTa OCTaHeTCsl Hecamornepecekatoulefics. Takast Monesb, HailieHHast

I Cross-cap — «nepexpeumpatouasics wasna» (aura.). — [Ipun. peo.
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b. Takkep™maHowm, nokasana Ha puc. 141, a; rpa- P
HHULEH JIEHTBI CJIy?KHT TpeyrosbHUK ABC, orpannun-
BAIOILMI MOJIOBUHY JMAroHaJbHOTO KBAAPaTHOTO Cce-
YeHHsl OKTaspa (CHMMETPUYHOTO OTHOCHTEBHO 3TO-
ro ceuennsi). Cama JieHTa COCTOUT MPH STOM U3 LIECTH
rpaHell OKTasApa W YeThIPeX MPSIMOYrOJNbHBEIX Tpe-
YrOJLHUKOB — YeTBepTell BePTHKAIbHBIX THATOHAJb-
HBIX TIOCKOCTEH OKTasjpa !

Jpyroi Jil0GONbITHLIH TPUMEP OJHOCTOPOHHEH 110~
BEPXHOCTH — TaK HasblBaeMmasi «OyTblika Kioefina»
(puc. 142). 1o — 3amKHyTasi MOBEPXHOCTh, HO OHA,

B MPOTHUBOIOJOKHOCTb H3BECTHBIM HaM 3aMKHYTbIM

\\}\\\\\\\\‘.\\.‘.}
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Puc. 141. Jlenta Mé6uyca ¢ npsiMmoJinHelHHbIM KpaeM (a) U ee pasBeptKa (6)

MIOBEPXHOCTSIM, HE JEJHUT IIPOCTPAHCTBO HA «BHYTPEHHIOIO» M «BHELLIHIOIO»
yactu 2. TormoJsiorHueckn oHa 9KBHBAJIEHTHA Mape KPOCC-KIMOB CO CKIEEHHBIMHU
MKy COOOH 'PaHHUHBIMHM KPHBBIMH.

1

3 noBepxHocTu oKTasapa Bbipesatorcst rpann ABP u BCQ. K ocraBuiumcsi 1ecTd rpaHsim
npukenBatoTcest uetbipe tpeyrosbika OAP, OBP, OCQ w OBQ. Ha puc. 141, 6 npuseneHa
pasBepTka onucaHHoil noBepxHocTH. [1o JinHuK, coenuusioleil Touky O ¢ TOUKOI, OMeUeHHOM
nBymsi 6ykBamu A u C, HaJlo cjie1aTh pa3pes, a M0TOM CKJIEHTb COOTBETCTBYIOLLHE OTPE3KH Kpast
pasBepTkH. YKHUpHBIMH OTpe3KkaMi 0003HaueH Kpail JieHTbl (nepumerp Tpeyrosibhaka ABC). —
[Ipun. peo.

Ha puc. 142 nsobpaxena He «Hacrosiliass» OyTelika KieiiHa (BNOXKHTb ee B TpexmepHoe
MPOCTPAHCTBO HEBO3MOXKHO), HO 006pa3 npu otobpaxkeHun OyThlikh KieiiHa B TpexmepHoe
MPOCTPAHCTBO C CaMOlepeceyeHusMi; TOT 00pa3 JeJNUT MPOCTPAHCTBO Ha JiBe 4acTH. Tem
He MeHee CKa3aHHOe B KHHre — He oOlIMOKa, a co3HartesbHoe yrpoleHrne. CTpPOro MoxHO
Ty K€ MbICJIb BBIPA3HTb TaK: M300pakeHHoe Ha puc. 142 orobGpaxkenue GyTbuiku Kiefina B
MPOCTPAHCTBO — HE BJIOJKEHHE, HO IOrpy:KeHHe» (BO3MOXKHbI CaMoriepeceueHHnsi, HoO HUYero
Ha MOBEPXHOCTH He «cMHHaercsi»). [Ipu CcTpPOrom M3JoXKeHHH YTBEPMK/IEHHIO O Hepasjie/leHuH
MPOCTPAHCTBA HA YaCTH COOTBETCTBYET TOT (DAKT, UTO KHOPMaJsIbHOE PACCJIOCHHE» MOTPYKEeHUsT
HeopueHTupyemo. — [Ipum. ped. nacm. u3o.
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Mo2KHO I0Ka3aTb, YTO BCSIKasi 3aMKHyTast 00HOCMOPOHHASL TIOBEPXHOCTD
pona p =1, 2, ... TONoOJOrHUeCKH KBHUBAJEHTHA Cepe, U3 KOTOPOH BEIHYTHI
JIMCKOB M 3aMeHeHbl Kpocc-kanaMu. OTCIofa Jerko BBIBOAMTCS, UTO 3HjIepoBa
xapakrepuctiuka V — E + [ Tako#l no-
BEPXHOCTH CBfi3aHa C POJOM p COOTHO-
LLIeHHEeM

V—E+F=2—-p.

JlokasaTesbCTBO TOrO NPeLI0KeHHs Ta-
KOe 2Ke, KaK M JJIsl JABYCTOPOHHHX IOBEpX-
Hocreil. [Ipexkne Bcero y6eaumest, uto dite-
poBa XapaKTepUCTHKA KPOCC-K3Ma MJIU JIEHTbI
Mébuyca pasua 0. [lssi 3TOrO 3aMeTUM, uTO,
nepepesast nomnepek Jeury MébGuyca, npeaBapuTesbHO N0Apa3ie/eHHylo Ha 00JacTH,
Mbl 110JIyUMM [1PSMOYTOJIbHUK, Y KOTOPOro OyLyT JBe JIMLIHHE BEePLUMHbI U OJIHA JIMLIHSS
Jlyra, 4ucjio »ke o6JiacTefl OCTaHeTCsl TO »Ke camoe, 4To M JJsl JeHTbl Mébuyca. Mol
BUJEJIM HA CTP. 265, uTo aJs npsimoyrosibhuka V — E + F = 1. CjenoBaresbHo, A/
Jgentsl Mébuyca V — E + F = 0. Ilpennaraem uuTaTesio B KauecTBe YIpaKHEHHs!
BOCCTaHOBUTb 3TO JI0Ka3aTe/bCTBO BO BCeX MOAPOOHOCTSIX.

Puc. 142. Bytbuika Kaefina

V3yueHue TOMOJIOTHUECKOH CTPYKTYpPBl MTOBEPXHOCTER, TTOJOGHBIX TeM, KO-
TOPBIE TOJBKO UTO GBI ONMHUCAHbI, MPOBOAUTCS GoJiee YIO0OHO, €CJIH BOCTIOMb30-
BaTbCS MJIOCKHUMH MHOTOYTOJIbHUKAMH € MOMAapHO WAECHTH(ULIUPOBAHHBIMU CTO-
poHam# (cM. rut. IV, npunoxkenue, nyHkr 3). Tak, Ha cxemax puc. 143 crpesku
TMOKAa3bIBAIOT, KAKKe U3 MapaebHbIX CTOPOH U B KAKOM HaMpPaBJIeHHH JIOXKHBI
ObITb HAEHTH(HULMPOBAHBL €CJIH BO3-

MOXKHO, TO (hPM3HUYECKH, €CJIH HEBO3MOK-
HO, TO XOTs Obl MbIC/ICHHO, abcTpakTHo. A A Ag 74

MeTo HIEHTHPUKALMK MOKHO TIPH-
MEHUTb W JJIs1 OTpeNlesieHus] Tpexmep-
HBIX 3aMKHYTBIX MHOTOOOpasHii, aHa-

JIOTHUHBIX JIBYMEDHBIM 3aMKHYTBIM MO-  p B A A
BepxHocTsIM. Hanpumep, oToxKaecTBisis Huaundp Top
COOTBETCTBYIOLUHE TOUKH B3aHMHO MPO- 4 B A A

THBOTOJIOXKHBIX IpaHeil Ky6a (puc. 144),
Mbl TOJIyuaeM 3aMKHYTOe TPeXMepHoe
MHOrooGpasue, Ha3blBAEMOE TpexXMep-
HbIM TOpoM. Takoe MHoroo6pasue TO-
IIOJIOTHYECKH 3KBHBAJIEHTHO NpocTpaH- B - A Ao °A
CTBEHHOI 00JIACTH, 3aKJIOUeHHOl Mexk-  14em Méouyca — bymuaxa Kaeiina
Ay AByMsl KOHLCHTPUHECKHMH TOBEPX-  Pyc. 143. 3amkHyTble MOBEPXHOCTH,
HOCTSIMH TOpa (0JHa BHYTPH APYTOW), C  onpesesieHHble [MOCPEICTBOM HACHTH-
HjleHTH(UKALMEH COOTBETCTBYOIINX TO- uxatmu cTopon Keajpara
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yek (puc. 145). JleficTBUTENbHO, 3TO MOCJeNHEe MHOrooGpasHe MoJydyaercs
13 KyOa, ecJii MPUBECTH B «(U3UUECKOE» COBMAJEHHE JIBE Mapbl <MbICJIEHHO
OTOXK/JIECTBJIEHHBIX» B3aUMHO MPOTHBOMOJIOKHbBIX TpaHei.
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Puc. 144. Omnpenenenne TpexmepHoro topa
I0CPeICTBOM MeHTH(HKALMHU IpaHell Ky6a

Puc. 145. Ilpyroe npezicraBieHue TpeXMepHOro Topa (paspesbl
MOKAa3bIBAIOT HUJIEHTH(HUKALIHUIO )
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[MPHUJIO)KEHHME

*1. Ipo6aema naTu Kpacok. J{okazaTeabCcTBO TOTO, UTO BCSAKAs KapTa Ha
cepe MOXKET ObITb MPABUJBHO pacKpalleHa ¢ MOMOLIblo He GoJiee ueM MsTH
pa3MUHBIX KPAcOK, OCHOBBbIBaeTcs Ha Qopmyse Dinepa. (B coorBerctBum ¢
TeM, uTo GbLIO CKa3aHo Ha cTp. 271, Kapra cunTaeTcst pacKparleHHOH MpaBUJIb-
HO, €CJI HUKaKue JBe 06JIacTH, COMpUKacalollecs Mo LeJaol ayre, He oKpa-
LLIeHbl OJIMHAKOBO. ) Mbl OrpaHMUMMCSl PACCMOTPEHHEM TaKHX KapT, Ha KOTOPbIX
Bce 006J1aCTH SIBJISIIOTCS MPOCTbIMH 3aMKHYTBIMH MHOTOYTroJIbHUKaMH, OrpaHu-
UEHHBIMM KpyroBbIMU ayramu. He ymenbiiasi o6LIHOCTH, MOKHO IOMYCTHTb, UTO
B KaxKIOH BEpLIMHE CXOAMTCS POBHO 110 TPH AYTH; KApTy, YAOBJECTBOPSIOLLYIO
TaKOMYy YCJOBHIO, Oy/ieM Ha3blBaTb PETyJsIpHON. 3aMeHHM KajKAylo BEepLIHHY,
B KOTOPOH BcTpeuaeTcs 6oJjiee Tpex Ayr, MajeHbKHM KPY:KKOM M MPUCOEIU-
HUM BHYTPEHHOCTb 3TOTO KPYy»KKa K OJHOH M3 MpuJerarolux obJacter: Torna
NOoJIYUuTCs HOBasl KapTta, B KOTOpOIjI «KpaTHble» BEPUIMHbI 3aMEHEHbI 0OBIKHO-
BeHHbIMH. HoBasi kapTta OyneT cozmepKaTb CTOJbKO Ke 00JacTeil, CKOJbKO H
cTapasi, U oHa Oyner peryJspHoii. Ecau ee ynacrcsi npaBu/bHO pacKpacHTh,
TO, C2KUMasi NOTOM KPY2KOK M CBOJsl €TI0 B TOUKY, Mbl [TOJYUHUM Tpe6yeMyfo pac-
KpacKy NepBoHauaJbHOH KapTbl. TakuM 06pa3oM, JOCTAaTOUHO yOeaUTbCs, UTo
KaXK/ylo peryJisipHyto KapTy Ha cdepe MOXKHO MPaBHJIbHO PACKPACHTb MSTbIO
KpacKaMH.

[Tpexxe Bcero nokakeM, uTo BCsIKast PETyJIsipHast KapTa COAEPIKHUT MO Kpaki-
Hell Mepe OJIHH MHOTOYTOJIbHUK C UUCJIOM CTOPOH MEHbLIMM LiecTH. O603HauuM
uepes [, UUCJIO n-yroJibHbIX 06JacTel Hallell peryssipHol KapThl, Toraa, 060-
3Havast yepes [ umncso Bcex obsacTed, MoJyduM paBeHCTBO

Y KaxJ0#l 1yrH 1Ba KOHLA; B KaX/0H BeplIHHe CXOAUTCs TpH ayrd. [lostomy
ecsn £ o6o3Hauaet uucso ayr, a V — uucjo BepLUKH Ha Halllell KapTe, TO

9F = 3V. (2)

Jlanee, Tak KaK 06/1aCTh, OTpAHUUEHHAs! 71 yraMH, UMeeT /1 BEPUIMH U KaxKaast
BepIIMHA MPHHAMJIEKHUT TPpeM 06J1acTsIM, TO

2E =3V =2F; + 3F; +4F, + ... (3)
[To dopmyse Diepa Mbl UMeeM
V—E+F=2 wm 6V —6E+6F=12.

N3 cootHouienus (2) caenyet, uto 6V = 4F, tak uro 6F — 2E = 12. Torna
cootHouienust (1) u (3) nam pator

6(Fy+ Fy+ Fo+...) — (2F, + 3F; + 4F, +...) = 12,
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HJIK

(6 —2)F, + (6 —3)f3 +(6 —4)F, +(6 — 5)F5 +
+(6—-6)Fs+(6—7)F+...=12.

Tak kak xoTs1 ObI OJIUH U3 UJEHOB CYMMbI CJI€BA TO/LKEH ObITb MOJOXKUTEIbHBIM,
TO OTCIOAA §ICHO, UTO ueTbipe uucaa Fy, F3, Fy n F5 He MOTYT OJJHOBpEMEHHO
paBHATbCS HyJ0. Ho 3TO M ecTh TO, UTO HAM HY>KHO ObIJIO JI0KA3aTh.

[Tepeiiziem Temnepb K TeopeMe o nsaTH Kpackax. [lyetb M — Kkakasi yrojHo
peryJisipHasi Kapra Ha cdepe, n — uMcJ0 Beex ee obsactedl. Mbl 3HaeM, uTO
HUMeeTcsl XOTh OfIHa 00J1aCTh ¢ UHCJIOM

CTOPOH MEHBIINM IIECTH. /
Cayua#n 1. M coumepxur 06-

jgactb A ¢ 2, 3 wim 4 cropoHamu A

(puc. 146). B stom ciyuae ypanum

Jyry, oTAessioulylo A ot onHOH H3 A — N

npusiexxainx obaacreil. (31ech Heo6-
XOJMMO cJleflytolilee mpuMeyanue. Ec-
Ju y 0061acTH A UeTbipe CTOPOHbI, TO
MOKET CJIYUMTbCSI, UTO OJIHA U3 TMpPHU- a

Jexkalux obJacTel, ecJid ee 0O60HUTH

BOKPYT, OKAXETCSl TaKxKe MpHJexa-

el K A ¢ MPOTHBOMOJIOKHON CTO-

poHbl. B 3TOM ciayuae, Ha ocHoBa-

Huu Teopembl JKopnaana, ase o6s1acTH, L F

npuierapoime K A ¢ JIByX ocTajb- M v
HbIX CTOPOH, OYyT Pa3JIMUHBIMH, U Mbl
CMOXKEM YJAJUTh OJIHYy M3 3THX JBYX
ctopoH.) Buosb nosyuennast kapra M’
OyleT TakKe peryJsipHoi, HO couep-
Kallel yxke ToJbko n — 1 obmacren. Ecau kapmy M’ mooxcrno npasuroro
packpacums Mamoeio Kpackamiu, mo MOICHO packpacume u Kapmy M.
B camom nesne, k obmactu A mpuseraer camoe Gosiblilee YeTbipe 06J1aCTH
KapThl M, u motoMy mist A Bcerna HaizeTcs mstast Kpacka.

Cayuait 2. M comepxut o6nacte A ¢ naTblo cTopoHamu. Paccmarpusas
nsth obJactei, npuseraroimx K A, o6o3Hauum ux uepes B, C, D, E u F.
MoxKHo Bcerna cpeid 3THX NATH o0sacTell HalTH ABe, KOTOpble He MpHJeratoT
JPYT K JPYry: NEHCTBUTEJbHO, €C/H, Hanpumep, B W D mnpuseraior oiHa K
JPyrof, To oTcloja BbiTeKaeT, uto C He npuieraetT HH K £, HU K F, Tak Kak
B TIPOTMBHOM cJlyuae BCSIKWH MyThb, Uy u3 C B E wiu F, 10omKeH Obli Obl
MPOHTH TO KpafiHell Mepe uepe3 oaHy u3 obsacreit A, B wan D (puc. 147).
(SIcHo, uTO 3TO yTBep:KJEHHE CYLIECTBEHHO 3aBHCHUT OT TeopeMbl JKopnaHa,
CrpaBeVIMBOH /18 MJIOCKOCTH W sl cepbl. st Topa, HanmpoTHB, BCe 3TO

Puc. 146—147. K nokasartesbcTBy Teope-
Mbl O TATH KpacKax
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paccy:xxJieHue otnajaer.) Mrak, MOXKHO J0TyCTUTh, uTo, Hanpumep, C u F He
MpUJIEraloT IPYT K APYTy. YaaauM Te JBe cTopoHbl A, kotopble otaensitor A ot C
v F, ¥ Toraa noJiyudM HOBYIO Kapty M’ ¢ n — 2 o6/1acTsMH, TaKXKe PeryJisipHyio.
Ecau nosyio kapmy M’ moxicHO npasuibHo packpacumeo namsio KPackamu,
Mo MOJNCHO pacKkpacume u nepsoxaqasvryio kapmy M. B camoMm nede,
nocJie BOCCTAHOBJIEHHS Y/laJeHHbIX CTOPOH o6sacTb A GyeT npuserath K NsTH
00s1acTAM, OKpalleHHbIM He 0oJiee ueM YeTblpbMsl Kpackamu (Tak kak C u F
OKpallleHbl OJIMHAKOBO), U MOTOMY 1Uisi A Bceria Haiinercst msitasi Kpacka.
Takum o6pazom, Bo Bcex cayuasix BCSIKHH peryJsipHol kapte M ¢ n obJa-
CTSIMM MOKHO COINOCTAaBHUTb TaKylo, TakxkKe peryJsphyto, kapty M’ ¢ n — 1
WM 1 — 2 00J1acTsIMH, 4TO ecd M’ MOXKHO pacKpacuTb MSTbIO KpacKamu,
To M — Takxke. DTO pacCyxJIeHUe MOXKHO MOBTOPUTH s KapTel M’ u T. 1.
B pesysibraTe Mbl OJIyUMM MOCJIE10BATENbLHOCTb KapT, B KOTOPOH MEPBbIM UJie-

HOM siBUTCS1 M:
M, M', M", ...,

00JIaIAI0LLYyI0 TeM CBOHCTBOM, UTO KaxkAas KapTa 3TOH IOCJe10BaTeJbHOCTH
MOKeT ObITb packpalleHa MATbI0 KpacKaMH, e€CJd MOXKeT ObIThb pacKpalleHa
caenyioniasi 3a Heil. Ho Tak Kak uncJjio o6Jiacteil B KapTax 3Toi 1MocJjieoBaTeb-
HOCTHU HEU3MEHHO y6blBa€T, TO paHo HJIU TTIO3]IHO B Hel Hal:lILQTCﬂ KapTa C NATbIO
o6J1acTIMH (MM MEHBLINM YHCJIOM). Takylo KapTy BCerjaa MOXKHO PacKpacHThb
He 6GoJiee ueM MsITbIO KpackaMHu. BoaBpalasick Mo MocJ/el0BaTeJLHOCTH KaprT,
lar 3a warom, o6paTHoO, 3aKJIIOYUM OTCIOJA, YTO U caMa Kapta M MoxeT ObITb
pacxpameﬁa NATbIO KpaCKaMl/l. 3TI/IM JOKa3aTeJIbCTBO U 3aKAHYUBAETCH.
OcraeTcst 3aMeTHUTb, UTO 3TO J0KA3aTeJNbCTBO HMEET <KOHCTPYKTHBHBIN»
XapakTep: OHO JaeT MPAaKTUUECKH OCYILECTBUMBIH, XOTS, MOXKeT ObIThb, U YTO-
MHUTEJIbHBIH, METOJI HaxoxKJeHus1 TpeOyeMol pacKpacku AaHHOH KapTel M, co-
CTaBJIeHHOH M3 1 obJsiacTel, NOCPEACTBOM KOHEUHOrO UMcJa L1aroB.

2. Teopema )KopaaHa ansg cayyass MHoroyrojdbHukoB. Teopema JKop-
JlaHa yTBep:KJIAeT, UTo BCsIKasi pocTasi 3aMkHyTasi KpuBast C pasjiesisieT TOUKU
MJIOCKOCTH, He MpUHaAiexalue C, Ha Takue JiBe 06J1acTH (He uMetolye o61InX
TOYEK), IO OTHOILIEHHIO K KOTOpPbIM cama KpuBast C siBjisiercst o611eil rpaHulle.
Mb1 oKaxkeM 371ech 3Ty TeopeMy JJisi YacTHOTO cyuast, koria C ecTh 3aMKHY-
ThIll MHOTOYTOJIbHUK P.

Mbl nokakem, 4To TOUYKH TJIOCKOCTH (KPOMe TOU€eK, HaXOASIIMXCSI HA CAMOM
MHOTOYTOJILHOM KOHType P) pasOuBatotcsi Ha jaBa KJaacca A u B, obiana-
IOIllHe CJEYIOUMMH CBOHCTBaMM: |) JBe TOUKM OJHOTO M TOTO »Ke KJjacca
MOTYT ObIThb COEJIMHEHbI JIOMAHOH JIMHHEH, He HuMelolled o6lIMX Touek ¢ P
2) ecJid JIBe TOUKU MPUHAJJIEXKAT Pa3HbIM KjaccaM, To Jitobasi JoMaHast JUHUS,
UX coeuHsitolasi, umeeT obuire Touku ¢ P. Ksace B o6padyer «BHYyTPEeHHOCTb»
MHOTOYTOJIbHUKA, KJacC A COCTOMT U3 TOUEK, HAXOJSILIMXCS «BHE» MHOTOYTOJIb-
HHUKA.
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[Tpucrynas K 1oKazatesbCTBY, BblOepeM Kakoe-To (PUKCHPOBAHHOE HaTlpaB-
JIeHHe B Halllell [JIOCKOCTH, He NapaJJejbHoe HU 0JHON U3 cTopoH P. Tak kak P
MMeeT KOHEUHOEe UMCJIO CTOPOH, TO 3TO BCErJaa BO3MOXHO. 3aTeM OMpeesuM
KJaacchl A U B ciienyionmmM o6pasom.

Touka p npuHamIeKUT Kaaccy A, ecau Jiyd, TIPOBEJICHHBIH uepe3 Hee B
(bMKCHPOBAaHHOM HarpaBJieHuH, nepecekaet P B uemuom uucie touek (0, 2, 4,
6 u 1. 1.). Touka p NpuUHANIEKHUT Kiaccy B, ecyiu Jiyd, MPOBEJIEHHbIH U3 p B
(bMKCHPOBAHHOM HaIpaBJieHnH, repecekaer P B Heuemrom urcie Touek (1, 3,
5HT M)

K 3ToMy Hy»KHO 106aBHTb, UTO €CJIH PacCMaTPUBAEMbIH JIyd TPOXOJIUT Yepes
KaKylo-HUOYIb BEpLINHY, TO 9Ta BeplLIXHA HIET B CUET KaK TOUKA MepeceyeHus
Jiyua ¢ P Wiy He UJIET, CMOTPS [0 TOMY, PACTOJIOXKEHbI JIH NPHUJIEXKALIIHE CTOPOHBI
MHOTOYTOJIbHUKA P T10 pa3Hble CTOPOHBI JIydya HJIH 10 OJIHY U Ty 2Ke ero CTOPOHY.

YcI0BUMCSI TOBOPHTb, UTO JIBE TOUKH ) U ¢ UMEIOT OJIHY H Ty ¥Ke <UeTHOCTb,
ecJIM OHH MPHUHAJJIEKAT OJHOMY H TOMY K€ U3 JIBYX KaaccoB A u B.

3aMeTHM TIpexKJie BCETo, UTO BCe TOUKH JII0OGOT0 OTpe3Ka MpsiMOi, He repe-
cekalolerocst ¢ P, UMeIOT OJHY U Ty e YeTHOCTb. J{efCTBUTENbHO, YeTHOCTD
TOUKH p, JBHXKYIIEHCS MO TaKOMYy OTPe3KY, MOXKET MU3MEHUThCS He MHaue, Kak
MpH MepeceyeHn COOTBETCTBYIONIETO Jiyua ¢ OJTHOH U3 BEPIINH P; HO, NPUHUMAas
BO BHHMaHHMe Hallle COTJIallleHHe O cueTe TOUeK TepeceyeHusl, Jerko yoequThes,
UYTO B KaXKJOM H3 JIByX BO3-
MOZKHBIX CJIydaeB UETHOCTb BCE
JKe He MeHsieTcsl. M3 ckasaH-
HOTO CJIENyeT, UTO ecAu HeKo-
mopas mouka p; ooracmu A
coe0uUHeHa AOMAHOL AUHU-
ell ¢ HeKOmMopol MOUKOU Po
obaracmu B, mo sma aurus
HenpemeHHo nepecekaem P.
Haue ueTHOCTb BCEX TOUeEK
JIOMaHOH JIMHHH, B YAaCTHOCTH, \/\/

TOUEK p| U Pg, Oblaa Obl OJIMHA-

KOBOH. JlaJiblile, MOKaxKeM, uTo Puc. 148. Cuer nepeceuenuit

dse mouku 00HO2O U MO0

ace u3 0syx kaaccos A u B moeym 6Gvimo coedurervl A0MAHOL AUHUELL,
He nepecekaroujeiics ¢ P. O603HaunM JBe NaHHble TOUKH uepe3 p u ¢. Ecimn
NPSIMOJIMHEHHBIH OTPE30K pg, COeNUHSIIOIMI p U ¢, He nepeceKkaeTesi ¢ P, To
JI0Ka3bIBaTh GoJIblile Heuero. B MPOTHBHOM cJjiyuae mycTb p’ — mepBas, a ¢/ —
MoCJIe/IHsAsT TOUKA MepeceueHust oTpe3ka pg ¢ MHoroyrojbHUkoM P (puc. 149).
[TocTpouM JIOMaHyl0 JIMHHIO, HAYHHAIOLLYIOCS OT TOUKH p MNPSMOJIUHEHHbBIM
OTPEe3KOM, PacIoJIOKEHHBIM 110 HATIPaBJIeHUIO pg, HO 3aKaHUUBAIOIILYIOCS HEro-
CPeNCTBEHHO Iepel TOUKOH p’: 0TCI0fa JIoOMaHasl MoUaeT BIOJb P (6e3pas/niHo,

Po
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B KAKOM M3 JIByX BO3MOXKHBIX HalpaBJjeHHil) U Oy1eT TaK UITH, I0Ka He NPUIeT
CHOBA Ha MpsIMyl0 pg — OKoJI0 ToukH ¢’. Bech Bompoc B TOM, Npon30HaeT Ju
nepecedenre ¢ MpsIMOH pg Ha OTpe3Ke p’q’ WM Ha OTpe3Ke ¢'g: Mbl celvac
y6eaumest, uTo CpaBelVIMBO UMEHHO MocJjeiHee, U Torna OyjleM MMeTb BO3-
MOXKHOCTb 3aKOHUHMTb JIOMAHYIO, COEAMHSS MOCJEHIO U3 MOJyUeHHbIX TOUeK
C TOUKOH ¢ NMpPSIMOJIMHENHBIM OTPE3KOM, CHOBA JlexKalllMM Ha oTpe3ke pg. Ecin
JIB€ TOUKH 7' U S PacoJoxKeHbl
o4yeHb OJIM3KO OJIHA OT APYroi,
HO MO pas3Hble CTOPOHBI OJl-
HOH M3 CTOPOH MHOTOYTOJIbHU-
Ka P, TO OHH UMEIOT pas3iny-
T\ HYIO UE€THOCTb, TaK KaK BbIXO-
JSIIFe U3 HUX (B PUKCHPOBAH-
\q g  HOM HampaBJIeHWU ) Jyud OYayT
\ TAKOBBI, UTO Ha OJHOM W3 HHUX
' OyleT Ha OAHY TOUKY OoJbllie
TOueK mnepeceueHust ¢ P, uem
Ha apyroMm. OTciona sicHO, UTO
YETHOCTb MEHSETCs, KOTJa, IBUrasch 1o pg, Mbl IPOXOJIUM Uepes TOUKy ¢’'. 3Ha-
UHT, JIOMAHbIH «MyTb», HAMEUEHHbIH Ha YepTexKe MYyHKTUPOM, BEPHETCS Ha pg
MeXy ¢’ ¥ g, TaK KaK p U g (cjenoBaTe/bHO, BCe TOUKH HA pacCcMaTpHBaeMoM
«MYTH» ) HMEIOT OJIHY U Ty K€ UETHOCTb.

Takum o6pasom, Teopema yKopaaHa Jisi ciyuasi MHOTOyroJibHMKa l0Ka3aHa.
«BHEUIHUMI» MO OTHOLIEHHIO K MHOTOYrOJIbHUKY P OYylyT Te TOUKH, KOTOpbIE
npuHajyexar kaaccy A: neficTBUTENbHO, IBUrasch N0 KaKOMy-HHUOY/b Jyuy B
(bMKCHPOBAHHOM HaMpaBJeHUH JOCTATOUHO AaJieKO, Mbl, HECOMHEHHO, NPHIEM
K TOUKe, 32 KOTOPOH TepecedeHuil ¢ P yxKe He OyleT, U BCe TaKhe TOUKH GyayT
npuHajexath Kaaccy A, tak uto ux uetHoctb Oyner 0. Torna yxe npuaercs
3aKJIOUNTh, YTO TOUKAMH «BHYTPEHHUMM» OYIyT TOUKH Kjaacca B. Kakum Obl
3aMyTaHHbIM HU OblJ1 3aMKHYTbIH MHOTOYrOJIbHHK P, Bceraa oueHb JIerko y3Harb,
pacroJioyKeHa Jiv laHHasi TOUKa p BHYTPH WJIM BHE €ro: 10CTaTOYHO U3 p Mpo-
BECTH JIyU W MOCUHTATb UMCJO €ro Touek nepeceyeHuss ¢ P. Ecau 3710 uncgo
HeUeTHOe, 3HAUMT, p «CUIAWT» BHYTPH H HE CMOXKET BbIOpATbCSl HApYyXKy, He
nepecekast P. Ho ecqin 370 uncJ/io ueTHoe, TO TOUKa p — BHE MHOTOyToJibHUKA P
(nonpoGyiiTe MpoBepUTh 3TO Ha puc. 128).

Puc. 149. K nokasaresnbctBy TeopeMbl yKopaana

Bot npest ipyroro j10Ka3aresibCTBa AKOPAAHOBOH T€OPEMbI /ISl CJlyuasi MHOTOYTrOJlb-
HUKOB. OrpeiesuM nopsa0dok TOUKH Py OTHOCHTEJIbHO 3aMKHYTOH KpuBoi C (He 1npoxo-
JISILEeH yepes pg) KaK YMCJIO MOJIHBIX TIOBOPOTOB |, cOBEpIIAEMBIX CTPEJIKON (BEKTOPOM ),
NPOBEJEHHBIM OT P K po, KOTJIa TOUKA p JieJiaeT O1H 06X0/1 110 KpHuBoil C.

! DTO YHCJIO HY2KHO, KOHEUYHO, 6paTb B aﬂreépanquKOM CMbICJIE, T. €. C YUETOM HallpaBJE€HUs1

BpalleHus.
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3atem nycTb A ecTb COBOKYIMHOCTb TOUEK po (He Ha P) uemmoeo nopsiika OTHOCH-
TesibHO P, a B eCTb COBOKYIHOCTb TOUEK po (He Ha P) HewemHoeo nopsiika OTHOCH-
TesbHO P. B TakoM cayuae A u B, onpenesieHHble yKa3aHHbIM CII0COOOM, PEJCTaBJISIOT
co60il COOTBETCTBEHHO 00JIaCTH «BHELLHIO» U «BHYTPEHHIO» OTHOCHTe/bHO P. Un-
TaTe/lb MOXKET B KauecTBe YIPaxKHEHHs! BOCIIPOU3BECTH BCe JeTaJ/lu J10Ka3aTebCTBa.

**3. OcHoBHasiTeopemaaireopbl. OcHoBHasi Teopema ajnreGpbl yTBEPK-
JlaeT, uTo ecJu PyHKUUs f(2) uMeer BUJ

[(2)=2"4+a,12"" +a, 2"+ ... +a,z+ ay, (1)

menzlua, ., a, s, ..., a;, Q — Kakde YrojHO KOMIJIEKCHbIE UHCJA, TO
CYILLECTBYET TaKoe KOMIIEKCHOe uucyio o, uto f(a) = 0. JIpyrumu cjoBamu,
8 NOAE KOMNACKCHLLX 4UCeA BCAKOe aeebpauueckoe ypasHeHue umeem
kopeto. (OCHOBBIBasiCh HA 3TOH TeopeMe, Mbl Ha ¢Tp. 128 cienanu nanbHeilee
3aKJII0UEHHE: TIONMHOM f(2) MOXKET ObITh PA3JIOAKEH Ha 11 JIMHEHHBIX MHOXKUTE/IEN

f(2)=(z—o )z —ag)...(2—ap),

e oy, o, ..., o, — HyJH f(2).) 3aMeuaTesbHO, UTO 3Ty TEOPEMY MOXKHO J0-
Ka3aTb, UCXOJS1 U3 COOOPAXKEHUH TOTIOJIOTMUECKOTO XapaKTepa, Kak U TeopeMy
Bpayspa o HenoasuKHON TOuKe.

[lycTb unTaTesNb BCHIOMHUT, UTO KOMIJIEKCHOE UMCJO €CTh CHMBOJ BHJA
X 4+ yi, THe X W Yy — JeHCTBUTEJIbHbIE UUCJa, a CHMBOJ [ oOJanaer CBOH-
ctBoM (2 = —1. KommiekcHoe uucsio x + yi uzobpaxaercss Toukoi (x, y) B
MJIOCKOCTH TIPSIMOYTOJIbHBIX KOOPAHHAT. EcJii Mbl BBEJIeM B 3TOH e MJI0CKOCTH
NoJIsipHblE KOOPJMHATBLI, MPUHHUMAsi HAuajo KOOPJMHAT 3a TIOJIOC, a MOJIOXKH-
TeJIbHOE HaMpaBJIeHHE OCH X 3a MOJIIPHYIO OCh, TO MOXKHO OYJIeT HanucaTb

2=x+ yi=r(cosb+isinb),

rie r = \/x? 4+ y?. VI3 dopmysiel MyaBpa cienyer, uto 2" = r"(cos nf + i sin nf)
(cm. ctp. 124). Otciona SICHO, UTO €CJIM KOMIIIEKCHOE UHCJIO 2 OMHUCHhIBAET
KpYr pajdyca r ¢ LEeHTPOM B Hauyajle KOOPIAMHAT, TO 2" ONHIIET POBHO /1 pa3
Kpyr ¢ paaunycom r". HanomHum ere, uto MojyJib 2 (0603HauaeMbiii uepes |2|)
npejcTasjsier co6oi paccrosiiue 2 ot 0 u uto ecqu 2’ = x' + iy, To |2 — 2/
eCcTb pacCTosiHhe Mexay 2 U 2. [locsie 9THX HaNMOMHUHAHHUE MOXKHO TepeHTH K
JI0Ka3aTesIbCTBY T€OPEMBI.

Honyctum, uto nosHoM (1) He nmeeT KopHeH, TaK 4TO MPH JIOOOM KOM-
TJIEKCHOM 2

[(z) #0.

[Ipu >TOM HOMYIIEHHH, €CJU 2 ONMHCHIBAET HEKOTOPYIO 3aMKHYTYIO KPHBYIO B
TVIOCKOCTH X, Y, TO f(2Z) OMHILET HEKOTOPYIO 3aMKHYTYIO KpHByIo I', HE TpoO-
XOJIsIIyI0 uepe3 Hauajso koopauHat (puc. 150). MoxHo onpenesutb nopadok
Toukr O 1151 PYHKIKHU f(2) OTHOCHTEIbHO 3aMKHYTOl KpHUBO# C Kak 4UcA0 nOA-
HbLX NOBOPOMOSB, cosepuiaemvlx 8eKkmopom, udyuum om O Kk mouxe f(2)
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Puc. 150. JlokasaTesbcTBO OCHOBHO! T€OpeMbl ajireOpbl

Ha kpusotl I', koeda z deaaem noanoiti 06x00 no kpusoii C. Bo3bmeM B
KauecTBe KpuBo#H C OKPYXKHOCTb ¢ LieHTpoM O W paauycoMm ! U 0003HAUMM
uepe3 ¢(¢) nopsinok ToukM O /sl PYHKUMH f(2) OTHOCHTENBHO OKPYXKHOCTH
¢ uentpom O u paauycom f. Ouesunno, ¢(0)= 0, Tax kak xpyr pamuyca O
CBOJIUTCS K OJIHOH TOuKe M KpuBasi I' Takke cBoauTCs K ofHO# Touke f(0) # 0.
Ecau Mbl 0KakeM, uTo TPH L0CTaTOUHO OOJIbLIMX 3HAUYeHUAX ¢ PyHKUUS (1)
paBHa 71, TO B 3TOM Y:Ke OyleT 3aK/iouaThCsi IPOTUBOPEUHE, TaK KaK, ¢ OJHOH
CTOPOHBI, MOPAAOK ((f) HO/KeH ObITb HerpepblBHOH (yHKLHMeil ¢ (MOCKOJb-
Ky f(2) ecTb HenpepbiBHasi (YHKLHMS 2), @ C APYToi CTOPOHbI, yHKUUS (1)
MOYKET NMPUHUMATD TOJIBKO 1LieJible 3HAUEHUsT U TOTOMY HHKAK He MOXKET TepelTH
oT 3HaueHus 0 K 3HAUEHHIO 71 HEMPEPBIBHO.
Hawm ocraercst 10Ka3athb, 4To MpH AOCTATOYHO GOJBIINX 3HAUEHUSIX ¢

@(1)=n.
JIs1s1 3TOTO 3aMeTHM, UTO €CJIM pajlyc Kpyra { yAOBJETBOPsieT HepaBeHCTBAM

t>1 nu t>|ao|+|a1\+...+\an,1|,

TO n n—1 n—2
If(z2) = 2" =|a,_12" + a, 02" "+ ...+ ag| <
<lana] - 12"+ lans] - 21" + ...+ |a =
_ an— a
_ 1[|aﬂ_1\+ | ”t2| ot t‘f‘l] <

< t”71 |:|Cln,1| + ‘an,Q‘ + ...+ |Cl0|:| <t"= |Z”‘.
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Taxk kak BblpaxkeHHe cJieBa €CTb He UTO MHOE, KaK PacCcTOsIHME MEXIy TOou-
KaMd 2" ¥ f(z), a BbIpakeHHe B caMOH MpaBoi UacTH HepaBeHCTBA — pac-
CTOSIHME TOUKHM 2" OT Hauaja KOOPAMHAT, TO Mbl BUJMM OTCIOJA, YTO OTPE3OK,
COeNIMHSIONMH TOUKM 2" U f(2), He mpoiileT uepe3 Hayaso KOOPIAUHAT, €CJH
TOJIbKO 2 OyleT HaXOAUThbCSl HA Kpyre paadyca ! ¢ 1leHTpoM B Hadase. B ta-
KOM cJlyuae UMeeTcsi BOSMOXKHOCTb 0epopMupos8ams KpUBYIO, OMUCHIBAEMYIO
TouKoH (%), B KpHUBYIO, OTIHCBIBAEMYIO TOUKOH 2", Ge3 Mpoxoja uepe3 Haualsio,
cMelllasi HeMpepbIBHLIM JBIHXKEHHEM KayKIyl0 TOUKY f(2) K COOTBETCTBYIOLIEH
TOUKe 2" MO MpsIMOYToJibHOMY OTpe3Ky. [Ipu 3ToM mopsiiok Hauasa MoxeT
MPUHUMATb TOJIBKO LieJible 3HAUeHUsl U BMeCTe C TeM BO BpeMs JedopMaluu
MOXKET MEeHSITbCSI He HHaue, KaK HelpepbIBHO; 3HAUUT, sl 06enx (GpyHKUHH f(2)
U 2" OH OJIMHAKOB, U TaK KaK AJIfl 2" OH PaBEH 11, TO UMEET TO XK€ CaMoe 3HaueHHe
v 1s1 f(z). JlokazaresbCTBO 3aKOHUEHO.






TJTABA VI
®yHKUMHU U Ipeebl

BBenenue

BakHelilne pasjesibl COBPEMEHHOI MaTeMaTHKH COCPe0TOUMBAIOTCS BO-
KPYr MOHATHH (PYHKLMM U npenesa. B 1ol riiaBe Mbl 3afiMeMcst cucTeMaTHUe-
CKMM aHaJIM30M 3THX MOHATHH.

Takue BblpakeHHsl, KaK, Harpumep,

X+ 2x -3,

HE MMEIOT ONPEIEICHHOrO YHCJIOBOrO 3HAYEHHS, MTOKA HEe YKA3aHO 3HAUEHHE X.
[oBOpAT, UTO 3HAUEHHE STOTO BbIPAXKEHHUS €CTh (PYHKYUA 3HAUEHUS X, U TTHLIYT

X2+ 2x — 3= f(x).

Hanpumep, ecin x =2, 1022 + 2+ 2 — 3 =5, Tak uto f(2) = 5. Takum xe o6pa-
30M HeIOCpeCTBEHHOH TOJICTAHOBKOH MOXKHO HalTH 3HaueHHe (YHKUMH f(x)
npu J060M 11eJI0M, TPOGHOM, HPPALMOHAJBLHOM U JaXKe KOMIJIEKCHOM 3Haue-
HUH X.

KosiuecTBO MpoCTbIX 4yuces, MEHbLINX YeM 7, ecTb (PYHKUMS 7(r2) ueso-
ro ydcsaa n. Korma 3ajlaHo 3HaueHWe uuc/a #, TO 3HaueHue (YHKUMH T(n)
onpeJieIeH0, HECMOTPSI HA TO UTO HEM3BECTHO HUKAKOTO anreGpauueckoro Bbli-
paxeHus1 1J1st ero nojcyeta. [liomanp TpeyroJbHUKA eCTh (yHKIHS IJIMH TPeX
€ro CTOPOH; OHA MeHsieTCsl BMeCTe C HUMHU U JieslaeTcsi (PUKCHPOBAHHOM, ecJId
3a(PUKCHPOBAHBI JIIHHBI CTOPOH. ECJH MJI0CKOCTh MOABEPraeTesi pOEKTUHBHOMY
WJIH TOTOJIOTHUECKOMY Tpeo6pa3oBaHUIo, TO KOOPAMHATBI TOUKH MOCJe Tpe-
06pa3oBaHUsi 3aBUCAT OT TePBOHAYAJLHBIX KOOPAMHAT TOUKH, T. €. SIBJSIOTCS
ux yHkuusivd. Tlostne «yHKUMsI» BBICTYMAET KaXKIbld pa3, Kak TOJbKO
BEJIMUMHBI CBsI3aHbl KaKUM-HUOYIb ONpe/ieleHHbIM (U3HIeCKUM COOTHOIIEHH -
eM. O6beM rasa, 3aK/IOUEHHOTO B LWJIHHApP, €CTb (PYHKIMS TeMIepaTypbl U
JIaBJIeHHs], OKA3bIBAEMOTr0 Ha TMoplleHb. ATMocdepHoe aBjeHHe, H3MepEHHOe
Ha BO3JYLIHOM Iape, eCTb (DYHKIHMSI BHICOTHI Lllapa Haj ypoBHeM Mopsi. Bce
TNlepHOIUUECKHUe sIBJIEHUs] — JBU2KEHHEe MPUIIMBOB, KoJleGaHue HATSHYTOH CTpy-
HbI, PACMPOCTPAHEHHE CBETOBLIX BOJIH, HCITyCKAE€MbIX HAKAJEHHOH MPOBOJIO-
KO, — «peryJupyroTcsi» MPOCTHIMA TPUTOHOMETPHUECKUMH (DYHKIMSAMH Sin x
M COS X.
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Jast camoro Jleit6uunia (1646—1716), KoTopblil BriepBble BBEJ TEPMUH
«ynkuus», u 1t matematikos X VIII B. unest pyHkuroHaMbHON 3aBHCHMOCTH
6oJiee nIM MeHee MAEHTH(ULKPOBAIACh C CYIIECTBOBAHHEM MPOCTOH MaTeMa-
THUECKOH (hOpMyJIbl, TOYHO BbIpaXKaLLEH 3Ty 3aBUCUMOCTb. Takas KOHLeNUUs
0Ka3aJiach CJMIIKOM y3KOH MO OTHOLIEHHIO K TPeGOBaHUSIM, TPELbSBJIEHHBIM
MaTeMaTHUeCKOH (DU3HUKOH, U MOHSATHE <(PYHKLHSI» BMECTE C YTIOMSIHYTBIM BhILLIE
TMOHAITHEM «IIpeJe/» BIIOC/EACTBHU JAJIUTEJNbHO MOJBEprajoch 0600LIEHUIM H
M doBKe.

B 1001 ry1aBe Mbl 1aUM KpaTKUI ouepK TOro, Kak MpoTeKaJs 3TOT I1poLecc.

§ 1. He3aBucumoe nepemMeHHoe U pyHKIuUs

1. Onpepenenusi u npumepbl. Hepenko npuxoautcs UMeTh JeJI0 ¢ MaTe-
MaTHUECKMMH 00'beKTaMH, KOTOpble Mbl BBIOHpaeM cBOGOJHO, MO HalleMy co0-
CTBEHHOMY BbIGOPY, H3 HEKOTOPOH COBOKYNHOCTH (MHOxkKecTBa) S. M3bupaemsiii
0OBEKT B TAKUX CJIyuasix HOCHT Ha3BaHHE NepeMeHH020 (WIH nepemenHoll),
a COBOKYMHOCTb S — obaacmu ezo (ee) usmerenus. IlepemenHble MpUHSI-
To 0603HauaTh nocJerHuMU GykBamu ajdasura. Hanpumep, ecau 6ykBoil S
0603HaUEHO MHOXKECTBO BCeX LEJbIX UHCes, TO TepeMeHHoe X U3 objactu S
o603HauaeT HEKOTOpoe MPOU3BOJIbHOE Liej1oe uyhco. [oBopsT, uTo «repeMeH-
Hoe X mpoberaer MHOXKECTBO S», MojipasymeBasl 10Jl 9TUM, UTO MepeMeHHoe X
Mbl MOXKEM OTOXKJIECTBUTb C JIIOObIM 3jeMeHTOM MHOxkecTBa S. Ilosib30BaTh-
Csl TIOHATHEM MEPEMEHHOro YA00HO, €C/IH Mbl XOTHM BbICKA3aTb YTBEpKAEHHE
OTHOCHTEJIbHO 3JIEMEHTOB, KOTOPblE MOXKHO MPOU3BOJILHO BbIOMPATh U3 LIEJIOTO
MHOKecTBa. Hanpumep, ecsin S o6o3nauaer, kak ObLIO YKAa3aHO, MHOXKECTBO
Hesblx unuces, a X 1 Y — nepemeHHble U3 o6saactd S, 10 hopmyJia

X+Y=Y+X

npejcTaBJseT ya00HOe CHMBOJIMUECKOE BEIPA2KEHHE TOr0 00CTOSITE/NLCTBA, UTO
cyMMa JI00bIX JBYX LeJIbIX UKCes He 3aBUCHUT OT MopsijiKa c/araeMbix. HacTHbIi
calyuail 3TOrO BbIpa’KEH PABEHCTBOM

24+3=3+2,

B KOTOPOM (DUT'YPUPYIOT MOCTOSIHHbIE UMCJIA; HO JIIsT TOr0 uTOObI BbIPA3UTh
061LMH 3aKOH, CIIPaBeIJIMBBIN /151 BCEX Map YUCeJ, Hy2KHO TIPUMEHHTb CUMBOJIbI,
UMeIoLlHe 3HauUeHHe TepeMeHHbIX.

Her nukakoii Heo6X0AUMOCTH B TOM, 4T0Obl 06JlacTb S M3MeHeHHUs Tepe-
MeHHOro X Oblja MHOXKeCTBOM uuces. Hanpumep, S MoxKeT ObITh MHOXKECTBOM
BCEX KPYroB Ha MJIOCKOCTH; Toria repemenHoe X 6yjer o6o3Hauath Ji0O0H
UHAUBUYyanbHbIH Kpyr. Min S MoxkeT ObITb MHOXKECTBOM BCeX 3aMKHYTBIX
MHOTOYTOJIbHUKOB TJIOCKOCTH, U Toraa X — Jiio60H WHIMBUIyaJbHbBIH MHOTO-
yrosibHUK. He siBjisieTcst Tak:ke HeOOXOUMbBIM, YTOObI 06JIaCTh H3MEHEHHUsI T1e-
peMeHHOro cofiep:kasia 6ecKoHeuHoe uhcsio vjeMeHToB. Hanpumep, X moxer
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0603HauaThb J0OOTo OTAEJNbHOrO YejoBeKa W3 HaceJieHHss S NaHHOro ropoja
B OIpe/e/IeHHbI MOMeHT BpeMeHd. M ke X MoxkeT o603Hauath J0OOH U3
BO3MOKHbBIX OCTATKOB TpPH JIEJIEHHH LIEJIOTO UYHCJA Ha D; B 3TOM MOCJEJHEM
caydae o6gactb S cocrout u3 naru umced: 0, 1, 2, 3, 4.

HauGoJsiee BaxkHbIM OKa3bIBAETCS CJIyuall UMCJAOBOrO MEPEMEHHOTO; B 3TOM
ciiyuae ynorpebJisiercst 0ObIUHO MaJieHbKasi OyKBa X — 9TO TOT CJlyyai, KOraa
00/1aCTbl0 U3MEHEHHS1 S sIBJISIETCS] HEKOTOPbIH MHTepBaJ (NPOMEXYTOK) a <
< x < b neficTBUTE/IbHON UMC/I0BOH OcH. B 3TOM cJjlyuae roBopsiT, UTo X €CTb
HenpepoleHoe (UK delicmsumenbHoe) nepemesHoe B pacCMaTpUBAEMOM HH-
TepBajie. O6JacTb W3MEHEHUs] HENPEPbIBHOTO MEPEMEHHOTO MOXKET MPOCTH-
patbcsi U 10 GeCcKOHeuHoCTH. Tak, Hanpumep, S MoKeT ObITb MHOMKECTBOM
BCEX MOJIOKUTEJbHBIX JTEHCTBUTEJNbHBIX unces x > 0 WM jlaxke MHOXECTBOM
8cex NENCTBUTENbHBIX UHCes 6e3 BCSKOTro HCKII0UeHHsI. AHAJOTHYHBIM 06pa3oM
Mbl MOXKEM paccMaTpuBaTh NepeMeHHoe X, 3HAUEHUSIMH KOTOPOTO SIBJISIIOTCS
TOUKH MMJIOCKOCTH WJIH HEKOTOPOH JAAHHOW 00J1IaCTH MJIOCKOCTH, NOAOOHOH BHY-
TPEHHOCTH MPSIMOYroJibHHKA WJM Kpyra. Tak Kak Ka)kjiasi TOUKa TJIOCKOCTH
onpenessieTcsl CBOMMH IBYMSI KOOPAMHATaMH (X, Y), B3STbIMH OTHOCHTEJBHO
HEKOTOPOH (PUKCHPOBAHHON Mapbl OCEil, TO B 3TOM CJlyuae 4acTo rOBOPSAT, UTO
VMEIOT 16710 C napoti 0elicmaumenvHolx (HenpepoLeHbLY ) NeEPEeMEeHHbLX X 1 Y.

MoxKeT cJlyunTbCsl TaK, UTO KaXKA0MYy 3HaUeHHIO epeMeHHoro X conocras-
JIIETCS HEKOTOpPOe Ofpejie/ieHHoe 3HaueHue japyroro nepemenHoro U. Torna
nepemenHoe U HasbiBaercst ¢hynkyueti nepementoro X. Crnoco6, nocpeicTBoM
kotoporo U cBsizgano ¢ X, Bbipaxkaercsi cumBoJioM Bpojie U = F(X) (uuraer-
csl «paBHO F ot X»). Ecim X mpoGeraer mHoxectso S, To mepemenHoe U
npoGeraer HEKOTOPOE APYroe MHOXKECTBO, ckaxkeM, 1. Hanpumep, ecan S ectb
MHOKECTBO TPEYroJbHUKOB X Ha MJI0CKOCTH, TO Mo ¢yHkumen U = F(X) Mmoxk-
HO I0jJpa3ymeBaTh [EepPUMETP paccmarpuBaeMoro tpeyrojbHuka X; T Oyzer,
CJIeI0BATENLHO, MHOXKECTBOM BCEX TIOJIOKHUTENbHBIX unces. OTMETHM, UTO JBa
pas3MUHbIX TpeyronbHuKa X, u Xy CBOOGOJAHO MOTYT HMETb PaBHbIE MEPUMETPHI,
Tak uto paBeHCTBO F(X|)= F(X3) Bo3MOkHO U B TOM cJjiyuae, eciu X| # X,.
[TpoexTHBHOEe TIpeoGpa3oBaHue OMHOH TWIOCKOCTH S B HEKOTOpylo npyryto T
CTaBUT B COOTBETCTBME KaxKIOH TOuke X TMUIOCKOCTH S €IMHCTBEHHYIO TOU-
Ky U njockoctd T coriacHO ornpejie/ieHHOMY MPaBHIy, KOTOPOE MOXKHO Bblpa-
3UTh (DYHKUHOHAIbHBIM cuMBojioM U = F(X). B sTOM npumepe, B npoTuBOmNo-
JIOXKHOCTb TIPeJIbIIyILEeMY, Mbl HMeeM Bcerja HepaBeHCTBO F(X|) # F(Xs), ecan
ToJIbKO X| # X5, U Mbl TOBOPHM B CB$I3M C 3TUM, UYTO OTOOPaKeHHe MJIOCKOCTH S
Ha TWIOCKOCTh T — 83aumno odnosHauroe (cM. ctp. 210).

DyYHKUMKY HEMPEpPbIBHOIO MEPEMEHHOTO 4acTo OMPEAEJIsIIOTCS € TTOMOLLBIO
ajreOpauueckux BblpaxKeHUH. [IpuMepaMu MOryT CJay»KuThb cJjenytolue QyHK-
MU
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B nepBoM U B 1nocJie[IHEM H3 3THX BbIPAXKEHHI X MOXKeT poberatb MHOXKEeCTBO
BCEX JEHCTBUTE/BHBIX YHCE/, B TO BPeMsl KdK BO BTOPOM IIPHUMEpPE X MOXKEeT
npo6eratb MHOXKECTBO BCeX JAEHCTBUTENBHBIX UHCes 3a HckioueHneM O (3Ha-

1
yenue 0 HCKJ/IIOYaeTCsd, TaK KaK CUMBOJI 6 He €CTb '-II/ICJIO).

Yucno B(n) mpocTbiX MHOXKHUTEJEH UMCJ/Ia 1 €CThb (PYHKUUS A, NPUUEM 1
npoberaeT MHOXKeCTBO HaTypaJlbHbIX unces. Boobue, /1106yt nocsenoBarellb-
HOCTb UHUCeJ @, dg, A3, ... MOXKHO PAaCCMaTPUBATb KaK MHOXKECTBO 3HAUCHHI
HEKOTOPOH (YyHKUMH u = f(n), mpudeM 06JacTbl0 M3MEHEHHS] HE3aBHCHMOTO
[IePEMEHHOr0 NPU 3TOM SBJSIETCS] MHOXKECTBO HATypaJ/ibHbIX 4uces. TosbKO
pajii COKpallleHHsl 3aMUCH TIPUHATO 0003HAYATD 71-i UJleH MOoC/1e/10BaTebHOCTH
CHMBOJIOM @,, BMECTO TOTO UTOObI YNoTpeb/aTh GoJiee 0TUETIHBOE (DYHKIHO-
HaJibHOe o6o3Hauenue F(n). Cienyomie BeIpAXKEHUs], 0 KOTOPbIX TOBOPHJIOCH
B rviase

smm:uu...m:@,
12 2 o _nn+1)2n+1)
Sg(fl)—l +2 +...+n = 6 )
n?(n+ 1)

Sy(n) = 13+23+...+n3:f,
ABJSAIOTCS (DYHKIMSIMH HATYPaAJbHOTO TIEPEMEHHOTO 1.

[lycte nmano coortnomenne U = F(X); npuHsiTO nepeMeHHoe X Ha3bBaTh
He3aBUCUMbLM nepemerHbim, a nepeMeHHoe U — 3asucumbim, NOCKOJIbKY €ro
3HAUEHUS 3aBUCAT OT BbIOOpPA 3HaueHHs X.

MoXeT cJlyunTbCsl, UTO BCEM 3HAUEHUSIM MEPEMEHHOTO X COOTBETCTBYET
OJZIHO M TO »Ke 3HaueHHe nepeMeHHoro U, T.e. 4To MHOXKeCTBO T COCTOUT U3
OJIHOTO-EJIMHCTBEHHOTO 3JieMeHTa. Mbl TOr/1a BCTpeuaeMcsi ¢ UaCTHBIM CJlyuaem,
Npu KOTOPOM repeMeHHoe U B CYLIHOCTH He MeHseTces, T. €. U eCTb MOCTOSTHHOE
(nocmosanHas wm KoHcmanma ). Mbl BKJIIOUUM 3TOT cyiyuai B o61iiee TOHATHE
(DYHKLIMH, HECMOTPSI HA TO UTO HAUMHAMLIEMY 3TO MOXKET MOKasaTbCsl CTPaH-
HbIM, TaK KaK OH CKJIOHEH MoJararb, UTO OCHOBHOE B caMOU ujee (DYHKIHMH
JIEKUT KaK pa3 B M3MeHeHHH nepeMeHHoro U (Npu H3MEHEHUH Te€peMEHHO-
ro X). Ho Genpl He npousoliier — a Ha caMoOM JieJle 3TO OKayKeTcsl BecbMa
TNOJIE3HBIM, — €CJIM Mbl [IOCTOSIHHOE OYyIeM paccMaTpUBaTh KaK YacTHBIN cayvan
nepeMeHHOro, «06J1acTb U3MEHEHHS1» KOTOPOTO COCTOUT U3 OIHOTO-E/IMHCTBEH-
HOTO 3JIeMEHTa.

[ToHsiTHe PYHKIMOHAJBHON 3aBUCHMOCTH UMEET HCKJIOUUTEIbHOE 3HAUEHHE
He TOJIbKO B CaMOH «UMCTOH» MaTeMaTHKe, HO TakxKe W B MPAaKTHUECKHUX ee
npua0KeHUusIX. PU3HUeCKHe 3aKOHbI SIBJSIIOTCS HE UeM UHBIM, KaK BbIpaKeHHEM
crnoco6a, MOCPEACTBOM KOTOPOTO HEKOTOpPbIe BEJUUMHBI 3aBUCAT OT JPYTHX,
CMOCOOHBIX M3MEHSATbCS TaK MM MHaue. Tak, Hampumep, BblcOTa 3BYyKa, Mpo-
M3BOAMMOro KoJiebJiollelicsl CTPYHOH, 3aBUCHUT OT ee JUIMHbI, OT ee Beca W OT
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CTeleHH ee HaTsDKEeHMsl; JaBjeHHe aTMocdepbl 3aBUCHT OT BBICOTBI, SHEPrus
MyJIM 3aBHCHUT OT €€ MacChl U CKOPOCTH. 3ajaua (PU3UKH COCTOUT B TOUHOM HJIH
NPUOJIHKEHHOM OTpeJesIeHHH TIPUPOJBI BCeX MOAO0OHOr0 poja 3aBUCHMOCTEH.

C nomollplo NMOHATHS (YHKLMH MOXKHO JaTh TOUHYIO B MaTeMaTHUeCKOM
CMbICJIC XapaKTEPUCTUKY NBUKEHHUSI. Ecnn npeacTaBum ce6e, UTO ABH2KYLIasics
YacTHLIA COCPELOTOUEHA B HEKOTOPOH TOUKE NTPOCTPAHCTBA C MPSAMOYTOJIbLHLIMHU
KOOpJMHATAMH X, Y, 2, U €CJIM MepeMeHHoe [ U3MepsieT BpeMsl, TO JBHXKEeHHe
YacTHLbl MOJHOCTBIO OMNpeJe/eHO 3aJlaHHeM KOOPAMHAT X, Y, 2 KaK (yHKLMH

BpEMeHHU:
x=[1), y=gt),  z=h()

HpI/IMepOM 9TOr0 MO2KET CJIY2KUTb cB0OOJIHOE MajieHHe YaCTHLbI 110 BEPTUKAJIH
MoJI IeHCTBHEM OJHOM JIMIIbL CHJIbl TSIXKECTH: Mbl HMEEM B 3TOM CJlyyae COO0T-
HOLIEHUSA

x=0, y=0, 2:—%gt2,

rie g 0603HauaeT YyCKOpeHHe CHIIbI TsKecTd. Ecii yacThlia paBHOMEpPHO Bpa-
IAETCS M0 eJIMHUYHOK OKPYXKHOCTH B TMJIOCKOCTH X, 4, TO JIBHXKEHHE €€ XapakK-
Tepudyercst PyHKUUSAMH

X = cos wl, Yy = sin wt,

rjle @ — MOCTOSIHHOE UMCJIO (TaK HasblBaeMasl yrjoBasi CKOPOCTb BpALLEHHs).

[Tox marematnueckol (yHKIMEH c/efyeT MOHMMATb TPOCTO 3aKOH, YIpaB-
JISIOLIUI B3AUMHBIMH 3aBUCHMOCTSIMU [IePEMEHHbIX BeJIMUMH — U He 6oJiee TOro.
[Tonatue QyHKUMU He NoJpa3yMeBaeT CYLLIECTBOBAHUS uero-an6o 6JM3KOro K
«IIPUUMHE W CJIEACTBHUIO» B OTHOLLUEHHSIX MEXKIy He3aBUCHMOH M 3aBUCHMOH
nepeMeHHbIMH. XOTs B OOBIJEHHOH peud TePMHH «(YHKIHOHAJBHASI 3aBHCH-
MOCTb» CILIOUIb M PSAOM YNoTpebJisieTcst IMEHHO B 9TOM IMOCJE/HEM CMbIC/IE,
Mbl OyzieM M30eratb Takoro pojaa ua0co(ckux uHTeprnperauuil. Tak, Hanpu-
Mep, 3akoH boisis, oTHocALMIiCA K rady, 3aK/I0UeHHOMY B HEKOTOPYIO 3aMKHY-
Tyto 000J104KY MPH MNOCTOSIHHOH TeMIepaType, yTBepK/aeT, UTo MPOU3BeeHHe
JIaBJIeHUs1 ra3a p Ha ero o0beM U ecTb BeJHYMHA [OCTOsIHHAS, paBHas ¢ (Io-
CJIe/lHee 3HAUeHHe, B CBOIO O4Yepe/lb, 3aBUCHT OT TeMIepaTyphbl):

pu =c.
ITO COOTHOLIEHHE MOKHO PELUMTb KaK OTHOCHTEJBHO P, TaK H OTHOCHTEJIBHO U:
=5 wm v=5
P=3 =
MpU 3TOM He cJeayeT Mojapa3ymeBaTb HH TOTO, UTO MepeMeHa oObeMa ecTb
«TIPUYMHA» H3MEHEHHs1 JaBJICHHS, HH TOTO, YTO HM3MEHEeHHWe IaBJICHHS €CTb
«MpUUMHA» U3MeHeHUs oObema. [l MaTeMaTHKa CYIIECTBEHHA JiHlIb (Popma

coomesemcecmeus (CB}ZSLL) MEKAY ABYMsl NMEpeEMEHHbIMU BEeJIMUMHAMH, KOTOPbIE
OH paccMaTpHuBaerT.
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CJieslyeT 3aMeTUTb, UTO MOJXO/ K MOHATUIO (DYHKLMH HECKOJIbKO OTJIMYAeTCsl y Ma-
TEMaTUKOB U y (pU3HKOB. MaTeMaTHKu 0ObIUHO NOAUEPKUBAIOT 3AKOH COOMBEMCMBU,
MaTeMaTHUeCKyl0 ONepaluio, KOTOPYIO HY:KHO MPUMEHUTb K 3HAUEHHIO HE3aBHCHMO-
ro MepeMeHHOro X, ytoObl [OJIYUHTb 3HAUEHHe 3aBUCHMOrO IlepeMeHHoro u. B sTom
cMbicie f( ) ecTb CHMBOJI mamemamuueckol onepayuu;, 3HaueHne u = f(x) ecTb
peaysibTat npuMeHenust onepauud f( ) K uncay x. C apyroft CTopoHbl, hU3HK 4acTo GoJiee
3aUHTEpPeCOBaH B camoll eaudure 1 KakK TaKOBOH, UeM B KaKoi-TO MaTeMaTHUeCKOH
npouesype, ¢ IOMOLLbIO KOTOPOi 3HaUeHHe 1 MOXKeT ObITb I10Jly4eHO 13 3HaueHus x. Tak,
HarpuMep, CONPOTHBJIEHHE U BO3yXa ABHAKEHHIO TeJla 3aBUCHUT OT CKOPOCTH U IBU2KEHHS]
1 MOXKeT ObITb HalleHO SKCIePUMEHTAJbHBIM MyTeM, He3aBUCHMO OT TOTO, U3BECTHA JIU
sIBHasi MaTeMaTHueckast (popmysia /sl BbIUHC/IeHHs u = f(v). PusnKa npexue Bcero
HHTepecyeT (haKTHUeCKoe COINPOTHBI/IEHHe, a He CleluallbHas MaTeMaTnieckas popmy-
Ja f(v), ecn TOJBKO 3Ta (popMyJsa He NIOMOraeT MpH aHa/u3e NOBeJeHHUsT BeJUUHHb U.
TakoB 06bIUHO MOIAXOJ TeX, KTO npuMeHsem MaTeMaTuKy K (hU3HKe WM HHXKeHePHOMY
Jesly. B c/I0XKHBIX BbIUMCJIEHUAX € (PYHKUMSIMH, UTOObl H30€KaTh MyTaHHULbI, MHOAA
ObIBAeT CyLLECTBEHHO OTJHYaTh, OYLET JIM [0 CHMBOJIOM 4 = f(X) noapasymeBaThCsl
onepauust f( ), npuMeHsieMast K x JUIs IOJIyUeHHs! i, UK XKe caMa BeJIMUHHA U, KOTopasi,
B CBOIO OUepe/lb, MOXKET PacCMaTPUBATLCS KaK 3aBUCHMasl, 1 COBCEM JAPYrHM 06pas3oM,
OT HEKOTOPOH Apyroil nepemenHoil z. Hanpumep, miowans kpyra 3ajgaercst yHKLUel

2

z
u = f(x) =mx?, rae x — paauyc Kpyra, HO MOXHO TaKXXe Hamucath: U = g(z) = —,

4
MOHUMAs MO/ 2 AJIHHY OKPY>KHOCTH.

[Toxkanyii, HauGoJiee MPOCTHIM TUIOM MaTEMaTHUECKOH (DYHKUMH OJHOTO
MePEMEHHOr0 SIBJSIIOTCS MHO2OUACHbL (NOAUHOMBL ), UMEIOLLIHE BUJL

u=[f(x)=ap+ax+ax’>+...+a,x",

C TOCTOSTHHBIMU <KO3(QQHUIHEHTaAMI» Ao, A1, ..., d,. 38 HAMH CJELYIOT paui-
OHaAbHOLe (hYHKYUL, TAKHE KaK
L] L] Lo 2]
x’ 1+ x2’ xt+3x2 45’

KOTOpbl€ SIBJISAIOTCS] OTHOLUEHHSIMH MHOIOUJIEHOB, W 3aTeM mpu2oHomempu-
. sin x
yeckue ynkyuu cosx, sinx u tgx = oo’ KOTOpbIE ONpeNessioTes JyLle

BCEro C MOMOLLbIO eIMHHUHOTO Kpyra B IJIOCKOCTH &, 7: &+ n2 = 1. Ecuin Toy-
Ka P(&, n) IBH2KETCS 110 9TOH OKPYKHOCTH M €CJIM X €CTb HalpaBJeHHbI yroJ,
Ha KOTOPbIH HYXKHO MOBEPHYTb TOJIOXKHUTENbHYIO OCb &, UTOObl OHA COBMaJa C
paguycom OP, To coSx W sinx SIBJSIOTCS KOOpAMHATAMH TOUYKU P: cosx =&,
sinx =m.

2. Papnannasi mepa yraoB. Bo Bcex NpakTHUECKHX TPUMEHEHHSIX YIVIbl
M3MEPSIOTCH C MOMOLIBIO €IMHUL, TONYUEHHBIX OT JeJeHHs MPSMOro yrja Ha
HEKOTOpoe paBHoe uucso yacTedl. Ecau 310 uucso paBHo 90, To enuHuuel
U3MepeHus sBJsieTcst oObluHbIi «rpamyc». Henenne Ha 100 uactelr nopxoau-
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Jo Obl GJM3KO K Hallell NecsTHYHOH CHCTeMe, HO TIPUHIMUIT H3MepeHHs TMpH
TOM ocTaBaJjicst Obl MPeXHUM. B TeopeTHuecKnX »Ke TPUMEHEHHSX BbIFOJHEE
MCIMOJb30BaTh CYIIECTBEHHO JPYrod METOJ OINpeje/eHHsl BeJIHUMHbI Yryia, a
VMEHHO, TaK Ha3blBaeMoOe paIHaHHOe H3MepeHHe. MHorHe BayKHbIE (OPMY.IBI,
CoJleprKalllie TPUTOHOMETPUUECKHe (DYHKUMH YIJIOB, HMEIOT B 3TOH CHCTEME
13MepeHusi 6oJiee MPOCTOH BUJL, YeM MPHU U3MEPEHUH YTJIOB B rpajycax.

st Toro yTo6BI HAWTH pajMaHHYl0 Mepy HEKOTOPOTO YIJa, ONHUIIEM H3
BEPLIMHBI 3TOTO yIVIa KaK U3 LleHTpa Kpyr paauyca 1. JauHy ayru s To# yacTu
Halllell OKPY’KHOCTH, KOTOPAsl PacroJiozKeHa MeKly CTOPOHAMH YIya, Ha30BeM
paduannoil mepoii yrna. Tak Kak 1JMHA BCell OKPY:KHOCTH €IMHUYHOTO PajIH-
yca paBHa 2w, TO «MOJHbIA» yros B 360° umeeT paauannyto mepy 2n. OTciona
CJleflyeT, 4To ec/u yepe3 X 0003HAUUTb PAJMAHHYIO Mepy YIJa, a uepes3 y ero

X
Y —, WIH

BEJIMUUHY B Ipajaycax, TO X U Y CBsI3aHbl COOTHOLUEHHEM == =
360  2n

ny = 180x.

O =

180 ~ 27
u T. 1. C apyroit cToponsl, yroa B 1 paauan (yroJ, paguanHoil Mepoil KOTOPOTo
ABJsieTCs X = 1) eCTh LUEHTpaJIbHBIN YroJ, CTATMBAEMbIi JIyroH, AJIMHa KOTOPOH

1
paBHa paJiuycy OKPY:KHOCTH; TPajlyCHasi Mepa TaKoTo yrj1a COAEPKHUT y = % =

Taxk, nanpumep, yrosa B 90° (y = 90) umeer pagraHHo# Mepo# X =

= 57,2957 ... rpamycoB. JIjist TOro 4toObl OT pajMaHHON Mepbl yryla X NepeiTH

. 180
K €ro rpaagyCHou mepe y, Hy>KHO BEJMYHUHY X YMHO>KUTbH Ha YUCJIO —.
I

Panuannasi Mepa x HEKOTOpOro yrja paBHA TakxKe ABOHHON MJjoliann A
CEKTOpa, BHIPE3aeMOro 3THM YIJIOM K3 Kpyra eJIMHMYHOTO pajuyca; B CaMoOM
Jlesie, 3Ta TUIOUIalb OTHOCHUTCSl KO BCeH MJoLAAu Kpyra Tak, Kak JJIMHa JIyrH

. X A
OTHOCHTCS K JUIHHE BCEH OKPY’KHOCTH: o = —; urak, x = 2A.
7 T

Bynem Bripesb Mo yryioM X MoJIpasymeBaTh YroJi, paadaHHas Mepa KOTOPOro
eCcTb X. YTOJI, rpallyCHOe H3MepeHHe KOTOPOTro PaBHO X, OyleM B JajbHeHIIeM,
4TOOBI YCTPAHUTh BCSIKYIO HESICHOCTb, 0003HAUaTh yepes x°.

[losnHee cTaHeT COBepLIEHHO OYEBHUIHBIM, HACKOJBKO BBIFOIHO MOJbB30-
BaThCs PaJIaHHBIM H3MePeHHeM IPH PA3HOT0 POJIa AHATHTHUECKHX OTepalusix.
OJiHaKoO cJleflyeT NpHU3HaTh, UTO JIst IPAKTHUECKOro yroTpeGJIeHHsT OHO cKopee
Heyl00HO. B camom Jiefie, Tak Kak T — MppalHOHANbHOE UMCJIO, TO, CKOJIBKO
pa3 Mbl HU OTKJIAJbIBAJIM Obl MO KPYTY € AMHUYHBIH YTOJ, T. €. YroJl ¢ paIuaHHoOM
MepoH, paBHOH 1, MBI HUKOTJIa He BepHEMCs B HauaslbHyI0 Touky. O6biuHOe XKe
M3MePEHHe TaKOBO, UTO MocJie oTkaaabiBanus | rpagyca 360 pas umu 90 rpa-
IycoB 4 pasa Mbl BO3BpalllaeMcs B HCXOIHYIO TOUKY.

3. Ipaduk dynkuuu. O6parHbie pyHkuuu. Yacto xapakrep QyHKUUH
upe3BblUaliHO ICHO BbIpaXkKaeTcsl ¢ MOMOLIbIO TTpocToro rpaduka. Ecau (x, u)—
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KOOpHHATBI Ha TMJIOCKOCTH OTHOCHUTEJIbHO JABYX B3aMMHO TMEPHNEHANKYJISIPHBIX

oceil, To JMHElHbIe (PYHKIHH
u=ax+b

H3006paKAIOTCs MPSMBIMA JHHUSIMK; KBaJpaTHUeCKne (hyHKLHH
u=ax’+bx+c

— napabosaMu; QyHKLHs
1
u=—
X
— runep6oJiod, u T. 1. [1o onpenesnenuto, epaguk HeKOTOPOll PyHKIMU U = f(x)
COCTOHT U3 BCEX TeX TOUEK TJIOCKOCTH, KOOPJAUHATBI KOTOPBIX (X, ) CBs3aHbI
ypaBHeHHeM u = [(x). PyHKUMM Sinx, cosx, tgx mpeacTaBjieHbl rpauuecKu
Ha puc. 151 u 152. DT rpaduky HArJISIIHO MOKA3BIBAIOT, KAK BO3PACTAIOT UJIH

yObIBAIOT (DYHKLUMH NPU U3MEHEHHH X.

|
NO
=
s
s
[
=
N
S
oA |
s/
A
N
N
[\
A

cosx sinx

Puc. 151. Ipacduxu dpyHkumit sinx u cos x

vola

-

volA

A

=
3

Puc. 152. u=1tgx
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OJHUM M3 BaXKHBIX METOJOB, CJIy:KALUMX VISl BBEJICHHsI HOBBIX (DYyHKLHMH,
ABJSIETCS CJeyolnil. Ficxoas U3 HeKOTOpO# 3BeCTHOH (hyHKLMH F(X), MOXKHO
nomneiTathcsl pelMTh ypaBHenue U = F(X) otHocuTesibHO X — Tak, utobbl X
6bl10 BbIpaXKeHo Kak (yHKuus ot U:

X =G(U).

Torna ¢ynkuusi G(U) HasbiBaercsi obpammoii oTHocuTe bHO dyHKInn F(X).
ITOT npoliecc NPUBOAUT K Pe3yJ/IbTaTy OJHO3HAYHO TOJLKO B TOM CJyyae, ecJiu
¢dyukuua U = F(X) onpenessier B3aUMHO OJIHO3HauHOEe OTOOpakeHHe obJia-
CTH u3MeHeHus1 X Ha o6JacTb U3MeHeHus1 U, T. €. ecyi HepaBeHCTBO X # X
Bcerjia BJjever 3a coboit HepaBeHCTBO [(X|) # F(X;). Tosbko npu 3TOM ycJ0-
BHH Kax/IoMy 3HaueHuto U GyJeT COOTBETCTBOBAThH €IMHCTBEHHOE 3HAUeHHe X.
3nech OyjleT KCTaTH BCIIOMHUTD TIPUBE/IEHHBIN Bblllle TPUMEDP, B KOTOPOM POJIb
He3aBUCUMOTro nepeMeHHoro X urpaJ Jo6oH TPeyrosbHUK Ha IMJIOCKOCTH, a B
KauectBe ¢yHkuun U = F(X) paccmaTpuBajcs ero nepumetp. OUueBHIHO, UTO
Takoe 0TOOpaXKeHHe MHOXKECTBA S TPEYTroJbHUKOB HAa MHOXKECTBO 1 MOJIOMKHU-
TEJIbHBIX UHCEJ He SIBJSIETCS B3AMMHO OJIHO3HAUHBIM, TaK Kak UMeeTcsl 6ecKo-
HEUHOE KOJIMUECTBO PA3JIHUHBIX TPEYTOJbHUKOB C OJIHUM U TEM K€ EPUMETPOM.
Hrak, B 3TOM cayuae cootHolneHue U = F(X)

HE MOKET CJIy?KUTb JJIs1 OIHO3HAYHOTO Orpe- u
nenennsi obpatHoit pyukuuu. C npyro# cro-
poHbl, (yHKUMS m = 2n, rAe n mpoberaer
MHOXKECTBO S BCeX LEJBbIX 4dces, a m —
MHO2KeCTBO T UETHbIX uMuces, HalpoTHB, Ja-
€T B3aHMHO OJIHO3HAUHOE COOTBETCTBUE MEXK-
1y JBYMsI MHOXKECTBAMM, M oOpaTHasi (yHK- 0

m
s n = E 6yILeT oripejeJsieHa. B kauectBe

Jpyroro npumepa JaHHOTO OJHO3HAYHOIO OTO-
6paskeHust puBeaeM (PYHKIHIO

u=x

Korna x npo6Geraer MHO>KeCTBO BCeX JIEHCTBH-
TEJIbHBIX YHCEJ, U TOXKE MPOGEraeT MHOKECTBO
BCeX JIeHCTBUTE/bHBIX UHCesl, PUHAMAs KaxK10€e 3HaueHHe OIMH U TOJIBbKO OJHH
paa. O1HO3HAYHO OTpe/iesieHHasi B 3TOM MpHMepe oGpaTHast (hyHKIIUSI KIMeeT BUJL

x= Vu.

Puc. 153. u = x*

B cayuae dyuxumu
u=ux

06paTHa$1 CbYHKU,I/IH He olnpeaeseHa 0OJHO3HAUYHO. B camom JeJie, B CUJy TOrO,
uTo U = X% = (—X)Z, KaxxJ10My IMOJIO2KHUTEJIbHOMY 3HAUEHHIO U COOTBETCTBYIOT
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dsa pasHbIX 3HaueHHs («mpooGpasza») x. Ho ecin moa cUMBOJIOM /U TOJ-
pasymeBaTh (KaK 3TO YacTO U JEJAeTCs) NOAONHCUMENbHOe UUCJIO0, KBAApaT
KOTOPOTO €CThb X, TO o6parHasi (PyHKIHS

x=+u

CYLIECTBYET, €CJIM TOJBKO Mbl YCJIOBHMCS, 4TO OGyIeM paccMaTpHBaTh JIHIIb
TIOJIO2KUTENIbHBIE 3HAUEHHST X U UL.

CyulecTBoBaHHe 00paTHOH (DYHKLMH MOXKET ObITh Cpa3dy YCTaHOBJIEHO TPH
B3IJIsiIe Ha rpaduk panHo# ¢yHkuun. O6partHasi GyHKIHS CyLIECTBYET, orpe-
IeJIsIsiCh OJIHO3HAYHO, B TOM CJydyae, eCJIM KaXKI0My 3HAU€HHIO 4 COOTBETCTBYET
TOJIbKO OJIHO 3HaueHHe x. [eoMeTpHUECKH 3TO 03HAUAET, UTO HET TAKOH NPSAMOH,
napaJulesibHON OCH X, KOoTopasi Tepecekasa Obl rpaduk GoJjiee 4eM B OJHOH
touke. Camo coGoli pasymeercsi, 4To Tak OyJeT B TOM cJydae, eCJd (DYHKIHUS
u = f(x) moHomonHasa, T. €. UK BCe BpPeMsl BOo3pacTalollas, WK, Ha060poT,
Bce BpeMsi yObiBatollasi (Mpu Bo3pactaHuu x). Hanpumep, ecaun dyHkuus u =
[(x) Bciojly Bo3pacTaroliiasi, To pH x| < Xo Mbl Bceria uMeeM u; = f(x;) < uy =
= [(x9). CoieroBatesibHO, JJist JAHHOTO 3HAUYEHHUSI Il CYLLECTBYET He 6oJiee OJIHOTO
3HAUEHHUST X TaKoro, uto # = f(x), u obparHasi (yHKUUsT OyAET ONpeessiThes
onHo3HayHo. [paduk o6paTHOl QYHKIMH X = g(u) MoJiydaeTcst U3 JIaHHOTO Tpa-
(hKa MPOCTO CHMMETPHEN OTHOCHTEBHO MyHKTUPHOH TpsiMolt (puc. 154); mpu

N

Puc. 154. B3aumuo o6patHble (hyHKLIHH

3TOM OCH X U i MeHsiioTcst MecTamu. HoBoe noJsioxkenue rpanHKa 1/13o6pa>KaeT X
KaK q)yHKU,I/IIO oT #. B 0CHOBHOM T0JIO>KEHHH rpa(bm( YKa3bIBaA€T 3HAUYECHHUE UL KaK
BbICOTbI HAJ FOpI/ISOHTaJ]bHOﬁ OCblO X, B TO BpeMsl KaK MocJje CUMMETPHH BHOBbL
HOJIy'—leHHbIﬁ rpanHK YKa3bIBa€T 3HaU€HHUE X KaK BbICOTLI Hall I‘OpH3OHTaJIbHOIZ
OCbIO U.
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Paccyxnennst storo naparpada MOXKHO HJJIIOCTPHPOBATb Ha TpHMepe
(byHKLMH
u=1tgx.

It1a QyHKUUS MOHOMOHHA B TIPOMEXKYTKE —g <x< g (puc. 152): 3naue-

HHUS U, BCE BPeMs BO3pacTalolllie BMECTe C X, H3MEHSIOTCS OT —00 10 +00;
oTCIoAA SICHO, UTO o6paTHast (PyHKIHS

x = g(u)
ompesiesieHa IUisl BceX 3HaueHu# u. Dty yHKUMIO o6o3HaualoT arctg u. Takum
o6pasom, arctg(l)
puc. 155.

= g MOCKOJIbKY tg% = 1. Ipaguk arctgu nzoGpaxkeH Ha

Puc. 155. x = arctgu

4. CnoxHble ¢GyHKUMH. BTOpbIM Ba)KHBIM METOJIOM CO3[aHHS HOBBIX
(GyHKUME M3 JBYX WM OOJIbILIErO UYMCJa JaHHBIX SBJASETCS COCMABAeHue
ca0dcHbLX hyHryull («komnoauyus»). Tak, HanpuMep, QyHKIUS

u=Ffx)=vV1+x
«COCTaBJIeHa» M3 JBYX MPOCTLIX (PYHKIIHH
z=gx)=14+%" u=hz)=vz
H MOKeT GbITb 3aMUCaHa TaK:
u=J(x)=h(g(x))

(unrtaercst <A OT g OT x»). AHaJOTHUHO, (PYHKLUSA

u:f(x):ﬁ

COCTaBJIeHA U3 TPeX (DyHKLMI

z=gx)=1-x* w=hz2)=Vvz u=kw)=
TaK UTO MOKHO HANHCaTh
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Oynxuus
.1
u=f(x)=sin "

coCTaBJieHa U3 JBYX (YyHKUHH

z=g(x)= =, u=h(z)=sinz.

. 1
Dyukuus f(x) = sin < e onpejesiena npu x = 0, Tak kak npu x = 0 BblpaxeHue "

He uMeeT cMblcaa. [paduk 31oil 3ameuate/bHOl (YHKLMH MOXKHO MOJyUUTb U3 rpaduka
cuHyca. Mbl 3HaeM, yto sinz =0 npu z = kx, rae £ — Npou3BOJILHOE [10JI02KHTEbHO
WM OTpHULIaTe/IbHOE Lesoe uncso. Kpome Toro,
1 npnz=(4k+ 1)3,
sinz =
—1 npu z=(4k — 1)3,

rie k — npousBoJibHOE Ledioe uucso. OTcioaa umeeM

1
0 npux= E’
sin L = I npux= 2
X Ak + e
—1 npux= L.
4k —
Ecim Mbl nocJsiegoBaresibHO cTaHeM moJarath & = 1, 2, 3, 4, ..., 3HaMeHaTeJd 3THUX

Jpo6eil Oy1yT BO3pacTaTh HEOTPAHHUEHHO H, CJIE0BATENbHO, 3HAUEHHS X, TTPH KOTOPbIX
¢ynxuust sin — umeet 3Hauenusi 1, —1, 0, 6ynyTt crymarbcsi Bce GoJibliie U GoJiblie
okoJ1o Touku x = 0. Mex 1y KaxKJ10# Takoil TOUKOH U HauyaJsioM 6yJieT Bcerjia 6ecKoHeuHoe
KoJinuecTBO KosieGanuil. Ipaduk s1oil hyHKuMH oKasaH Ha puc. 156.

u

Puc. 156. u = sin L
X

5. HenpepbiBHOCTb. [pacyiku yxe paccMOTpeHHBIX (DYHKLMH JalOT MH-
TYUTHBHOE MPEACTaBJICHHE O CBOHCTBE, Ha3bIBAEMOM HerpepbiBHOCTBIO. TouHoe
oTIpejieJIeHHE STOTO MOHATHS Mbl 1M B § 4, rocJie TOro Kak MoHsiTHe mpejesa
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OyJ1eT MOCTaBJEHO Ha CTPOro JIornueckuh dynaament. Ipy6o roBopsi, yHKLMS
HeMnpepbiBHA, €CJyi ee TpaUK ecTh HUTJIE He «TpephiBatoliasics» Kpupas. Uro-
Obl ySICHUTb ce0e, siBasieTcs i QYHKLUSA ¢ = f(X) HEPEPbIBHOH 8 mouke x =X,
3aCTaBUM HE3aBUCHMYIO N€PEMEHHYIO X NPUOJIH-
JKaTbCsl HEMPEPBLIBHO CrpaBa W CJjeBa K 3Ha- Y
ueHHto X;. [Ipu 3TOM 3HaueHHs PyHKUMH U4 =
[(x) MeHsOTCSI, ec/ii TOJIBKO 3Ta (PYHKLHUST He
SIBJISIETCS] TIOCTOSIHHOH B OKPECTHOCTH TOUKH X|.
Ecan okasbiBaercsi, uto 3HaueHue QyHKUUH f(x)
HeorpaHHYeHHO TIPUOJIHKAETCS K 3HAUEHHIO f( X, )
9TOH (YHKUMH B BbI6PAaHHOH TOUKE X = X
(«cTpemutes K mpeneny f(x;)»), U NpUTOM He- 0 x
3a8UCUMO OM MO0, NTPUOIMAKAETCS JIH X K X|
¢ 00HOL cMOPOHLL UAL ¢ OpYeoli, TO TOTAA ro-
BOPAT, UTO (YHKUMSA [(X) HenpepovieHa 8 mou-
Ke X;. EciM 9T0 HMeeT MeCTO B KaxKIOH TOY-
Ke X| U3 HEKOTOPOro UHTEpBaJia, TO TOBOPSIT, UTO
(DYHKLHS Henpepol8Ha 8 3MoM uHmepsae.
XoTa Kaxaas QyHKUMs, TpeicraBisemasi Puc. 157. Paspbip «ckaukom»
He TpepbiBalOLIMMCS TpaduKoM, HerpepbiBHA,
OUEHb JIETKO OMpPEIEUTb U Takue (DYHKLMH, KOTOpPble He Be3Jle HEeMpepbIBHbI.
Hanpumep, ¢dynkuust na puc. 157, ompenesnennast 1yl BceX 3HAUeHHH X C
MOMOILIbIO opmy.I

fx)=1+x npu x > 0,
flx)y=—1+x npu x < 0,

paspbiBHa B Touke x; = 0, B KOTOpoli oHa uMeeT 3HaueHue — 1. Eciau Mbl cTaHem
UEPTUTh KapaHaalloM rpaduKk 3Toi (yHKLUMH, HaM MNPUIETCS B 3TOH TOUKe
oTopBaTh Kapanjaaul ot 6ymard. Korna mel npubiuxKaemcst K 3HaueHuto x; =0
crpaBa, To f(x) ctpemutest K +1. Ho 3HaueHne 3To oT/MuaeTcst OT 3HAUYEHHS
(byHKLHH B cCaMOH 3TOH TOUKe, HMEHHO — 1.

O1HO TO 06CTOATENBCTBO, UTO (PYHKLMSA f(Xx) cTpeMuTcs K — 1, Kora x cTpe-
MHUTCS1 K HYJIIO cAe8a, elle Hel0CTATOUHO /sl YCTaHOBJIEHHS! HelpepbIBHOCTH.

Oyukums f(x), onpeneneHHas 1t BCeX 3HAUEHHH X ¢ MOMOLIBIO PopMyJI

f(x)=0 mpu x#0, J(0)=1,

npu x; = 0 ©MeeT pa3pbIB APYroro Buja. 37eCh CYIIECTBYIOT NMPeJie/bl U ClpaBa
W cJIeBa, U OHH paBHBI MeXay co6oif, HO 3To oflliee MpeesbHOe 3HaUeHHE
otanuHo ot f(0). Eme nnoro tTuna paspeiB paercst QyHKLMeH, rpaduK KOTOPOH
1300paxKeH Ha puc. 158,
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B Touke x = 0. Ecsin Mbl 3acTtaBuM x ctpeMuTbesl K O ¢ Jilo60H CTOPOHBI, TO U
HEU3MEHHO GYJIeT CTPEMUTLCS K 6ECKOHEUHOCTH, HO rpathuK (PyHKIHH <TIpepbl-
BAeTCsA» B 3TOH TOUKE, MPUUEM MaJbiM M3MEHEHHSIM HE3aBHCHMOTO MepeMeH-
HOTO X B OKPECTHOCTH TOUKM X = (0 MOryT COOTBETCTBOBATb OUeHb OOJbLIHE
M3MEHEHHUS 3aBUCUMOTO TlepeMeHHOro #. CTporo ropops, 3HaueHue (yHKIHUH He
onpeeneHo npu x = 0, MOCKOJbKY Mbl He cuHTaeM OECKOHEUHOCTb UHUCJIOM, H
TMI03TOMY HeJIb3sl TOBOPHTD, uTo (DYHKLMSA f(x) pasra GeckoHeuHocTH mpu x = 0.
HtaK, Mbl TOBOPHM TOJILKO, UTO (DYHKLHUS f(X) «CTpeMHUTCs K GeCKOHEUHOCTH,
KOTJIa X TIPUOJIMKAETCS K HYJIIO. |

CoBceM MHOH XapaKTep paspbiBa, HaKOHel, Y (DYHKUMH i = Sin — B TOu-
ke x =0 (puc. 156). «

[IpuBeneHHbIE MPUMEPbI MOKA3bIBAIOT HECKOJNbKO PA3JHUHBIX THUTIHUECKHX
cJlyuaeB, Korza (yHKUMSI nepectaeT ObITb HENpPEpbIBHOH B HEKOTOPOH TOUKe
X =Xi.

1) MoXeT C/yuuThCs, UTO (PYHKIHMS CTAHET HEMPEPLIBHOH B TOUKE X = X
nocJsie TOro, Kak Hajiexxalium o6pa3oM OyleT onpeiesieHo Wil Oya1eT H3MeHe-
HO YKe OlpeJieJieHHOe 3HaueHue ee Mpu x = x,. Hanpumep, yHkuus u = %

noctosiHHo paBHa 1 npu x # 0;

u OHa He ompefesieHa npu x = 0, no-

CKOJIbKY 6 — JIMIIEHHBIH CMbICJa

cumBoJl. Ho ecsin B 3TOM mpumepe

Mbl YCJOBMMCSI CUHTaTh, UYTO 3HA-

yeHHe 4 = | COOTBETCTBYET TaK:Ke

u 3HaueHnio x = 0, To QyHKLMS,

«IPOJIOJKEHHAST» TaKUM 00pa3oM,
X CTaHOBHTCSI HEMpephIBHOH BO BCeX
0 Toukax 06e3 uckJ/oueHus. ToT xe
peayJbrar OyleT JOCTUTHYT, €CJiH
Puc. 158. PaspbiB ¢ yX010M B 6eCKOHEUHOCTL ~ Mbl M3MEHMM 3HaueHHe (yHKLHUH

npu x = 0 Bo BTOPOM U3 TpUBEEH-

HbIX Bbillle nipumMepoB, ¥ BMecto f(0) = 1 mosoxum f(0) = 0. PaspbiBbl 3T0rO0
pojia Ha3bIBAIOTCS YCMPAHUMOIMU.

2) OyHKUMS CTPEMHUTCS] K Pa3iUUHBIM TIpefeiaM B 3aBUCHMOCTH OT TOTO,
ClipaBa WJIM CJieBa X MPHOJIXKAETCs K X, Kak Ha puc. 157.

3) He cyuectByer npenena HU € OAHOH, HH C JPYrodl CTOPOHbI, KaK Ha
puc. 156.

4) ®yHKUMA CTPEMHUTCS K OECKOHEUHOCTH, KOrAa X MpHOMMKAeTCs K X,
(puc. 158).

PaspeIBBI TpeX MOC/AEHUX THMOB HA3BIBAIOTCS CYUWECMBEHHbIMI W He-
YCMPAHUMbLMIL, OHA HE MOTYT ObITb YCTpPaHEHbl C TOMOLIbIO HaJeXKallero
onpesiesieHUs1 3HaUeHUsl (DYyHKLMH B OJIHOH JIMLIb TOUKE X = X|.
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x—1 x*—1 X
27 24 (=D +)

YnpaxHenus. 1) Hamersre rpaduku ¢yHKuHi

¥ HalJIuTe TOUKH paspbliBa.
A I
2) Hamertbre rpacuiku hyHKUME X Sin — W X% sin —; NpoBepbTe, UTO HENPEPBIBHOCTh
X X
He HapylleHa B Touke x = 0, ecJin npuHATh, uto # = 0 npu x =0 B oGoux cJyyasx.
1
*3) IToxaxute, uTo (hyHKUMS arctg — MMeeT pa3pblB BTOPOro THNA (CKAUOK) MpH
X

x=0.

*6. PyHKUMM HECKOJbKHMX mepeMeHHbIX. BepHemcs K cucremaruue-
CKOMY PacCMOTPEHHIO MOHATHS (PYHKUMHU. Eci He3aBUCUMBIM MepeMeHHbIM P
SIBJISIETCS] TOUKA TJIOCKOCTH C KOOPAMHATAMH X,  H €CJIH KaXK/10i Tako# Touke P
COOTBETCTBYET €IMHCTBEHHOE UUCJIO & (HATPUMED, & MOXKET ObITh PACCTOSTHHEM
TOUKM P OT HauaJsia), Torjaa NpUHSATO NMUCATh

u=[(x, y).
D10 0603HAUEHHE YOTPEBJISETCS TAKXKe M B TOM CJlydae, eCJid, KaK 3TO 4acTo
6bIBa€T, JIB€ BCJIMUYUHBI X U Y SIBHO YKa3bIBalOTCA CaMUMH YCJIOBUAMHU 3aJayuu
KaK He3aBHCHMble MepeMeHHble. Hanpumep, naBieHue u rasa ecTb (DYHKIIHS
o0beMa X W TeMIepaTypbl y; TUIOLIAb U TPEYroJibHUKA eCTh (DYHKUHS 4 =
= f(x, y, 2) VIUH TpeX €ro CTOPOH X, Y, 2.

u u

Puc. 159. [Tonycdepa Puc. 160. Tunep6osanueckuit napadoson

Tak ke Kak rpaguK 1aeT reoMeTpUUeCKoe MpeicTaB/ieHne (PyHKIUH OJHOTO
rlepeMeHHOr0, MOYKHO MOJYUHTb M FeOMeTpUuYecKoe TMpeicTaB/IeHHe (YyHKIHHU
u = f(x, y) AByX nepeMeHHbIX B BUJIE TIOBEPXHOCTH B TPEXMEPHOM MPOCTPAHCTBE
C TIepeMeHHBbIMH X, Y, 4 B KauecTBe KoopauHat. Kaxmo# Touke X, y B TUIOCKO-
CTH X, J MBI COTIOCTABJIsIEM TOUKY MPOCTPAHCTBA C KOOPAHHATAMH X, Y U U =
= f(x, y). Takum ob6pasom, u = /1 — x> — y? npencrapyseTcsi MOBEPXHOCTbIO
chepbl ¢ ypaBHenueM u? + x* + y? = 1, auneiinas GyHkums 4 = ax + by + ¢ —
TIOCKOCTBIO, (DYHKIUS ¢ = XY — TUTIePOOTHUECKUM MapaboJIouaoM, U T. 1.
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MoxHO JaTh W Jpyroe mnpejactaBjeHue (YHKUMH 4 = f(x, y), IPUTOM He
BBIXOJSI 3a Mpefesbl MIOCKOCTH X, Y, HMEHHO C TOMOILBIO AUHULE YPOBHA
(eopuszonmaaneti). Bmecto Toro uro6el paccMaTpuBaTh TPEXMEPHBIH «JIaHA-
madT» MOBEPXHOCTH U = f(X, y) B TPEXMEPHOM MPOCTPAHCTBE, Mbl BBIUEPUH-
BaeM, KakK 3TO HHOTJA JIealoT HAa reorpauueckux Kaprax, «JIMHUH YPOBHS»
(YHKLMH, SIBJASIOIIMECS MPOEKUMAMHE Ha MJIOCKOCTb X, i BCEX TOUEK TOBEpX-
HOCTH, HAXOISIIMXCS HA OJHOM M TOM XK€ PAaCCTOSIHUM 4 IO BEPTHKAIH OT
TUVIOCKOCTH X, y. DTH JIMHUM YPOBHsS UMEIOT ypaBHeHUs BUIA f(x, y)= ¢, The ¢
MOCTOSIHHO [/l KaXK10i KpuBoi. Tak, HampuMep, GyHKUMSA U = X + y Xapakre-
pusyercst puc. 163. JIunuu ypoBHs MOBEPXHOCTH Cepbl MPeaCcTaBsiioT co6oil
CeMeHCTBO KOHIEHTPHUECKHX OKpysKHOCTel. DyHKums u = x? + y?, KOTOpoi
COOTBETCTBYET NMapaboJIoN/ BPALLEeHHs], XaPAKTEPU3YETCsT TAKIKE OKPYIKHOCTSI-
MH (puc. 165). Uncaamu, OTHECEHHBIMU K KaxJ0l KPUBOK, MOXKHO yKa3biBaTh
BBICOTY U = C.

g G

/@( = "

u
Y X
yvx

Puc. 161. IToBepxHocTb Buaa u = f(x, y) Puc. 162. JIuHuu YypOBHSI MIOBEPXHOCTH,
u3o6paxeHHol Ha puc. 161

DyHKIMY HECKOJBKHUX TepPeMEeHHBIX BCTPedaloTest B (hM3HUKe MPH OTHCAHUH
JIBU’KEHUsI HENpepblBHON cpefibl WM NPOTsKeHHbIX 00bekToB. PaccMoTpum
XOTsl Obl CTPYHY, HATSIHYTYIO MeKJy JBYMsl TOUKAMH Ha OCH X W 3aTeM aedop-
MHPOBAHHYIO TaKMM 00pa3oM, UTO 44CTHLA C KOOPAHHATOH X OTOJABHHYTa Ha
HEKOTOpOe OIpeJieJlIeHHOe pacCTOsiHUe MepHeHAnKYAspHO K ocH. Ecsn cTpyHa
OyleT OTIylleHa, TO OHA NPUIAET B JBHXKEHHE, T. €. HayHeT KoJeOaTbCsl; TO-
ra TOYKa CTPYHbl C HauasJbHOM KOOPAMHATOH X B MOMEHT BpeMeHH [ Oyner
HAXOJUTbCSl Ha PacCcTOsHUM & = f(x, ) oT ocu x. JIBM:KeHHe CTPyHBI Oy1eT
TOJIHOCTBIO OTIPE/IE/IEHO, €C/IH TOJIbKO OyJeT u3BecTHa (yHKuMs u = f(x, ).
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OnpenesieHne HeTPepLIBHOCTH, TaHHOE JIsl (DYHKLHE OJHOTO TIepeMeHHOT0,
pacmpoCTpaHseTCs HEMOCPEACTBEHHO U HA (DYHKIIMH HECKOJbKUX T€PEMEHHbIX.
ToBopsr, uro dyHkuMs 4 = f(x, y) HerpepblBHA B TOUKE X = X|, §J = Y, €CJH
3HaueHWe f(x, y) BCerna CTpeMMTCS K 3HaueHuio f(xj, y;), Korja Touka X, y
NpUOMHAKACTCH K TOUKE X|, Y 110 JIOOOMY
HaIMpaBJeHUIO WK JIIOObIM CIIOCOGOM. Y

Bripouem, uMeeTcsi OIHO CYIIECTBEH-

HOe pas3ynure Mexay (QyHKLUHSIMU OJHOTO

1 HECKOJIbKMX TepeMeHHbIX. B mocsen-

HeM cJlyyae MOHsITHe 0OpaTHOH (hyHKIHH

TepsieT CMBICJ, TaK KaK Mbl HE MOXKEM

pelnTh ypaBHeHHe u = f(x, y), Hanpu- X
Mep u = X + y, TaK, utoObl Kadxcdoe u3
He3aBHCHMBIX TepeMeHHBIX X H Y ObLIO
Obl BbIPAXKEHO C TTOMOLIIBIO TOJBKO OJTHOTO
nepemenHoro #. Ho 310 pasinune mexmy
(PYHKIMSIME OJHOTO U HECKOJIbKHX Tlepe-
MEHHBIX HMCUe3aeT, eCJH Mbl Tepeijem,
Jlaziee, K pacCMOTPEHHIO peobpasoBanuii  Puc. 163. Jlunuu yposs nosepxHocTu
W 0TOOpaXKeHHH. u=x+ty

X Y

Puc. 164. ITapa6osonn BpatieHust Puc. 165. CootsercTBylolue
JINHUM YPOBHSI

*7. ®yHkuuu v npeobpazoBanusi. COOTBETCTBHE MeXKJy TOUKAMU HEKO-
TOpOU MpsSIMO# [, XapakTeprudyeMbIMH KOOPJMHATON X Ha 9TOU MPSIMOH, U TOUKA-
MH HEKOTOPOH JIpyrofl NpsiMoit /', XxapakTepusyeMbIMH KOOPJIMHATOH X', eCTb He
YTO MHOE, KaK HeKoTopast pyHKHs x' = f(x). B cjiyuae B3auMHO 0JIHO3HAUHOTO
COOTBETCTBUSI UMeeM TakKe W obpartHyio ¢yHkuuio x = g(x’). Ilpocrefium
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TIPUMEPOM SIBJISIETCS TPOEKTUBHOE TTpe0Opa3oBaHne, KOTOPOe 3aaeTcsi B CaMOM
oblieM ciyyae IpoOHO-JIMHEHHOH (yHKUMEH BUa

, ax+b
x'=f(x)=
[x) cx+d’
rie a, b, ¢, d —noctosiHHble (Mbl 3TO yTBEPKAAEM 371eCh 6€3 10Ka3aTeNbCTBA).
—dx"+ b
B sToM npumepe o6paTHast (hyHKLHSI HMEET BUJL X = — —a

B cayuae, ecsin ycraHaB/MBaeTcsl 0ToOpaxKeHHe IJIOCKOCTH T ¢ KOOpAHHAT-
HOM cUCTeMOH X, y Ha APYTyIO MJIOCKOCTb ' ¢ KOOPAMHATHOH cHCTeMod X', ',
COOTHOLLIEHHE MEXJy TOUKAMH He MOXKeT ObITb 3a7aHO OJHOH (PyHKUHMeH x' =
= f(x); 31ech PUXOJAUTCS UMETH €10 C ABYMSI (DYHKIMSIMH JIBYX MEpEMEHHbIX

!
X = J(x, y),
/
y =g y)
Hanpumep, npoektuBHoe npeoGpazoBaHue 3a1aeTcsl CUCTEMOH (PYHKLMH
, __ax+by+c

T gx+hy+ kR
s dxtey+f
gx+hy+k’
rae a, b, ..., k—nocTosiuHble, a X, Y U X', Y, KaK CKa3aHO, — COOTBETCTBEH-

Hble KOODAMHATBI B ABYX IMJocKocTax. Ternepb uaess o6paTHOro oToOpakeHus
CHOBa npuobperaeT cMbics. Mbl TPOCTO JOJIKHBI peuLumos OAHHYIO cucmemy
yPaBHEHHH OTHOCHUTENIBHO X U Y, BbIpA3uB UX uepe3 x’ u y'. [eomerpuuecku sto
CBOJIMTCA K OCYLIECTBJICHHIO 0OPaTHOr0 0TOOPAKEHHA MJIOCKOCTH T Ha MJIoC-
KOCTb 7. DTO 0TOOpaxKeHHe Oy/1eT OJHO3HAUHO ONpPe/Ie/ICHO, €C/IH COOTBETCTBHE
MeK/ly TOUKaMH 06eHX MJIOCKOCTEe! B3aUMHO OJIHO3HAUHOE.
[TpeoGpasoBaHus MIOCKOCTH, H3yuaeMble B TOIOJIOTHH, 3a/al0TCA HE MPO-
CTbIMH a/ire6paniyecKUMHU ypaBHEHHUIMHU, a IPOU3BOJIbHON CUCTEMON IBYX (yHK-
il
u xl = f(x7 y)?
y =gx y),

npu YyCJIOBUH, 4yTOObl MMH onpenesisijiocb B3aUMHO OJIHO3HAaYHOE€ W B3aWUMHO
HelpepbliBHOE 11peoOpa3oBaHHue.

Ynpaxuenust. *1) Ilokaxure, uto npeo6pasoBanue uusepcuu (ctp. 168—171) B

VA
2r2 ¥ T
Haiinure o6parHoe npeo6pasopaHue. JlokaxKuTe aHaJIMTUYECKH, YTO I1yTeM UHBEPCHH
COBOKYNHOCTb MNPSIMBIX M OKDY2KHOCTeH 1peoOpasyeTcst B COBOKYNHOCTb ONATb-TAKH
NPSAMBIX H OKPY?KHOCTEH.

€IMHUYHOM Kpyre aHaJIMTHYECKHU 3a1aeTCsl ypaBHEHUSIMHU X' =

,_ax+b
2) Hokakute, uro npeobpazoBaHueM x’ = wrd

BOJUTCS B UETBEPKY TOUEK HA OCH X C TeM 2Ke JIBOUHBIM OTHOLIEeHHEeM (CM. cTp. 222).

YETBEPKa TOYEK Ha OCH X Iepe-
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§ 2. Mpeneani

1. Mpenea nocaenosartenbHoctH a,. Omnpenenenre HeMPEPLIBHOCTH
(YHKLHMH, KaK Mbl 3TO yxKe BHJeJH B § 1, ocHOBbIBaeTcsl Ha IMOHSITHH Mpe-
Jena. Jlo cux mop Mbl MOJb30BAaJMCh 3TUM IOHATHEM B GoJiee WM MeHee
VHTYUTHBHOH (hopMe. B HacTosiieM M c/efyiolieM pasjiesnax Mbl BBEJIEM €ro
6oJiee cucTeMaTHueckuM nyteM. [TocKosibKy M0CJI€0BATENbHOCTH HECKOJIBKO
npole, 4yeM (YHKLUHMH HENpepbIBHONO MEePEeMEHHOro, Mbl HAUHEM C H3ydeHHs
MOCJ/Ie0BATENbHOCTEH.

B rnase II Mbl MMesn JeJ10 ¢ UYHCJIOBBIMH MOCJE0BATENbHOCTAMH @, H
M3yyaJsd UX Npejesbl NPH YCJOBHH, UTO N HEOTPAHUUEHHO YBEJIHUHUBACTCS MJIH
«CTpeMHTCSI» K OecKoHeuHOCTH. Hampumep, mocsienoBaresbHOCTb € OOLIMM

YJIEHOM d, = —:
n

1 1 1
N TP R (1)

[IPpU HEOTpaHWYEHHOM BO3PACTAHHUHU 11 UMEET Ipeae/l 0:

1

E_)O npu 11— o0. (2)
[TocTapaemest BbIpa3uTh TOYHO, YTO MOJA 3THUM MNojpasymenaercs. [Ipu mpo-
JBHU2KEHHHU I10 I10CJIeAOBATC/JbHOCTH BCE JaJiblie W JaJjblle Mbl BUIHUM, 4YTO

yJleHbl CTAHOBSITCS Bce MeHbllle ¥ MeHble. [Tocae 100-ro ujeHa 4jeHbl yxKe

MeHblle nocJie 1000-ro — meHblile U T. 1. Hu omun us useHon

1 1
100’ 1000°
He paBeH B jeiictBuTespHOCTH (. Ho ecnm Mbl mpoasuHeMcst docmamo4ro
daaeko 1o NoceIoBaTebHOCTH (1), TO Mbl MO2KeM ObITb YBEPEHbI, UTO KaXK/Ibli
13 ee uJeHoB OyleT oTinuathesi oT 0 koAb YyeodHO MAro.

B 3ToM 00bSCHEHUH MOXKET CMYLIATh €AHUHCTBEHHO TO, UTO CMbICJI MOIUEPK-
HYTBIX CJIOB He BIOJIHE siceH. UTO 3HAUUT «J0CTATOYHO JAJNEKO» U UTO 3HAUMT
«CKOJIb YIOJHO MaJio»? Ecyin Mbl cymMeeM MpUIaTh TOUHbBIH CMbICJ 3THM Bbipa-
JKEHHUSIM, TO THM CaMbIM OYJIeT YCTAHOBJIEH TOUHbBIA CMBIC/ MOHSTHS TMpejesa
M0CJIeI0BATEILHOCTH.

[eomeTpuuecKasi HHTepIpeTallksi IOMOYKET HaM Pa3obpaThCsl B HHTEpECYy-
tollieM Hac Borpoce. Ecin Mbl M306pasuM ujieHbl nocJenoBatesbHocTH (1) B
BHJIE COOTBETCTBYIOIIMX UM TOYEK Ha UMCJOBOH OCH, TO 3aMETHM, UTO UJIEHbI
MOCJ/IEIOBATEJILHOCTH B HallleM MPUMEPE HAKOIJISIIOTCS» HJIM «CTYILAKTCS»
okosio Toukd 0. BeiGepeM Ha YMCJIOBOH OCH HEKOTOPBIH HHTepBas [ ¢ LIEHT-
poMm B Touke 0 u 0OlIeH NJIUHON 2€, Tak uTOObI MHTEpPBaJ MPOCTHPAJICS Ha
paccTosiiie € ¢ Kaxjioil croponbl oT Toukd 0. Ecan mbl Bo3bMeM € = 10, To,

1 .
KOHEYHO, 8ce UJieHbl a, = E HalleHu 1ocJse10BaTe/JibHOCTH 6YZIYT JIE2KATb BHYTPH

HHTEpBaJla /. Ecnn e Mbl BO3bMeEM € = TO HECKOJIbKO TMEPBbLIX YJECHOB

1_07
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OKaxKyTCsl Jie2KalllkMH BHE HHTEpBaJia ]; OJHAKO BC€ 4J/IeHbl, HaUyuHada C a;;, a
HUMEHHO
1 1 1

l
1 12’ 13 14
1

OynyT Jiexkatb BHyTpu /. Jlaxe npu € = 1000 “MUIb MepBast Thicsua UJCHOB

MOCJIe/I0BAaTENLHOCTH He T0MaJIeT BHYTPb HHTepBaJa /, Torna Kak 6ecKoHeuHoe
MHOXKECTBO UJIEHOB, HAUUHAS C g,

o015, A1002, Q10035

OKaxKeTCs BHYTPH HEro. ﬂCHO, YTO 3TO pacCyxKJACHHE CITpaBeAJIMBO IJIs1 J060ro
IMTOJIOZKUTEJIbHOI'O YHCJia €. €CJIU MTOJIOZKUTEJIbHOE € Bbl6pal—l0, TO HE3aBUCHUMO OT
TOro, Kak OHO MaJio, Mbl BCerjga MoxKemM HOILO6paTb HACTOJIBKO 60Jibllloe Le/ioe

yuco N, 4to

L <e
N .

OrTcrozia caesyer, uTo Bee ujleHbl @, NOCAeI0BaTe/IbHOCTH, Il KOTOPBIX 11 > N,
OyayT JexaTb BHYTPM HHTEepBasa [, ¥ TOJbKO KOHEUHOE UMCJO UJEHOB ap,
Qg, ..., Ay_; MOXET JiexKaTb BHe ero. OCHOBHbIE MOMEHTbI 3/IeCh TAKOBbI: 80-
nepsolx, JJIMHA HHTepBaJja [ onpeaessieTcsl NPOU3BOJLHO MOCPEACTBOM Bbl-
6opa . 3amem MoxKeT ObIThb MOAOOPAHO TMOAXOAdAllee 1eaoe uncao N. DTOoT
Mpolecc MepBoHavYagbHOTO BbIGOPA UMCIa € U MOCJ/eIyIOLero noadopa 1ueyaoro
ypcsia N MoKeT ObITb OCYLLECTBJIEH MPH JI0OOM T0JI0KUTENLHOM € HE3aBUCHMO
OT €ro MaJioCTH; TEM CaMbIM YCTAHABJMUBAETCS TOUHBIH CMbICJ YTBEPXKIEHHUS,
YTO BCE UJIeHbI MocjenoBaTe/bHOCTH (1) otsiMuatorest ot 0 CKOJIb YroJHO MaJIo,
€CJI TOJIbKO Mbl JOCTATOUHO JAJIEKO TPOABUHEMCS MO MOCJe10BaTEbHOCTH .

[TonBesnem utoru: mycTb € — Kakoe-HUOY/b MOJIOKUTEbHOE uhcao. Toraa
Mbl MOXKEM T0/00paTh TaKoe Lesnoe MoJoKUTeNbHOoe uucao N, uto Bce uje-
Hbl @, TocJeaoBaTesqbHOCTH (1), 1si KoTopbix 1 = N, GyayT JexaTb BHYTpPH
vHTepBaJa / AJIHHbL 2€ ¢ LIEHTPOM B TOUKe €. TaKOB CMbICJ NIPE/IE/ILHOTO COOT-
HolLeHust (2).

Onupasicb Ha 3TOT NPUMeEpP, Mbl MOXKEM TeMepb 1aThb TOUHOE OMpejlesieHre
cienytoero obulero yreepxkienus: «[locsenoBaTesbHOCTb NEHCTBUTE/BbHbIX
uhcen aj, Qs, s, ... UMeET mpeaes a». Uucjo a Mbl 3akiouaeM BHYTPb He-
KOTOPOro UHTEpBaJia [ UHCJIOBOH OCH: €CJIM 3TOT HHTEpBaJ MaJl, TO HEKOTOpble
yhcdia @, MOTYT JiexKaTh BHE 3TOr0 HHTEpBasa, HO KakK TOJIbLKO 7 CTaHOBHTCS
JIOCTATOUHO OO0JIbLIMM, CKaxKeM, OOJbLIMM HJIH PABHLIM HEKOTOPOMY uuciy N,
TO BCE UHCJIA a,, AJIS KOTOPbIX 7 > N, JOJKHBI JiexKaTb BHYTPH HHTepBaJa /.
KoHeuHo, MOXKeT CJlyunTbCsl, UTO MPUAETCS OpaTh oueHb GOJIbILOE LEJ0€e YHC-
g0 N, ecaiv uaTepBas [ BIOpaH oueHb MaJibIM; OJIHAKO, KaK Obl MaJl HU OblJT 3TOT
uHTepBal /, Takoe Lesoe yucso N 10JKHO CyL1leCTBOBATh, pas MnperoJaraercs,
YTO MOCJIEA0BATENLHOCTb HMEET MPEeel.
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Tot CbaKT, 4TO MOCJIeA0BaTEJbHOCTL @, UMEET MpeaeJ/l a, BbIpazKaeTCs CUM-
BOJIMUECKH CJIeIIYlOLLLQI:I 3allMcCblO:

lima,=a npun—oo, lima,=a,
n— o0

HJIH TIPOCTO
a, —a Tpun— 0o

(«mpenent a, paBeH a», WM «a, CTPeMHUTCS K npefenay a»). Ecau nocsenosa-
TEJILHOCTb UMEET MpeJie/ B YKa3aHHOM CMbICJe, OHA HA3bIBAETCS cx00Auelics.
Onpenenenre CXOMMMOCTH MOCJEN0BATENBHOCTH @, MOXKHO C(OPMYJUPOBATH
6oJiee CKaTO, a HUMEHHO CJIEYIOIIUM 06pa3oM:

[Tocaedosamenvrnocmo ay, as, Qs, ... UMeem npedes a npu HeoepaHu-
YEHHOM 803PACMAHUL 1, eCAll KANOOMY CKOAb Y2OOHO MANOMY ROAOHCU-
MeAbHOMY HUCAY € MONCHO NOCMABUMb 8 COOMBEMCMBIE MaKoe yeioe
noaosxcumenvroe wucio N (3asucsujee om €), 4mo HepaseHcmaso

la —a,| <e (3)
B6LNOAHACMCS 045l BCEX 3HAYCHULL
n>=N.

TakoBa ob11as, «abcTpakTHasi» POPMYJTUPOBKA MOHSATHS Mpejesaa Nocae10-
BaTeJbHOCTH. HemynpeHo, ecsii TOT, KTO BCTpeuaeTcs ¢ Hell BepBble, He MOXKeT
cpasy CXBaTUTb M McuepnaTth ee cojepKanue. K HecyacTbio, aBTOpbI HEKOTOPBIX
PYKOBOICTB, CTOsLINE Ha MO3ULHH, rpaanaLueﬁ co CHO6I/13MOM, NpenoaHoCsAT
YUTATEJIIO TO omnpejiesieHre 6e3 TIATeJbHOH NOAMOTOBKH, KaK OyATO CHU30HUTH
J10 pa3bsCHEHUH HUXKE JOCTOMHCTBA MaTeMaTHKa.

OnpeneneHue npearnoaraeT CBOEro poja AUCKYCCHIO MEXLY NBYMS JIHLA-
mu A u B. A BbuiBuraer tpeGoBaHue: 3aJaHHas BeJMUMHA @ JIO/KHA ObITh
NpUOJMKEHA UHCTIAMH @, TaK, YTOObI OlUMOKA He MpeBblllaJa MpaHuLbl € = €]
B orBeuaer Ha 3T0 TpeGOoBaHHE yKa3aHWEM, UTO CYLIECTBYeT Takoe 1ienoe N =
= Ny, 4TO BCe uJIeHbl a,, CJaeyIOlHe 3a Ay,, YAOBJICTBOPAIOT 3TOMY YCJIOBHIO.
Torna A cranoButcst 60siee TpeGOBATEJbHBIM U TIPeLIaraeT HOBYIO, MEHbBIIYIO
rpaHULy € = €9; B cHOBa BcTpeuaeT 310 TpeGoBaHHe 1M0AGOPOM HEKOTOPOTO,
MOXKeT ObITh 3HAUMTEJBbHO OoJibliero, Lesaoro uucgaa N = N,, o6Jaaalouero
AHAJIOTHYHBIM CBOKCTBOM, U T. . Ecau B moscem yoosaremsopume A He3asu-
CUMO OM MO20, KAKYI0 MAAYIO ePAHULY HA3Ha4aem A, mo mol umeem 0eao
€ NOAOJCeHUeM, KOMOPOe KPAMKO 8bLpANCACMCS COOMHOULeHUEM: A, — a.

Nmeetcs onpenesnenHas ncuxoJsornueckasi TpyIHOCTb B TOM, UTOObI cocTa-
BUTb MPaBUJIbHOE MpeJCcTaB/eHHe 0 MOHATHH Npeiena. Hawa unTyuuus npeu-
noJiaraeT «JIMHAMHYECKYI0» HJeI0 Tpefesia KaK pe3yJ/bTaT Mpollecca «IBHxKe-
HHUSI»: Mbl TIPOJIBUTAaeMCsl 110 psily UeJbIX uuces 1, 2, 3, ..., 1, ... ¥ IpH 3TOM
Ha6JI0/1aeM 3a MOBEICHUEM T10Ce/I0BAaTENbHOCTH @,. Mbl XKj1eM, uTo uncna a,
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JIOJIXKHBI BCe MeHblIe ¥ MeHbLIe OTJHYaThCsl OT yucaa a. Ho sta «ecrecTBeH-
Hasi» TOUKa 3pEHUs He MoJIaeTcs ACHOH MaTeMaTHuecKoi opmyauposke. Uro-
Obl IPUATH K TOYHOMY OTIPEAEJIEHHIO, HAJI0 0OOPATHUTL XOJL PACCYXKACHUS: BMECTO
TOro yToGbl MpeXKae Bcero o0pallaTbesi K HE3aBUCHMOMY IMepeMEHHOMY #, a
3aTeM yxKe K MepeMeHHOMY @,, Mbl JIOJKHbl OCHOBBIBATH Hallle OmpejesieHe
Ha TOM, UTO CJIeJlyeT Je/aTh, €CJHU Mbl M0 CYLIECTBY XOTHM MPOKOHTPOJHPO-
BaTh yTBep:KIeHHe @, — a. [1pu Tako# MocTaHOBKe BOMPOCA MbI IIPEXKIE BCErO
JIOJIXKHBI BBIOPATb TPOU3BOJILHO MaJlblil HHTEPBAJ OKOJIO @ U 3aTeM PeLlUThb: MO-
JKeM JIH Mbl JOOUTHCS, UTOOBI @, C TIOMOILbIO BBIOOpA A0CTATOUYHO GOJILIIOTO 11
B Hero nonaso. 3arem, BBOJS CHMBOJIbI € U N 1151 0003HAUEHHUST <[TPOU3BOJILHO
MaJloro MHTEepBaJjia» U «JI0CTaTOUYHO OOJBLIOTO 71», Mbl TIPUXOAUM K TOUHOMY
Ompese/IeHHIO TIpesena.
O6palasich Tenepb K Apyromy npuMepy, paCCMOTPUM MOCJE10BATENbHOCTD

1 2 3 4 n

EANE NEPEN SIS R
Tl 51 yrBepxknaito, uto lima, = 1. Ecin Bbl BbiGepere uHTEpBaJ
C LIEHTPOM B TOuKe | U BO3bMeTe € = % TO §1 CMOTY Y/IOBJIETBOPUTD BallleMy
tTpeboBanuio (3), BeibpaB N = 10; B camom jeJe,

0<—_" _n+l-n_ 1 1

n+1" n+l 41 <10
npu n > 10. Ecau Bbl ycusure Baule TpeGoBaHue, BbiGUpasl € =

rie a, =

1000° 07

CHOBa MOTY eMy yJ0BJIeTBOpHTh, Bhibupass N = 1000; u Tak nanee — jJsi Jio-
60T0 MOJIOKUTEJBHOTO UHC/Ia €, KOTOPOE BbI MOXKeJlaeTe BEIOPaTh, HE3aBUCHMO
OT €ro MaJIoCTH: JeHCTBHUTEJBHO, MHE TOJBKO HyXHO OyjeT BbIOpaTh Jio6oe

1 .
eJsoe N, OoJiblllee YeM —. IDTOT npouecce, 3akyarovyarouimcs, BO-MEPBLIX, B Bbl-
€

60pe NPoM3BOJLHO MAJIOTO UHTEpBAJA JJIHHBI 2€ BOKPYT UMCJa @ U, BO-BTOPBIX,
B JI0Ka3aTeJIbCTBE TOTO, YTO BCE UJIEHBI IOCJAEI0BATENBHOCTH @, HAXOASATCS Ha
paCCTOﬂHl/II/I, MEeHbIIEM 4YeM € OT Q, paa TOJIBKO MbI HpOIIBI/IHeMCﬂ JOCTATOYHO
JlaJIeKo TI0 TOCJIeI0BaTeJIbHOCTH, U €CTh He UTO HHOe, KaK MoJApo6GHOe omnuca-
HHe TOro (hakTa, uto a, — a. EcJM wieHbl NOCJeI0BATENbHOCTH a1, Ay, A, - . -
HpeﬂCTaBﬂeHbl B BUIIE 6€CKOH€11HbIX JECATUUHDBIX npo6e171, TO yTBep)KILeHI/Ie

lima, =a

0603HayaeT MOMPOCTy TO, UTO JJIsl JIIOGOTO LEJIOTO TMOJNOKUTENBHOTO 11 Tep-
Bble m UMp uucaa @, COBMAAAIOT C TIEPBLIMU /M LU(PpPaAMH OGECKOHEUHOTO
JIECSITUUHOTO Pa3/oXkKeHHs YhcJia @, pa3 TOJAbKO A BEIOPAHO AOCTATOUHO OOJb-
ILIHM, CKaxkeM, GOJIbIIMM HeKoToporo 3Hauenusi N (3aBucsiero ot m)!. dto
MPOCTO COOTBETCTBYET BhIGOPY € B hopme 107,

' 310 yrBepskaenne He BrosHe TouHo. Xopoliee ypakHeHHe — MOCTPOMTH K HeMy KOHTPIpH-

mep. — [lpum. ped. nacm. u3o.
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CyulecTByeT pyroe,  oueHb BblpasuTesbHOE, ONpelesieHHe MOHITHS rpe-
nena. Ecau lima, = a v ecai Mbl 3aK/II0UAM UMCJIO @ B UHTEpBaJ [, TO, He3a-
BHUCHMO OT MaJIOCTH MHTepBasa [ Bce uucaa a, npu 11, 60JblIeM HEKOTOPOro
uesoro uucsa N, Oyayt JexaTb B HHTepBaJe /, Tak 4To He 6oJblie YeM KOHeu-
Hoe urcao N — | ujieHoB M3 Ync/aa CJIeIyIoLHX:

a;, o, A3z, ..., An_1,
MOTIYT JlexKaTb BHe UHTepBaJa /. Ecaii untepBas / oueHb MaJl, To uncsio N MoxKeT
ObITb OueHb GoJsblIUM, cKaxkeM, paBHbIM 100 uan naxe 1000 GuismvoHam,
BCE 2Ke JIMLIb KOHEUHOE UUCJIO UJIEHOB MOCJEI0BATE/bLHOCTH OyeT JiexkKaTb BHE
uHTepBada /, B TO BpeMsl Kak 6eCKOHEUHOE MHOXKECTBO OCTaBLUMXCS UJEHOB
nonanet B uHTepBaJ /. M0xKHO yCJIOBUTBCSI TOBOPUTH O UjleHaX HEKOTOpOH Oec-
KOHEYHOH MO0CJIe/10BAaTe/bHOCTH, UTO «IIOUTH BCE» OHM 00/1aal0T HEKOTOPHIM
CBOKHCTBOM, €CJIM JIMLIb KOHEUHOE UHCJIO UX (HEBAXKHO, KaK OHO OyIeT BEJHUKO)
He 00/1aJlaeT 3TUM CBOHCTBOM. Tak, Hanpumep, «IOUTH BCe» LeJble MO0JI0XKH-
TesibHble uncgia 6osbine 1 000 000 000 000. HMenonb3yst 3Ty TEPMUHOJIOTHIO, Mbl
BUUM, UTO YTBEP:KICHHE
lima, =a

SKBHBANIEHTHO CJIEYIOLIEMY YTBEPXKIEHUIO: ecau | ecmo a0606 unmepsan c
UEeHMpOoM 8 MOUKe @, MO NOUMU BCe YUCAA A, NCAHCANL 8 IMOM UHIMEPB8ale.

He meraet, KcTati, OTMETHTD, UTO HET HEOOXOAUMOCTH TIPENoJiaraTh, UTo
BCE UJIEHbI @, MOCJEI0BATEbHOCTH HEMPEMEHHO HUMEIOT pas/iHuHble 3HAUEHHS.
B yacTHOCTH, COBEpPLIEHHO J0MYCTUMO, UTOOBI HECKOJIBKO M3 HHX, WM GeCKo-
HEUHOe UMCJIO, WM JaXKe, HAKOHel, BCe uMuc/aa a, ObUIM paBHbI MPeLeJbHO-
My 3HaueHuo a. Hanpumep, BrojiHe 3aKOHHO paccMaTpUBaTh MOCJEI0BATENb-
Hocth a; =0, a; =0, ..., a,=0, ..., u ee npejieJ ecTb, KoHeuxo, 0.

Kak yxe ykazaHo, nocJ/1e10BaTe/bHOCTb @, C MPeeIOM @ Ha3blBaeTCs CXO-
dauwetics. TlocnenoBaTesbHOCTb, HE UMEIONIAs MPe/iesia, Ha3blBAETCA Pacxo-
dawelics.

Ynpaxuenus. Hoxaxure: 1) IlocnenoBaresbHOCTb ¢ 0OIIMM WIEHOM @y =

n2 +1
. , 1 1
umeer npenel, pasueiii 0. ( ¥xasanue: a, = — Menble — i 6oublie 0.
n—+ E 1
2 I+
nc+1

2) IlocsenoBatenbHoCTb ap = — umeer npenen 0. ( ¥kasanue: a, = I

2 " ntoe

Jgexut mexay 0 u ;.) n
3) TlocnenoBaresbhocts 1, 2, 3, 4, ..., a Takke «KOJIEOJIOLIHECS» MOC/EI0BA-

T€JIbHOCTH

—1LL =1L =1L L (e an=(=1)),

HE UMEIOT IpeaeJ10B.
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Ecsiu B mocJiefoBaTeIbHOCTH @, UJI€HBl BO3PACTAIOT TaKUM 06pPAa3oM, uTO
paHo HJIM TIO3/IHO CTAHOBATCST GoJiblle JI0OOro Harepea Ha3HAUEHHOTO UHC-
Ja K, To TIPHHSITO TOBOPUTB, UTO @, CMPEMUMcs K 6ECKOHe4HOCmIL, W TOTAA
nuuyt: lim a, = oo uau a, — oco. Hanpumep, #% — oo 1 2" — co. Dta TepMH-
HOJIOTHST yA06Ha, XOTSl U He BIOJIHE MOCJEeI0BaTeNbHa, TAK KaK CHMBOJ 0O He
TMPUHSATO pacCMaTpUBATh Kak 4ucjo. [locaedosamenvbHocmo, cmpemawaics
K beckoHeuHocmu, cuumaemcs pacxoosujetics.

2

n 1

YnpaxHenue. Jlokaxkure, UTO MOCJEN0BATENBHOCTh A,y = + CTPEMHTCH K
n

6eCKOHEeUHOCTH; aHaJIOTHYHO B cJyuae
RGeS ot a = n"
n n+l7 n n_"_ly n —l’l2+l'

Hauunnarone yacTto BHajaloT B OLHI/I6Ky, JAyMasi, 4To Mepexoa K Ipene-
JIy 1pHh 11 — OO MOXKET ObITb BbIMOJIHEH COBEPUIEHHO MPOCTO MyTEM TMOACTa-

1
HOBKM 1 = 00 B BbIpaxKeHue o0llero ujieHa a,. Hanpuwmep, P 0 notomy,
1
uyto — = 0. Ho cumBos 0o He ABJSIETCSA UHCJIOM, U €ro YnoTpeOJsieHHe B Bbipa-
o0

1
JKEHHH — He3aKoHHO. [TomnbiTKa NpeacTaBUuThb cebe npenedst nocjenoBaTe/ibHO-
oo

CTH KaK «ITOCJIETHUI» UJIeH MOCJIeJ0BaTeJIbHOCTH @, [pu 11 = o0 He nonagaet
B 1eJIb U 3aTEMHSIET MPpaBUJAbHOE MOHUMaHHe CYLIeCTBa JeJa.

2. MOHOTOHHbBIE NOCJaeJ0BaTeNbHOCTH. B oflieM onpeneseHHn CXOAU-
MOCTH M mpefiesia Ha cTp. 319 He coaepKuTCs TpeOGOBaHM, TaK WJIM HHaue
CTECHSIIOLIMX XapaKTep MPHOMMKEHHS CXOAsLIEeHCS I0CJelI0BATeJIbHOCTH a,
ay, as, ... K cBoeMy npezesy a. [Tpocteiiuuii T NpuOIHKEHHS OCYLLECTBIIS-
eTCsl TaK Ha3blBA€MbIMH MOMOMOMHbIMU TOC/ICA0BATEIbHOCTIMH, IPUMEPOM
KOTOPBIX MOKET CJIY2KHTb CJIeflylolast:

1 2 3 n

23 4 7 a4l
Kaxnbifi unen sToll nocJenoBaresbHOCTH Oodiblie Npeabiayiuero. leidcTu-
TeJILHO,
n+1 1 1 n
n+e _n—|—2> WAl o+l
[TocnienoBaTeibHOCTL TaKOro poja, B KOTOPOW @,y > a,, HasblBaeTcs MO-

HOMOHHO 803pacmaioujeil. AHAaJOTHUHO, TIOC/IEI0BATEIbHOCT, I KOTOPOH
1

1273

sarouyeti. [Tocne0BaTe/IbHOCTH 3THX ABYX THIOB MOTYT NMPUOJMKATBCS K CBO-

eMy Tpejesy JIMIIb C OJHOH CTOPOHBI: «CJieBa» WM «crpasa». B mpotusomno-

JIO2KHOCTb 3TOMY CYUIECCTBYIOT MOCJEA0BATE/IbHOCTHU KOJI66JI}0LH.I/IGCH, Hanpu-
1

) §v _gv Zy ..
npeneny 0 «c o6enx cropou» (cm. puc. 11, ctp. 95).

an+1 = a,.

a, > a,y, HanpuUMep Takasi, Kak | ., HasbIBaeTCst MOHOMOHHO YObL-

mep, -1 . DTa noc/ae10BaTeNbHOCTD HpI/I6JII/I)KaeTCH K CBOEMY
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aj as as a l B

Puc. 166. MoHoTOHHAs1 OrpaHHUeHHAs! 10C/Ie10BaATEJbHOCTD

MOHOTOHHBIE TTOCJIEOBATENBHOCTH 006JIaJAI0T 0COOEHHO POCTBIMU CBOM-
ctBamu. Takoro polia nocJie10BaTeJbHOCTb MOXKET HE UMETDL Ipejiesia U Bo3pa-
CTaTb HEOrPAHUYEHHO, MoJ06HO MOC/EI0BATEbHOCTH

L, 2, 3, 4, ...,

rie a, = N1, WK 10cJ1e10BaTe/IbHOCTH
2, 3, 5,7, 11, 13, ...,
LIl KOTOPOH @, €CTb n-e MpoCToe UUco p,. B 9TOM ciyuae nocjenobaresb-
HOCTb cTpeMHUTCsl K 6eckoHeuHocTH. Ho eciu uieHbl MOHOTOHHO Bo3pacTaloLeit
M0CJ/1e/10BATebHOCTH OCTAITCS OFPAHHUEHHBIMH, T. €. €CJIH KaXK/bIH 4JleH MEeHb-
1LIe HEKOTOPOH BepXHel rpaHulbl B, 3apaHee H3BECTHOH, TO MHTYMTHBHO $ICHO,
UTO [10CJIEIOBATEJBLHOCT JOJ/KHA CTPEMUTLCS K HEKOTOPOMY OIPEEe/IEHHO-
My Tpefiesly a, He INpeBbiliatolieMmy uucia B. Mbl chopmyanpyem 310 MmoJo-
JKEHHE KaK MPUHUUN MOHOMOHHbLX NOCAC008AMENbHOCTEN: MOHOMOHHO
803pacmarouas noCAe008AMeEAbHOCHb, 02PAHULEHHAS C8ePXY, CXOOUMCS
K Hekomopomy npedesy. (AHajoTHUHOEe yTBepK/IeHHEe HMEET MeCTO OTHOCH-
TeJIbHO MOHOTOHHO YObIBAIOLLEH MOCJ/e10BaTeNbHOCTH, OrPaHHUEHHONH CHH3Y.)
3ameuaresbHO TO, UTO 3HAUEHHE Mpejiesa @ He J0/KHO ObITh H3BECTHBIM 3apa-
Hee; TeopeMa YTBepXKJIaeT, UTO MPH BBIMOJHEHHH YKA3aHHBIX YCJOBHH TNpeses
cyujecmsyem. KoHeuHo, 3Ta Teopema CrpaBeIMBa JIMLIb MPH YCJOBHH, UTO
Npe/IBApUTENbHO BBEJIEHbI HPpallMOHaJ/bHbIE YHCJ/IA, U B TPOTHBHOM CJlyyae He
Bcerja Obl oNpaB/blBajach: B caMoM JeJie, B yiaBe 11 Mbl Buiesu, 4to Kaxioe
HPPALMOHAILHOE UHC/I0 (HANpUMED, V/2) SIBJSETCS PEIESOM MOHOTOHHO BO3-
pacraiollledl 1 orpaHHueHHOH T0C/eA0BATE/NbHOCTH PALIMOHABHBIX TECATHUHBIX
Jpobeil, BO3HUKAIOLWMX NPU 0OpPbIBAHWM HEKOTOPOH OEeCKOHEUHOH JeCSATUUHON
Ipobu Ha n-i uudpe.
* XoTsi MPUHIKIT MOHOTOHHBIX l'lOC.HeILOBaTe.HbHOCTGIZ WUHTYUTUBHO BITIOJIHE OUEBUJICH
W BBITVIAAUT KaK abcoJitoTHast UCTHHA, [10JIE3HO MPUBECTH €ro BIIOJIHE CTPOroe Ao0Ka3a-
TEJIbCTBO B COBPEMEHHOM CTHJIE. Yrtobbl 37O ceJiaThb, HaJA0 NMoKadaTb, YTO 3TOT NPUHLHUII
JIOTHUECKH CJIelyeT U3 onpee/eHus I€HCTBUTE/bHOrO YMCaa U ONpeeseHus nmpeaeJa.
[Ipenmnosioxum, uto uncaa aj, as, as, ... 06pas3yloT MOHOTOHHO BO3pacTalollLyo, HO

OrpaHUYEHHYIO MTOCJe10BATE/IbHOCTDb. Mbl MOXKeM NpeACTaBUTDL YJIEHDbI 3TOH rnocJenoBa-
TeJIbHOCTH KaK OeCKOHeuHble 1eCsTHUHbIE JPOOH

ar=Aypipeps ...

as = Ag,q14203 .

as :A3,r1f2/'3...
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rie A; — uesible udcaa, a p;, gi, ri v T. 1. — uddpbi o 0 g0 9. [IpoGexum tenepb BHU3
no croJbiy ueabix uucen Ay, Ag, As, ... Tak Kak nocjenoBaTebHOCTb @1, A2, A3, . . .
0epaHU1eHHa, TO 3TH LeJible Yhca He MOTYT Bo3pacTaTb GECKOHEUHO, a MOCKOJIbKY
OHa MOHOMOHHO 803pacmaem, To 1ieJible UMca nocyaenoBatebHocTd Ay, Ag, As, ...
nocae docmudcenus HeKOmopoeo MaKCUMAALHO20 3HAEHU OOAINCHbL CIams no-
cmosarHoimy. OG03HAUNM 3TO MAaKCHMaJslbHOe 3HaueHHe CUMBOJIOM A U MPEANosoKuM,
YTO OHO HOCTHTHYTO B No-ii ctpoke. CraHeM Terepb npoberatb BTOpPoH croJbel py,
gy, r1, ..., COCPEIOTOUNBAsT CBOE BHMMaHHe Ha ujeHax No-i M M0CJ/EeLYIOLINX CTPOK.
Ecsin x| ectb HanGosbllasi U3 LKp, NosiBUBLLASICSA B 3TOM cToJIOLE rocse No-i CTPOKH,
To 3Ta uMdpa OyleT MOSABAATHCA Bceeda MOCJe CBOEro MepBOro MosiBJAEHUs, KOTO-
poe, MpeanoJoxuMm, npousouio B Ny-# crpoke, rae Ny = No. (Ecau 661 nudpa B
3TOM CTOJIOLE YMEHbIIHIACh KOT/a-ju60 BIOCJECICTBHH, TO MOCJEN0BATENIbHOCTb @y,
aj, as, ...ue 6biua Gbl MOHOTOHHO Bo3pacTaowieli |.) 3atem Mbl paccMOTPUM P Pa,
G2, r2, ... TpeTbero crosnbua. Paccyxienue, nogo6Hoe MpebliylieMy, N0Kas3blBaeT, YTo
HauuHasi ¢ HeKoToporo uesoro yucsaa No > N; uudpbl Tpetbero crosua MocTOSHHO
paBHbl HEKOTOPOMY UHMCJy Xo. EC/H Mbl TOBTOPUM 3TOT mpoliecc s 4-ro, 5-ro, ...
CTOJIOLOB, TO MOJYUUM LUH(PbI X3, X4, X5, ... U COOTBETCTBYIOLIME liejible uucaa Ns,
Ny, N5, ... Jlerko y6emurhCesi, 4TO UMCIJI0

a=A,X1XoX3X4 ...

ecTb Ipejes NocJel0BaTeJNbHOCTH Ay, dg, A3, ... B caMoM jeJle, 1IyCTb BBIOPAHO € >
> 10~"™; torga st Bcex n > Ny, Ledsast yacTb U nepsble m UUp Mocje 3ansroi B
uncsax a, U @ OyIyT COBMajaTh MeXy COOOH, TaK UTO Pa3HOCTb |@, — @| He MOXKeT
npesbiwath 107", Tak Kak 9T0 MOXKHO cleJaTh 1Js JI0OO0ro €, Kak Obl MaJo OHO HH
ObWI0, C MOMOLILIO BLIOOPA 0CTaTOYHO OOJILILIOTO /71, TO TeopeMa J0Ka3aHa.

ATy TeopeMy MOXKHO TaKXKe J10Ka3aTh, OCHOBbIBASICh Ha JIIOOOM H3 JIaHHbIX B ryase [1
onpesiesieHHii 1efCTBUTENILHOrO YHCIa, HanpuMep, B3dB opejleJieHHe ¢ IIOMOILbIO BJIO-
JKeHHbIX HHTEePBaJIOB MJIU JeJleKUHI0BbIX ceueHUll. Takue 10Ka3aTe/bCTBA MOXKHO HAUTH
B JIIOOOM NOAPOOHOM KypCe aHasu3a.

[TpHHLMIT MOHOTOHHBIX TOCJ/IEI0BATE/NbLHOCTEN MOT Obl ObITh IPUMeHeH B ri1ase I npu
ornpeieJIeHHt CyMMbl H [IPOM3BEEHHs IBYX M0JI02KHUTeNbHbIX OECKOHEUHBIX J1eCATHYHbIX
J1pobeit:

a=Aaaa;s ...
b=DB,b1bbs...

JIBa TakuxX BbIPAXKEHHUST HE MOTYT ObITb HH CJIOXKEHBI, HH TIEPEMHOKEHBI OObIUHBIM MyTEM,
HayKMHasi C PaBOro KOHIIA, MOCKOJbKY HET HHKAKOro MpaBoro Kowia. (B kauyecte mpu-
Mepa YHTaTeJb MOMKET MOTBITATLCS CJ0KHUTD CJEAYIONIHE IBe GeCKOHEUHBIE IECATHYHDIE
apo6u: 0,333333... u 0,989898....) Ho ecau cumBoJs x, 0603HAUAET KOHEUHYIO Jie-
CITHYHYIO POOb, MOJNYYEHHYIO B Pe3yJbTaTe CJ0MKEHHsT KOHEUHBIX JIECATHYHBIX IPOGeH,
BO3HHKAIOIIMX MPH «OGPLIBAHMK» Ha n-H UH(pe AECSTHUHBIX Pa3oKeHHi a u b, To

N0CJII0BATEAbHOCTb X|, X2, X3, ... OyLeT MOHOTOHHO BO3PACTAIOLIEH U OrPAHUUYECHHOH
(rpaHuliell MOXKET CJyXUTb, Hanpumep, uncio A + B 4+ 2). OTcloaa ciejyer, uTo no-

CJIeoBaTeJbHOCTb X1, X9, X3, ... UMEET IIpeleJs, U Mbl MO2KEM IPUHATbL CJleAylollee

! UTo6bl rapaHtupoBaTtb 3TO, HaJAO 3alucCaTb UYJE€HbI MOCJAEA0BaTEC/IbHOCTH 6e3 GeCKOHEUHbIX

«XBOCTOB» JIeBATOK. — [Ipum. ped. nacm. uso.
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orpejiesieHue:
a+ b=Ilimux,.

[Tocpe/icTBOM 1M0106GHOTO XKe MPoLecca MOXKHO OIpPeJIesIuTh U MpousBeieHue ab. Onpe-

JIeJIEHHs] 3TH MOXKHO PACIPOCTPAHUTh M Ha BCe CJlyuyau, Korjaa a W b — Kakue yrojiHo

MOJIOXKUTEJIbHbIE UM OTPULIATE/IbHbIE UMCJ/Ia, TPUMEHSIst OObIUHbIE TPaBHIIa apU(METHKH.

YI'Ipa)KHeHl/le. ,U,OK&)KI/ITG, 4To CyMMOﬁ JIBYX BbILI€YKa3aHHbIX 6eCKOHEUHbIX J1eCsi-
131

THYHBIX Ap0o6ell siBJIsieTcs eHCTBUTeNbHOe unco 1,323232 ... = 99 -

BakHoCcTh MoHsITHS Npejiesia B MaTeMaTHKe 3aKJ/I04aeTcsl B TOM, UTO MHO-
eue qucaa moeym Ovlme onpedeneHol Ao KaK npedeavl (4acTo Kak npe-
JieJibl MOHOTOHHO BO3pacTalolluMX MocJjeaoBarenbHocTel). Bor nmouemy mnoJe
paLUMOHAJIbHBIX UYMCEJ, B KOTOPOM TaKHe IMpele/bl MOIYT He CYLLeCTBOBATb,
CJIMLLIKOM Y3KO JJI1 HAOOHOCTEeH MaTeMaTHKH.

3. Yucao Jiinepae. Uucio e 3aHs1/10 BUIHOE MECTO B MAaTeMaTHKeE PSIJIOM C
apXUMEJIOBBIM UMCJIOM Tt cpasy nocJie ony6anKoBanust ditnepom B 1748 1. coun-
Henusi «Introductio in Analysin Infinitorum». 1o uncJo siBAsieTCs peKpacHoM
WJUTIOCTpALMel TOTO, KaK MPUHIUIT MOHOTOHHBIX MOCJE0BATENbHOCTEH MOXKeT
CJIYXKHTb /ISl OMpeJIe/IeHUsI HOBOTO JIeHCTBUTENbHOTO unca. [Toab3ysch 00biu-
HOM COKpAIlleHHOH 3aMuCbhio JJIs1 TIPOU3BEIEHHS /1 TIEPBBIX HATYPAJIbHBIX UHCET

n=1-2-3-...-n,
pPaccMOTPUM TIOC/EIOBATENbHOCTD @, g, A3, ..., TIE

1

1 1 1 1

UsieHbl MocJie0BaTeNbHOCTH a, MOHOTOHHO BO3pacTalroT, MOCKOJIbKY a4 |
noJiydyaetcsda M3 a, MNOoCpeACTBOM HpH6aBJIeHI/IH [TOJIO2KUTEJIbHOTO CJlaraeMo-

ro TESbk Kpowme Toro, 3HaueHust a, orpaHuueHbl CBEpPXY:
a,<B=3. (5)
B caMOM JieJie, Mbl UMeeM
LI O RS NS IS I R O
sl 2 377s T2 2727 oD
OTClOJa BBITEKAET, YTO
S [ IA A S Lt S
n 9 22 23 Qn—l -
1 n
- (5) 1\
)

MpUUEM MBI HCTIOJB30BaMM (hopmysy cTp. 91 1 CyMMBl 7 MEpPBBIX UJIEHOB
reoMmeTpuueckoi nporpeccuu. Ho B Takom ciiyyae B CHily NPHUHLHIIA MOHOTOH-
HBIX [10CJICI0BATENILHOCTEH (1, JOJKHO CTPEMUTBLCSI K HEKOTOPOMY Npejiesty MpH
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CTPEMJIEHHH 1 K OECKOHEUHOCTH; 3amom npedes obo3nauaemcs OYKkeoll e.
UroO6bl BbIpa3uTb TOT (hakT, uto e = lima,, Mbl MOXeM 3amucaTb € B BHJIE
«6eCKOHEUHOTro psijia»
1 1 1 1
6—1+ﬁ+ﬁ+§+...+m+... (6)
ITO «TOXKAECTBO» C PSANIOM TOUEK HA KOHIE €CTb MPOCTO JAPYroi crnocod s
BbIpaXKeHHs! IBYX CJIEIYIOLHMX YTBEPKIAEHHH:
1 1 1 1
a,—e TpH 1n— oo.
Psin (6) no3BosisieT BLIUUCUTD e ¢ JtoGOl cTerneHblo TouHocTd. Hampumep,

cymma (¢ eBsATbIO LdpaMu) wieHoB psaa (6) 1o
uucty

1
o1 BRIOUHTENBHO paBHa

222,71828182...

(ITpoBepbre!) «Omubka», T. €. pa3HOCTb MEXKY 3THM TPUOJIMKEHHBIM U HC-
THHHBIM 3HAUEHHEM e, MOXKET ObITh JIErKO olieHeHa. Jljis pa3HoCTH e — Y Mbl
MMEeM BbIpaXKeHHe

1 1

! L1 11 L1
1—3,+m+...<1—3,(1+—+—+— ) L

137132 " 13° BN E IR PR PN
13

ITO uMCJIO TaK MaJlo, UTO He MOXKET MOBJHUATbH HA JEBATYIO LUPY, U MOTOMY,

JIOMyCKast BO3MOXKHYIO OIIMOKY B rocJjieiHell 1udpe BbILLIENPUBEIEHHOTO 3HA-

YEHUs, Mbl T10JIyUaeM Ui e cjieflytollee NpUOJIMKEHHOE PABEHCTBO C BOCEMbIO

BEpPHBIMH LU(PaMHU:
e~ 2,7182818.

Yucao e uppauroHasbHo. YToObl 3T0 J10Ka3aTh, NPENOI0KUM POTHBHOE: J10-
MycKasi, uto e = % rjle p ¥ g — LieJible UnCJia, M 3aTeM, NIPUXOs K POTHBOPEUHIO, Mbl
JIOJKHBI OY/1EM 3aKJIIOUUTb O HEJENOCTH CeNAaHHOr0 NpernooKeHus. [1ocKobKy Mbl
3HaeM, uto 2 < e < 3, e He MOXKET ObITb LIeJIbIM UHCJIOM, a TIOTOMY ¢ 110 MeHbllell Mepe
JIOJDKHO ObITb paBHO 2. YMHOXKHUM o6e uyacTh ToxkaectBa (6) Ha g!=1-2-3-...-¢;
MOJTy4HM

=[¢'+q¢+3-4-...-q+4-5-...-g+...+(g—1D)g+qg+1]+

1 1
(7
i+ 1 T arnery T 0

B seBoit uactu Mbl, OY€BHAHO, MMEEM I1LeJi0€ YHCJO0. B npaBoﬁ 4yacTH cJlaraemoe B
KBaJpaTHbIX CKOOKaX TakxKe eCTb L1eJ10€ UUCJIO. OcTarok xe B npaBoﬁ YacCTH eCTb I10J10—

—+

1
JKUTEJIbHOE YHCJI0, MeHbllee —, ¥ 3HAUHUT, He eCTb Liesioe uucjo. B camom nene, g > 2, a
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cJjie10BaTe/IbHO, YJI€HbI psula + ... He NpeBbLILIAOT COOTBETCTBEHHO YJIEHOB I'€O-

q + 1
1

MeTPHUECKOH [1porpeccuu § —|— —|— 3 T ..., CYMMa KOTOPBIX paBHa 7 - —— = 5.

Takum o6pasom, popmyJia (7) IpoOTUBOPEUNBA: Le/10€ YUCJ/IO B JIEBOI UaCTH He MOXKET

ObITb PAaBHO YHCJy B [1PABOH YaCTH, TaK Kak 3TO MOCJeNHee, sBJAsACh CyMMOMH LeJoro

4ucJia M MOJI02KMTEJIbHOI'O YKMCJa, MEHbLIEro %, He €CTb LeJ10e YUCJo.

4. Yucaon. Kak U3BeCTHO U3 LLIKOJBLHONH MaTeMaTHKH, AJIMHA OKPY?KHOCTH,
pazuyc KOTOPOH paBeH eIMHMIIE, MOXKET ObLITh OIMpee/ieHa KaK Tpejes noce-
JIOBaTEJILHOCTH JUIMH TIEPUMETPOB MPaBHJIbHBIX MHOTOYTOJILHUKOB MPH GeCcKo-
HEUHOM YBEeJMUEHUH Yuc/aa ux cropoH. OmnpeneneHHast TakuM o6pa3oM JJIHHA
OKPYKHOCTH 0603Hauaercsi cumsoJsiom 2. Tou-
Hee, €cJIM uepe3 p, 0603HAUNTD JUTHHY BIHCAH-
HOTO, a uepes3 g, JUVIMHY OMHCAHHOTO TIPaBHJIbHO-
O f1-yroJbHUKA, TO HMEIOT MeCTO HEePaBEHCTBA

P <21 < Gy

Bosee Toro, korna n Bospactaer, obe mocJie-

JIOBATEJILHOCTH P, U ¢, NPUOJUKAIOTCH MOHO-

TOHHO K 2T, U Ha Ka)JIOM 3Tare Mbl MoJydaem

BCE€ MEHbUIyl0 OWMOKY B TOM MPUOJHKEHUH,
KOTOPOE P, U ¢, JAIOT JJIst uicya 2T

Ha ctp. 151 Mbl mosiyuu/iv BblpazKeHHe
Puc. 167. IlpuGnuxenne ok-
Dom = 2" \/2 W PYKHOCTH MHOTOYTOJIbHUKAMH

cojiepxallee m — 1 BJIOKEHHBIX KBaApPaTHbIX KOpHeH. DTy (opMyJsy MOKHO
MCIOJb30BaTh AJIs1 MOACUETa MPUOJIHAKEHHOrO 3HAUEHUs uucda 2m.

YnpaxHenus. 1) Haiiaure npubinxkeHHoe 3HaueHue T, JaBaeMoe UHCJIAMH Py, P
U pPie.

*2) Haiinure dopmyay nis gom.

*3) C nomouiblo 310i GOpMyJibl BBIUHCJUTE G4, 8 U §16. SHAS BEJIMUUHBI P U (16,
YCTAHOBUTE IPAHHUIIbI, MEKY KOTOPLIMH JIOJPKHO JIEXKATh UUCJIO T.

Yro ke 310 32 umco n? HepaBeHerBo p, < 21 < g, JaeT Ha 3TO MOJ-
HBIF OTBET MPH Pa3BepTHIBAHUHU T10CJIEI0BATENLHOCTH BJIOYKEHHBIX HHTEPBAJIOB,
KOTOpbIE CTATHBAIOTCS K Touke 2m. M Bce »Ke 3TOT OTBET OCTaBJsIeT KesaThb
ele Yero-To, MOCKOJbKY OH HUUEro He TOBOPUT O MPHUPOJAE T KaK JEHCTBU-
TeJILHOTO YHCJIa: SIBJISIETCS JIM OHO PAaLMOHAJILHBIM WJIH MPPaLlOHAJbHBIM, aJl-
re6panyecKuM WM TpaHCleHleHTHbIM? Kak Mbl y:ke ykasbiBasu Ha ctp. 134,
YMCJIO T €CTh UMCJIO TPAHCLIEHIEHTHOE, a CJIe/IOBATENbHO, U HppallHOHATbHOE.
B npoTHBOMOJIOKHOCTh 10KA3aTeJLCTBY ISl € IOKA3aTebCTBO HppalllioHab-
HOCTH T, BriepBble naHHoe JlamG6epTom (1728—1777), B noctatouHoit mepe
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TPYIHO U 37lech NpuBedeHo He Oyier. OJHAKO PsL CBEAEHHH O uHcJe T Mbl
MoxKeM cooOwWwuTh. MiMest B BUy, UTO Liesible UMCJ/A SBJISIOTCS CYLLECTBEHHOM
OCHOBOH MAaTeMAaTHKH, Mbl MOXKEM 3a[aTb BOIPOC: CBA3BIBACTCHA JIM UUCJO T
CKOJIbKO-HHOY/Ib [TPOCTO U HEMOCPEACTBEHHO € LeJbIMU uncaaMu? JlecsTHUHOe
pasJIoXKeHHe YUCJIA T, XOTS M BBIUUCJIEHHOE C HECKOJIbKUMHU COTHSIMH 3HAKOB, HE
o6Hapy’KHUBAET HU MaJiefillell 3aKOHOMEPHOCTH. DTO U He yAUBUTENBHO: Belb T
1 yncso 10 He umeloT Mexky co6oi Huuero obiero. Onnako diep (XVIII B.)
M Jpyrde HallIHd H3sllIHble BbIpaXKeHHsl, CBf3bIBAIOLIME UYMCJIO T C LEJbIMHU
yycJlaMi ¢ MOMOLIBI0 OeCKOHEUHbIX psiioB M npousseneHuil. [Ipocrelieil 13
Takux GopMyd sIBJS€TCS, BEPOATHO, CJeAyHOLIas:

T 1 1 1
Z—l—g-l-g—?-i-...,

I
BHIPAXKAIONIAs 7 KaK MPeJiesl NPH BO3PACTAIOLIEM 7 CYMM

11 .1
ﬂ_1—§+§—”A44)%+r

Aty dopmysy Mbl BoiBesieM B ryiaBe VIII. Bor jnpyroit 6eckoneunbiii psin, Ko-

TOPBIA MOXKET CJIY2KUTb /ISl BBIYUCJIEHHUST T
TEQ

sEt@tytptate

W emie oaHO yIMBUTENbHOE BhIpaXKeHHe IJIsT Tt OBbLIO OTKPBITO aHTJIHHCKAM

MaremaTHkoM J>koHoM Yonaucom (1616—1703). Ero dopmyna yrBepkaaer

creylolee:
{ 2 2 4 4 6 6 2n 2n } T

— 5 pH n— oo

+=+...

T3 355 7 " 2n—1 2n+1
B COKpaLLLeHHOM BHUA€E€ OHA 4AaCTO 3allUChbIBACTCH TaK:
x 2 2 4 4 6 6 8 8

2133 55 7 79"
(BbIpaXKeHusi, MOoJOOHbIE CTOSNIEMY B MPaBOH UaCTH, Ha3bIBAIOTCA OecKoHeu-
HolMU Npou3sedeHusimu ).
JlokazaresabCcTBO MOCAEAHNX ABYX (POPMYJT MOXKHO HalTH B J1I06OM A0CTa-
TOUHO TIOJIHOM KypCe aHaJu3a.

*5. HenpepbiBHble apoOu. llHTepecHble GeckoHeuHble MpPOLECCH BO3-
HUKAIOT B CBSI3U C HEMpepbIBHbIMU JIpo0siMi. KoHeuHasi HenpepbiBHasi 1po0b,
Takasi Kak 57 |

ﬁ = 3 + 717

2+ —
npejicTaB/sieTr cob6oil HeKOTopoe palldoHasbHOe uucyo. Ha crp. 74 mbl mo-
KazaJju, UTO Ka)Kjloe paloHaJbHOe YHUCJO0 MOXKeT ObITh BbIpaXKEHO B TaKOH
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thopme ¢ nomouipio anroputMa EBkanna. OpHako B ciyuae MppalroHagbHbIX
yhcesl airopuTM He 3aKaHUMBAeTCsl MOcCJe KOHEYHOro uucsaa onepauui. Ha-
NPOTHUB, OH BEAET K MOCJIE0BATENBHOCTH BCe 6oJiee «JIMHHBIX» ApPOOeH, U3
KOTOPBIX KaxKJas TpejicTaBjsieT cobol paluoHalbHOe uucjao. B uacTHocTH,
BCe JICHCTBUTE/IbHbIE ajrebpanueckue uncaa (cm. ctp. 130) crenenu 2 moryt
ObITh BbIpaXKeHbl TaKUM 06pa3oM. PaccMoTpuM, HarnpuMmep, UUC/Io X = V2 -1,
SIBJISIIONIlEECS] KOPHEM KBaJIpaTHOTO ypaBHEHHSI

1

2 _ —
X +2x=1, WJIH x——2+x.
Ecsu B mpaBoii yacTi 3aMeHHTb X CHOBa JpoOblo x = ﬁ TO 3TO JaeT
BblpaKeHHe |
X = T

2+2+x

a 3areMm |
X = 5 0
+—1
2+2+x
U T.JI., TaK UTO MOCJIE /1 <I1aroB» MOJyYuM PAaBEHCTBO
P 1
= ; ]
+ T
- 1 «11aroB» ).
C 1 ( )
“+2+x
Eciau n cTpemurcs K 6eCKOHEUHOCTH, Mbl TIOJyYdM «GeCKOHEUHYIO HeNpepbiB-
HYyI0 ApOOb» |
Vil —1
24 ———
2+ 5—

2+...

Dra 3ameuaTesbHasi GOpMyJia CBASLIBACT UMC]O /2 ¢ LEIBLIMH UHCIAMH TO-
paso GoJiee YIMBUTEIbHBIM 00PA30M, UEM 3TO JIEJAeT JECSATHUHOE Pa3JioXkKe-
HHe V2, KOTopoe He OOHApY:KHBAeT HUKAKOH MPaBUJIbHOCTH B UepelOBAHHH
JIECSITHUHBIX 3HAKOB.

J1J1s1 MOJIOKUTENILHOTO KOPHST JI0O0TO KBAJAPATHOTO YPABHEHHUS BH1a

. 1
P=ax+1, WJIH x=a+—,

MBI TOJTy4aeM pazJ/iosKeHHe
x=a+

a+

L r—
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Hanpumep, nosaras a = 1, Mbl Haxoaum

x=3(1+VB)=1+ 1
1

I +...

OTH TIpUMepHl SIBJSIIOTCS YACTHBIMU CJlyuyasiMd OOllel TeOpeMbl, yTBEpKIalo-
1iei, uTo deticmaumenvHole KOPHU KBAOPAMHO20 YPABHEeHUSL C YeAblMU KO-
apduyuenmanu paziaearomes 8 nepuodudecKyro Henpepoleryo dpodo,
nol06HO TOMY Kak pallioHaJsIbHble YHCJ/Ia Pa3J/araloTcsl B IepUOMUeCcKHe Jecsi-
THUHbIE APOOH.

Dilsiep cyMes HAUTH MOUTH CTOJIb XKe TIPOCThle PA3JIOKEHHsI B HEMTPePbIBHbIE
Jnpobu auist uncen e u nt. [lpuBeem ux 6e3 10Ka3aTesNbLCTB:

1

1+
1+

e=2+ 1 ’
1+ T
2+ T
1+ T
1+ T
4+ I
1+ I
1+6—|—
1 T 1
6—2—1-1+ T ; 4—1+ 2
y—— P—
3"_74 2+—5 3
R

§ 3. lpeneabl npu HeMpepbLIBHOM NPUGIHKEHUH

1. Beepenue. O6uue onpenenenusi. B § 2, nyHkr 1, Ham ynanoch 1ath
TOUHOE ompefeseHHe yTBepxkaenuto: «llocnenoBatensHocts a, (T.e. (yHK-
uust a, = F(n) HaTypasbHOTO MePEMEHHOTO /1) UMeeT Tpejies @ TIPU 1, CTPeMsi-
emest K 6ecKoHeuHoCTH». Terepb Mbl aUM COOTBETCTBYIOLLEE ONpeeseHre
ytBepxkaenuio: «DyHKIus u = f(x) HenmpephIBHOH NepeMeHHOH X HMeeT Tpe-
Iiel @ TIPU CTPeMJIEHHH X K 3HAUEHHIO X|».

B uHTYUTHBHOH (hopMe MOHsTHE TIpefiesia NP HElPEPBIBHOM MPHOJKEHUH
HE3aBUCHMOTO MEPEMEHHOT0 X YOTPeOJIAI0Ch yKe B § 1, MyHKT 5, Koraa Hy»KHO
6bIJI0 YCTAHOBHTD, HEMIPEPBIBHA JIH paccMaTpuBaeMasi (PYHKIHS B TAaHHOH TOUKe.

X
Haunem onsth ¢ uactHoro npumepa. Oynkuus f(x) = onpejesneHa

JIJIs1 BCeX 3HAUeHUH X, He PaBHBIX HYJIIO; IIPU 3TOM MOCJIEAHEM 3HAYECHUNU X 3HA-
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MeHaTeJsib o6paliaercsi B HyJb. ECJIH Mbl BEIUEpPTHM TpauK (GyHKUHH y = f(x)
JUISl 3HAUEHHH X B OKPECTHOCTH TOuKM 0, TO CTaHET OUEBHIHBIM, UTO TPH X,
«crpemsieMcsi» K O ¢ Jito60i CTOPOHbI, COOTBETCTBYIOLIME 3HAUeHUs # = f(x)
«ctpeMmsiTcss» K mpeneny 1. st Toro yToObl JATh TOYHOE OIMMCAHHE 3TOTO
tbakra, HaljeM siBHyI0 (DOpMyJly PA3HOCTH MeXIy 3HaueHHeM (YHKUMH f(x)

U MOCTOSIHHOTO uncJa 1:

USSP SR /

X X X
Ecan Mbl yc/ioBUMCS paccMaTpUBaTh JIUIIb 3HA-
yenust x, 6ju3kue K 0, HO He paBHble CaMOMy
HyJt0 (A1s1 KoToporo (yHKUMs [f(x) naxke He
omnpejiesieHa), Mbl MOXKEM Pa3lIe/IuTh UMCIUTENb
¥ 3HAMeHaTeslb Ha X M MOJNYyYdTh GoJiee TPOCTYIO
dopmyJry 0 X

f(x)— 1 =x2
$IcHO, uTO 3Ty pasHOCTb MblI MOXKEM Cle/aTh Puc. 168. u = ﬂ
CKOAb YeOOHO MAAOL, OTPAHUUKBAsT H3MeHeHHe g
nepeMeHHON x docmamouHo mMasol oKpecTHOCTbIO 3Hauenus x = (. Tak, Ha-
1 1 1
10 ~ 100 100
u T. 1. BooGlile, ecyi € ecTb HEKOTOPOE TMOJIOKHUTENBHOE UUCJIO, TO,

npumMep, npu x = +— umeeM f(x) — 1 ;Ipu x ==+ nmeemM f(x) — 1 =
1
~10000°
Kak Obl MaJio OHO HU Obl10, pa3HOCTb Mexay f(x) u 1 Gyner MeHblie ueM €,
€CJIM TOJIbKO PacCTosiHHe TOUKH X OT ToukH O MeHblile yncaa & = 4/t

B camowm gese, ecan |x| < /g, TO!
Fo0) — 1] = ¢ <.
AHasiorust ¢ HalllMM OMpeJiesIeHHEM TpeJiesia Moc/ieloBaTe/bHOCTH noJiHast. Ha
cTp. 319 Mbl nanu onpeneneHue: nocaedosamesvHocme a, umeem npeden a
npu n, cmpemauemcs K 6eCKOHeuHOCIL, ecall KanOOMY NOAONCUNENbHO-

MY 4UucAYy €, KaK 06l MAAO OHO HU ObLAO, MONCHO NOCMABUMb 8 COOMBEM-
cmeue maxkoe yeaoe N (SCZBLLCHMEE om 8), 4mo HepaseHcmso

la, —a| <e
B6LNOAHACMCA 045 8Cex N, YO0B8ACMBOPAIOWUX HEPABEHCMEBY
n>=N.
B cayuae ¢yukuuu f(x) HempepbIBHOrO MepeMEeHHOT0 X MPH X, CTPeMsiIieMcst
K HEKOTOPOMY KOHEUHOMY 3HAU€HHIO X|, Mbl IPOCTO CJIOBA «JI0CTaTOUHO GOJIb-
mwoe n» (YTO XapakTepusyercsl yucaoM N) 3aMeHsieM CJIOBAMH «J10CTAaTOUHO

I Tlpu a6comoTHO CTPOroM H3JI0KEHHH TYT Hajo JHMGO J0KA3biBaTh, UTO /€ CyLIECTBYeET, JHGO

(uTo MpolLle) POBEPSTH CYLIECTBOBAHUE §, JIsi KOTOPOTo 82 < €, He MOJIb3YsACh KBAJPATHLIMH

KOpHSIMH | CKakeM, B3sTb & = min (s, %) ) — [lpun. ped. nacm. uso.
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6JIM3KO K X;» (UTO XapaKTepHU3yeTcsi UMCJOM 8) U TMPUXOJUM K CJEIyIOIeMy
orpe/ieJIeHUIO Tpejesa MPH HENpepbIBHOM MPUOJMKEHUH, BIEpPBble JTaHHOMY
Kowu okono 1820 r.: pynkyua f(x) umeem npeden a, koeda x cmpemumcs
K BHQUEHUIO X{, eCAl KAHOOMY NOAONICUMENbHOMY YUCAY €, KAK Obl MAAO
OHO HU ObLAO, MONCHO NOCMABUMb 8 COOMBEMCMBUE MAKOE NOAOHCUNEAb-
Hoe uucao d (3asucaujee om €), 4mo

f(x) —al <e
044 8cex 3HAUEHUL X F# X1, YOOBACMBOPAIOUUX HEPABEHCMBY

|x — x| <.
Ecau amo umeem mecmo, npuHamo nucamo

f(x)—a npu x— x.

x+x3

B cayuae pyukuuu f(x) = Mbl BbILIIE TIOKA3aJI1, UTO 3Ta PyHKUHS f(x)

uMmeer mpenen | npu x, crpemsilemcst K 3HaueHuio x; = 0. B stom cayuae
JIOCTATOUHO GbIO BCErja BHIOHPATh & = 4/E.

2. 3ameuaHus N0 NOBOAY MOHATHUS MpejeJsa. £-d-olpejiesieHne npeje-
Jla — pe3yJibTaT CTOJIETHUX MOMBbITOK M OJIy»KAAHWH; OHO KPaTKo BOIMJIOLIA-
€T pe3yJ/bTaT HeyCTAaHHBbIX YCHUJWH TOCTaBUTb MOHSITHE Mpejesa Ha 310POBYIO
MaremMaTHyecKylo OCHOBY. BakHeiilllie MOHSITHS aHajd3a — MPOM3BOJHAS H
MHTerpaj — MOTyT ObITb OIpeJeJeHbl He HHauye Kak C TOMOIbI0 Mepexoja
K npeneny. Ho sicHoe monuMaHue W CTporoe orpeaeseHHe Camoro MOHSTHS
npejiesia J0JIroe BpeMsi Ka3aluch HEMPeO0JUMO TPYIHBIMH.

[1pu n3yuenun ABMAKEHHH U U3MeHEHHH B o0leM cayuae matemaTtuky XVII
1 XVIII crosieTuii npuHUMAaJ/H, KaK HEUTO AOCTATOUYHO HAIJISAHOE W He M0]-
Jiexkalillee JlajibHellleMy aHaJn3y, KOHIENIMIO BeJHUMHBI X, MEHSIIOLIeNCs U B
CBOEM HeMpepbIBHOM TeUeHHH NMPUOIHKAIOUIEHCS K MPee/]bHOMY 3HAUEHHIO X .
OHu paccmaTtpuBaJM APYTYI0 BEUUHHY 4 = f(Xx), 3aBUCALLYI0 OT BPEMEHH HJIH
OT KaKOW-HUOYIb JIPYroH 3aBUCSIIEH OT BpeMeHH BesnuuHbl. OcTaBajsoch BCe
’Ke mpo6JieMoi: KaKo# TOUHBI MaTeMaTHUECKUH CMBICJ CJielyeT NPUIUCHIBATD
MPEJCTABJECHUIO O TOM, UTO f(X) «CTPEMHUTCS» MJIH «MPUOJIHKAETCH» K Onpe-
JIeJIeHHOMY 3HAUEHHIO @, KOTIA X JBHXKETCS K X|?

OnHako elle co BpeMeH 3eHOHA W €ro MapajoKCcoB BCe MOMBITKH JAThb
TOUHYIO MaTEMaTHUECKYIO (POPMYJTHPOBKY HHTYHTHBHOMY (DU3UUECKOMY HJIH Me-
Tau3nUeCKOMY MOHSTHIO HEMPEPBIBHOTO JIBHXKeHUsI Oblin Ge3ycrelHbiMi. Her
3aTpy/IHEHUH B MPOJIBUXKEHUH 11ar 3a 111aroM T10 JJUCKPETHOH NMOCJ/Ie10BaTENbHO-
CTH 3HAUEHHH ay, Ao, A3, ... O KOT/Ia MPUXOAUTCS UMETh /IO C HEMPepPbIBHOM
nepeMeHHOH x, poOeratoledl Lesblii MHTepBaJ/l 3HauUeHHH Ha YHCJIOBOH OCH, TO
OMKCaHUe TOrO, KaK X «NpPUOJIMKAETCS» K 3aJJaHHOMY 3HAYeHHIO X|, 3aTpy/-
HEHO TeM, UTO MpHHHMaeMble 3HaYeHHs U3 UHTepBaJsa He MOTYT ObITh yKa3aHbl
NocJe/I0BaTe/IbHO B TOPSIIKE MX BO3pacTaHusi. B camom Jiesie, TOUKH TpsSIMOU
MpeJICTABJSIOT Be3jle MJOTHOE MHOXKECTBO, U HE CYILIECTBYET TOUKH, «CJIEIyI0-
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ei» 3a naHHol. BeccrnopHo, npeacTaBiaeHre 0 KOHTHHYYMeE, CYLLECTBYOLLee
B UeJOBEUECKOM CO3HAHWH — 3TO MCHXOJIOTHUecKasi peasibHoCcTh. Ho 3T0# pe-
aJIbHOCTBIO HEBO3MOXKHO BOCIOJIb30BATHCS JJIs1 MPEOIOJCHUS MATEMATHUECKUX
TPYAHOCTEH: OCcTaeTcsl HeM3OEKHOE pacXoxKIeHHE MEXKIY WHTYWTUBHOH Hiee
¥ TOUHBIM MaTeMaTHUECKHUM $I3bIKOM, MPeHa3HAUEHHbBIM Uit TOTO, UTOObI OMH-
CbIBaTb €€ OCHOBHbIE€ JIMHUH B HAyuHbIX, JIOTHUECKHUX TepMHHaX. [lapanokchl
3eHoHa SIpKO 0OHAPYKUBAIOT 3TO HECOOTBETCTBHE.

CyulecTBeHHbIM JocTHKeHHeM Kolln siBasieTcsl TO, UTO OH SICHO OCO3HaI,
YTO, MOCKOJIbKY JIENI0 KacaeTcsi MaTeMaTHUECKUX MOHATHH, BCsIKas CChlJKa Ha
MHTYUTHBHOE [MpEJCTaBJEeHHE O HENPEepbIBHOM JBHXKEHMH AOJLKHA ObITb OT-
6pouleHa. Kak ciayuyaercsi Hepeako, MOMAJIMHHBIA HayuHbIH porpecc Obl1 oCy-
ILIECTBJIEH TOTJa, KOTJAa MOCJeN0BaJ OTKAa3 OT MOMbITOK Mpuberatb K MeTa-
(busHuecKUM OObSCHEHUSM H ObIO MPHHSTO pelleHHe BECTH PacCyxkKJIeHHe,
0CTaBasiCh Ha MOYBE CTPOrO MAaTeMATHUECKUX MOHSATHH, COOTBETCTBYIOLLMX «HA-
6imoaaemMbiM aktam». Ecau Mbl npoaHalu3upyeM JIOTUHUECKH, UTO HAJIEHKUT
MOHUMATb MOJ «HENMPEPbIBHLIM MPUOJIHAKEHUEM» U KaKHe CYLLECTBYIOT COCOObI
JUISl TOrO, 4TOObl B KaxK/IOM OTAEJbHOM CJydyae TPOBEPUTb, HMEET JIK MECTO
TAKOBOE, TO Mbl BbIHYXKJI€Hbl Oy/leM MPHHATH HMEHHO TO CaMoe OIpesiesieHHe,
KoTopoe jpano Koy, n HHKakoe HHOe. DTO OMNpeeseHHe — Crmamu4ecKoe;
OHO He OMMpaeTcsl Ha MHTYMTHBHYIO HJlelo IBUKeHHs1. BoJiee Toro, TosbKo Takoe
CTaTHueCcKoe omnpejie/ieHrHe MO3BOJISIET MOABEPIHYTh TOUHOMY MATEMaTHUECKOMY
aHaJIM3y CaMo HeTpepbiBHOE JBHXKEHHE M paspellaeT napajokcbl 3eHOHaA, Mo
KpailHel Mepe B TOH HMX YacTH, KOTOpasi OTHOCHTCSl K MaTeMaTHKe.

B onpenesienun ¢ moMouIbio €, 8 HE3aBUCHMOE MEPEMEHHOE HE «JIBHIKETCS»;
OHO HE «CTPEMHUTCS» U He «MPUOJHKAETCH» K Mpeaeay X; B KakoM Obl TO HH
6bl10 u3uueckoM cmbicie. [IpaBna, 3TH 060pOTHl peud, Kak U CHMBOJ —,
COXPaHSIOTCS, MPUUEM MaTeMaTHK BOBCEe He 00si3aH OTKAa3blBaThCH OT TeX, B
00O1IEM-TO BeCbMa MOJIE3HbIX, MHTYMTHBHBIX MPE/ICTABJICHHH, KOTOpPble C HUMH
cBsi3biBatoTcs. Ho Korma B yacTHOM cJjyyae Hy:KHO JaTb OTBET Ha BOIMpOC,
CYLLECTBYET Npejiesl WK He CYLIECTBYET, TO MPHUXOAUTCS NPUOErHyTb UMEHHO
K OMpeJesIeHHIo ¢ MoMolbIo €, 8. CrpalluBaTh 0 TOM, HACKOJBbKO YJIOBJETBO-
PUTEJIBHO 3TO OMNpe/ieleHHe COOTBETCTBYET MHTYMTHBHOMY <«IHHAMHUECKOMY>
MPEICTaBJIECHHIO O CTPEMJICHUH K TpeJlesly, MOXKHO C TaKHM 2Ke MPaBOM, KaK 1 O
TOM, HACKOJIbKO yJIOBJETBOPUTENHHO aKCHOMbI T€OMETPHH OMHUCHIBAIOT TO, UTO
Mbl Ha3blBaeM MPOCTPAHCTBOM (B MHTYMTHBHOM CMbICJIE).

N 1o, u apyroe ymyckaer Koe-uTo H3 TOro, YTO SIBCTBEHHO /sl Hallei
VHTYHLMH, HO OHM CO3/IAl0T aJIeKBATHYI0 MaTeMaTHUECKY0 OCHOBY Ui TOTO,
yTOObl BbIPA3UTh Hallle 3HAHHE COOTBETCTBYIOLLMX TOHSTHH.

Kak u B cayuae npejesa nocjie10BaTeIbHOCTH, KJ10U K PaBUJILHOMY [TOHH -
MaHu1o onpejeneHus Kouin jexuT B 00palleHH «eCTeCTBEHHOTO» Mopsi/Ka, B
KOTOPOM paccMaTtpuBatoTcs nepemenusle. [Ipexae Mbl oTMeUaeM rpaHuLyy € s
3aBUCHMOIO TI€PEMEHHOr0, a yKe MOTOM CTPEMUMCS ONPENEe/NHUTh NOAXOASALLYIO
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rpaHuLly S AJIsi He3aBUCUMOTO TepeMeHHoro. Koraa Mbl roBopuM, uto «f(x) — a
le/l X — X », TO JIUlb COKpaLLleHHO BbICKa3bIBaeM Ty MbICJIb, UTO 3TOT npouecc
MO2KET 6bITb BbITTOJIHEH OJISA JI}O6OFO MOJIO2KUTEJIbLHOIO YHCJIa €. B 4YaCTHOCTH, HHU
OJIHA M3 YacTell 3TOTO YTBepXKJeHHUs (HAMpUMep, <X — X|») He HMEeeT CMbICJ/a
cama no cebe.

Elle Hy»KHO MOAUEPKHYThb CJleaytollee. 3acTaB/sisi X <CTPEMUTbCH» K X,
Mbl MOYKEM TMO3BOJIUTh X OBbITh GOJIbIIIE HJIH MeHbIlle, 4eM X;, HO BO3MOMKHOCTb
paBeHCTBA SIBHO HCKJIOUaeTcsi TpeOOBAHMEM X # X|: X CTPEMHUTCS K X|, HO
HUKOT1a HE le/lHl/lMaeT 3HAUECHHUA X;. TaKI/IM o6paaoM, Mbl MO2KEM le/lMeHﬂTb
Hallle onpejiesieHue K (QyHKIMSM, He OTlpeJiesieHHbIM BOBCE MPU X = X|, HO HMe-
IOLMM TOT WJIM WHOH TpeJies PH X, CTPeMSILIEMCS K X|, HANpUMep, K (PyHKIUH

) = £

pa3 COOTBETCTBYET TOMY anKTy, 4TO, paccMaTpHuBasi MocJ/ea10oBaTeJbHOCTH A,

, paccmorpenHoit Ha ctp. 330. Mckitouenre 3HaueHust x = x| Kak

npu n — oo (HaHpHMep, npenpesa a, = E), Mbl HHKOI'ZJJa H€ II0JCTaBJIsA€M B

thopmyJTy 3HAUEHUS 7 = OO.

OnHako, uTo Kacaetcst (pyHKUMH f(X), TO KOTAA X CTPEMHUTCH K Xi, €i He
3amnperieHo CTPEMHUTBCS K TIPesiedTy @ TAKUM 06pas3oM, UTo MPH HEKOTOPBIX 3Ha-
YEHHSIX X 7 X| OCYILECTBJsIeTCs] paBeHCTBO f(x) = a. Hanpumep, paccmatpusast

X
byHkIMO f(X) = < TpM X, cTpemsiiemes K 0, Mbl HUKOTJIA HE TMO3BOJISIEM X

6b61Tb paBHBIM 0, HO 3aTO, HAMPOTHB, PABEHCTBO f(X) = | cripaBeUIMBO MPH BCeX
X # 0, n pejiest @ CyIIECTBYET U paBeH | B TOUHOM COIJIACHH C OTIpe/le/IeHHEM.

sin x
3. Mpepnen ——. Ecau x o6o3HauaeT yros B pajMaHHOM M3MepEeHHH, TO
X

BbIpaXKeHHe % OTpesesIeHo /sl BCeX 3HAUEHHH X, 3a HCKJIOUEHHEM 3Haue-
Hust x = 0, MpH KOTOPOM OHO MPUHHUMAET BHJL HE UMEIOLIErO CMBICJa CHMBO-
Ja % C nomotupto TaG/IHLL TPHTOHOMETPHYECKHX (DYHKLMHA UMTATE/b MOKET
MOJCUMTATb 3HAUEHHE YACTHOrO % JUISl MaJIbIX 3HAueHWH x. DTH TabJHLbl

0ObIYHO JIAIOTCS JI/IS TPAlyCHOTO H3MEpeHHs YIJIOB; Mbl HarloMuHaeM (cM. § 1,

MyHKT 2), UTO rpajlycHasi Mepa X CBsi3aHa C pajJIMaHHON MepOoi y CJIeAyIOlINM
s

COOTHOLICHHEM: X = Jory = 0,01745y (c TOUHOCTBIO 0 MSTOTO JECATHUUHOTO

3H8Ka). Hs YETbIPEX3HAUYHbIX TabJIMLL Mbl HAXOJAUM cJeaytoue 3HaueHus:

. sinx
X sinx —
X

10° 0,1745 0,1736 0,9948
5° 0,0873 0,0872 0,9988
20 0,0349 0,0349 1,0000
1° 0,0175 0,0175 1,0000
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XO0Tsl TOYHOCTh YHCEJI 3/1eCb OrpaHUYUBAETCsl YETbIPbMs1 3HAKaAMH, BCE K€ 3TH
JaHHble NPUBOASAT K MbICJH, UTO

SNY L mpn x— 0, (1)

X
Cefiyac Mbl 1aJIMM CTPOTOE J10KA3aTebCTBO ITOMY MPEEJbHOMY COOTHOLUEHHIO.

B cuny onpeneneHusi TPUroHOMETPUUECKUX (PYHKIHMI C MOMOILbIO €IMHHY-
HOTO Kpyra, Mbl UIMeeM CJIE/IyIOIlIe COOTHOLLEHHS JI/Is1 BeJIMUHHBI X, SIBJSIIOLICH -

csl paauanHoil Mepoit yria BOC (cm. puc. 169) npu orpannuenun 0 < x < g
A [Tnowans Tpeyrosbiuka OBC = % -1 -sinx.
¢ [lnomane kpyrosoro cekropa OBC = Ly

2
1
[lnowmane Tpeyronbuuka OBA = 5" l-tgx.
OTciona BbITEKaeT BOMHOE HEPaBEHCTBO

B
sinx < x < tgx.
Hensi Ha sin x, nosiyuumM, jasee,
X 1
Puc. 169. OcHoBHoe Tpuro- sinx ~ cosx’
HOMETPUUECKOE HEPABEHCTBO  WJIH .
sinx
cosx < ——= < l. (2)
Ho, ¢ npyroit ctopoHbl,
l+cosx 1—cos’x sin® x .
1 —cosx=(1—cosx)- = = < sin® x.
1 4+ cosx 1 4+ cosx 1 4+ cosx
Tak kak sinx < x, To 0TClO/Ia CJIe/lyeT, UTO
1 —cosx < x%, (3)

HUJIn .
| — x® < cosx.

COBMECTHO C HEepaBEHCTBOM (2) 3TO JaeT OKOHUATeJbHO HYXKHble HaM Hepa-
BEHCTBA

sinx
l-x*< =<1 (4)
X
Mel npennodsiaraem, uto 0 < x < g; OJIHAKO HepaBeHCTBa (4) cripaBeyiuBbl U
T sin(—x)  —sinx _ sinx 9 9
NpH yCJIoBUH —= < X < 0, MOCKOJIbKY ——— = =——u(—x)y=x".
puy 5 Y <= — - (=)

[IpenenbHoe cootHouenue (1) BbiTeKaeT HeMeJIEHHO M3 HepaBEHCTB (4).
sinx
B camom paese, pasHoCTb MEKy 1 1 menbire, ueM x?, a x? MOKeT GbITh

CllelaHO MeHblile, yeM JI060e UHCJIO €, eClIH TOJbKO B3sITh |x| < 8 = +/E.
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YnpaxHenus. 1) BoiBenure u3 HepaBenctBa (3) rnpeaesbHOe COOTHOLIEHHE

locosx npu  x — 0.

Haiinure npenesst npu x — 0 cienylommx GpyHKUUi:

.92 . t . . . .
sin” x sin x gx sinax sinax xsinx sin x
2) x 3) x(x—1) 4) x’ 5) x )sinbx’ 7) | —cosx’ ) x
npejrnoJaras, 4To X U3MepsieTcst B rpauycax,
1 1 1 1
- — — 10) — — —.
9) x  tgx’ 0) sinx  tgx

4. Mpepeasi npu x — oo. Ecsiu HenpepbiBHAs TlepeMeHHast X JT0CTaTOYHO
BeJIMKa, TO (DYHKLHS f(x) = % CTaHOBHTCSI [IPOM3BOJILHO MaJIOH, HJIH <CTPEMHT-
csi K 0». B camom gesie, moBeneHne 31oi (yHKIHH TPUH BO3PACTAIONIEM X MO
CYLIECTBY TO JKe CaMOE, UTO H MOBE/ICHHE MOC/IOBATENLHOCTH —- MPH BO3pa-
cTaHuu n. Mbl BBomMM oflilee onpeneneHue: gpynxyus f(x) umeem npeden a
npu x, cmpemsuencs K 6ecKoHeuHOCmiL, ¥ 3alliChbiBaeM 3T0 B (opme

f(x)—a npu x— oo,

ecall, KAk 0ol MAAO HU ObIAO NOAONHCUMEAbHOE UUCAO €, MONCHO K HeMmy
nodobpams makoe noaodxcumenvroe uucio K (3asucauee om g), umo
HepaseHCcmao

[f(x) —al <e
soinoansemces npu ycaosuu |x| > K (cpaBHHTE ¢ COOTBETCTBYIOLUM ONpejie-
JieHveM Ha ctp. 319).

1 .
B cayuae dynxkunu f(x) = ~» WIsl KoTOpoii a = 0, mocraTouHo BBIGpATh
1
K = —, B ueM uHMTaTe/b MOXKET yOEJUTHCS HEMEJIEHHO.
€

Ynpaxuenusi. 1) [Tokaxure, 4To ¢ TOUKM 3pEHHUS BbILIEPUBEIEHHOTO ONpeJiee-
HUSI, YTBEPIKIEHHE
f(x)—a npu x—
9KBUBAJIEHTHO CJIE/IYIOLIEMY:
1
f(x)—a npu " — 0.
JIoKaxKuTe, uTO UMEIOT MECTO CJICIYIOIIHE MPEIeIbHbIE COOTHOMIEHHUS TTPH X — 0O:

X+ 4 x+1
2) T —1 ﬁalnpnxaoo,

4) %—mnpuxaoo, ) xQ—:-ll

sinx
) HE MMeeT Tpejieia Npu X — 00.
X

— 1 npux — o0, 3)
X
X

— 0 npu x — oo,

) sinx
X + cosx
8) Haiite onpenenenne «f(x) — oo npu x — oco». [1puBeaure npumep.

— 0 npu x — oo,
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VmMeetcst cienyiolast pasHula Mexuy ciaydyaeM (QYHKUUH f(x) U ciydaeM 1ocJeo-
BaTeJIbHOCTH @,. B cilyuae nocsie10BaTeIbHOCTH 1 MOXKET CTPEMUTHCS K GECKOHEUHOCTH
He HHaue KaK BO3pacTasi, TOrla Kak B cjydae (QyHKLHMH [lepeMeHHasi X, HeorpaHHUeHHO
BO3pacTasi, HMeeT NpPaBo NMPUHUMATb KaK MOJIOKHUTE/bHbIE, TAK U OTPULLATEe/bHblE 3HA-
yeHust. Ecain KenatesibHO HampaBUTh BHHMaHHWe Ha TMOBeleHHe (MYHKLUMH f(X) TOJIBKO
MpU GOMBILNX NOAONHCUMECAbHbLX 3HAUCHHUSIX, TO YCJIOBHE |X| > K Mbl I0JKHBI 3aMEHHUTD
ycJoBHeM X > K; HanpoTuB, AJIs cjydast G0JbIIMX 10 aGCOJMOTHOH BeJMUMHE OTpULa-
TeJIbHbIX 3HAUeHHH X BBOAMM ycioBHe x < —K. YToObl CUMBOJIM3HPOBATL 3TH JBA CIIO-
co6a €OJHOCTOPOHHEr0» CTPeMJIEHHsI K OECKOHEUHOCTH, Mbl TTHILIEM, COOTBETCTBEHHO,

X — +00, X — —00Q.

§ 4. TouHoe onpeaeseHre HeNPePbIBHOCTU

B § I, nyHkT 5, MBI BBeJIH CJleylollee OnpeieeHle HEPEPbIBHOCTH (PYHK-
uun: (yHKIUS f(Xx) HempepbIBHA B TOUKE X = X|, €CJIH MPHU CTPEMJIEHHH X K X|
BeJIMUHHA f(X) CTpEMUTCS K npejienty, paBHomy f(x; ). Ec/in Mbl npoaHasusupyem
3Ty (DOPMYJIMPOBKY, TO YBUHMM, UTO OHa MOAPAa3yMeBAET BBITIOJMHEHHE CJIELyI0-
LIMX IBYX TpeOOBaHHIL:

a) CYLIECTBYET Npees @ PyHKIUMY f(X) MPH CTPEMJIEHHH TTEPEMEHHOM X K X1,

6) 3TOT Npejiesl a oKeH ObITh paBeH f(x)).

Ecsiu B onpesenennu npesiesia Ha ctp. 332 Mbl MOACTABHM BMECTO @ €TI0 3Ha-
yenue f(x,), TO yC/JOBHe HEMPepLIBHOCTH TPUHUMAET CJIEAYIOIHI BUL: QyHK-
uus f(x) HenpepolsHa npu x = xy, ecau, KaK Ovl MAAO HU ObLAO NOAOKHCU-
MeAbHOe HUCAO €, MONMHO NO00Opamo MaKoe NOAOHCUMEAbHOE HUCAO O
(8asucauee om €), uMmo HepaseHcmMao

[(x) = f(x1)] <e
b6ydem 86INOAHEHO 041 BCeX X, YOOBACMBOPAIOUUX YCAOBUIO
lx — x| <d
(orpannueHne x # x|, BBEIEHHOE B ONpPENEJEHHH Mpelesa, 31eCh H3JHIIHE,
MOCKOJIbKY HepaBeHCTBO |f(x) — f(x()| < € mpu x = x, ynOBJIeTBOpsieTCsT aB-
TOMAaTHUECKH ).

B kauectBe mpHMepa MocTapaeMcsi yCTAHOBUTb HENPEPBIBHOCTb (PYHK-
unn f(x) = x%, ckaxkem, B Touke x; = 0. Mbl uMeeM

f(x1)=0° = 0.

Bb16epeM TEeNepb MaJIEHbKOE IM0JIO2KHUTEJ/IbHOE YHUCJO €, HAllpUMEpP, € = W

Mbl JI0/IKHBI TI0Ka3aTh, UTO, OTPAHHUWBAS 3HAUEHHS] X UHCJAMH, JIOCTATOUHO

6auskuMHu K 0, MOJIydHM COOTBETCTBYIOLIME 3HAueHHst (PyHKUMH f(x), oTuu-
1

——, T. . 3aKJIOUEHHble MEXIy —-——

1000° Y 71000

1 ,
n 10000 M&I cpasy BUIUM, YTO 3HaueHHs f(x) He BBIALYT M3 ITUX TPaHHUL,

yarommecss ot 0 MEHbIlIe, 4yeM Ha
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€CJIM Mbl Or'PaHUUYUM U3MEHEHHE X 3HAUCHUSAMHU, OTJIHUYAIOIIUMHCSA OT 0 meHblLIe

_y L _ 1. 1 < L
ueM Ha d = 1000 — 10° P camoM Jiee, ecain lx| < T [f(x)] = |x%] < 000"

1
CoBeplIeHHO TaK »Ke Mbl MOXEM B3ATb BMECTO € = 1000 J1000€ MeHbllee

snauenne € = 1074, 107° u 1. 1.; uucsa 8 = ¥/ GynyT ya0BIETBOPSATH HalIEMy

TpeGOBAHUIO, TaK KaK M3 HEPaBEHCTBA

u |x| < ¥€ cnenyer HepaBeHcTBO |f(X)| =

=¥’ <e.

OcHOBBIBasiCb Ha OMpeeJIeHHH He-

_}w$/ MPEPLIBHOCTH C TIOMOLIBIO €, 8, MOXKHO

JI0Ka3aTb aHaJOTHYHO, UTO BCE MOJH-

HOMBbI, palMOHa/bHble (DYHKUMH W TpHU-

TOHOMeTpHUeCKHe (DYHKIHN HeNPePbIBHLI

B JiI0OOH TOYKe, 3a HMCKJIOYEHHEM, MO-

KeT ObiTh, TEX HM30JUPOBAHHBIX 3HAUE-

HUH X, OKOJIO KOTOPBIX (DYHKLMH CTAaHO-
BATCST GECKOHEUHBIMH.

Cas3bIBast onpeseseHne HenpepbiB-

U HOCTH ¢ rpadukoM GyHKUIMH © = f(x),

MOXKHO TIPHIATh €My CJeIyIOlLylo Teo-

MeTpHuecKylo (opmy. Bribepem HekoTo-

u ‘ poe€ MOJIOKHUTEJIbHOE YUCJIO € U HAUEPTHUM
[ | _ —_

w
f “ npsiMble, MapaJuiesibHble OCH X Ha BBICO-
‘\ Te f(x;)—eu f(x,)+ € nan neit. Torna
JIOJPKHO HAHTHCh TAKOe MOJIOKHTENbHOE

YHUCJIO 8, YTO BCs 4YacCTb rpanHKa, JiexKa-
iasi BHYTpH BepTl/lKa.ﬂbHOﬁ IMOJIOCKHU U -

T

|

|

x
\/’\ PHHOH B 25 OKOJIO X|, COAEPIKUTCS TAKKE

|

|

i
|
X1 X

Puc. 170. dynkuus, HenpepbiBHAasi B
TOUKE X = X

¥ B TOPU3OHTAJLHOM TMOJIOCKE ILIUPUHOM

B 2¢ okoJsio f(x;). Puc. 170 nokasbiBaet

Puc. 171. ®ynkuusi umeer paspbls B (PYHKIIUIO, HEMPEPBIBHYIO B TOUKE X, B TO

TOUKE X = X} BpeMmsi Kak puc. 171 nokaswiBaer gyHk-

{10, UMEIOLLYI0 paspblB B 3TOH TOUKe.

B nocsnieaHem cayuae, kak Gbl HA Obljla Y3Ka BepTHKAJbHAsS MOJOCKA OKOJIO X,

OHa Bcerja GyJIeT cojep:KaTh 4acTh rpaduka, JexKalllylo BHe TOPH30HTaJbHOM
MOJIOCKH LIMPHHBI 2€.

Ecsi st yTBepxk/ato, uto naHHasi QyHKIMs ¥ = f(X) HerpepbiBHA B TOUKE X = X|,
TO 3TO 3HAUUT, 4TO 51 Gepy Ha cebsi 1O OTHOLIEHHIO K BaM cJjeayioline obsi3aresb-
CTBA: Bbl MOXKETE BbIOpPATh JII060€ MOJIOKUTEIBHOE YHCJIO €, CKOJIb YTOIHO MaJjoe, HO
onpenenertoe. Torna st 06513yl0Ch MOJBICKATh TaKoe MOJIOXKHTEJNbHOE UHCIO 8, YTOObI
HEPABEHCTBO |x — xj| < & ByekJso 3a coboil HepaBeHcTBO |f(x) — f(x1)| < €. Ho npu
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3TOM 51 He 00513yl0Cb HaliTH TaKoe UMCJI0 8, KOTOpOe 0/10111J10 Obl KO BCSKOMY €, KOTOpOe
Bbl HA30BETE 1OMOM: MOl BbIOOP & 3aBUCUT OT auieco Bblbopa €. Ecan Bbl MoxeTe
BbIOPATb XOTb OJIHO €, /151 KOTOPOrO 51 He CMOTY 11000paTh MOAXOAALLEro 8, TO MOst Urpa
[IpourpaHa — Moe yTBep:k/eHHe olpoBepruyto. st Toro uto6bl 10Ka3ath, YTO 51 MOTY
BLITIOJIHUTb MO€ 06513aTebCTBO B KOHKPETHOM CJlyuae HeKOoTopoil (yHKuMH u = f(x),
MHE HY2KHO TTOCTPOUTb SIBHO TAKYIO MOJIOXKUTEJIbHYIO (DYHKLHUIO

3 = q(e),
Oﬂpeﬂ,e.ﬂeHHle JJ11 BCAKOI'O MOJIO2KUTEJIBHOI'O YHucJa €, IJ9 KOTOpOﬁ 1 MOFy JI0Ka3aThb,

YTO M3 HepaBeHCTBA |x — x| < & Bcerna cieyet HepaBeHCTBO |f(x) — f(x1)| < e. B cay-
yae ¢ynkumun 1 = f(x) = x* npu x; = 0 dynkimei 3 = ¢(e) 6buia & = Je.

Ynpaxuenusi. 1) Jlokaxure, 4To Sinx U COS X — HeNpepbIBHbIE (PYHKLUH.

2) Hokaxkute HernpepbIBHOCTb (PYHKIIMH l-:—z v 1+ x2
X

Tenepb CTAaHOBUTCHA $ACHBIM, 4YTO OHpQILGJIeHI/Ie HeﬂpepblBHOCTH C TOMO-
b0 €, 8 HE HAXOJUTCS B MPOTHBOPEUMH C Te€M, UTO Mbl MOIJIM Obl HA3BaTh
«Hab6J1101aeMbIMH (DAKTAMU>», OTHOCSILIUMUCS K (PYHKIHUSAM. TakuM 06pa3om, OHO
COOTBeTCTByeT OCHOBHOMy le/lHLLl/lHy COBpeMeHHOIjI HayKI/I, KOTOpbleI BbIABUTAET
B KauecCTBe Kpmepym IMMOJIE3HOCTHU HeKOTOpOI‘O IMMOHATHUA HUJIU <<CyLLL€CTBOBaHI/Iﬂ>>
sIBJIEHUS] (B HAYUHOM CMBbICJIE ) BO3MOXKHOCTb HEMOCPEJCTBEHHO ero HabJI0IaTh
(no KpaiiHe#l Mepe B TPHHLMIE) WK CBOAUTb €ro K (akram, JOCTYIHbIM
HaOGJII0IEHUIO.

§ 5. JIBe 0oCHOBHbIEe TEOpEMbI O HeENMpPEPbIBHbIX (PYHKLHAX

1. Teopema Bboabuano. bBepuapn boabuano (1781—1848), katosnunue-
CKHH CBSIIIIEHHUK Y CIIELMAJMCT TI0 CXOJIACTHUECKOH (usocoduu, Gbl1 OJHUM
13 MEPBbIX, KTO BBEJ B MAaTeMAaTHUECKHH aHAJU3 COBPEMEHHOE MOHSATHE CTPO-
roct. Ero sameuatenbhasi knuxkka «Paradoxien des Unendlichen» nosiBusiach
B 1850 . 31ech BriepBbie GbIIO MPU3HAHO, UTO MHOTHE Ka3aJ0Ch Obl OUEBHIHbIE
YTBEPKEHHS], KACAIOIMECs HEMPePbIBHBIX (DYHKLMH, MOTYT ¥ JIOJI?KHbI GbITh J10-
Ka3aHbl, €CJIM UMEETCS B BUJIy TPUMEHATb HX BO Bcell ux o6wHoCTH. [TpuMepom
9TOr0 MOYKET CJIY2KHUTb CJIEytoliast TeopeMa 0 QPyHKIHUSIX OJIHOTO MePEMEHHOTO.

Henpepolsias yrnkyus nepemernoco x, NOAOHCUMEAIbHAL NPU HEeKO-
MOpPOM BHAUEHUU X U OMPUYAMEAbHAS NPU HEeKOMOpPOM Opyeom 3Haye-
HUW X U3 3AMKHYMOeo uxmepsaia HenpepoisHocmiu a < x < b, 00.0ic-
HQ 00pauiamecs 8 Hyrb NP HEKOMOPOM NPOMENCYMOUHOM SHAUCHUL X.
Wrak, ecan ¢yHKUus f(x) HermpepelBHA MPH M3MEHEHHHM X OT a 710 b, u Tipu
s3ToM f(a) <0 u f(b) >0, To cyllecTByeT Takoe 3HAUEHHe o MEPEMEHHOro X,
yto a < a < b u f(a)=0.

Teopema BosbuaHo npekpacHo coryacyercst ¢ HalllUM HHTYUTHBHBIM MPEJi-
CTaBJIEHHEM O HeNpepbIBHOK KPHBOH, KOTOpasi HEH30EXKHO J0JIXKHA repecedb B
KaKoOH-HUOY/lb TOUKE OChb X, UTOOBI MepPeHTH C OJIHON ee CTOPOHBI Ha JPYTYIO.
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Yro, HANPOTHB, 9TO He 00si3aTe/IbHO B CJlyuae pa3pbiBHON (DYHKLHMH, MOKa3bi-
BaeT puc. 157 na crp. 311.

*2. Jloka3arteabcTBo Teopembl Bosbuano. Jlaaum crporoe 10KazartesbCeTBO 3TOM
TeopeMbl. (Ecan ciienoBats [aycey v 1pyrum BeJIHKMM MaTeMaTHKaM, TO MOXKHO MPHHSTD
3TOT (hakT U 6e3 joKazaresbcTa.) Haulell Lesbio siBJsieTcst CBeJleHHE 3TOH TeOpeMbl
K OCHOBHbBIM CBOWCTBAM CHMCTEMbl JEHCTBUTE/IbHBIX UHCEJ, B UACTHOCTH, K MOCTYJaTy
Henexunpa—Kantopa o crsrusatoiuxcst orpeskax (ctp. 94). Ilnst 3Toro paccMoTpum
orpesok [, a < x < b, B KOTOpOM 3ajiaHa QyHKLMs f(x), H pa3oGbeM ero Ha jiBa cpejiHei

. a+b . .
TOUKOH X| = % Ecusi B 31001 cpesiHeit Touke Mbl noJiyuum f(x;) =0, To 10Ka3biBaTh

Gouibliie yxKe Heuero. Ecin, ogHako, f(x;) # 0, To f(x)) 10KHO ObITh WK GOJIblIE, U
MeHblle Hyssi. B o6oux ciyuasix ojHa W3
y T0JIOBMHOK OTpe3ka / OyleT cHoBa obJia-
JIaTh TeM CBOHCTBOM, UTO 3HAKH 3HAUEHHH
hyHKUMY f(x) Ha ero KOHLAX pPas3J/iMuHbI.
O603HaUUM 3TOT OTPE30K uepes /.
Mbr moBTOpUM 3TOT mpollecc, Aesst OT-
pe3ok /; momnoJam; Torjaa Ju6o Mbl B ce-
a Q b penune /1 umeem f(x) =0, 1160 Mbl MO-
X0 /X3 X ‘ X KeM BbIGpaTh Takyt MOJOBHHY [ OTpe3-
Ka /1, s KOTOpPOH OMNsiITh 3HAKH 3HAYEeHUH
(hYHKLMH Ha JIBYX KOHUAX pas/inubl. [To-
BTOPSist 9Ty MPOLEIYPY, Mbl, B KOHLIE KOH-

Puc. 172. Teopema Bosbuano LIOB, WJIM Hali/ileM 1ocJie KOHeUHOro uMc/ia
JieJIeHH# Touky, B Kotopoil f(x) =0, wiu
MOJIyUHM T10CJI€I0BATE/LHOCTD CTATHBAIOIMXCS OTpe3KoB [, [o, I3, ... B mocaennem

cayuae noctyaar leneknnnia—Kanropa o6ecrieunBaeT cylecTBOBaHHE B HCXOHOM OT-
peske [ Takoil TOUKH o, KOTOpasi IPUHALIEAKHUT BCEM OTpe3KaM cpady. Mbl yTBepKiaem,
uto f(o) =0, TaK uTo o M GyJeT TOi TOUKOH, CYLLECTBOBAHHE KOTOPOH HYXKHO J10Ka3aTh.

Jlo cux mop npeanosiozkeHue 0 HEeNpepbBHOCTH (YHKLMH f(X) HCIOJNb30BAHO ellle
He 6b110. Cefiuac NpUAETCS HAa HEro COC/IaThCsl, 3aKaHUMBAasl J10Ka3aTe/bCTBO CIOCOOOM
ot npoTuBHOro. Mbl jokaxeM, uto f(a) = 0, noryckasi IPOTHBONOJIOKHOE H MPUXOJIS
3ateM K nporuBopeunto. [Ipearnosoxum, uto f(o) # 0: nycrtb, Hanpumep, f(o) = 2 > 0.
Tak kak ¢yHKUMs f(xX) HenpepbiBHA, TO Mbl HaiiieM (MOXeT ObITh, MajleHbKHIl) OTpe-
30K J JUIMHBI 28 C LIEHTPOM B TOUKE o — TaKOM, UTo 3HaueHue QyHKUHH f(x) BO BCeM
npomMexkyTke J oTsinuaercs ot f(o) MeHbllle ueM Ha €. 3arteM, Tak Kak f(a) = 2g, TO Mbl
MOXKeM ObITb yBepeHbI, uTo f(X) > € B Kax/0# Touke J, T. €. uto f(x) > 0 B orpeske J. Ho
oTpe3ok J hUKCHPOBaH, U €CJIM 1 I0CTAaTOUHO BEJIMKO, TO MaJIeHbKHI OTPE30K [, 10J1KEeH
HEeIpeMeHHO MoNacTb BHYTPb J, MOCKOJIbKY MOCJ/I€I0BATEIbHOCTb JAJHH [, CTPEMHUTCS K
HyJ10. B 3TOM 3aksouaercsi npoTHBOpeUre: B CaMOM JleJie, U3 TOT0, KAKUM 06pa3oM Oblil
BbIOPAH MPOMEXKYTOK [, BbITEKAET, UTO (DYHKUMs f(x) HMEET MPOTHBOMOJMOXKHbIE 3HAKH
B JIByX KOHEUHBIX TOUKAX KaKIOro Mpomexytka [,, Tak uto QyHKUus f(x) npuHAMaet
oTpHLATe/IbHblE 3HAUEHHUS I1e-TO B poMexxyTke J. OTClo/1a cile/lyeT HeJlernoCTb Nperno-
Joxkenust f(o) > 0, a Takxke (CoBepLIeHHO TaKUM Ke 06pasom) f(a) < 0; cienoBatelbHO,
JioKasaHo, uto f(a) = 0.
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3. Teopema BeiiepuiTpacca 06 akcTpeManbHbIX 3HaueHUusXx. [pyroii cy-
ILIECTBEHHBIH U HHTYUTHBHO SICHBIH (DAKT, KACAIOLIMHCS HEMPEPBIBHBIX (DYHKIHNH,
6611 chopmyaupoBan Kapsaom Beitepuitpaccom (1815—1897), kotopsiii,
BO3MOXKHO, GoJiee ueM KTO-JIMGO JIPYroi siBjisieTcsi OTBETCTBEHHBIM 3a COBpe-
MEHHOE CTpeMJIeHHe K CTPOrOCTH B MaTeMaTHUECKOM aHaju3e. JTa Teopema
yTBep:KIaeT: ecau pyukyua f(x) nenpepoisra 8 unmepsare I, a < x < b,
He UCKAIUAs MAKyHe U KOHeuYHblX mouek uxnmepsaia a u b, mo 8 uw-
mepsgase | doaxcHa cywecmsosams no Kpaiinei mepe o0Ha mouka, 8
komopoii ¢ynkyus f(x) docmueaem csoeeo Haubosvuieco 3naverus M,
u dpyeas mouxa, 8 Komopoi ynkyus [(x) docmueaem c80ee0 HaAUMEHb-
uieeo 3nayvenus m. ToBOPsi HHTYUTHBHO, 3TO 3HAUHT, UTO rpaduK HerpepbIBHOK
(byHKUMH u = f(x) NO/DKEH UMETh 110 KpakHeldl Mepe OJIHy HAWBBICUIYIO U OJHY
HAWHHUBILYI0 TOUKH.

Cyl1eCTBEHHO OTMETHTb, UTO 3TO YTBEPXKJEHHE MOXKET ObITh HEBEPHbBIM,
ecsi pyHKUMA U = f(x) nepecTaeT OGbITh HEMPEPLIBHOH B KOHEUHBIX TOUKAX MPO-

1
mMexyTka /. Hanpumep, dynkuus f(x) = ~ He nmeer Hau6oJbIIEero 3HaUeH!s B

npomexyTke 0 < x < 1, XOTs1 OHa M HelpepbiBHA BHYTPH NpoMexKyTka. K Bmecte
C TeM paspblBHAsi (PyHKLMs BOBCe He 00513aTeJbHO JOCTHraeT HaHOOJBLIEro
¥ HaUMEHbLIEro 3HaYeHWH, JaxKe ecJiM OHa orpaHuueHHasi. Paccmotpum, Ha-
TIpUMep, UPe3BbIUaiHO Pa3pbIBHYIO (DYHKUHIO f(X), ONpeieseHHYIO CJIeyIOLIHM

obpasom:
f(x)=x NpH UPPaALHOHATBHOM X,

1
f(x)= ) NpH palMoHaJbHOM X

B npomexyTtke 0 < x < 1. Bce 3Hauenusi, koTopble MpuHAMaeT 3Ta (QyHKLMS,
3aktoueHbl Mexay O u 1. Cpennt HUX HMEIOTCS CKOJb YrofaHo Gsu3kue K O 1 1:
OHHU TOJIyyaroTCsl, ecad x OyaeM BblOMpaTh MpPpaUMOHANbHBIM U JOCTATOUYHO
6sm3kuM K O man 1. Ho f(x) Hukorna He mMoxkeT ObiTb pasHoim Hu O, HU 1,
MOCKOJIbKY /IS pAllHOHA/ILHBIX X Mbl HMeeM f(x) = é, a JJIsl UppaLMOHAJIbHbBIX
Mbl uMeeM f(x) = x. Mtak, 3nauennsi O u | HU B Kakoi TOUKe He JIOCTHUTAIOTCS.

* Teopema Beifiepurpacca MoxeT GbITh Jl0Ka3aHa MOYTH TaKUM Ke 00pa3oM, Kak
Teopema Bousbuano. Paszo6bem vHTepBas [ Ha ABa 3aMKHYTbIX noJyuHTepsana [’ u [”
v (QUKCHpPyeM Hallle BHHUMaHWe Ha [’, KaKk Ha MHTEpBaje, B KOTOPOM CJIEyeT HCKATb
HauboJbliee 3HaueHue GyHKUMK f(X), ecau moavko 8 unmepsaie 1" He naiidemcs
makoi mouku o, umo f(o) 6oavuie scex snavenull pynxkyuu f(x) 6 unmepsare I';
8 amom nociedrem cayuae mol soloepem urnmepsan I”. ToT uHTEpBa, KOTOPBI Mbl
BbIOpasu, o6o3HauuM vepesd /. [TocTynum Tenepb ¢ MHTEpBaJoOM /; TOYHO TaK Ke,
KaK Mbl MOCTyNasu ¢ /; MyCTh TPH 3TOM T0JYYMM HHTepBaJ [o, U T. I. DTOT npolecc
OMpeaeuT NocJ/aenoBaTebHocTb /1, lo, I3, ..., Iy, ...BJIOXKEHHBIX HHTEPBAJIOB, KOTO-
pble Bce colepKaT HEKOTOPYIO TOUKy 2. Mbl J10KaXKeM, uTo 3HaueHdHe (GYHKLUUH B 3TOH
Touke, f(z) = M, ectb HaubGoJblliee U3 BCeX 3HAUeHHH (YHKLMH [(X), JOCTHraeMbiX B



342 OYHKUHHU U TTPEIOEJIbI ra. VI

MCXOJIHOM HHTEpBaJIe, T. €. UTO He MOXKET CYIIECTBOBATb TAKOH TOUKH S, uTo f(S) > M.
[Ipennosioxum, uTo Hauiach Obl TOUKA S, YAOBJIETBOPSitOLLAs YC/I0BHIO f(S) =M + 2¢,
IJle € eCTh HEKOTOPOE (MOXKET ObITh, U OUeHb MaJleHbKOE ) [10JI02KUTeIbHOE Uhc/10. B crity
HENpepPbIBHOCTH (PYHKUMH f(x) Mbl MOXKEM TOUKY 2 OKPY:KHTb MaJsleHbKUM HHTepBa-
JoM K, He 3aXBaTbIBAIOLLMM TOUKH S, U NPUTOM TaKUM, YTO B MHTepBaje K 3HaueHHs
dyHkuun f(x) oTanuaiTes ot f(z) = M MeHblle ueM Ha €, TaK UTO B HEM Mbl He-
npemenHo Gynem umeth f(x) < M + e. Ho npu nocratouno GoJibLIMX 71 HHTEpBaJ [,
JIEXKUT BHYTPH HHTepBasa K, a BMecTe ¢ TeM MHTepBaJ [, Obl] ONpe/ieieH TaK, UTo HH
OJIHO 3HaueHHe f(X) MpH X, JiexKallleM BHEe HHTepBaJa [,, He MOXKET NPEB30HTH 3HAUEHHIT
dhyHKUMH f(x) B TOUKAX X M3 9TOrO MHTepBaJa.

Ho TouKa s JiekuT BHE HHTepBasa [, v B Hell f(s) > M + €, Torna Kak B uHTepBase K,
a TeM caMbIM U B HHTepBaJie [, Mbl UMeeM f(x) < M + €. Takum 06pa3om, Mbl TIPHLIJIH
K MPOTHBOPEUHIO.

CylecTBOBaHHe 10 KpaifHell Mepe OJIHOTO HaUMEHbILIEro 3HaueHHsl /711 MOKET ObITb
JI0Ka3aHO TeM K& CaMbIM METOJIOM; BIIPOUEM, OHO SIBJISIETCS CJIEICTBUEM MPEbILYLLEro,
TaK Kak HauMeHbllee 3HaueHWe (GyHKUMM f(Xx) pocTHraeTcsi Tam e, rje JOCTHraeTcs

HauboJbliee 3HaueHne QyHKUMH g(x) = —f(x).
Teopema Beiiepiitpacca MoxeT ObITh J0Ka3aHa aHAJOTHUHBLIM 06pa3oM U sl He-
NpepbIBHBIX PYHKLHIT OT JABYX HJIM GOJIBLIETO UMCJ/Ia TEPEMEHHBIX X, Y, ... B 3TOM cJyuae

MPUETCS BMECTO 3aMKHYTbIX HHTEPBAJIOB (CO BKJIOUEHHEM KOHEUHbIX Touek) GpaTb
3aMKHyTble 06J1aCTH, HalpUMep, MPSIMOYTOJNbHUKH B TUIOCKOCTH X, § (CO BKJIOUEHHEM
KOHTYpa).

YnpaxHenue. B kakoM nyHKTe 10Ka3aTesibeTB TeopeM Bosbliano u Beltepuitpacca
Mbl BOCIOJIb30BAJIUCh MPEATNONONKEHHEM, UTO (DyHKLMS f(x) onpeesieHa U HenpepbiBHA
BO BCceM OoTpe3Ke (3amkHymom) a < x < b, a He TosbKO pH @ < X < b uin a < x < b?

HokasarenbetBa TeopeM Bosbliano B BefiepiiTpacca HOCSAT SIBHO HEKOH-
CTPYKTUBHBIN Xapakrep. OHH He MPEIOCTABISIOT METOMA sl «3(p(HEKTHBHOTO»
HAXOXKJIEHHS TOJIOXKEHUSI HYJIEBOH TOUKH WJIM HAWOOJbIIET0 U HAMMEHbIIEro
3HaueHUs1 (PYHKLMH C 3apaHee Ha3HAUEHHOH CTeleHbl0 TOUHOCTH B pe3yJbTaTe
KOHEUHOTo uYHcJ/a onepalmil. JlokazaHo TOJBKO JIMIIL CaMO CYIIeCTBOBAaHHE,
WM, BepHee, aOCYpAHOCTb HECYLIECTBOBAHUS, YIOMSHYTBIX 3HaUeHHH. DTO 06-
CTOSITEJILCTBO MPEJICTaBIsIET COGOH ellle OMH BaXKHBIH MyHKT, TPOTHB KOTOPOTO
KUHTYULHMOHUACTBI» (CM. ¢Tp. |14) BbIABHHYJIM CBOM BO3paXKEeHHs!; HEKOTOPbIE U3
HUX JlaKe HacTauBaJiM, UTOObI MOJOOHBIE TeOpeMbl Obl BOOOIIE M3THAHDBI U3
MateMaTHKU. M3ayuatolnii MaTeMaTiKy He J0JRKEH, BIIpoueM, NMPUHUMATb 3TH
BO3paKeHHst GoJiee Cepbe3HO, UeM ITO Cliesao GOJIBIIMHCTBO KPUTHKOB.

*4, Teopema o nocJjenoBarejbHocTX. KoMnakTHble MHOXeCTBa.
[Tyctb X1, Xo, X3, ... €CTb HeKoTOpast GeCKOHEUHAasl MOC/e10BaTeIbHOCTb YH-
ceJl, pasJIMUHbIX WJIH HET, cojepxaumxcs B ompeske [, a < x < b. Tlocne-
JIOBATE€JIbHOCTb MO2KET CTpeMI/ITbCﬂ WJIU He CTpeMl/lTbCﬂ K npene.ny. HO Kak
Obl TO HU ObLI0, BCee0Q MOMHO U3BACUL U3 MAKOL NOCACO0BAMENbHOCITIL,
BbLOPACHIBASL HEKOMOPbLLE U3 ee YAeHO8, MAKYIO HOBYIO OeCKOHEUHYIO NO-
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c1e008amMeAbHOCb Yy, Yo, Y, - .., KOMOPAL cmpemuracs Ov. K npedeay,
3AKAOHEHHOMY 8 npomedxcymie I.
Uro6bl 10Ka3aTh 3Ty TeopeMy, Pa3iequM HHTepBaJ [ ¢ MOMOLIbIO CpeaHeH

a+ b 7 1"
TOUKH X = —5— Ha J1Ba 3aMKHYTbIX OTpesKa 'l
b
I'm a<x< a; ,
a+b
I <x<b.

2

[To kpaiineli Mepe B 0IHOM U3 HUX GYJIET HAXOAUTbCS GeCUrCIeHHOE KOJIHUECTBO
UJIEHOB X, OCHOBHOMH MOCJ/1€10BaTe/bHOCTH; 0003HaUUM ero uepes /;. BuiGepem
OJIMH U3 3THX YJIEHOB X, M 0003Hau4MM ero yepes y;. IIpojenaem To ke camoe
¢ npomexyTtkoM /;. Tak kak B unTepBajie /| uMeeTcsi 6eCKOHEUHOE MHOXKECTBO
4JIEHOB X,, TO UX JIOJ2KHO ObITh 6€CKOHEUHOE MHOYKECTBO TAKXKE M M0 KpaKHen
Mepe B 0JIHOH U3 MOJIOBHH /; 0603HAUMM 3Ty MOJIOBUHY uepe3 /. Ha oTpeske /o
BO3bMeM WJIeH X, /Il KOTOPOTO 11 > 1, 1 0603HaYNM ero uepe3 yo. [Ipogosnkas
TAKHUM 2Ke O6p2130M, Mbl MOXKEM HaUTHU [oCJe10BaTeJIbHOCTh BJIO2KEHHbIX OTpQB—
KoB [, [5, I3, ... U TIOANOCJIENOBATENLHOCTD Yy, Y2, Y3, ... UJEHOB OCHOBHOH
MOCJIe/I0BATENLHOCTH TaKUM 06pa3oM, UuTo Y, JIEXKUT B HHTepBajie [,, KaKOBO
Obl HU ObLJIO 1. DTa TIOC/AEI0BATEIbHOCTb UHTEPBAJIOB CTATHBAETCS K HEKOTOPOH
TOUKE Y MPOMEXKYTKAa, U SICHO, UTO MOCJEN0BATENbHOCTb Y1, Yo, Y3, ... UMEET
npejes y, uTo 1 Tpe6oBaNoCh 10Ka3aTh.

* DTH paccyK/eHHs I10MycKaloT 06001IeHHe TOTO THIA, KOTOPbIH XapakTepeH /st
coBpeMeHHOH MaTeMaTHKU. Paccmorpum nepementoe X, npoGeraioliee HEKOTOPOe MHO-
JKECTBO S, B KOTOPOM KaKUM-TO 06Pa30M OIpPeJIesIeHO MOHATHE PACCTOSHUSA». S MOXKeT
ObITb MHOXKECTBOM TOUEK Ha IJIOCKOCTH WJH B npoctpaHctBe. Ho 3T0 He sBjsiercs
HeoGXO0MMbIM; HaTlpuMep, S MOXKeT GbIThb Tak:Ke MHOKECTBOM BCeX TPEYroJIbHUKOB Ha
nsiockocTd. Ecain X u Y siBaisitorest iBymsi TpeyroJibHuKamu ¢ BepuinHamu A, B, C u A’,
B’, C' COOTBETCTBEHHO, TO B KaUeCTBE «PACCTOSHUS» MEXK/Y TPEYroJbHUKAMH MOKHO
B35ITb, HAllPUMeEp, YUCJI0

d(X, Y)y=AA"+ BB’ + CC’,

rie AA’ o6o3Hauaer o6bluHOE paccTosine mMexay Toukamd A u A’, u T. 1. Kak ToJib-
KO BO MHOXKECTBE BBEJIEHO MOHATHE «PACCTOSIHUS», Mbl HMEEM BO3MOXKHOCTb OIpejie-
JIUTb MOHSATHE MOCJIeI0BaTeAbHOCTH 3/1eMeHTOB X, X9, X3, ..., CTpemsilelics K npese-
Jy X — Takxke 3j1eMeHTy MHOXKecTBa S. Mbl nojipasymeBaem noj 3TuM, uto d(X, X,) — 0
npu n — oo. Ternepb Mbl CKa)KeM, UTO MHOXKECTBO S KOMNAKMHO, eCAUu U3 KaHOoi
nocaedosamervrocmu Xy, Xo, X3, ... 91eMeHM0O8 3M0O20 MHONICECMBA MONCHO U3-
84e4ub NOONOCA008AMEAbHOCMb, CMPEMAUYIOC K HeKomopomy npedeay X, npu-
Haodaexncawemy mroxcecmsy S. B npenplayliem MyHKTe Mbl 10Ka3aJH, YTO 3aMKHYTHI
NPOMEXKYTOK a < X < b KOMINAKTeH B yKa3aHHOM cMbicje. Takum o6pa3oM, MOHATHE
KOMITAKTHOT'O MHOXKECTBA MOKHO CUMTATh 0000LLEHHEM NOHSTUS 3AMKHYMO20 UHMep-
8a.aa Ha YACJ0BON ocH. OTMETHM, UTO UHCJIOBAs OCb 8 YeA0M HEKOMIIAKTHA, OCKOJIbKY
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MOCJIe[l0BaTeNbHOCTD LesblX unces 1, 2, 3, 4, 5, ... He CTpeMHUTCs HU K KaKOMy Mpe-
JIeJly W He COJEP:KUT B ceOe HUKAKOH MOJ0C/e10BATEbHOCTH, KOTOpasi CTPEMU/IACh

6bl K npenesy. Takxke U OTKPBITbIH HHTepBaJ HeKOMIakTeH, Hanpumep, 0 < x < 1, He
1

2737 407
Jobast ee MoI0C/1e10BaTe/IbHOCTb CTPEMHUTCS K npefesy 0, KOTopblil He MPUHAJIEKHT,
0JIHAKO, pacCMaTpUBAaEMOMY OTKPBITOMY ITPOMEXYTKY. TaKHUM ke 06pa3oM MOXKHO MoKa-
3aTh, UTO 00J1aCTh MJIOCKOCTH, COCTOSILIAS, CKaXKEM, U3 BHYTPEHHHUX TOUEK HEKOTOPOTO
KBaJpaTa WM MpsiMOYroJibHHKa, HEKOMIIAKTHA; HO OHA CTAHOBUTCSl KOMIIAKTHOH MocJie
MPUCOE/IMHEHUST TOUeK TpaHulibl. HerpynHo Takke yOeauTbCS, UTO MHOXKECTBO BCeX
TPEYroJIbHUKOB € BEPLIMHAMH, JIEKAILMMH BHYTPH UJIM HA OKPYXKHOCTH JAHHOTO Kpyra,
KOMIAKTHO !

[TonsiTve HerpepblBHOCTH JonycKaeT o600lleHHe Ha cJjyyai, Korja rnepeMeHHoe X
npoberaer Jilo60e MHOXKECTBO S, JiHlb Gbl B 3TOM MOCJEIHEM OblIO MPeiBapPUTEb-
HO BBeJEHO MOHSITHE CTpeMJleHHs K Tpenedty. [oBopst, urto dynxuus u = F(X) (rne u
MBICJIUTCS] KaK JIHCTBUTE/ILHOE UMCJIO) HElPEpPbIBHA HA 3J1eMeHTe X, ec/in BCSKHi pas,
KaK I0CJ/1e/10BaTe/IbHOCTb 3/1eMeHTOB X, X9, X3, ... uMeeT npezes X, COOTBETCTBYIOLIASA
nocsenoBaresibHoCTb unces F(Xy), F(Xz), F(X3), ... umeer npenen F(X). (MoxHo natb
orpejiesieHHe U ¢ NOMOLLLbIO €, 3.) Jlerko tak:ke y6enuThes, uto Teopema Beitepiurpacca
ocraeTcs B cujie Jijisl cJrydasi 06001eHHOH HempepbiBHOH GyHKIMU F(X), 3ananHoi Ha
HEKOTOPOM KOMIAKTHOM MHOYKECTBE:

Ecau u = F(X) ecmo nenpepoisHan ¢ynkyus, onpedereHHas 0l 8cex 34e-
MEHMO8 KOMNAKMHO20 MHONMcecmea S, mo cywecmsyem 006i13amenbHO Maxoi
asemenm S, das komopoeo F(X) docmueaem cgoeeo Haubdoavuieeo 3HA4EHUS, U
dpyeotl saremenm, 0a8 komopoeo F(X) docmueaem ceoeeo HaumeHvuieeo 3Ha4e-
HUSL.

JlokaszaTesibCTBO He MPEICTAaBUT HUKAKOro Tpyda sl TOrO, KTO CXBAaTHJ OOLIMI
XapakTep OTHOCSLIMXCSH CloJla WJIeil; Mbl He MOF/IeM JlaJjibllie B 3TOM K€ HarpaBJieHHH.
Mbl yBuaum B rsaBe VIII, uto Teopema Beitepiitpacca B ee o6Luell dopMysnupoBKe
1MeeT 0cobeHHO 6oJblIoe 3HAUeHHE B TEOPUH MAaKCUMYMOB U MHHHMYMOB.

BKJIIOYAIOLLMH KOHEUHbIX TOUEK; ﬂeﬁCTBHTeJIbHO, [1ocJ1e/10BaTe/ibHOCTb HJIn

§ 6. HekoTopblie npumeHeHus reopembl boJgblaHo

1. Teomerpuueckue npumeneHusi. C MOMOIIBIO TIPOCTON U 0OLIEH Teo-
pembl BosblIaHO MOKHO JI0Ka3aTh HEKOTOPbIE YTBEPIKIEHHUS, HA MEPBbIi B3TJIsA]L
OTHIOJIb He TIPEeJICTABJISIOLIMECS BIIOJHE OUEBUAHBIMU. YCTAaHOBUM, MPEXJIe BCe-
ro, caenyiouiee: ecau A u B — dse 3adanHvle ¢ueypvl Ha nAOCKOCmu, Mo
cyuecmsyem makas Apamas 8 amoi naockocmu, komopasa obe ¢huey-
pol 00HOBpEeMeHHO Jeaumnm Ha pagHoseauKkue (8 cmoicae naowadu) 4acmu.
[Ton «durypoit» 3nech MoHuMaercsl Besikasi 4acTh MJIOCKOCTH, OrpaHUUeHHast
NPOCTOH 3aMKHYTOH KPUBOH.

Haunewm okasaresibecTBO € TOTO, UTO BbIGEPEM MTPOU3BOJILHYIO PUKCHPOBAH-
HYIO TOUKY P B Hallell MJOCKOCTH U NPOBeJieM U3 Hee (PUKCUPOBaHHbIH Jiyu PR,

! [Tocsiennee yTBEpKACHUE 6yﬂe’[‘ BEpHO, TOJIbKO €CJIM BKJ/IIOYUTb B YHUCJO TPEYroJibHUKOB M

«BbIPO2KIEHHbIE», Y KOTOPbIX AB€ WJIM TPpH BEPLUIWHLI COBMAAAOT. — lelM. ped Hacm. uso.
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Puc. 173. OnHoBpemMenHoe JlesieHne TonoJiaM JIByX MJioliaaei

OT KoToporo 6ysieM BeCcTH oTcueT yriioB. KakoB Obl HU OblI siyu PS, cocTaBisi-
IOMIMH yrosl X ¢ JiyuoM PR, CyLIecTBYeT HallpaBjieHHasl TpsiMasi, Tapajiiesb-
Hasg PS u deaawaa ¢ueypy A Ha pasuoseaurxue wacmu. JIeACTBUTENBHO,
BO3bMEM OJIHY M3 HallpaBJIeHHbIX MPsIMbIX, MapaleNbHbIX PS, Takyio uTo Bes
¢urypa A JIeXKUT MO OIHY €e CTOPOHY; MycTb 3Ta mnpsimMasi Oynet /. CraHem
nojBepraTh /; mapassieJbHOMY MEpeHOCYy TakuM o6pa3oM, 4TOOBl MPH OKOH-
yaTeJbHOM MOJIOXKEHHH (KOTOpoe Ha3oBeM /o) Bes durypa A okasanach yxke
no apyryto ee cropony (puc. 173). B Takom ciyuae dyHkuusi, onpenessiemast
KaK pasHOCTb TJIOLIAAN YacTH A, pacroJioxkeHHOH BMPaBO OT HANpaBJeHHOM
NpsIMOH, U TIJIOLIAAN yacTi A, pacrosioKeHHOH BJIEBO («BMPABO» — «K BOCTO-
Ky», €BJIEBO» — «K 3arajy», eCcJii TpsiMasi HarpaBJieHa, CKaxeM, <Ha CeBep»),
OKA3bIBAETCS MOJIOKUTEbHOH IS TOJIOXKEHUs TPSIMOH /| ¥ OTpULIATEIBHOMN AJIsT
nosoxeHusi lo. Tak Kak 3Ta QyHKIUS HEMpPepbIBHA, TO, M0 TeopeMe BoJibliaHo,
oHa obpallaeTcst B HyJb MPH KAKOM-TO MTPOMEXKYTOUHOM TTOJIOKEHHH TPSIMOI,
KOTOpOe Mbl 0003HAUNM Terepb uepe3 [, U MpH KOTOPOM, OUeBHIHO, turypa A
pasbuBaercsi nonosiaMm. Mrak, kakoBo 6bl HH 6b110 x (0° < x < 360°), cyuuect-
ByeT M eIMHCTBEeHHA npsiMast [, pas6uBatomiasi A mornoJam.

O603HauuM Tenephb uepes y = f(x) pasHOCTb MeXKy MJOLIAAbI0 YacTH (-
rypel B crpaBa oT [, u njouansbio uactd B ciaesa ot L. Jlonyctum I onpe-
JIeJIEHHOCTH, 4uTO TpsiMasi [, napasienbHas PR u pasbusaioinas A momosawm,
CrpaBa UMeeT GOJBIIYIO YacTh MIIOMIANH B, UeM CJieBa; TOTAA Y MOJIOKHTETbHO
npu x = 0°. [1yctb Tenepb x Bospactaer a0 180°; Torna npsmas /g, napas-
JejbHast PR u pasz6uBaiomiasi A moroJiaM, COBMajiaer ¢ /o (HO HampaBjieHa B
TIPOTHBOIOJIOKHYIO CTOPOHY, a «IpaBasi» U «JieBasi» CTOPOHbI [TePEMECTHIINCD );
OTCIO/Ia SICHO, UTO 3HaueHue y npu x = 180° uncieHHo To XKe, uto U npu x = 0°,
HO ¢ 06paTHBIM 3HAKOM, T. €. OTPHLIATeNbHO. Tak KaK y ecTb (pyHKLHS X, Herpe-
poiBHas npu 0° < x < 180° (ynomsinyrasi pa3HocThb Muiollajiel, 04eBUIHO, H3-
MeHSIeTCs1 HETPEPBIBHO NPH BpalllEeHHH CEKYIIIeH MPSIMOi ), TO CYLIECTBYET TaKOE
3HaueHue X = o, NIPH KOTopoM y obpaulaetcs B Hysb. Ho torna npsimas [, pas-
6uBaet normoJsiaM o6e ¢urypel A u B omHoBpemenHo. Harua Teopema nokasaHa.
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CuiefyeT 3aMeTHTb, UTO Mbl YCTAHOBHJIM BCErO-HABCErO Cyujecmsosanue
npsiMoi, obJsajalollell 3aaHHbIM CBOMCTBOM, HO HE yKasdaJsu Ollpele/leHHON
NPOLENYPbl JUIl €€ NOCMPOeHus: B 3TOM — XapaKTepHas 4epTa <«UMCThIX»
MaTeMaTHUECKHUX JI0Ka3aTe/bCTB CYLIEeCTBOBAHHSL.

Ly yo00

x + 90°

X
Puc. 174. lenenue nyoaay Ha 4eTblpe paBHblE YACTH

Bot npyrasi, anasoruuyHasi npo6Jiema: naHa oiHa c¢urypa A Ha mJIoCKOC-
TH; Tpebyercst pa3bUTh ee Ha 4emoipe PABHOBENUKHE UaCTH 08YMA 83AUMHO
nepnendukyrapHoimy mpsMbIMA. UToOBl 10Ka3aTh CYLIECTBOBAHHE PeLLEHHS,
BepHEMCsI K TOMY 3Tally pellleHust peblayIiei pobJeMsl, Koria Gblia BBe/leHa
npsimas [, Ho ¢urypa B ele He Oblla BBeleHa B paccyxKjieHue. Pacemorpum
npsimMyto [, yq9, NEPNEHANKYAAPHYIO K [, U TakKe pazbuBaiolilyto A momosam.
Ecau 3anymepyeM ueTbipe yacti A Tak, Kak mokasaso Ha puc. 174, To mosyunm,

OUYEBUJHO,
Al + AQ == Ag + A4

A2+A3:A1+A4.

Orcioia BbIUHTaHHEM MOJIy4YuM

A=Ay =45 - Ay,
T. €
Al :A3v
a 3HA4vuT,
Ay = Ay

Mrak, cyllecTBoBaHHe pelleHust Hallel npo6Jemsl OyIeT 10Ka3aHo, eCJH ycTa-
HOBHM CYLLIECTBOBAHHE TAKOTO YIJa o, UTO [J1sl IPsIMOit [, Oy/IeT yOBJAETBOPEHO
PaBEHCTBO JBYX YacTel HauleH (Urypbl

Ay(a) = Ay(at),
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TaK Kak oTctojia OY/eT BbITeKaTh PaBEeHCTBO BCeX yeTblpex uacTell. PaccmoTpum
Tenepb QyHKUMI0 ¥ = f(x),
[(x) = Ai(x) — As(x),

re Aj(x) u Ay(x)—uacTi Gurypsl, cooTBeTcTBYIOLIHME TIpsiMoit /.. [Tpu x = 0°
nyctb Oynet, Hanpumep, f(0) = A;(0) — Ax(0) > 0. Torna npu x=90° nosyuur-
cst: f(90) = A;(90) — Ay(90) = Ax(0) — A5(0) = A5(0) — A,(0) < 0. Ho f(x)—
HernpepbiBHAsT (DYHKIMS; 3HAUUT, MPH KAaKOM-TO 3HaueHud o Mexjay 0° u 90°
nonyuutes: f(a) = A(a) — Ag(a) = 0. Torna npsimble [, u ;90 pa3zbuBaioT
¢urypy Ha ueTbipe paBHOBEJIUKHE YACTH.

A1u npobseMbl 0600LIAIOTCS HA CJydaid Tpex M 00JbLIEro uucaa uamepe-
HUil. B ciyuae Tpex uamepeHuii neppasi npobsema GopMyJIupyeTcs CJeayoM
06pa3oM: JaHbl TPU MPOCTPAHCTBEHHbIX Tesa; TpeOyeTcs HAWTH MJIOCKOCTb,
pa3bUBalOLLyI0 KaxK/10€e M3 HUX M0M10J1aM OJJHOBpeMeHHO. JloKa3aTesabCTBO BO3-
MOXKHOCTH pelleHHsl TakxKe OCHOBbIBaeTCcs Ha TeopeMe Bousbuano. B ciyuae
GOJbIIETO UKMCIa U3MEPEHUH aHaJIOTHUHOE YTBEPXK/IEHHE TaK:Ke CIPaBEIINBO,
HO JI0Ka3aTeJbCTBO TpeOyeT NpUMeHeHUs 6osiee TOHKUX METOJI0B.

*2. llpumeHeHUe K OJHOW MexaHUUYeCKOH mnpobaeme. Mbl 3aKOHUUM
3Ty TIJIaBy PACcCMOTPEHHEM OJHOH Ha TMEepBbIA B3MVIAJ TPYIAHOH MeXaHHue-
CKOH MpobJieMbl, KOTOpasi, OJHAKO, pellaeTcss OueHb MPOCTO TOCPENCTBOM
cooOpaXKeHHi, CBA3aHHBIX ¢ HempepbiBHOCTHIO. ([Tpobaema Oblia npeaioxKeHa
X. YurHu.)

[Ipennosioxkum, uTo Moe3/ Ha MPOTS?KEHUH HEKOTOPOTO KOHEUHOTO TpOMe-
JKYTKa BPEMEHH MPOXOJAUT MPSIMOJMHEHHBIH OTPe30K TMyTH OT cTaHuuun A 1o
cTaHlUMK B. BoBce He mpeanoJiaraercs, uto JBUXKEHHE MPOUCXOAUT C MOCTO-
SITHHOM CKOPOCTBIO WJIM C MOCTOSIHHBIM ycKopeHueM. HampoTus, noesn moxer
JIBUTATbCS KaK YrOJHO: C YCKOPEHHSIMHU, C 3aMeJIEHUSIMU; He HCKIOUEHbI J1aXKe
MFHOBEHHbIe OCTAHOBKM WJIM UACTHUHO JaKe JBH:KeHHe B 0OpaTHOM Harpap-
JIEHUH, TIpEXKJIe YeM B MTOTe Toe3]] MpujieT Ha cTaHuuio B. Ho tak wiu nnave
JIBUXKEHHE TI0e3/1a Ha MPOTSKeHUH BCEro BPEMEHHOTO TMPOMEXKYTKA CUUTAETCs
M3BECTHBIM 3apaHee; IPYrMMU CJI0OBAMU, CUUTAETCS 3aJlaHHOH (yHKIMs s = f(1),
rjle S — paccTosiHHe Moe3a OT cTaHUuuu A, a ¢ — Bpemsl, OTCUMTHIBAEMOE OT
MOMEHTa OTIIpaBJjieHHs1 Toe3fa. K moJy oJHOro M3 BaroHOB MpPUKperJieH Ha
LIAPHUPE TBEPABIH TAXKEJbIH CTEPKEHb, KOTOPBI 0€3 TPeHHsS MOXKET JIBUraThCs
BOKPYT OCH, TapaJijieJIbHON 0CsIM BaroHOB, BIepe]] M Ha3aj — OT MoJa JIo MoJa.
(Mbl cunTaem, uTo, MPUKOCHYBIINCH K T0Jy, OH B JlaJibHeHIlIeM OCTaHEeTCs Ha
HEM JieXaTb, T. €. UTO OTCKOKHM OT I0Jia HEBO3MOXKHbI.) Bompoc 3akitouaer-
Csl B CJIEJYIOLEM: BO3MONCHO AL 8 MOMEHM Omxoda noe3da nomecmumno
cmepoKers 8 makoe HaualbHoe NOA0KHCeHUe, M. e. 0amb emy maxot yeon
HAKAOHQ, 4mobbl HA NPOMANCeHUL BCE20 NYMU OH He Yynai Ha noa, oyoy-
uu npedocmasier 8030elicmsuio 08udxiceHus noe3oda u cure coocmsaerHol
masscecmu?
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Ha nepBblil B3rJIsii MOKET MOKa3aTbCsl COBEPLUEHHO HEBEPOSITHBIM, UTOObI
MPU Harepes ONpeleNeHHON CXeMe JBHKEHHS 10e3[a B3aUMOJCHCTBHE CHJIbI
TSDKECTH U CHJI peakUMH OblJIO CNOCOOHO 00ecneunTb TpebyeMoe paBHOBECHE
CTEP2KHSI MPH €IMHCTBEHHOM YCJIOBMH — HajjlexKallleM BbiGope HaualbHOro Mo-
JoxkeHusl. Ho Mbl cefiuac yCTaHOBHM, UTO Takoe HauaJbHOE MOJIOXKEHHE BCEria
CYLLLECTBYeT.

- " .

Puc. 175. [1po6aema Yuthu

[Ipu Bceil Kaxkyllelics napajgokcajbHOCTH 3TOTO YTBEPXKJEHHUS, OHO JIETKO
JI0OKa3bIBAETCsI, €CJIM 0OPATUTh BHUMaHHE Ha €ro M0 CYLIeCTBY TOMOJOTHUECKUH
xapakrep. BmecTo BceXx 3aKOHOB JIMHAMUKY HaM MOHAJ00UTCS TOJLKO CJEIyIO-
1[ee TpocToe (PU3NUECcKoe YTBEPXKIEHHE: nocAedyoujee 0BUMCECHIE CIepXHCHS
Henpepol8HO 3ABUCUM OM e20 HAYAAbH020 NnoaoxceHus. HauambHoe mo-
JIOXKEHHE CTEPKHS XapaKTepudyeTcsi yrJoM X, KOTOPbIH OH 00pasyeT ¢ MoJioM;
uepe3 y 0603HAUMM YToJl, KOTOPBIH CTep:KeHb 0O6pasdyer C MoJOoM B KOHLE My-
TellIeCcTBHsI, KOTJa Moe3Jl NpubbiBaeT Ha cTaHuuio B. Eciu cTep:keHb ynan Ha
noJ, 1o y = 0° unn y = 180°. Il BCAKOrO HAYaJbHOTO MOJIOKEHHS X KOHEUHOE
MOJIOXKEHHE Y SIBJSETCS, COTJIACHO CKa3aHHOMY Bblllle, (PyHKUHeH y = g(x),
npuyeM 3Ta (yHKUHUS HeNpepblBHA M TpUHUMaeT 3Hauenust y = 0 npu x =0
1 y = 180 npu x = 180 (nmocJieiHee 03HAUAET MOMPOCTY, UTO €CJH H3HAUAJIBHO
CTepKeHb JiexKaJsl Ha TI0Jly, TO OH Tak M OyJeT JiexkaTb). Terepb 3aMeTHM, UuTO
g(x), 6ynyuun HerpepbiBHOH (yHKiMel Ha uHTepBase 0 < x < 180, npuHumaer
Bce 3Hauenust mexay g(0) =0 u g(180) = 180; crano 6bITh, s BCIAKOrO
TAKOTO 3HaueHus, Hanpumep s 3HaueHuss y = 90, CylIeCTBYeT HEKOTOpoe
3HaUeHHe x, Ui KOToporo g(x)= y. DTO 3HAUHT, UTO CYLIECTBYET HayaJbHOe
T0JIO2KEHHE, 1JIsT KOTOPOTO CTeP:KeHb B KOHEUHOM IOJIOKEHHHU (Ha CcTaHLMH B)
6yner neprneHaukyasipe nogy. (He 3abeiaiiTe, uto cxema ABH:KeHHs Moe3fa
M3BeCTHA 3apaHee U 3a(PUKCHPOBAHA.)

CoBepIIIeHHO $ICHO, UTO TIPUBEJEHHOE J0KAa3aTeJbCTBO HOCHT UHCTO TEO-
PETHUECKHH XapaKTep, MOTOMY UTO He JaeT PEIMTEJbHO HUKAKHX YyKa3aHW
Ha TO, KaK OINpeJIesNHUTh HCKOMOe HauaJbHOe TI0JIOXKEeHHe CTep:KHs. Bmecte ¢
TeM, JaxKe ecJii Obl TAKOE MOJIOXKEHHE U MOTJIO GbITh BBIUHCJIEHO TEOPETHUECKH
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¢ abCoJIIOTHOH TOUHOCTbIO, MPAKTHUECKU OHO OblIO Obl GeCrnoJie3HO BeJell-
CTBHE CBOEH HeyCTOHUMBOCTH. Tak, HampuMep, B TMpPeLEJbHOM CJydae, ec/u
Moe3Jl HEMOJBHKEH B TeUeHWE BCEro «IyTelleCTBUS», pelleHHe COBEPILIEHHO
oueBMAHO: x = 90°; HO BCSKHH, KTO MbITAJICS YPABHOBECHTb MIOJIKY B CTOSIUEM
MOJIOXKEHUH Ha TJIaJKOH OPU3OHTANLHON MOBEPXHOCTH, MOHUMAET, HACKOJBKO
9TO pellieHHe TIPaKTHUECKH HepeaibHO. TeM He MeHee ¢ MaTeMaTHUECKOH TOUKH
3pEeHUs IPUBEAEHHOE J10KA3aTeJAbCTBO UMEET HEOCNOPHUMbBIH HHTEpecC.

Ynpaxnenus. 1) O600wuTe 5TO paccyxeHue Ha c/lyyail, KOrua «IyTellecTBue»
NpoJjo/KaeTcsl 6ECKOHEUHO J10J1T0.

2) O6o0LuTe TaKKe Ha C/yuail, KOria Moe3/ ABHXKETCsl 10 NPOU3BOJILHON KPHBOH
Ha IJIOCKOCTH, a CTepzKeHb MOXKET Najarth B JI0OOM HalpaBJeHHH, T. €. CTepXKeHb 00J1a-
JlaeT ABYMsl CTelleHsMH CcBOOOAbl. (Ykasarue: HEBO3MOXKHO HENpPEPbIBHO OTOOPA3UTDL
KPYroBOH JIMCK Ha OJIHY €ro OKPYKHOCTb, OCTAaBJIsAsl BCE TOUKH OKPY?KHOCTH HEMOIBHHK~
HBIMH — cM. cTp. 278.)

3) Ilpeanosoxum, uTo BaroH cTouT Ha Mecte. ITokaxure, 4TO Bpems NajeHUs
CTEPKHs, B HauasbHbll MOMEHT 00pa3yloLIero yroj € ¢ BePTHKa/blo, CTPEMHTCS K
6ecKoHeyHocTH 1pu € — 0.

JOITOJIHEHHUE K IJIABE VI

JanbHeie npumMepbl Ha NpeaeJbl
M HEMpepbIBHOCTD

§ 1. lMpumepsbl npenenos

1. O6uiue 3ameuyanusi. Bo MHorux cjyuasix CXoquMOCTh MOCJ€10BaTe/b-
HOCTH @, MOXKeT ObIThb JIoKasaHa 1o cJeaywolleid cxeme. Mbl paccmatpHBaeM
JIBe JIpyrue MocJ/e0BaTeNbHOCTH b, U C,, UJeHbl KOTOPbIX, BOOOIIE TOBOPS,
UMEIOT OoJiee MPOCTYIO CTPYKTYpPYy M 00J1afaloT TeM CBOHWCTBOM, UTO

b, <a,<c, (1)
npu Bcex 3HaueHusix n. Torna, ecau 6ydem ycmaHoB8AeHO, UIMO NOCACI08A-
meavHocmu b, u c, umerom odux u mom dce npedens o, MOICHO bydem
ymeepucdamo, 4mo nocied08amessHOCMb A, Makice umeem npedea o.
dopmalibHOE J10KA3aTEJNbCTBO 3TOH TEOPEMbl Mbl MOXKEM MPEJIOCTABUThH UHTA-
TeJHO.

SlcHO, uTO TpUMeHeHHe yKa3aHHOH cXeMbl MoTpefyeT ONepUpPOBaHUS He-
paBeHCcTBAMH. B CBSI3H ¢ 3THM CBOEBPEMEHHO HATIOMHHTb HeOOJIbLIOE UMCJIO
3JIEMEHTAPHBIX MPABHJI, KOTOPBIM TMOUHHEHbI apU(METHUECKHE OTEPALHH C He-
paBeHCTBAMH.

1. Ecom a > b, 10 a + ¢ > b+ ¢ (kK 06edM yacTsM HepaBEHCTBA MOXKHO
MpUOABUTD OJIHO H TO K€ UHCJIO).
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2. Ecom a>b u ¢>0, to ac > bc (MOXKHO YMHOXKUTb HEPaBEHCTBO Ha
MIOJIOYKUTENBHOE UUCJIO).

3. Ecmn a > b, To —b > —a (HampaB/ieHHe HepaBeHCTBA MeHsieTCs MPH
yMHOXKeHuH Ha —1). Tak, 2 < 3, Ho —3 < —2.

4. Ecsv a u b omHOro U TOro ke 3HaKa, TO U3 HEpaBeHCTBA a < b cieay-

eTi>l
a b’

5. la+b| < |a| +1b].

2. Mpepea g". Ecau g — uucio Gosiblilee yeM 1, TO wijieHbl MOCJeN0BA-
TEJILHOCTH ¢" HEOrpaHUUEHHO BO3PACTAIOT; HANpUMep, Tak OyaeT npu g = 2:

q, ¢, ¢°,

Takue nocrenoBaTebHOCTH «CTpeMATCS K GeCKOHEUHOCTH» (CM. cTp. 322).
B camom o6uiem ciyyae noKa3aTeJbCTBO 3TOTO OCHOBBIBAETCSI HA BayKHOM
HepaBeHcTBe (cM. cTp. 40)

(1+h) =1+ nh>nh, (2)

rie f1 — Kakoe YrojiHO MOJIOXKHUTeJIbHOe 4ynco. Mbl nmosoxum g = 1 + h, tie
h > 0; Torna
q"=(1+h)" >nh.

HyCTb k — cKoJib YroJiHO 60J1blI0€E TMOJIOXKUTEJIbHOE YHCJO0; B TaKOM cCJyydae

k
JIOCTATOYHO B3sTb 11 > —, 4yTOOHI MOJIYYHUTb HEPAaBEHCTBO

q" > nh>k;

3HauuT, ¢" — 0o. Ecan ¢ = |, To Bce usieHbl noc/en0BaTebHOCTH paBHbl 1, 1
3HAYUT, Mpefies TocJjenoBaTesbHOCTH ecTh 1. Ecan ¢ otpunatensHo, To 3Ha-
KU ¢" uepeiytoTesi, U B cayuae |g| > 1 npenena Her.

YnpaxHenue. [lafite cTporoe 10Ka3aTe/bCTBO MOCJAEIHEMY YTBEPHKAEHHIO.

Ha ctp. 90 mbl yctanoBuay, uto ecan —1 < g < 1, 10 ¢" — 0. Hanum 3nech
ele Jpyroe, oueHb MPoOCToe H0KazateabcTBo. PacemoTpum cayuail 0 < g < 1.
Torya ujieHbl MOCJENOBATENBHOCTH ¢, G2, ¢°, ... MOHOTOHHO YOBIBAIOT, OCTaBa-
SICh T0JI0KUTENbHbIMU. OTclofia ceyeT (CM. CTp. 323), uTo 1ocJ/ea0BaTe N b-
HOCTb MMeeT mpejies: ¢" — a. YMHOxkasi 06e UacTH MOCJEHEr0 COOTHOLIEHHS
Ha g, moayunm: ¢"T! — ag.

Ho ¢™*! nomkHO UMeThb TOT 3Ke TIpeJies1, uTo U ¢", Tak Kak JeJ0 He MeHSIeTCs]
OT TOro, Kak 0003HaueH BO3PACTAIOUIMH MOKa3aTesb — uepe3 71 U uepes
n + 1. 3nauur, ag = a, wm a(qg — 1) = 0. Tak kak no ycjosuio (1 — g) # 0, To
otciona caenyet a = 0.
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Ecsn g = 0, npenblayliee yTBep:KaeHHe TPUBHAJIbHO. Eciu, HakoHell, —1 <
< g <0, 10 0<|q| < 1; mosTomy, KaK TOJILKO uTO J0Ka3aHo, |¢"| = |g|* — 0.
Ho B Takom cayuae ¢" — O npu ycjosuu |g| < 1. JlokazateqabCcTBO 3aKOHUYEHO.

Ynpaxuenus. [lokaxkute, 4To NMpu n — oo

1) (ﬂ—;):*ov
2) (l—:—ch) -0,

3 n
3) (4_):_—2) CTpeMHTCsT K GECKOHEUHOCTH NPH X > 2, K HyJIIO TpH | x| < 2.
X

3. Ipenea {/p. IlocnenosarebHOCTL yKces

an=</p,

P, Dy P VP

uMmeeT npejedt 1, KakoBo Obl HH ObWIO MOJIOXKUTEJILHOE UUCIIO P:

{/p—1 npu n—oo. (3)

(CumBoast {/p 0603HayaeT, Kak BCEra, MoJIOKHTeIbHbIA KOpeHb cTernent n. B
cJlyyae, eCJId p OTPHLATEbHO, MPH 1 YETHOM He CYILIEeCTBYET JeHCTBHUTEIbHBIX
KOPHeH CTerneHu A1.)

Hokaxkem coortHotenue (3). [1peanosokum npexe Bcero, uto p > 1; Torna
Takxke /p > 1. Mbl MOXKeM MOJIOKHTD

W:l+hna

npuyem /i, — MoJIOXKHUTebHAS BeJIMUHHA, 3aBHcsIas oT 1. K13 HepaBeHcTsa (2)
caenyer
p=(1+h,)" >nh,.

Jlesienue Ha n jgaer
0<h, < P
n

Tak kak nocJjegosartesbHoctd b, =0 u ¢, = % o6e umetot npesen 0, To Ha

OCHOBAHHH pacCyKJEHHUs!, PUBEJICHHOTO B MyHKTe 1, A, Tak:ke Mpu Bo3pacTa-
HUM 1 uMeeT npenes 0, U Halle yTBep:KIeHHE, TaKUM 00pasoM, [0Ka3aHo B
cayuae p > 1. Mbl BCTPETH/IHCh 3€Ch C OUEHb THUIHYECKHM MPHUMEPOM, KO-
rjla Mpejle/ibHOe COOTHOLIEHHE, B JaHHOM cJjyudae h, — 0, ycraHaBjauBaeTcs
MOCPEACTBOM 3aKJOUeHUsl /1, MeXIy ABYMSI TPaHULAMH, Tpelesbl KOTOPbIX
onpesessoTcs 6oJee MPocTo.
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KcTaTy, Mbl Mostydu/iM OLEHKY /151 Pa3HOCTH f, Mexiy {/p u 1: 3ta pas-

HOCTb HENMPEMEHHO MEHbLIE, YEM B
n

Ecm 0 <p <1, 10 {/p <1, 1 MOXKHO MONOKHTD
1

g = —
\/[_) 1+ hn,
rue hn — CHOBaA I10JIO2KUTEJIbHOE YHCJIO, 3aBUCHALLeEe OT 1. OTCIOlIa CJieyeT

1 1
P= 05 hy < ahy
TaK 4ToO |
O0<h,<—,
np
W, 3HAuuT, /1, CTPEMHTCS K HyJl0 1pu 1 — co. UM Toraa, oueBnano, {/p — 1.
«YpaBHHUBAIOIIeE» BO3NEHCTBHE H3BJICUCHUS] KOPHSI CTEMEHH 71, BbIpaxka-
oueecd B TOM, 4TO pe3yﬂbTaTbI HU3BJICUCHUSA KOpHteI rnocJea0BaTe/JIbHO BO3-
paCTalOLU.I/IX CTeHeHeﬁ U3 JAaHHOI'O ITOJIO2KHUTEJIbHOI'O YHUCJia HpH6JIH}Kal0TCH K
€JIHHHUIlEe, OCTaeTCs B CHUJIe UHOI'la U B TOM CJIy'-Iae, eCJIM caMo HOZIKOPGHHOG
Bpra)KeHl/le He OCTaeTcyd IMOCTOSIHHBIM. Mbl HpOBepHM Ceﬁqac, qTo

/n—1 npu n— oco.
HeG6ouibiiioe yXuipenue MO3BOJUT HAM COCJAATLCS ONSATh HA HEPABEH-

cTBO (2). BMecTo KOopHSI CTeleHH 71 U3 1 BO3bMEM KOPeHb CTENeHH 1 U3 /M.
Monaras {/\/n = 1 4 k,, t1e k, — NoJoXKHTe/IbHAS BeJHUHHA, 3aBHCAIIAs
OT #1, TIOJIyUHM C TIOMOLIIBIO YIOMSIHYTOTO HepaBeHCTBaA /1 = (1 + k, )" > nk,,
TaK 4TOo

N 1

kn<7:ﬁ

3nauur,

l<Vn=(+k,) =142k, +k2<1+7+

[IpaBasi uacTb 3TOro HepaBeHCTBA CTPEMHUTCS K 1 IpU 11 — 00, U [IOTOMY TO 2Ke
camoe MOXKHO CKa3aTb OTHOCHTEJILHO {/71.

1
-

4. PaspbiBHble yHKUMHM KaK Npeaes HenmpepbiBHbIX. Dynem paccmat-
pUBAThb TaKHe TIOCJAEIOBATENbHOCTH @,, B KOTOPBIX WJIEHbl @, — HE MOCTOSHHbIE
ypcsia, a QyHKLIMH HEKOTOPOH MepeMeHHOM x, MeHHO a, = [,(x). Ecsiu TosibKo
Takasl MoCJIeI0BaTebHOCTb CXOMSIIASICS, TO ee Mpees TaAKkKe eCTh (PYHKIHS X'

f(x)=1lim [, (x).

Takoro pospa npencrasiennst pyHKUMH f(X) B BuAe mpejesa JPYrux (yHKUHH
yacTo ObIBAIOT MMOJIE3HBI, TaK Kak 6GoJjiee CJIOKHBIE (YHKIHH TaKUM 00pa3oM
TNPUBOAATCS K 6oJiee MPOCTHIM.
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B uacTtHOCTH, 3TO 0OGHaApY»KHBACTCSl MPH PACCMOTPEHHH HEKOTOPbIX SIBHBIX
hopmyJ1, ompenessiolMX (QYHKUMH ¢ paspeiBaMu. PaccMoTpuM, Hampumep,

MOC/IEIOBATENBHOCTD [, (x) = [Ipu |x| = 1 ™Mbl nosyuaem x> = 1,

14 2"
1 1 .
[u(x) = 5 TaK uro W(x) — 5 C napyroit ctopossl, npu |x| < | bl UMeem

X" — 0 u f,(x)— 1; nakonet, npu |x| > 1 nosyuaercst x> — oo H, cjenoBa-
TenbHo, f,(x) — 0. B utore

1 opu x| <1,

. 1 1
f(x) =lim T2~ 32 "pu lx| =1,
0 opu |x|>1.

Mbl BUIMM, UTO pa3pbiBHAs (QPyHKUHUS f(X) MpeacTaB/ieHa Kak npees nocaeno-
BATeJIbHOCTH HEMPePLIBHLIX PALMOHANBHBIX (DYHKIUH.

Jpyroii HHTepeCHbIH MPUMep B TAKOM Ke pOJe JAeTcs MOCJ/el0BaTeIbHO-
CTBIO ) 2 . .
fa(x)=x +1+x2+(1+x2) (1+ 2y
[Tpu x = 0 Bce dhyHkumu f,(x) obpaiaiores B HyJib, 1 notomy f(0) = lim £,(0) =

2 2

St

2
TEOpHUs FeOMeTPHUECKON POTPECCHH MTO3BOJISIET YTBEPKAATD, UTO f,(X) CXOMUT-
2

= 0. Ilpu x # 0 BblpaxkeHue o2 MOJIO’KUTENBHO U MeHbllle ueM 1, u motomy
X

o X
csl pu n — oo. [pened, T. e. cymMma 6€CKOHEUHOH MMPOTpeccHH, paBeH -

2
= xil, T.e. 1 4+ x2. Urak, [.(x) ctpemutca K dynkunn f(x) = 1 + x?
4
npu x #0 u K f(x) =0 npu x =0. [Tosyuaercsi ¢pyHKuMs f(x) ¢ ycTpaHUMbIM

pa3pbiBoM B Touke x = 0.

*5. Ipenennl npu urepauuu. Hepenko nMpuxomuTcst paccMaTpuBaTh Mo-
CJIe10BATENbHOCTH, CKOHCTPYHPOBAHHbIE TAKHM 00pPa30M, UTO Q1| NOJydYaeTcs
M3 @, TOCPELCTBOM TeX »Ke ollepaluil, IOCPEACTBOM KaKMX &, MOJydyaercs
M3 @,_;: 3Ta MpoLielypa MO3BOJSIET BbIUMCJAUTb JIIOOOH WieH Noc/e10BaTe/b-
HOCTH, €CJI1 H3BeCTeH MepBblil. B Mop0OHbIX cJ/ydyasx roBOPSIT O MpoLerype
«UTEpaALUH>.

[TpuMepoM MOXKET CJIy?KHTb MOCJIEI0BATENbHOCT

L, VI+I, VI+V2, V1I+VI+V2, .

KaKIbIH UJIeH ee MoJyyaeTcst U3 MpeJlblAyLIero MocpeacTBOM MpUOaBJ/IeHHs €11~
HULBI M 3aTeM H3BJIeUEHHUs] KBaJpaTHOro KopHsl. Takum o6paszom, mocJenona-
TEJbHOCTb OMPEENAeTCs COOTHOLICHUSIMU

a =1, A =+ 1 +a,.
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Haiinem ee npenes. OueBunno, uto npu 1 > 1 umeem a, > 1. Ilanee, nocseno-
BATEJbHOCTb Hallla MOHOTOHHO BO3PACTaET, TaK Kak
2 2

an+l - an :(l +aﬂ)_(1 +an71):an —Qup—1.
Pa3 Tosbko a, > a,_;, TO 3HAYUT, A,y > A,; HO Ay — Q] = V2—-1>0,u
MOTOMY (C MOMOIIBIO UHYKIIMH ) OTCIOJA CJEYET, UTO @, | > d, MPHU BCeX 3Ha-
ueHUsiX 1. Mbl 3aMeuaeM Jasiblile, UTO paccMaTpUBaeMasi MoCae/10BaTENbHOCTD
orpaHHueHHasi; B CAMOM JieJie,

1 + an 1 + Anyl

Apy1 = < =1 +
Ap+1 Ap+1 Ap+1

< 2.

B cusy npuHLMIa MOHOTOHHBIX MOCJIEIOBATENBHOCTEH OTCIO/A BBITEKAET Cy-
lLleCTBOBaHUE Tipenesa: a, — a, npuieM | < a < 2. Ho sicho BumHo, uto @
eCTb MOJIOXKUTEbHbIE KOpeHb ypaBHeHus: x2 = | + x: JefCTBUTE/IbHO, COOTHO-
HIeHue a§+l =1+ a, B npenese npu n — oo gaer HaMm a’> = 1 + a. Pewas

1+5

ypaBHEeHHe, Mbl yOexKaaeMcs, UTo a = — 3HauuT, 3TO KBaJpaTHOE ypaB-

HEHHE MOJKHO pellaTb NPUOJHMKEHHO, C KAaKOH YTrOJHO CTEMeHbI0 TOUHOCTH,
MOCPEJCTBOM HTEPALIMOHHON MPOLELypHI.

Takum ke 06pa3oM, ¢ MOMOILLIO UTEPALMH, MOXKHO pellaTbh U JApyrue aj-
reGpanueckue ypasHenusi. Hanpumep, kyGuueckoe ypastenne x° — 3x + 1 =0

HarnuiieM B Gopme
1

3—x2
W 3aTeM, B3SIB B KAUeCTBE ¢ NPOU3BOJBbHOE UHCJIO, CKaxkeM a; = 0, onpeneaum
JaJiblie M0CJeI0BaTeNbHOCTb @, 110 hopMmyJie

1

Apy1 = m'
[IpHU 5TOM MOJYUUM
1 9 676
ay=7=03333..., as=5=03461..., a={5==03472.

MozkHO ToKa3aTh, UTO MOCJIEOBATENBHOCTb HMEET Tpejies, PaBHbIH KOPHIO
JIAHHOTO KyOHUeCcKOro ypaBHeHHusi, a umeHHo a = 0,3473 . ..

HrepauyionHble mpoiecchbl B 3TOM pPoJie UMEIOT IpoMajiHoe 3HaueHHe W B
YUCTOH MaTeMaTHKe, TaK KaK C WX MOMOLIbLIO OOJbIIEH YacTblo AAIOTCS «JI0Ka-
3aTe/ibCTBa CYLIECTBOBAHUA», U B le/lJIO)KeHI/IﬂX, rge OHU JOCTaBJIAKOT METOIbI
NPUONUAKEHHOTO pelleHUs] Pa3HO0OPasHbIX TPOOJIEM.

YnpaxHenust Ha npeaedsl. [1pu n — oco:
1) Hokaxute, uto v/n+ 1 — /n — 0. (¥kasanue: nanummure pasHocTb B Bue

VEae
VirTryn VAt iEve))
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Haitmure npenen vVn? + a —+v/n? + b.
Haiwre npenen vVn? + an + b — n.

2)

3)

) _
N

) Hokaxkute, uto npenes v/n + 1 pasen 1.

)

)

)

)

o~

Haiinure npenen

Kakos npenen v/a* + b", ecii a > b > 0?
Kakos npegest v/a" + b" + ¢, ecima > b > ¢ > 0?
Kakos npesen v/a"b" + ac" + bc", ecam a > b > ¢ > 0?

5
6
7
8

9) Mol yBuauM nosaxee (ctp. 478), uto e = lim (1 + %) . Mcnonbsyst ato, Haii-

JIUTE Tpefe lim(l + %)ﬂ
n

§ 2. llpumep, oTHOCSILHUICS K HENPEPbLIBHOCTH

Yro6bl 1aTh (hopMaJjibHOE 10Ka3aTeJbCTBO HENPEPbIBHOCTH AAHHON (yHK-
1, TpebyeTcst TPOBEPKA COTJIACHO OMpeJieIeHHI0, MPUBEIeHHOMY Ha cTp. 337.
MHorna cooTBeTcTBYyIOLIAs MPOLEAypa OKa3blBaeTcsl OYeHb TPOMO3IKOH, HO,
K CYacTblo, Mbl UMEEM MPABO COCJATbCS Ha OGCTOSITE]bCTBO, KOTOpoe OyleT
ycraHoBjieHo B ryaBe VIII, a MMeHHO: HempepbiBHOCTbL cjieayeT U3 audde-
peHuupyemMocTd. Tak Kak nuddepeHUMpyeMOoCcTb TaM ke OyleT yCTaHOBJIeHa
CUCTEMAaTHUYECKH /ISl BCEX 3J1eMEHTapHbIX (DYHKLUMH, TO Mbl (KaK 3TO OOBbIUHO
JIe/IaeTCs1) BO3JAEPKHUMCSI OT TOTO, UTOOBI MPUBOANTH CKyUHbIE J0KA3aTeJbCTBA
HEMPEePbIBHOCTH (PYHKUMH Pa3/IMUHbBIX THIIOB.

Ho B kauecTBe nasibHeHIIeH WIIIOCTPALMH OOLLEro ONpeieseHUsl Mbl BCe
)K€ PACCMOTPHUM 3JIeCh ellle OJIMH MPUMEP, UMEHHO (DYHKILHIO

[x) = 1 —:x

MBI nMeeM MpaBoO OTPAHHYHTb BO3MOKHBIE H3MEHEHHS] X KOHEUHbIM HHTEpBa-
JoM |x| < M, tne M npoussosibHo. Hanucas

() = J(x) =

1 1 x2—x2

_ — ) (X+X1)
L+x2  14+x2 (14221 +x3)

Y 21+ x2)

:(x—

MbI BHIUM, uTo npu |x| < M Gynet u |x;| < M. OTciona cienyer HepaBeHCTBO
[[Ce) = FoOl < Ix = x| - x + x| < |x — x| - 2M.
3HAUUT, PA3HOCTb B JIEBOH UACTH CTAHET MEHblle, UeM HAMepes 3ajaHHoe

[MOJIOKHUTEJIbHOE YHUCJIO €, IPHU YCJOBHH, UTO 6yILeT

Iy — x| <d=—.
2M
CJleryer OTMETUTD, UTO Mbl ObIJIM BeCbMa LIEAPbI B 3THX OlleHKaX. YnTaTesb
6e3 Tpyaa yoenurcs, 4To MpH OOJbIUMX 3HAUEHHSIX X U X| MOXKHO ObLIO Obl
YIOBJIETBOPUTBCS TOpasao OOJbLIMMU 3HAUEHHUSIMHU J.






[JTABA VI
MaKCHMYMbl U MUHUMYMbI

BBenenue

OTpe3ok MpsIMOH JIMHUHK OMpeesieT KpaTuakilinil MyTb MeX/y ABYMsl €ro
KOHEUYHbIMH TouKamu. [yra GoJiblioro Kpyra npeiactasjsieT co00# KpaTuaii-
LIYI0 KPUBYIO, KOTOPOH MOXKHO COEIMHHUTH JBE TOUKHM Ha cepe. Cpenn Beex
3aMKHYTBIX TIJIOCKHX KPUBBIX OJHOH M TOH »Ke JJIMHBI HauboJbluasi TJiouaib
OXBaTbIBAETCS] OKPY2KHOCTBIO, @ CPE/IM BCEX 3aMKHYTBIX MOBEPXHOCTEH OJHOH H
TOH 2Ke TJI0LLAAK HaHOOJIbILMI 00bEM 0XBaTbIBAETCsl Chepoi.

MakcumaJsibHble H MMHUMAaJIbHbIE CBOHCTBA MOJI06HOTO poja OblH H3BECTHBI
ellle ApeBHerpeyeckuM MaTeMaTHKaM, XOTsl U He BCerja co CTPOTMMM HX JIOKa-
3atesibcTBaMu. OJIHO M3 CaMbIX 3aMeuaTesIbHbIX OTHOCSILLIMXCS CIOA OTKPBITHH
npunucbiBaercs ['e p o HYy, anekcaHapuicKoMy yueHomy [ cTosieTnst Haulel spbl.
MsnaBua 6b1/10 H3BECTHO, UTO CBETOBOH JIyd, BBIXOJSIIMHA U3 TOUKH P 1 BCTpe-
yaloluics ¢ MJIOCKUM 3epKasioM L, oTpakaeTcsl B HarpaBJeHUH HEKOTOPOH
TOUKM @) TakuM 006pa3oM, uto PR U QR o6pasyroT 0JIMHAKOBbIE YIJIbl C 3epKa-
gom. [To npenanuio, Tepon ycranosus, uto ecan R’ — jio6asi Touka 3epkaJa,
OTJIMUHas OoT R, To cymma otpeskoB PR’ + R'Q 6oJblie, yeM PR + RQ. dra
Teopema (KOTOPYIO Mbl CKOPO JIOKaXKeM ) XapaKTepruadyeT HCTHHHBIH MyTh CBETO-
Boro Jyua PREQ mexay P u @) Kak Kpatuaiiimid nyTb ot P K () ¢ 3aX0Jl0M Ha
3epKaJjio L — OTKpbITHE, KOTOPOE MOXKHO pacCMaTpUBaTh KaK 3apoblll TEOPHH
reoMeTPHUECKOH ONTHKH.

Her Huuero yiuBUTENLHOrO B TOM, YTO MaTeMaTHKH »KMBEHIIMM 06pa3om
MHTEpPECYIOTCs T0JJ06HOro pojia BorpocaMu. B noBceiHeBHOH KU3HHU MOCTOSIH-
HO BO3HHKAIOT NpoOGJeMbl HAUOOJbILEr0 U HAWMEHbLIEro, HaUJyyllero H Hau-
xyauiero. ViMeHHo B Takoil (opme MOryT ObiTb MOCTaBJEHbl MHOTHE 3alauH,
UMelolle npakTiueckoe 3HaueHue. Hanpumep, KakoBbl 10JKHbI ObITb Ouep-
TaHUsl CyJHA, YTOObl OHO HCIBITBIBAJIO MPH JBMXKEHHM B BOJAE HaUMeHbllee
conpoTuB/eHne? KakoBO JO/KHO ObITh COOTHOLIEHHE Pa3MepoB LUJIUHAPH-
yecKoro pesepByapa, uToObl TPH 3aJaHHOM pacxojle MaTepuasa oO0beM Obli
HauOGOJIbILIUM ?

Bosnuknys B XVII ctosietnu, obuiasi Teopust KCTpeMaJsbHbIX, T. €. MaK-
CUMaJlbHbIX U MHHHUMAJIbHbIX, 3HAUEHUH BEJHUMH BbIABHHYJA OOLUMPHBIA P
MPUHLIMIIOB HAyKH, CJy:KaluX LessiM 0000llUeHus 1 cucTeMath3auuu. [lepsble
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waru, caesaHible @epma B o6JsacTi AU hepeHIHalbHOr0 HCUUCIEHUS, OblIH
MOTHBHPOBAHbI CTPEMJIEHHEM HAUTH 0O6lllMe METOMIbI JIJit U3yUeHHS BOTIPOCOB O
MaKCHMyMax M MUHHMyMax. B cieiyiolleM CTOJETHH 3TH METOJbl OblIM 3HA-
UUTENLHO 06orallleHbl ¢ H306peTeHHeM BapHaLlUOHHOTO HcuKcieHust. CTaHOBHU-
JIOCh BCE sICHEE U siCHee, UTO (PU3HUECKHE 3aKOHbI PUPOJIbI B BbICILIEH CTENEHU
yaauHo (HOPMYJUPYIOTCS B TEPMHHAX MPUHLMIIA MUHUMAaJbHOCTH, 00OecreunBa-
IOLLEro eCTeCTBEHHbIH MOAXO/ K 6oJiee UM MeHee MOJHOMY PEelUeHHIO YacTHbIX
npo6sieM. OJHUM M3 CaMbIX 3ameuaTesbHbIX JOCTHXKEHUH COBPEMEHHOH Ma-
TEMaTHKU SIBJISETCS TEOPUsl CTALMOHAPHBIX 3HAUEHHMH, JAAlolas TaKoro poja
pacuIMpeHre MOHATHS MaKCUMyMa U MHHUMyMa, KOTopoe 6a3upyeTcst 0HOBpe-
MEHHO Ha aHasu3e U Ha TOIMOJIOTHH.

Mer 6yneM 3aech paccMaTpuBaTh BeCh BONPOC B 1I€OM C COBEPLIEHHO
3J1eMEHTapHOH TOUKH 3pEHHS.

§ 1. 3agauu u3 06JacTH 31€eMEeHTAPHOW reOMeTPUHU

1. TpeyroabHuk HauboablIed NJAOLAAM PU IBYX 3aJaHHBIX CTOPOHAX.
Jlauel 1Ba otpeska a u b; Tpefyercsl HAHTH TPEYroJbHUK BO3MOXKHO OOJbILIEH
MJIOLAH, Y KOTOPOro JBe CTOPOHbI Obliu Obl @ W b. Pelienuem sBjsercs
NPAMOY20AbHbLLL TPEYrOJIbHUK C KaTeTaMu a M b. PaccMoTpum B camoM JeJie
KaKOH-HUOY/lb TPEYrOJbHUK ¢ JIByMsi cTopoHamu a u b (puc. 176). Ecau A

ecTb BbICOTA, COOTBETCTBYIOLIAsI OCHO-
BaHHIO @, TO TJIOLIA/b TPEYrolbHUKa A

1
paBHa §ah. DTo nocJieiHee BbIpaXke-

b HHE, OUYEBHMJHO, MPUHHUMAET HaHGOJIb-

llee 3HauyeHHe MPH HaHOOJbLIEM BO3-
2 MO’KHOM 3HaueHUH A, 4TO CJy4HTCSs
~ VUMEHHO Tpu h, paBHOM b, T. e. TO-
ria, KOria TPeyrosibHHK MpsIMOYroJib-
Hblil. MTak, MakchmasbHasi Miollajib

Puc. 176. MakcumyM miowaan Tpe- 1
YroJIbHMKa MPH JIBYX JaHHbIX CTOPOHAX  paBHa 3 ab.

2. Teopema llepoHa. JkcTpeMaibHOE CBOWCTBO CBETOBbIX Jyueil. J[aHa
npsmast L u aBe Toukn P u @ mo ofHy M Ty e ee ctopoHy. Kak Bbi6paTh
TOYKy R Ha MpsiMOi L C TakWM pacyeToMm, 4yToObl cymma oTpe3koB PR + RQ
JlaBajia KpaTuaiiui nytb or P K @ ¢ 3axonoM Ha L? B 3Tom 3aknouaercs
npo6sema [epoHa o CBETOBOM Jiyue (TOUHO TaKylo Ke TpobJeMy MPUXOAUTCS
pelaTh TOMY, KTO, »KeJlasi U3 TOUKH P KaK MOXKHO CKOopee MPOHTH B TOUKY @,
JloJKeH Obll Obl M0 jopore noaoit K L: npeacrasste cebe, uto L — Geper
pEeKH, U TaM HyXKHO 3auepriHyTb BeIPO BOJbl). UTOGBI MOMYUUTh pelleHHe, Mo-
CTPOUM 3epKasibHOe OTpax<eHue P’ TOUKH P OTHOCHTEJbHO MpsiMOi L, U Torna
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npsimast P'Q nepecekaer L Kak pa3 B uckomo# Touke R. Jlerko jokasartb, uTo
PR + RQ wmenbuie, uem PR’ + R'Q, tne R’ — mobast Touka Ha L, oTJiHuHast
or R. Je#creurensno, PR = PPR u PR’ = P'R’, 3unaunt, PR + RQ = P'R +
+RR=PQu PR+RQ=PR +RQ. Ho PR + R'Q 6osbLie, uem P'Q
(Tak Kak cymMMa JIByX CTOPOH TpEyrojibHHKa 0O0Jblile TPeTbell CTOPOHBI), T. €.
PR’ + R'Q) 6oabie, uem PR + RQ,

yto M TpeboBaJOCh JAOKasaTh. B
JlasibHEHIIeM CYLEeCTBEHHO Mpeno-
Jgaratb, uto P u () He JekaT Ha
camol npsiMol L.

N3 puc. 177 Buaxo, uro /3 = L
=/2u /2= /1, tak uto £1 = /3.
Jlpyrumu cjioBaMH, Touka R Takosa,
uyto PR n QR o6pasyioT ofuHaKo-
Bble yriibl ¢ L. OTcloza cieyet, uto
CBETOBOH JIyu, oTpazkaioluicsi ot L
(a mpu oTpaKeHMH, KaK MOKa3blBAET Puc. 177. Teopema lepona
IKCTMIEPUMEHT, YroJl NaJeHus paBeH
YLy OTPa)KeHH$1), NEHCTBUTEJbHO OOpallaeT B MHHUMYM MyTb U3 P B @ ¢
3aX0/I0OM Ha L — B COIVIACHU C BbICKA3aHHBIM YTBEPXKICHHEM.

3anauy MoXKHO 06001IMTh, BBOJS HECKOJIBKO NpsMbIX L, M, ... Paccmor-
pUM, HarpuMep, cJyuail, Korjaa uMetloTes ase npsimbie L, M u aBe touku P, @,
pacrnoJiozKeHHble, Kak Ha puc. 178, U NOCTaBUM Lie/Iblo HAlTH KpaTuakLui nyTh

»Q"
7

-

Puc. 178. OTpaxenue B JByX 3epkasax

3 P B @ c 3axonom cHauasa Ha L, notom Ha M. [lycth Q' — oTpaxenue @
otHocutesibHo M u Q" — otpaxenue ' otHocutesbHo L. IlpoBenem mps-
myto PQ”, nepecekatliyto L B Touke R, u npsmyio RQ)’, nepecekatouyio M
B Touke S; torna PR + RS 4+ SQ@ u ecTb UcKoMbIl KpaTyailluuii nyTb. Jo-
Ka3aTe/bCTBO MOA0OHO MPUBEIEHHOMY BbIlIE W MPEIOCTABJSETCS UNTATENIO B
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KauecTBe yrnpakHeHusi. Ecsu 6b1 L u M Obui 3epKajiamu, TO CBETOBOH Jiyu
13 P, NpuxoAsiui nocJje oTpaxkeHus B L, notom B M B Touky ), nonaaas Obl
Ha L B Touke R, a Ha M — B Touke S; UTaK, CBETOBOH JIyu ONSATb-TaKU H30paJ
Obl /151 cebsl MyThb HAUMEHbLUeH JJIMHBI.

/I
I\

Puc. 179. Bapuant npenbiayiieit 3ajauu

MoxkHO ObIO Obl TaKXKe MOCTABUTH 3ajauy HAXOXKJEHHS KpaTuaiiliero my-
TH U3 P B () ¢ 3axojaoM cHauajna Ha M, notom Ha L. Takum Jo/i2KeH ObITh
nytb PRSQ (puc. 179), onpenensieMbiii anajsoruuio nyti PRSQ, paccMoTpeH-
HOMY paHbliie. JITMHA STOTO HOBOTO MyTH MOKET OKa3aTbCsl WM GOJIbLIEH, U
MEHbLUEH, WK PABHOU JIMHE MPEXKHEro MyTH.

* Ynpaxnenue. [Tokaxkure, uTo HOBBIH MyTb GOJIbLLE PEKHETO B TOM CJlyuae, ecJiu
Touka P u npsivast M JiexkaT 1o oany cropony npsimoii OQ. B kakom ciydae HOBBI 1
TPEXKHUHA NYTH OKaxKyTCsl PABHBIMH?

3. llpumeHeHus K 3agayam o TpeyrojbHukax. C MOMOIIbIO TEOPEMbI
[epoHa MOXKHO JIETKO PELLUTH CJEIYIOlHe JABE 3alauH.

a) 3ajaHa 3apaHee mjouan, A
1 oJlHa CTOpoHAa ¢ = P TpeyroJb-
HHKA; CPelld BCeX TaKOoro poja Tpe-
YrOJIbHUKOB TpeOyeTcsl HalTH TOT,
JUI KOTOPOTO CyMMa JBYX JPYrHX
CTOPOH @ W b HauMmeHbluasi. Bmecto
TOro 4roObl 3a7aBaTb CTOPOHY ¢ H
mioniaab A TpPeyrosbHUKA, MOXKHO

3a/1aTh CTOPOHY € W BBICOTY f1, omy-

Puc. 180. TpeyrosibHMK HaHMEHbLLIEro NepH- 1
IeHHY0 Ha ¢, Tak Kak A = = he.

MeTpa MpH JaHHBIX OCHOBAHHH H MJIOLIAJH 2

Takum o6pasom, 3anaua CBOAUTCS K
TOMYy, uTO0Obl HalTH Touky R (puc. 180), HaxoaslUlyloCs HA paccTOSHUH A OT
npsiMoii PQ), U MPUTOM TaKylo, UTO CyMMa CTOPOH a + b obpariaercsi B MUHH-
myM. K3 nepBoro ycsioBust ciieayeT, uto Touka R 10J/KHA OBITh pacroJiozKeHa Ha
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NpsIMOH, NapaJiiesbHOH NpsiMoit PQ) U OTCTOSIIIEN OT Hee Ha paccTosiHuM f. Pa3
3TO YCTAHOBJIEHO, CTAHOBUTCS ICHO, UTO 33/1aUa PeLUaeTcsl ¢ [IOMOLLbLIO TEOPEMbl
[epoHa B MpUMeHEHHH K TOMY CJyuato, Korjaa P u () HaXoAATCcsl Ha OJIHOM H TOM
JKe PacCTOSIHUK OT MpsIMOM L: HCKOMBIN TpeyroibHUK PR paBHOOEIpEHHBIN.

6) [TycTb B TpeyrosbHUKe JaHbl OJHA CTOPOHA ¢ M CyMMa @ + b IBYX IPYyrux
CTOpOH; TpebyeTcsl U3 BCEX TAKHX TPEYroJbHHKOB BBIOPATh TOT, Y KOTOPOTO
nJioliaab Haubosblas. DTa 3ajaya — oOpaTHasl 0 OTHOLIEHHUIO K 3ajaue a).
Peluenuem sBJasieTcsl onsATb-Takd pPaBHOOEAPEHHBIA TPEYroJbHUK, /s KOTO-
poro a = b. Kak Mbl yKe BHJEH, A/ TAKOTO TPEYroJbHUKA TPH 3aJaHHOH
MUIOLIAAM CYyMMa a + b TpUHHMAaeT HauMeHbllee 3HAUeHWe; TO 3HAUMT, UTO
BO BCSIKOM JIPYTOM TPEyroJlbHHKE C OCHOBAHMEM ¢ M TOH »Ke IJIOLLAAbI0 CyM-
Ma a + b umeer GoJibllice 3HaueHHe. C JIPyrodl CTOPOHbI, U3 a) SICHO, UTO BO
BCSIKOM TPEyroJibHHKE ¢ OCHOBAHMEM ¢ W IJIOWAblo 60JblIel, YeM Molaib
paccMaTpuBaeMoro paBHOGEIPEHHOrO TPeyroJibHHKA, 3HaueHue a + b Takxke
6yzner Gosbiie. OTciofa caeayeT, 4To BCSKHH JIPYTroH TPEYrolbHHUK, UMEIOLIHIT
3aJlaHHble 3HAUeHUs Il @ + b 1 1714 ¢, 10J/DKEH UMeTb MEHbLIYIO MJIoLa/b, TaK
YTO HaMOOJBLIYIO MJIOWAAb MPH 3aJaHHbIX ¢ U a + b UMeeT UMEeHHO paBHOOe-
JIPEHHBIH TPEYrONbHHUK.

4. CpoiicTBa KacareJbHbIX K 3JJuNcy U runepoose. CooTBETCTBYIO-
IHe aKcTpemaibHbie cBoiictBa. C Teopemoil [epoHa cBA3aHbl HEKOTOpbIE
BaXKHble TeOMeTpuuecKue 3aaud. Mbl yCTAHOBUJIH, UTO ecJii R — Takas Touka
Ha npsiMoit L, uto PR + RQ) obpaiuaercsi B MUHMMYM, TO npsimble PR 1 R
00pagyloT ofrHaKoBble yriibl ¢ L. O603HAauUMM MHHHUMaJbHOe 3HaueHue PR +
+ R@ uepe3 2a. IlycTb, ¢ apyroil cTOpoHbl, p U ¢ 0603HAUAIOT PACCTOSTHHUS
TIPOU3BOJILHOK TOUKH TJIOCKO-
CTH COOTBETCTBEHHO OT TOUeK P
1 (; pacCMOTPUM reomeTpHuue-
CKOe MeCTO BCeX TOUeK TJIOCKO-
CTH, AJIsI KOTOpHIX p + g = 2a.
ITO reoMeTpHUecKOe MeCTO —
sJumrc ¢ gokycamu P u @, npo-
XOJSAIIMI uepe3 Touky R Ha npsi-
Mo#l L, npuueM npanas L kaca-
emes 3Mmoeo IAMNCA 8 Mou-
ke R. JleficTBUTE/ILHO, €CJU Obl
npsimass L nepecekasna 3JUMIC
ellle B KaKOH-TO TOuKe, Kpome R,
TO CYLIECTBOBaJ Obl OTPe30K MpsIMOH L, JeXaldd BHYTPU 3JJIHICA; IJIsi
KaXKJIOH TOUKH 3TOTO OTpe3Ka p + ¢ ObIo Obl MEHblIE, UeM 2a: B CAMOM JIEJIe,
JIETKO yOeIuThCsl, UTO p + ¢ MeHbllle Win GoJblie, YeM 2a, CMOTPsl 1O TOMY,
HaXOAUTCsI JIW paccMaTpuBaeMasi TOUKa BHYTPU WJIM BHe 3Jiiurca. Ho Tak kak

Puc. 181. CBoiicTBO KacaTe/bHOH K 3J/IHICY
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Mbl 3HAeM, UTO J/Is TOUEK Ha MpsIMON L HerpeMeHHo p + ¢ = 2a, To clieslaHHoe
npeanoJoxKeHne npuxoanuTes: otépocuthb. Mrak, npsimasi L — KacaresbHast K
sJuMncy B Touke R. Kpome toro, Mbl 3HaeM, uto PR U RQ 006pasyioT ouHaKo-
Bble yIJIbl ¢ L; 0TCI0/1a B KauecTBe M0OOUHOr0 pe3yJibTaTa HalluX pacCcyKAeHHH
BbITEKAET BaxKHAsl TeOpeMa: KacaTesibHas K 3JJIMICY 00pa3yeT paBHbIE YIJIbl C
NPsIMbIMH, NPOBEIEHHBIMK U3 (DOKYCOB B TOUKY KacaHHs.

Caenytoliast 3agaya pojacTBeHHa npeabiayuied. lana npsimast suHus L u
nBe Toukd P u @ no paswueie ctopoHbl L (puc. 182); Tpebyercst HallTH Takylo
Touky R Ha L, 4ToObl BeJMUHHA |p — g, T. €. aBGCOJIOTHAST BEJIHUHHA PA3HOCITIU
paccTostHui Toukn R oT P 1 @, 6bl-
Jla Kak MOXKHO Oo.wute. (Mbl n0-
nyckaem, uto [ He siBseTcs mep-
MEHJMKYJISIPOM, BOCCTABJEHHBIM U3
cepeJMHbI OTpe3ka PQ): unaue p — g
paBHSJOCH Obl HYJO JJIsi BCAKOH
Touku L, M 3amaua mnotepsiia Obl
> cmbicat. ) [Tpuctynas K pelienuio 3a-
R Jlayy, MOCTPOUM 3epKajlbHOe OTpa-

e JKEHHe TOUKH P OTHOCHTeJbHO L:
e noJiyueHHasi Touka P’ pacrnoJioxkeHa

Mo Ty e CTOpoHy L, uto u Q. Ka-

KoBa Obl HU Oblaa Touka R’ Ha L, Mbl

Puc. 182. |PR — QR| = max umeeM: p = R'P=R'P', g = R'Q.

Tak kak pazHOCTb JByX CTOPOH Tpe-

YroJibHHKA HUKOTJIA He TIPEBbILIAET TPEThEH CTOPOHbI, TO, paccMaTpuBasi Tpe-

YrOJbHUK R'QP’, MOXKHO 3aKJII0UHThb, 4To BeJuuuHa |p — g| = |R'P" — R'Q)|

MeHbllle WJIH paBHa P'Q; W, Kak BMIHO W3 UepTeXKa, TOJbKO MPH YCJOBHH,

yto R', P/ 1 ) pacrioioxKeHbl Ha OJHOH MPsIMOH, |p — g| MoxkeT okazarbest

pasgroim P'Q. TTosTomy HcKoMasi Touka R eCTb TOUKa NepeceueHust NpsiMon L

c mpsiMoH, mpoBeneHHOH uepes P’ u Q. Kak u B mpenbiiyiieil 3anaue, He

MpeaCTaB/seT TPyla YCTaHOBUTb, CCbUIASICh HA KOHTPYSHTHOCTb TPEYTOJbHU-

KoB RPR’ u RP'R’, uto yrjbl, KoTopble oTpe3kd RP u R) cocTaBjsiioT C
npsiMOi L, OJIUHAKOBBI.

Otcioza, KaK M B TIPEXKHEN 3aj1aue, y)Ke HUUEro He CTOUT MOJYUUTb CBOM-
CTBO KacaresbHOH K runep6oJe. [IpuHumasi HauboJbliee 3HAYEHHE PasHO-
cti |PR — RQ| paBHbiM 2a, pacCMOTPHUM FEOMETPHUECKOE MECTO BCEX TOUEK
B MJIOCKOCTH, Ui KOTOPbIX abCOJIIOTHAS BEJMUHHA p — ¢ paBHa 2a. D10 —
ruriep6odia ¢ oxycamu P u @, npoxopsiiasi uepe3 Touky R. Jlerko y6eautbes,
yTo a0COJIIOTHAs BeJMUMHA p — ¢ MeHblue ueM 2a B 00J1aCTH, 3aKJIOUEHHOH
MEXK]Ly JIByMs BETBSIMH TUTIEPOOJIbL, U GOJIblIE UeM 2a TI0 Ty CTOPOHY KaxKI0# 13
BETBEH, M0 KOTOPYIO JIEXKHUT COOTBETCTBYIOLMH (oKyc. OTcloga — ¢ MOMOLIbIO
MO CYLLECTBY TEX K€ PaCCyKIEHWH, UTO W B CJyuyae 3JJUICa, — BbITEKaeT,
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yto npsiMasi L kacaetcs runep6oJbl B Touke R. K koTtopoill MMeHHO U3 BeTBei
npsiMast L siBsisieTcsl KacaTeJabHOH, — 3TO 3aBUCHT OT TOTO, KOTOpasi U3 Touek P
1 @ 6amxke K L: ecin 6/1mke Touka P, To Kacaercsi psiMol L. Ta BeTBb, KOTopas
OKpyXaeT P; ¥ aHajorHyHO st @
(puc. 183). Ecnmu P u @ Haxonstcs
Ha PaBHBIX PACCTOSIHUSIX OT MPsIMON L,
To L He Kacaercsl HH TOH, HU JPyroh
BETBU TUNepOOJibl, a SIBJSETCS OMHON
13 ee acumnror. O6 3TOM pe3yJbrare
M03BOJIMTEJILHO JIOTablBaTbCsl MCXOJIS
M3 TOro COOOpPaKeHHsl, UTO OMMCAHHOE
BbIllIE€ TIOCTPOEHHE B PacCMaTpPHBAEMOM
c/yyae He JaeT HHUKAKOW (KOHEUYHOH)
TOUKM R, Tak Kak npsimasi P’() oxasbl-
BaeTcsl NapaJJjesbHOU NpsiMoit L. Puc. 183. CBoiicTBO KacareJ/ibHOM K M-

Tax ke KaK ¥ B cyiyuae aJiaunca, Ha- nepGoie
1M PaCCyKAEHUsS] PUBOIAT K XOPOLUO
M3BECTHON Teopeme: KacaTesibHasi, MpoBe/ieHHast B JI0OOH Touke runepoodibl,
JIEJIUT TOMOJIaM YToJl MEXKJIY OTpe3KaMH, MPOBEIECHHBIMH U3 (POKYCOB B TOUKY
KacaHusl.

Moxxer nokazaTbcsi CTPAHHBIM, UTO MPUXOJUTCS pellaTh 3a1ayy 0 MHHUMY-
Me, ecsii Touku P 1 @) JiexKaT 110 OJIHY CTOPOHY L, TOTJIa KaK €CJii TOUKH JieXKaT
10 pasHble CTOPOHbI L, Mbl paccMaTpUBaeM 3ajauy o Makcumyme. Ho HeTpynHo
MPUATH K 3aKJIOUEHHIO, YTO YKa3aHHOE pasjuynie COBEPILEHHO eCTEeCTBEHHO.
B nepsoil 3agaue npu ynajneHud 1o npsiMoit L B 6€CKOHEUHOCTb — B OJIHY HJIH
B JIPYIy0 CTOPOHY — KaxK/J10€ U3 PACCTOSIHUI P U ¢, CJIe[I0BaTe/IbHO, U HX CYMMa,
HeorpaHuueHHo Bo3pacTtaeT. Takum 06pa3om, 66110 6bl HEBO3MOXKHO HAHTH HAU-
OoJiblliee 3HAUEHHE P + ¢, U €IMHCTBEHHOH BO3MOXKHOH SIBJISIETCS MOCTAaHOBKA
3aaul o0 murumyme. Jleso o6CTOUT COBEpLUIEHHO HHAue BO BTOPOH 3anaue,
koraa P u @ siexkar no pasuble CTopoHbl L. B 3Tom ciyuae He OyieM cMellMBaTh
TPH Pa3/IMUHbIC BEJIMUMHBL: PA3HOCTb P — ¢, 0OPATHYIO Pa3HOCTb ¢ — p U abco-
JIOTHYIO BEJIMUMHY |p — g|; UMEHHO, JUIs TTOCJIe/IHElN BETMUUHBI Mbl OMpe/eIsiin
maxcumym. Kak o6CTOUT 1eJ10, Jierde BCEro MoHsTh, €U NPeICTaBUTh cebe,
YTO TOUKa R JBWXKETCsl Mo TpsiMoH L, 3aHuMasi pasjnuHble MoJioxKeHus R,
Ry, R, ... CylllecTByeT Takoe mnoJioxKeHue R, JJisi KOTOPOTO PasHOCTb p — G
oOpallaeTcsl B HyJb; IPH 9TOM NpsiMasi L nepecekaeTcs ¢ NepreHaAnKyspoM K
oTpe3Ky PQ, NPOBEe/IEHHBIM U3 €r0 CEePelUHbL. JICHO, UTO MPH 3TOM TOJIOKEHHH
TOUKa R JaeT MUHUMYM JJisi aGCOMIIOTHON BeJiMunHbl |[p — ¢|. Ho mo oany cro-
POHY OT 3TOH TOUKM p GoJiblle, YeM ¢, M0 APYryI0 — MEHbLLE; 3HAYUT, BEJUUH-
Ha p — ¢ TOJIOXKUTEJIbHA 110 OJIHY CTOPOHY TOUKH W OTpHLIATENbHA — MO APYTYIO.
CulefioBaTe/IbHO, caMa 3Ta BEJMUHHA HE MMeeT HU MaKCUMyMa, HH MHHUMyMa B
Touke, rae |p — g| = 0. C apyroii CTOpPoHbI, Ta TOUKa, B KOTOPOH |p — q| umeer
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MaKCHMYM, HaBepHsKa JaeT KCTpeMyM s p — q. Ecau p > g, To umeetcs
MaKCUMYM JJIs1 p — §; €CJIH ¢ > P, TO MAaKCUMYM /11 ¢ — p 1, 3HAUUT, MHHUMYM
st p — q. Vimeetcst Jin MAaKCUMYM WJIM MHHUMYM JUISt p — ¢, 9TO 3aBHCHT OT
TI0JIO2KEHHUST IBYX JIAHHBIX TOUEK OTHOCHUTENIBHO MPSMOH L.

B cayuae, ecnmn P u ) HaxoAsTcsl Ha PaBHBIX PACCTOSIHUSIX OT L, pelle-
HHUS 33lauM 0 MaKCHMyMe, KaK Mbl BHJEJH, HET BOBCe, Tak Kak npsimas P’
(cm. puc. 182) napannenbna L. W Torna npu ynaneHud R B 6eCKOHEUHOCTb B
TOM WJIH B JIDYIOM HAlpaBJIEHAU BEJHUHHA |p — §| CTPEMHTCST K HEKOTOPOMY
KOHEUHOMY Mpejiey. DTOT Mpejies ecTh He UTO HHOe, KaK JUIMHA S MPOEeKLHH
oTpe3ka P Ha mpsiMyio L (UuTaTesib MOXKET JI0Ka3aTh TO B KauecTBe yrparK-
HeHus). Besmuuuna |p — ¢| npu paccMaTpUBaeMbiX OGCTOSITENLCTBAX BCEr/a
MeHblIlle, UeM Tpefiesl S, U MaKCHMMyMa He CYIIECTBYET, TaK Kak, KakoBa Obl
HU Oblia JaHHasi Touka R, BCerna MOXKHO yKasaTb Apyryto, 6oJiee ynaseHHYIo,
JJIst KOTOPOH |p — g| GyaeT GoJiblile U, OJIHAKO, €llle HEe COBCEM PABHO S.

*H. JKcTpeMajbHble pacCTOSIHMSI TOYKH OT JaHHOW KpuBo#. Haunem c
TOr0, UTO ONpeaeJMM HauboJbliee H HAUMEHbLIee PACCTOSHUS IaHHOH TOUKH P
OT ToueK naHHoi KpuBoi C. [lpeanonoxum st npoctoThl, uto C eCTb Mpo-
cTast 3aMKHyTasi KpuBasi, UMelollas BClojly kacaresbHyio (puc. 184). (ITonsitue
KacaTe/JIbHOU K KPUBOH, NMPUHUMaeMoe 3/eCb Ha HHTYHTHBHOH OCHOBe, Oy1eT
MOJIBEPTHYTO aHaJU3y B cJeiytolel ryase.) OTBET oueHb MPOCT: eCJ JIJis He-
KoTopoil Touku R Ha C paccrosHue PR jocTUraeT MUHUMyMa WM MakCUMyMa,
To npsmasi PR HenpemeHHO nep-
NEHJUKYJIpHa K KacaTeJbHol K C
B TOuKe R; Kopoue robopsi, Nps-
mas PR nepnenaukydsipia k C. o-
Ka3aTeslbCTBO BHITEKAET U3 CJIE/yI0-
1IEr0 0OCTOATENbCTBA: OKPYKHOCTh
C LeHTpPOM P, npoxosiias uepe3 R,
JI0JI2KHA OBbIThb KacaTeJbHOH K KpH-
Boi C. JlefictBuresbHO, ecaud R
€CTb TOUKA HAaUMEHbLIEro paccTo-
siHUS1, TO KpuBasi C JOJDKHA Lesu-
KOM Jle2KaTh BHE Kpyra ¥ Mo3TOMy B
Prc. 184. Dketpemasbhbie paccrosmus go  TOUKE R HE MOXKET ero repecekar;

TOUeK KPHBOIi ecJIi 2ke R ecTb TouKa Hau6oJ1bL1ero

paccrosiHus, To C JIO/KHA LLEJHKOM

JiezKaTh BHYTPM Kpyra W MOTOMY ONATb-TakH B TOUKe R repecekaTb €ro He
MOKeT. (DTO cielyeT U3 TOro OUEBHAHOrO (haKTa, UTo paccTosiHME HEKOTOPOH
TOYKH OT P MeHbllle, yeM RP, ec/i 3Ta Touka BHYTpH Kpyra, U GoJiblile, ueM RP,
ecqM oHa BHe ero.) Mrak, oKpy»KHOCTb W KpHBas KacaloTcsi B Touke R, W
KacaTe/sbHasi y HUX B 3TOH ToukKe ojaHa W Ta Ke. OcTaercst 3aMeTHTb, UTO
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oTpe3ok PR Kak paauyc OKPY:KHOCTH TIE€PHEHAMKYJSpeH K KacaTeJbHOH K
OKPY>KHOCTH B Touke R H, cJIe/]oBaTebHO, K caMoil KpuBo# C B TOH 2Ke TOUKe.

B TecHeliiell ¢BA3M ¢ MPEIbIIYyLIUM CTOUT CJEylolllee NPeJIoKEHHe, 10~
Ka3aTesJbCTBO KOTOPOTo MPe0CTaB/ISACTCS UMTATEIO: AHaMETP 3aMKHYTON KpH-
Bolt C (T. e. HauGoJIbILIAS U3 €€ XOPJl) B CBOMX KOHIIAX 0083aTebHO MepreH/u-
KyJsipeH K C. AHaJIOTHUHOE YTBEPKAEHHE MOXKHO C(HOPMYJIUPOBATH U I0KA3aTh
JUIS TPEXMEPHOTo CJIyuasl.

Ynpaxnenue. Jlokaxure, uTo HauKpaTUalMil U HaWIMHHEHIIUI OTPE3KH, CBs-
3bIBAOLIME JBE B3aHMHO HerepeceKaroluecs 3aMKHYTble KPUBbIe, NePIeHAKY ISPHbI B
CBOMX KOHUAX K CaMbIM KPHBbIM.

MoxkHo 00001MTb U 3a/laud IyHKTa 4, KacalollMecsl CyMMbl U PasHOCTH
paccTosiHui. PaccMoTpuM BMECTO MPSIMOH JIMHUM L MPOCTYI0 3aMKHYTYIO KpH-
Byto C, o6J1aiatolllyto KacaTeJbHOH B Kax/10H TOUKe, U elle 1Be TOYKH P u @,
He Jexaume Ha C. [Toctapaemcsi oxapakrepu3oBaTh Te TOUKH Ha KpuBo# C,
JUIST KOTOPBIX CyMMa p + ¢ WIH pas-
HOCTb p — ¢ TPUHUMAIOT IKCTpeMaJjibHble
3HaueHUs (MpUUeM p U ¢ 0603HAYAIOT COOT-
BETCTBEHHO PACCTOSIHHSI EPEMEHHOH TOUKH
Ha C or touek P u ). Tenepb yxke He-
JIb3s1 IPUMEHHTb TO TMPOCTOE, OCHOBAHHOE
Ha OTPaKeHUH, MOCTPOEHHE, C I[OMOLLbIO
KOTOPOTr0 Mbl pellMJ/In o6e 3aauu B cjyuae,
korna C Gblia npsiMoit iunueit. Ho Mbl Mo-
JKEM BOCIIOJIb30BATbLCS /ISl OCTABJICHHOM
3/ech LeJIM CBOACTBAMM 3JJIMIICA U THIIEp-
6ouibl. Tak kak C Ha TOT pa3 — 3aMKHyTast
KpHBasi, a He JIMHHUS, yXoasuas B 6ecKo-
HEUHOCTb, TO M MAaKCHMYM U MHHHMYM Ha
Hefl IeMCTBUTE/IbHO PeallsyloTCs: B CAMOM b 85 Makcuvym H MHHHMYM
JleJle, MOXKHO He MoJBepraTb COMHEHHIO TO cymm PR+ QR
00CTOATENbCTBO, UTO BEJIHUMHBI P + ¢ H
p — g JOCTHTaloT W HauOOJbLIEr0 M HaUMEHbLIErO 3HaYeHWH Ha BCSKOM KO-
HEUHOM yuacTKe KPUBOH, CJIe/IOBATE/bHO, HA 3aMKHYTOH KpUBOH (cM. § 7).

OcTaHaB/nBasich Ha cilydyae CyMMbl p + ¢, TIPEANON0KHUM, UTO R — Ta TOUKa
Ha C, B KOTOPOH MMeeT MECTO MaKCHMyM; MycTb 2a eCTb 3HaueHHe p + ¢
B 3TOH Touke. PaccmoTpum ssummne ¢ dokycamud P U ) — reoMeTpUueckoe
MEeCTO TOUeK, /sl KOTOPbIX p + ¢ = 2a. ITOT 3JJUNC B TOUKe R JOJLKEH
KacaTbesl KpuBo# C (J10Ka3aTebCTBO NMPENOCTABJSETCS UUTATE/IO B KauecTBe
ynpaxkHenusi). Ho Mbl Buaesu, uto orpeskd PR u QR 06pasyioT 0JMHAKOBbIE
YIJIBL C SJJIMTICOM B TOUKE R, W TaK Kak 3JUIMIC B Touke R Kacaercsi KpuBoil C,
TO 0Tpe3ku PR 1 ()R oGpasyloT B TOM :Ke TOUKe TaK:Ke OJMHAKOBbIE yrilbl U ¢ C.
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CoBeplIeHHO aHAJIOTHUHOE PACCYKIEHHE TIPUBOJIUT HAC K TOMY YK€ pe3yJsibTaTy
¥ B cJlyuae, ecjid B TOUuKe R cymMMa p + ¢ oGpalaercsi B MUHUMYM.

Wrak, Mbl npuliu K Teopeme: darna 3amkuymas kpusas C u dee mou-
Kku P u @ sHe ee; moeda 8 Kascdoll uz mouex R, 8 komopoix cymma p + q
npunumaem Haubovwiee ual HaumeHouiee 3naderue Ha kpusoi C, om-
peaku PR u QR obpasyiom odunakxossie yeavl ¢ camoii kpugoii (m. e. ¢ ee
KacameavbHoll).

Ecau touka P Buytpu C, a Touka ) BHe C, TO TeopeMa ocTaeTcsi cripa-
BCVIMBOW Ul TOH TOUKH, TAe p + ¢ NPUHUMAeT HauboJblllee 3HAUCHHE, HO
OHa TepsieT CMbICA JJIi  TOUKH,
rie p + g NpUHUMAeT HaUMeHblliee
3HAuUeHWe, TaK KaK 3JUIMIC BbIPO-
KJ1aeTcsi B OTPE30K MPsIMOK.

Paccyxnasi aHaJIOTHUHBIM 06~
pa3oM (BOCTOJIb30BABIINCL BMECTO
CBOKCTB 3JIIUIICA CBOMCTBOM THIEp-
6OJIbl), UMTATENb CMOXKET JIOKA3aTh
CJIEYIONLYI0 TeopeMy: JaHQ 3aMK-
Hymas kpusas C u Ose mou-
Ku P u Q — odna sHympu, opy-
eas sHe C; moeda 6 kaxndoll us
mex mouex R wa C, ede pas-

Puc. 186. Munumym pasioct PR — QR FOCMb p — g nApunumaem Hau-

boavuLee Ul HaumeHoulee sHaye-
Hue, ompesku PR u QR obpasyrom odunakosuie yeavl ¢ camoii kpusoti C.
Ho Hy:KHO BMecTe ¢ TeM OTMETHTb, UTO MEXIYy cJaydaeM, Korna C — npsimasi,
v cjayuaeM, korja C — 3aMKHyTas KpHBas, €CTb CYLIECTBEHHOE pasJjuuue: B
MepBOM CJlyuae MPUXOIUTCS PA3bICKUBATh MAKCHMYM aGCOJIIOTHOH BEJMUHHbI
pA3HOCTH, T. €. MAKCHMYM |p — ¢|, TOrIa KaK BO BTOPOM CaMma Pa3HOCTb p — g
JIOCTHraeT U HauGOJIbILIEr0 H HAWMEHBIIIEr0 3HAYEHHH.

§ 2. O6wW M NPUHLKUIT, KOTOPOMY NOJYMHEHDI
3KCTpeMaJibHble 3a1a4M

1. Mpunuun. Ilpenpiayiine 3axaun sIBJASIOTCS YACTHBIMM CJydasiMH He-
KOTOpOH oOlell npobJeMbl, KOTopylo yaoOHee Bcero copmyJupoBaTh aHa-
JUTHUeCcKU. BosBpallasich K MepBoi M3 pacCMOTPEHHbIX 3ajau, Kacarolleics
CYMMbl p + ¢, Mbl BHAHM, YTO OHa 3aKJIOUaeTcsi B TOM, UTOObl, 0603HAUMB
yepe3 X, y KOOpIMHATBI TOYKH R, uepe3 X, y;, KOOPAHHATBI TOUKK P U uyepe3
Xg, Yo KOOPIMHATBI TOUKH (), HAUTH IKCTpeMaJsibHble 3HAueHHsl (DyHKLHH

f(x, y)=p+q,
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rae 1noJiozkKeHo

p=Vx—xP+y—ml  g=Vx—xlP+y—y)

PaccmatpuBaemasi (pyHKIHMSI HEMpepbiBHA BO BCEH MIOCKOCTH, HO Touka R
C KOOpAMHATAMH X, Yy TIOAYHHEeHa TPpeGOBAaHMIO HAXOMUTLCS HA KpHBo C. Jta
nocJsie/IHsAst KpUBasi, I0MyCTUM, OTpe/iesieHa ypaBHeHueM g(x, y) = 0; Hanpumep,
ypaBnenuem x2 + y? — 1 =0, ecain C — eIMHUUHAS OKPY’KHOCT.

[(x,y) =b

Puc. 187. dkcTpeMyMbl (PyHKLUUH HA KPUBOI

OO6patumMcs Tenepb K o0LIel 3ajaue: HAUTH SKCTPeMaJsibHble 3HAUEHUS He-
KOTOPOH NaHHOH (YHKUMHU f(x, y), ec/ii MepeMeHHble X U Y MOJUMHEHbBI yCJI0-
Buio g(x, y) = 0. [Tocrapaemcsi oxapakrepuzoBaTh pelieHue 3Tok 3aaaun. J1s
TOT0 PACCMOTPUM CEMEHCTBO KPHBBLIX f(X, y) = ¢; MPH 3TOM MOJ «CeMel-
CTBOM» KPHBBIX MOHHMAEM COBOKYMHOCTb BCEX KPHBbIX, OIMpEIE/SeMbIX yKa-
3aHHbIM YpaBHEHHEM MPH PA3JIMUHBIX 3HAUEHHSIX TOCTOSIHHOMN ¢ (HO Takoe 3Ha-
UyeHHe HEH3MEHHO Uil BCeX TOUueK Kaxk[10H KpHBOH B oTaesbHocTH). [1peano-
JIOXKHM, UTO Uepe3 KaXKjylo TOUKY MJIOCKOCTH — WIM MO KpailHel Mepe HeKo-
TOpOH ee uyacTH, cojep:xkallell KpuBylo C, — MPOXOAUT OJHA U TOJBKO OJHA
KpuBast ceMefictBa f(x, y) = c. Torna npu HempepbIBHOM YBeJMUEHHH ¢ KpUBast
f(x, y) = ¢ «3ameraeT» HEKOTOPYIO UaCTh MIOCKOCTH, OMHAKO MTPH STOM HH OJIHY
TOUKYy He «3ameTaer» jaBaxbl. ([Tpumepsl Takoro pojia cemedcTs: X2 + y? = ¢,
x+y=c, x=c.) B uactHocTH, 0JiHAa KpHUBas paccMaTpUBaeMOro ceMeHcTBa
NpOKJET uepes TOUKy R, B KOTOpPOH f(x, y) npuHAMaeT HauboJbliee 3HaUEHHE
Ha KpuBoil C, W Jpyras — uepe3 TOuky Ry, B KOoTopo# f(x, y) npuHUMaeT
HauMeHbLlIee 3HaueHue Ha C. [TycTb HauGoJibllee 3HaUeHHE €CTb @, HAUMEHb-
ee — b. 1o oHy cTopoHy KpHBO# f(x, y) = a 3HaueHue f(x, y) = a MeHbllle,
ueM a, no apyryto — Gosiblie, yeM a. Tak Kak Ha KpuBoH C HMeeT MecTo
HepaBeHCTBO f(x, y) < a, To KpuBasg C JO/KHA LEIUKOM JIEKATb IO OIHY
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¥ Ty »Ke CTOPOHY KpHBOH [(X, y) = a; oTCloJla CJelyeT, uTO OHa B TOUKe R,
Kacaetcs KpuBo# f(x, y) = a. TouHo tak ke kpuBasg C Kacaercsi B Touke Ry
KpuBoii f(x, y)=0b.

Hrak, nokazana obiasi teopema: ecau 8 mouke R na kpusoii C ¢hymk-
uus f(x, y) umeem akcmpemasvHoe sHaueHue a, mo kpusas f(x, y)=a 8
mouke R kacaemcs kpusoti C.

2. Mpumepsl. Jlerko MoHSTb, YTO paHee MOJyUeHHbIE PE3YJbTAThl SIBJISI-
IOTCSI YACTHBIM CJlydaeM 3ToH oOliell TeopeMbl. Eciu peub uueT 06 sKcTpe-
MyMe CyMMbI p + ¢, To GyHKUuMsA f(x, y) ecTb p + g, a KpuBble f(x, y)=c —
cookycHble aJunchl ¢ gokycamu P u . B cornacuu ¢ obiieil Teopemoit
3JIJUIICHI, TIPOXOJISILINE Yepe3 Te TOUKH KpuBoH C, TJie JOCTUraeTcst IKCTPEMyM
OJIHOTO WJIM JIPYroro BHJA, KacaioTcs KpuBoi C B 3THX Toukax. Ecsu peub
ueT 06 3KCTpeMyMe Pa3HOCTH p — ¢, TO PYHKUMSA f(x, y) ecTb p — g, U TOTHA
KpuBble f(x, y)= ¢ — codokycHble runepboJibl ¢ hokycamu P 1 (; U B 3TOM
cjyuae THNepOOoJIbl, MPOXOSALINE Uepe3 TOUKH, TJe JOCTHraeTcsi SKCTPEMYM,
Kacatorcst Kpupo# C.

=Y

Puc. 188. CoctokycHble 3JIHICHL Puc. 189. CodoxkycHble runep6oJbl

Bor eute npumep 3anauu Toro xe tuna. JaH oTpesok npsimon PQ u npsi-
Mas [, ero He Tepecekatoiasi; TpedyeTcs yCTaHOBUTB: U3 KaKOH TOUKH [ oTpe-
30K PQ BUEH MoJ HAUOOJbILIUM YrJIOM?

DyHKIMST, MAKCHMYM KOTOPOH HAJJIEXKUT OTIPENeNUTh B 3TOH 3aaue, eCTh
yroJi 6, Moj KOTOPbIM K3 TOUKH, JABMKYILIEHCS MO NPSIMOH [, BUIIEH 0TPe30K PQ);
ecsiM R — Kakasl yrofiHo TouKa MJOCKOCTH C KOOpJIMHATAMHU X, Y, TO YroJ, MoJ
KOTOPBIM OTpe30oK P BuAeH H3 R, ecTb (yHkuus 6 = f(x, y) oT nepemen-
HbIX X, y. VI3 3/1leMeHTapHON reOMeTpUH H3BECTHO, UTO CEMEHCTBO KPUBBIX § =
= f(x, y) = const COCTOUT H3 OKPYKHOCTEH, MPOXOMSIINX uepe3 P H @), Tak Kak
XOpJa Kpyra BHHA [TOJL OTHUM U TeM 2Ke yIJIOM U3 BCeX TOUEK JYTH OKPYKHOCTH,
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pacroJioyKeHHOH 1Mo oJHy ctopoHy xopabl. M3 puc. 190 BugHO, uTO, BOOOIIE
TOBOPSI, UMEETCST IBE OKPY?KHOCTH pacCMaTpPHBAEMOro CeMelCcTBa, Kacaloluecs
NPSIMOH /: MX LIEHTPbI PACTIOJI0XKEHBI TI0 Pa3Hble CTOPOHBI 0Tpe3ka PQ). Oxna u3
TOUEK KacaHusl 1aeT abCOJIIOTHBIA MaKCUMYM BeJMUMHbI 0, Toraa Kak apyras —
JIMIIb OTHOCHTEJIbHBIH» MaKCHMYM: 3TO 3HAUHT, UTO 3HaueHUs 6 B 3TOH Touke
GoJiblile, UeM 3HAUEHUS] B HEKOTOPOH OKPECTHOCTH pacCMaTPUBAEMOH TOUKH.
Bosbiini u3 aByx MakcMMyMoB — abGCOJIIOTHBIH MaKCUMYyM — JIaeTCsl TOH TOU-
KOH KacaHMsl, KOTopasi pacnoJiozkeHa B OCTPOM yriie, 06pa3oBaHHOM MpsIMOK /
¥ MPOJIOJ/KEHHEM oTpe3ka P(), a MeHbIIMI — TOH TOUKOH KacaHHusi, KOTopas
pacroJiozkeHa B TYNoM yrie, o0pazoBaHHOM 3TUMH npsimbiMH. (Touka nepece-
yeHUst NpsIMOi [ ¢ mpojo/iKeHHeM oTpe3ka P 1aeT MUHUMasbHOEe 3HaueHHe
yraa 6, umenno 6 =0.)

Puc. 190. M3 kakoii Touku [ oTpe3ok P BujeH noj HauGoJbIIHM YIJIOM?

O606111as1 pacCMOTPeHHYIO 3aj1a4y, Mbl MOYKEM 3aMeHHTb MpsSMYI0 [ Kakok-
HHOYAb KpuBOH C ¥ ncKaTh TOUKH R Ha KpuBoil C, U3 KOTOPBIX JaHHBIH OT-
pe3ok PQ, He nepecekatoiui C, BUAEH MOJ HAUOOJBILIMM WM HAUMEHBIIUM
yrsiom. B 3Toii 3anaue, Kak W B Mpelbliyliel, OKPy:KHOCThb, POXOsias ye-
pe3 P, @ u R, nomxHa B Touke R Kacatbcs Kpuoi C.

§ 3. CrauMoHapHble TOUKU U AU depeHuHaNbHOE
McUHCJeHUe

1. dKcTpeManbHble U CTALLMOHAPHBIE TOUKH. B MpejliecTBYOLIKX pac-
CYXKJIEHHSIX Mbl COBCEM He T0JIb30BaJUCh TEXHHUECKUMH NTPHeMaMu U depeH-
UMAJIBbHOTO UCUMCJICHHUS.
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CoO6CTBEHHO TOBOPSI, HALLK 3J1€MEHTapHble METOMbl sBJSOTCS 6oJiee Mpo-
CTBIMH U GoJiee TIPSIMBIMHK, UeM MeTOJibl aHasiu3a. Booblle, 3aHUMasiCh TOH WM
MHOH Hay4yHOH npoO6JieMoi, Jiyulle HCXOAUTh U3 ee UHAMBHIyaslbHbIX 0COOEH-
HOCTEH, UeM I0JIaraTbCsl UCKJIOUMTENbHO Ha OOLMe METO/bl, XOTsl, C JIPYroi
CTOPOHBI, OOIIMI MPUHUMI, YSICHSIOUIMHA CMbICJ MPUMEHSIEMbIX ClElHAJbHbBIX
NpoLeayp, KOHEUHO, BCEr/a I0JKEH UTPaTh PYKOBOASLILYIO PoJib. TaKOBO MMeH-
HO 3HaueHHe MeTO/OB Au(depeHUHalbHOr0 UCUMC/IEHHsl TTPH PACCMOTPEHHUH
IKCTpeMaJibHbIX npobseM. Habmtonaemoe B coBpeMeHHOH HayKe CTpeMJleHHE K
OOLIHOCTH MPECTABISET TOJMBKO OJIHY CTOPOHY Jiesa, TaK KaK TO, UTO B MaTeMa-
THKE $IBJISIETCS] MOAJIMHHO XKU3HEHHbIM, 6€3 BCSKOro COMHEHHsI 00yCJIOBJIMBA-
eTCsl HHAMBUAYaJbHBIMK YepPTaMH PaccMaTpUBaeMbIX POOJIEM U MPUMEHSEMbIX
METOJIOB.

B cBoem ucTopuueckom pasBUTHH auddepeHLManbHOe HCUHCTIEHHE B BECh-
Ma 3HAUMTEJILHON CTEMEeHH MCMbITA/I0 BO3EHCTBHE KOHKPETHBIX 3a/1ay, CBs3aH-
HbIX C pa3biCKaHHEM HAWOOJbIIMX MU HAUMEHbIIUX 3HAueHWi BesuudH. CBs3b
MEXIy 3KCTpeMaJlbHbIMH MpobJjeMaMu U auddepeHLrasbHbIM UCUUCACHHEM
MOXKHO YSICHUTL cebe cuenytoumm o6pasom. B ruase VIII mbl 3aiimemcst 06-
CTOSITE/IbHBIM M3yUeHHEM MPOUu3BOAHON [/(x) oT PyHKUMH f(X) U ee reoMeTpHU-
YyecKoro cmbicjia. TaM Mbl yBMAHM, UTO, TOBOPSl KpaTKo, Npou3BoaHas ['(x)
€CTb HaKJIOH KacaTeJibHOH K KpuBo# y = f(x) B Touke (x, y). [eomeTpHuecKku
OUEBMJIHO, UTO B TOUKAX MaKCHMyMa HJIM MHHHMyMa TJ1aaKoH KpuBOH y = f(x)
KacaTesbHasi K KPUBOH HENPEMEHHO JO0JIKHA ObITb TOPU30HTAJBHOH, T. €. Ha-
KJOH JIOJDKEH pPaBHATbCS HyJo. TakuM o6pa3oM, Mbl MOJydyaeM JJisi TOUEeK
sKcTpemyma ycsosue f/(x)=0.

Uro6bl oTaaTh cebe ICHO OTYET B TOM, YTO O3HayaeT obpalleHHe B HyJlb
MPOU3BOAHON ['(X), pacCMOTPUM KpHBYIO, M300paxkeHHY0 Ha puc. 191. Mul
BUIMM 3lech nath Touek A, B, C, D, E, B KOTOpbIX KacaTejibHasi K KpPHUBOH
FOPU30HTAJNIbHA; 0003HAUMM COOTBETCTBYIOILME 3HAUEHHS f(X) B THX TOUKaX
uepes a, b, ¢, d, e. Haubosbliee sHaueHue f(x) (B npenenax objaacti, u3oopa-
JKEHHOU Ha yepTexe) I10CTUTaeTcsl B Touke D, HanMeHblilee — B Touke A. B Tou-
Ke B UMeeTcsi MAKCHMYM — B TOM CMbICJIE, UTO BO BCEX TOUKAX HEeKOMmopoll
oKpecmHocmy TOUKU B 3HaueHue f(x) MeHbllle, UeM b, XOTS B TOUKAX, GJIU3KHUX
K D, sHauenue f(x) Bce ke GoJiblie, yueM b. [To 310 npHuKHe MPUHSTO TOBOPHTD,
UTO B TOUKE B UMeeTcsi OmHocumervuolli makcumym GHyHkuud f(x), Torna
Kak B Touke D — abcomommoili maxcumym. TouHo Tak ke B Touke C umeeT
MECTO OMHOCUMENbHbLI MUHUMYM, & B TouKe A — abcoaommoLil MuHumMyM.
Hakonell, uto kKacaetcs Touku £, TO B Hell HET HU MaKCUMyMa, HY MUHMMYyMa,
XOTsl B Hell Bce ke ocyllecTBasietcsi paBeHcTBO ['(x) = 0. Otcrona chienyer,
yTo OOpallleHHe B HYJb MPOU3BOJHOMN [/(X) ecTb HE0OX00uMOe, HO HUKAK He
docmamouroe ycJoBUe AJs TIOSIBJIEHUST SKCTPEMyMa aKol (QyHKUUU f(x);
JIPYTHMH CJIOBAMH, BO BCSIKOH TOUKE, IJle UMeeTCsl SKCTPeMyM (abCOJOTHBIH U1
OTHOCHTEJIHBIH ), HEMIPEMEHHO HMeeT MecTo paBeHCTBO f'(x) = 0, HO He BO Besi-
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Kol Touke, rae ['(x) =0, 065i3aH GbITb IKCTpeMyM. Te TOUKH, B KOTOPBIX MPO-
u3BojHas f'(x) obpallaercsi B HyJib, — HE3aBUCHMO OT TOTO, HMEETCS JI B HUX
9KCTPEMYM, — Ha3bIBAIOTCS crmayuoHapHoimu. JlanbHedni aHaiIu3 npuBOIUT
K GoJjiee UM MeHee CJIOXKHBIM YCJIOBUSIM, KaCAIOUIMMCST BBICIINX TPOU3BOHBIX
(yHKIHH f(X) ¥ TOJTHOCTBIO XaPAKTEPUIYIOLIUM MAKCHMYMbl, MUHUMYMbI 1 HHBIE
CTallMOHAPHbIE TOUKH.

y D

A

Puc. 191. CrauuonapHble TOUKH (PyHKIHH

2. MakcumMyMbl U MUHUMYMbI PYHKLMIA HECKOJIbKUX NepemMeHHbIX. Ce-
JoBble TOYKH. CylleCTBYIOT IKCTpeMaJsibHble NPoOJeMbl, KOTOPbIE HE MOTYT
ObITb BbIPaXKEHbI C MOMOLIBIO MOHATHS (PYHKUUH f(X) OT OMHOH MepeMeHHOH.
[TpocTeliiinM OTHOCSAILIMMCS CloJIa TPUMEPOM siBJIsieTCs TpobJieMa HaXOXK1eHHs]
IKCTPEMYMOB (PYHKLMH 2 = f(X, y) OT IBYX HE3aBUCHMBIX T1€peMeHHBIX.

Mbl Bcerja MoxkeM TpelcTaBsaTh cebe (yHKUHIO f(x, ¥) Kak BBICOTY 2
MOBEPXHOCTH HaJl TUIOCKOCTBIO X, Y, M ITY KapTHHy Oy1eM HHTEpIPETHPOBATh,
CKaXkeM, Kak ropHblil Janamadt. MakcuMym QyHKunu f(x, y) cOOTBETCTBYET
FOpHOH BepUIMHE, MHHUMYyM — JHY sIMbl WJIM o3epa. B oGoux ciyuasx, ecu
TOJIbKO MOBEPXHOCTb TJajKasi, KacaTejbHas MJIOCKOCTb K MOBEPXHOCTH 005i-
3aTesIbHO TOpU30HTaJbHA. Ho, MOMUMO BEpLIMH TOp U caMblX HU3KHX TOUEK B
sIMax, MOTYT CYLLLECTBOBATb M HHble TOUKH, B KOTOPBIX KacaTesbHasl MJIO0CKOCTb
FOPU30HTAJIbHA: 3TO «CEJIJIOBbIE» TOUKH, COOTBETCTBYIOILIME TOPHBIM TepeBasaM.
Hccenenyem nx 6osee BHUMaTesbHO. [Ipennosnoxum (puc. 192), uro nmerotest
nBe BepumHbl A u B B ropHom xpebte u aBe Toukd C U D Ha pasiHuHbIX
CKJIOHAX XxpebTa; PenooKuM, uto u3 C HaM Hy»KHO npoiti B D. PacemoTpum
CHauaJja Te nyTH, Beaylire u3 C B D, KOTOpble MOJy4aloTCsl NPH NepeceueHuH
MOBEPXHOCTH MJIOCKOCTAMH, MpoxoasuMu uepes C u D. Kaxkaplil Tako# nyThb
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MMeeT CaMylo BbICOKYIO TOUKY. [1pH H3MEHEHUH MOJIOKEHHUS CeKYLLLeH MJ0CKOCTH
MEHSIETCSI U MyTh, U MOXKHO OyJIeT HAUTH TaKOM MyTb, /I KOTOPOTO HAUBbLLCULAA
Touka OYIeT B CAMOM HU3KOM W3 BO3MOXKHBIX MoJioxKeHnH. Hausbicuieidl Tou-
KOH £ Ha 3TOM IyTH SIBJISIETCS TOUKA FOPHOTO MepeBajia B HalleM JaHamadgre;
ee MOKHO HasBaTbh Takxke cedA080i moukoi. $lcHo, uto B Touke E HeT HH
MaKCHMyMa, HH MHHHMyMa, TaK KaK CKOJIb YrOJHO OJH3KO K £ CyLIeCTBYIOT
Ha MOBEPXHOCTH TaKHE TOUKM, KOTOpble Bbllle £, U Takue, KOTOpble HUXKe .
MoxkHO Gbl/10 Obl B IPEABIAYLIEM PACCYKAECHHH U HE OTPaHHUMBATBLCS PacCMO-
TPEHHUEM TOJILKO TEX nyTeﬁ, KOTOpbI€ BO3HUKAIOT MpPH NMepeCCHCHUH MOBEPXHOCTH
MUIOCKOCTSIMH, 4 paccMaTpuBaTh Kakue YroaHo nyTtH, coeaunsiiowe C u D.
XapakTepucTHKa, 1aHHas HaMH Touke £, oT 9Toro 6bl He U3MEHHJIACh.

C

Puc. 192. TopHblii nepesasn Puc. 193. CooTBeTcTBytOLIast KapTa ¢ Jid-
HUSIMH YPOBHSI

TouHo TaK e, ecJii 6bI MblI TI0XKeJANH OT BeplIHHBI A MPOKTH K BepliuHe B,
TO BCSIKUH IMyTb, KOTOPbIA Mbl MOIVIM Obl BbIOpaTh, UMeJ Obl CaMylo HHU3KYIO
TOUKY; paccMaTpHBasl X0Ts1 Obl TOJIBKO MJIOCKHE CEUeHHs], Mbl HALILIH Obl TAKOM
nytb AB, Iy KOToporo HauMeHbIIast ToukKa Oblia Obl pacroJsiokeHa HanboJee
BbICOKO, IIpHUeM [0JyuHJiach Obl ONsAThb pexHss Touka E£. Takum o6pasom, sta
cesioBast Touka £ o6s1aaeT CBOHCTBOM JIOCTABJ/ATh CaMblil BBICOKMH MHHUMYM
WJIM caMblil HU3KHH MaKCHMYM: 3/1eCb MMEET MeCTO «MAKCHMHHUMYM>» HJIH «MH-
HUMaKCUMyM>» — COKpalleHHO mMurumaxc. KacatesbHas MaocKocTb B Touke £
FOPU30HTAMbHA; AEHCTBUTENBHO, TaK Kak £ — HauHu3mas Touka nytd AB, To
KacartesbHasi K AB B £ TopH3oHTaJ/IbHA, M aHAJIOTHYHO, TaK KaK £ — HauBbICLIAs
touka nytd CD, 1o u KacaresnbHass K CD B E ropusontasnbHa. [Tostomy Ka-
caTesibHas MJIOCKOCTb, 06513aTe/IbHO MPOXOJSLIAsT Uepe3 3TH JBe KacaTesbHble
npsiMble, FOPU30HTaJbHA. KITak, Mbl 0GHApYKUBAaeM TPH Pas/IMUHbIX THIIA TOUEK
C TOPU30HTAJIbHBIMH KacaTeJIbHbIMH TJIOCKOCTSIMH: TOUKH MaKCHMyMa, TOUKH
MHHHMYMa M, HAaKOHeL|, CeJIOBbIE TOUKH; COOTBETCTBEHHO CYIIECTBYET H TpH
Pa3/IMUHbIX THMA CTALMOHAPHBIX 3HAUEHHUH (DYHKLMH.

Jpyroii cnoco6 npeacTaB/sTh reoMeTpHUecKH QyHKIHIO f(X, y) 3aK/oua-
eTcsl B BblUEPUMBAHUHU JIMHUH YPOBHSI — TeX CaMbIX, KOTOpbIE yIOTPeOMsIOTCs
B Kaprorpaduu ajisi 0603HaueHHs BbICOT Ha MecTHOCTH (cM. cTp. 314). Jlu-
HHeH ypOBHSI HasblBaeTcsl Takasi KpHBasi B IJIOCKOCTH X, Y, BJOJb KOTOPOH
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¢byHkuus f(x, y) UMeeT OIHO M TO Ke 3HAUeHHe; APYTUMH CJOBaMH, JIMHHH
YPOBHS — TO 2Ke, UTO M KpUBble cemelicTBa f(x, y) = ¢. Uepe3 0ObIKHOBEHHYIO
TOUKY MJIOCKOCTH MPOXOJUT B TOUHOCTH OJIHA JIMHUS YPOBHS; TOUKH MaKCHMyMa
¥ MHUHUMyMa ObIBAlOT OKPY:KEHbl 3aMKHYTBIMH JIMHMSIMH YPOBHS, B CELJIOBbIX
TOUKax nepecekalotcst e (uau 6osee) uHun yposHsi. Ha puc. 193 nposenens
JIMHWY YPOBHSI, COOTBETCTBYIOLIME JaHaapTy, H306pakeHHOMY Ha pHuc. 192.

[1pu 3TOM 0COGEHHO HArVISAHBIM CTAHOBUTCS 3aMeuaTesibHoe CBOHCTBO Cejl-
JIOBOW TOUKH £: BCSIKWI MyTh, CBsi3bIBatOLIMi A W B 1 He npoxoasuyil uepes £,
YACTHUUHO JIEXKUT B 00s1acTH, Te f(x, y) < f(E), Torna kak nytb AEB Ha puc. 192
MUMeeT MHHUMYM Kak pa3 B Touke E. Takum »xe o6pa3om Mbl yOe:kaaeMcsi, UTo
3HaueHne f(x, y) B Touke E mpencraBssieT co60i HaUMEHBIIMH MaKCHMYyM Ha
nyTsx, cBsAsbiBaommx C u D.

3. Toukn munumakca v Tonosorus. CyliecTByeT riy6oKast CBs3b MexKy
o6l11lell Teopuel CTaUMOHAPHBIX TOUEK M TOMoJorudeckumu upesmu. [To sto-
My MOBOJy Mbl MOXKEM 3/I€Chb JaThb TOJIbLKO KpaTKOe yKazaHHe M OrpaHHuuMcs
pacCcMOTPEHHEM OJIHOTO MpUMepa.

PaccmoTpuM TopHBIH JaHAmahT Ha KoJblleoOpa3HOM OCTpoBe B ¢ JBY-
Mst GeperoBbiMH KoHTypamd C W C’; ecsiM 0603HAUWM, KaK paHblile, BLICOTY
HaJl ypoBHeM Mopsi uepe3 u = f(x, y), npuuem jgomycTim, uto f(x, y) =0 Ha
koutypax C u C' u f(x,y) >0
BHYTPH, TO Ha OCTPOBE JIOJKEH
CYLLECTBOBATb M0 MeHbLIEH Me-
pe OAMH TOpHBIA TepeBas: Ha
puc. 194 taxoil nepeBaJs HaXOUT-
csl B TOUKe, TJle MepeceKatoTes 1Be
JuHAM ypoBHs. CrpaBe/MuBOCTD
BbICKA3aHHOTO YTBEPKJEHHUS CTa-
HOBHTCSI HATJISIAHOM, €CJIU Mbl MO-
CTaBUM CBOeH 3ajaued HaUTH Ta- C
KOH MyTb, coemuusitouii C u C’, //
KOTOPBIH He mnojpHuMalscst Obl Ha
60JIbLIYI0 BBICOTY, UeM 3TO HEU3-
6exno. Kaxnpiii myts ot C k C’
MMeeT HaWBLICIUYIO TOUKY, M eC-
JIM Mbl BbIOEpEM TaKOH IMyTb, /sl KOTOPOTrO HauBbICLIAs TOUKA OKa3blBaeTCsl
CaMOH HHU3KOH, TO MOJIyueHHass TakMM 00Opa3oM HauBbICLIAs TOUKa MU OyjeT
celyioBo Touko# yHKUMK 4 = f(x, y). (CyiemyeT oroBOpuTh MpeacTaBsOIMI
UCKJIIOUEHHE TPUBHAJIbHBIN CJyyal, Korjaa HeKoTopasi FOpU30HTaJjbHas MJ0C-
KOCTb KacaeTcsl KOJbLeoOGpPa3HOTO TOPHOTo XpeGTa MO 3aMKHYTOH KPHBOH.)
B cayuae obsacti, orpaHHUeHHOH p 3aMKHYTBIMH KPMBBIMH, BOOOLLE TOBOPS,
JIOJKHO CYLLEeCTBOBaTb He MeHee ueM p — | Touek MuHMMakca. [TopoGHoro

Puc. 194. CraunonapHble TOUKH B IBYCBSI3HOU
o6J1acTu
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JKe pOoJla COOTHOLIEHUs, Kak ycTaHoBua1 Mapcton Mopc, UMeoT MecTo M
JUIsl MHOTOMEPHBIX 00J1acTel, HO pasHOOOpa3ue TOMOJIOTHUECKHX BO3MOXKHO-
CTell M THUIIOB CTALMOHAPHBLIX TOUEK B 3TOM CJlydae 3HAUUTE/NbHO OoJbliee.
OTH COOTHOLLEHHS 00pasyroT OCHOBY COBPEMEHHOH TEOPHH CTallMOHAPHBIX
TOUeK.

4. PaccrosiHue TOUKH OTMOBEPXHOCTH. JlJisl paccTosiHUE TOUKH P OT pas-
JIMUHBIX TOUEK 3aMKHYTOH KPHUBOH CYyLLECTBYIOT (110 MeHbLLEH Mepe) 1Ba CTaly-
OHapHBIX 3HAUEHUs: MUHUMaJIbHOE M MakcuMadibHoe. [1pu nepexose K Tpem u3-
MEpPEHHSIM He 00HAPYKUBAETCS HUKAKMX HOBBIX (PAKTOB, €CJIM Mbl OTPAHHUUMCS
paccMOTpeHHeM Tako# moBepxHocTH C, KOoTopasi TOMOJOrHYeCKH SKBUBAJEHTHA
cthepe (kak, Hanpumep, sJurncon). Ho ecsn noBepxHocTs posna | uiau Gosee
BBICOKOTO, TO ielo 06cTouT nHaue. PaceMoTpuM nosepxHocTsb Topa C. Kakosa
6bl HU OblJla TOUKa P, Bceraa, KOHeUHo, CyllecTBYIOT Ha Tope C TOUKH, latoliue
HauboJiblliee U HaHMEeHbLIee paccTosiHUe OT P, MpHueM COOTBETCTBYIOLIHE OT-
pEe3KM INEepHeHAUKYJSIPHbl K caMofl 1oBepXHOCTH. Ho Mbl celluac ycTaHOBUM,
YTO B ITOM CJlyyae CYLIeCTBYIOT M TOUKM MHHMMakca. BooOpasum Ha Tope
OJIMH M3 «MepHIHaHHbIX» KpyroB L (puc. 195) U Ha 3TOM Kpyre L Haiiiem
Touky ), Gamxkaiiilyto K P. 3areM, nepemeliiasi Kpyr L 1o Topy, HaiiieM Takoe
€ro MoJioyKeHue, utoObl paccrosHue P cTajo: a) MUHUMa/bHbIM — TOTA M0-
Jqydaetcsi Touka Ha C, 6mKafiias K P; 6) MaKCUMaJsIbHBIM — TOTA MOJYUUTCS
CTalMOHapHasi TOUKa MUHUMaKca. TakuM »ke o6pa3oM Mbl MOIJIM Obl HAUTH Ha L
TOuKy, HauboJlee yaJeHHyl0 OT P, 1 3aTeM HCKaTb M0JI02KeHHe L, U KOTOPOM
HallleHHoe HauboJbliee paccTosiHue OblI0 Obl: B) MAKCUMaJIbHBIM (T10JyUHTCS
Touka Ha C, HaubGoJiee yaajeHHas ot P), ) MUHAUMaJbHbIM. KMTaK, Mbl MoJydnm
yeTblpe PasHUHbIX CTALMOHAPHBIX 3HAUEHHS A/ pacCTOsTHUS ToukK Topa C oT
TOukH P.

Puc. 195—196. Paccrosiniie 0T TOUKH 10 MOBEPXHOCTH

Ynpaxnenue. [loBropute TO K€ paccyxXieHde st MHOro Thna L’ 3aMKHYTOH
KpuBoil Ha C, KOTOpast Tak:Ke He MOXKeT ObITb CTsIHyTa B TOuky (puc. 196).
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§ 4. Tpeyroabhuk LLBapua

1. Joka3ateabcTBo, mnpennoxeHHoe Lleapuem. Tepman Awmannyc
[IBapu (1843—1921), Bhnatommiics marematuk, rnpodeccop bepsmHckoro
YHUBEPCHUTETA, CJejajl MHOTOEe JJIsi Pa3BUTHS COBPEMEHHOH TeOpHUH (PyHK-
uui W aHaiusa. OH He CuMTaJ HHXKE CBOEro JOCTOWHCTBA IMHCATh HA TEMbI
3JIEMEHTApHOrO COJepXKaHUsl, U OfHA M3 ero paboT IMOCBsLLUEHA CJeLyloLel
3ajaue: B JAHHBIA OCTPOYTOJIbHBIH TPEYrOJbHUK BIUCATh APYrOH TPeyroJbHHK
C MHHUMAJbHBIM MepuMeTpoM. ([OBOps, UTO HEKOTOPBIH TPEYroJbHUK BIIMCaH
B JIaHHBIH, Mbl MOpa3yMeBaeM, UTO Ha Kax/JI0H M3 CTOPOH JAHHOTO TPEYroJib-
HHUKA HMEETCs BepllMHA pacCMaTPUBAEMOTO TPEyrosibHHKa.) Mbl ybeaumcs B
JlaJibHEHIIeM, UTO CYLIECTBYET TOJBKO OJIMH HCKOMBIH TPEYTroJIbHUK: UMEHHO,
ero BeplUMHAMH SIBJSIIOTCS OCHOBAHMSI BBICOT JNAHHOTO TpeyrosibHUKa. Takoi
TPEYTOJbHUK YCIOBUMCS HA3bIBATb BbLCOMHbIM TPEYTOJLHUKOM.

[IIBapi noKa3ajs MUHHMAJbHOE CBOHCTBO BBICOTHOTO TPEYroJibHUKA, TPH-
MEHsIsl METOJL OTPayKEeHHs! U OCHOBBIBASICh HA CJIEyIOLLeH TeopeMe 3JieMeHTap-
HOH reoMmeTpuu: 8 Kadcdoil u3 sepuiun P, @, R (puc. 197) dse cmoponuel
BbICOMHO20 MPeyeoNbHUKA 00pasyiom 00UHAKOBbLE Y2Abl CO CMOPOHOL
0aHHO20 MpPeYeorbHUKA, UMEHHO, KaxcObill U3 amux yero8 pasex yery
npu npomuBONnOAONHOL Bepuiute JanHoe0 mpeyeosvHuxa. Hanpumep,
yribl ARQ u BRP paBHbl Kaxpiil yray C U T. 1.

Puc. 197. BbICOTHBIl TpeyroJibHUK B TpeyrosibHiuke ABC

Jlokaxem nipexkje Bcero 3ty Teopemy. Tak kak yriol OPB u ORB npsiMble,
TO OKOJIO ueTbipexyroiibHika OPBR MO0XKHO omucatbh OKpy»KHOCTb. CJienoBa-
TesnbHo, ZPBO = ZPRO, Tak Kak Ha3BaHHbIE YIJIbl OMMPAIOTCS HA OIHY U Ty
JKe Jyry onucaHHo# okpyxkHoctd. Ho yron PBO ponosnutenbhblil K yray C,
TaK Kak TpeyroibHuK CBQ) npsmMoyroJbHblid, a yroja PRO NONOJHUTENbHBIA K
yray PRB. Tlostomy ZPRB = ZC. Takum ke 06pa3oM, paccyxaast no noBojy
yeTbIpexyroJbHuKa QORA, 3akimouaem, uto ZQRA = ZC u T. 1.
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ITOT pesyJibTaT NPUBOJUT K CJIEICTBHIO, OTHOCSILIEMYCSI K BBICOTHOMY Tpe-
YTOJILHUKY: TaK Kak, Hanpumep, ZAQR = ZCQP, To npu oTpaskeHHH OTHOCH-
TesIbHO cTOPOoHbI AC TaHHOTO TPEyroJibHUKa CTOPOHA R () HanpasJsieTcs Mo CTo-
pore P, u oGpatHo. Ana-
JIOTUYHO JIJISl IPYTHUX CTOPOH.

[Tepeiinem Tenepb K 10-
Ka3aTesJbCTBY MUHUMaJbHO-
ro CBOKMCTBA BBICOTHOTO Tpe-
yroJibHUKa. B TpeyrosbHuUKe
ABC paccmoTpum, Hapsiy
C BBICOTHBIM TPEYroJbHU-
KOM, KaKOH-HHUOYIb ApYyro
BIIUCAHHBIH TPEYToJIbHUK, CKaxeM,
UVW. Orpasum Bcio ¢urypy cHauaga
OTHOCHTENLHO cTOpoHbl AC TpeyroJib-
Huka ABC, 3aTeM BHOBb MOJIyUYHBLITY-
tocst (Urypy OTpasMM OTHOCHTEJbHO
CTOPOHbI AB, MOTOM — OTHOCHUTEJIb-
Ho BC, norom — ortHocurenbuo AC
U, HaKOHell, oTHocHTesbHO AB. Takum
00pa3oM Mbl MOJIyUMM BCEro LIECTb
KOHIPYSHTHBIX TPEYTrOJIbHUKOB, MpPH-
yeM B KaxKJ10M M3 HUX OyJeT 3aKJtoueH
BBICOTHBIN TPEYroJIbHUK U ellle APyrou
BIUCAHHBIH TpeyroibHUK (puc. 198).
Cropona BC mocjieiHero TpeyroJib-
HUKa napanjenbHa cropone BC nep-
BOr0 TpeyroJbHUKAa. B camom nese,
NpH TIepBOM OTpaxkeHun cropoHa BC
roBopauMBaeTcsl Mo yacoBoil ctpejke  C
Ha yroa 2C, 3aTeM OMNfATb MO Yaco-
BOH cTpeJsiKe Ha yroJs 28; npu TpeTbeM
OTpaxKeHUH — OCTAEeTCsl HEH3MEHHOH;
Npu YeTBEPTOM — MOBOpPAUMBaETCs Ha
yros1 2C MpOTHB YaCOBOH CTPeJIKK W TIPH MATOM — Ha yroJs 28 onsitb NpoTUB
yacoBoi cTpeJsiku. MTtoro, o6LMil yros NoBopoTa paBeH Hy.JIo.

Bsiaronaps ykazaHHOMY Bbillle CBOHCTBY BBICOTHOTO TPEYTroJibHUKA MPSMO-
JIMHEHHBIH 0Tpe3oK PP’ paBeH yJIBOEHHOMY TepUMETPY TpeyrojbHuKa PQR:
JeHCTBUTENbHO, PP’ cocTaB/sieTcsl U3 LIEeCTH OTPE3KOB, 10 Oouepeld paBHbIX
TNepBOH, BTOPOH U TpeTbell cTopoHe PQR, mpuueM Kaxaasi U3 CTOPOH BXOAHT
nBaxapl. Takum ke o0pa3om JiomaHasl JuHUs, coenunsiowtass U u U, numeer
JUIMHY, PaBHYIO YIBOEHHOMY TepuMeTpy Tpeyrosbhuka UVW. Dta somanas He

Puc. 198. JlokasareibCTBO MHHHMAJ/b-
HOrO CBOWMCTBA BBICOTHOTO TPEYroJIbHKKA,
nauHoe lIBapuem
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Kopoue, ueM NpsiMoJIHHEeHHbIH oTpe3ok UU'. Uto ke Kacaercs npsiMoJIMHERHOTO
otpeska UU’, To oH paBeH PP, Tak Kak otpe3ok UU’ napasnesen PP’. 3nauur,
JgomaHasi aunust UU’ He Kopoue, ueM npsimast PP, T. €. IepUMETP BbICOTHOI'O
TpeyroJibHUKa He GoJiblie, YeM MepUMeTp JtoGO0ro Apyroro TpeyroJbHUKa, BIK-
CAaHHOrO B JIAHHBIH. DTO W HYXHO ObLIO jJ0KaszaTb. MTak, ycTaHOBJEHO, UTO
MHHUMYM CYLIECTBYET H UTO OH pPeaJsIU3yeTcsl B CJlyuae BbICOTHOIO TPEYroJib-
HUKa. YTO HEeT MHOro BIMUCAHHOTO TPEYroJbHUKA C TeM Ke MepUMETPOM — 3T0,
OJIHAKO, He JI0Ka3aHO, U 3TO Mbl JOKaXKeM JaJiblue.

2. Jlpyroe noka3areabctBo. Cienytolee pelierue 3aaaud [1IBapua sis-
JISIeTCsl, BEpOsITHO, caMbiM NpocTbiM. OHO OCHOBBLIBAETCSl Ha TeopeMme, paHee
JI0Ka3aHHOM B 3TOH IV1aBe: €CJ/Id TOUKH P U () JiexKaT 1o 0jiHy CTOPOHY TPsIMON L
(HO He Ha Hell camoil), To cymma pacctosiHuil PR 4+ R@), rie R — touka Ha L,
oOpallaeTcsi B MUHUMYM B TOM ciiyuae, eciii PR 0 QR o6pasyloT oliHAKOBbIE
yribl ¢ L. [TycTb TpeyrosbHuk PQR, BUCaHHDBIH B TaHHBIA TpeyroJbHuK ABC,
pelllaeT MOCTaBJAEHHYI0O MHHHUMAJbHYIO 3a1auy. Torna Touka R Ha ctopoHe AB
JIOJKHA ObITh TakoH, uToObl cymMMa PR + QR Oblia HauMeHbliiel, cJeaoBa-
TesibHO, yribl ARQ u BRP nomxkHbl GBITh paBHBI, U TOYHO Tak ke LAQR =
= ZCQP, ZBPR = ZCPQ. Takum o6pa3oM, AJis HCKOMOTO TPEyroJbHHUKA C
MHHUMAJIbHBIM TIEPUMETPOM — €CJIM TOJIbKO TAKOBOH CYIIECTBYET — JOJIXKHO
ObITb BBIMOJIHEHO TO K€ camoe CBOHCTBO paBeHCTBA YIVIOB, KaKUM 00JajaeT
BBICOTHBIH TpeyroJbHUK. OcTaeTcs MokazaTb, UTO NMPH TAKOM YCJOBHM Hall
TPEYTOJIbHUK HE MOXKET OTJHUaThCs OT BbICOTHOro. Kpome Toro, tak kak B

A R B A R B

Puc. 199—200. [Ipyroe 10ka3aTe/ibCTBO MUHUMAJBHOTO CBOHCTBA BbICOTHOTO
TpeyroJibHUKa

Teopeme, Ha KOTOPYIO Mbl CChLIAJMCh, TpernoJaraercs, uto P u () He sexar
Ha AB, TO JI0Ka3aTeJbCTBO HE TOAMTCS JJIsi CJyuasi, KOTJa OJlHA U3 Touek P,
@, R coBnanaer ¢ Kakoi-HHOYb BepPLUMHON AAHHOTO TPEYroJibHUKA (MIPH 3TOM
MepUMETP TPEYroJibHUKA BbIPOJIMJICS Obl B YABOCHHYIO COOTBETCTBYIOLLLYIO Bbl-
COTY); uTOObI I0Ka3aTENbCTBO ObIJIO HCUEPTIBIBAIOILMM, HYXKHO €llle YCTAHOBHUTb,
YTO MEPUMETP BLICOTHOTO TPEYroJibHHKA MeHblie JI0GOH U3 YABOECHHBIX BbICOT
JIAHHOTO TPEeYroJIbHHKA.
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O6palasich cHayajga K MepBOMY MyHKTY, 3aMETHM, UYTO €CJIM BIHCAHHbIN
TpeyrosibHUK 06J1a/1a€T yKa3aHHbIM Bblllle CBOHCTBOM PAaBEHCTBA YIJIOB, TO pac-
cMaTpuBaeMble YIJbl Py BeplinHax P, ) 1 R COOTBETCTBEHHO paBHbI yriiam A,
B u C. B camom jene, nonycTum, Hanpumep, uto LZARQ = ZBRP = /C + 3.
Torna, npuMeHsis TeopeMy 0 CyMMe YIJIOB TPEYTOJIbHUKA K TPeyroibHHKaM AR Q)
1 BRP, Mbl BUJIUM, UTO YIJIbl TIPU () JIOJIXKHBI paBHATbCS B — 8, a yribl npu P
JIOJKHBIL paBHATbest A — S, Ho Torna cymma yryioB TpeyrosibHiuka CPQ) paBHa
(A=3)+(B—38)+ C=180° — 23; c npyroii cTopoHbl, oHa e pasHa 180°.
[Tostomy & = 0. Mbl yKe BHJIE/IH, UTO BLICOTHBIH TPEYroJbHUK 06Jalaer oT-
MeueHHbIM CBOHCTBOM. BCSIKWE MHOU BMUCAHHBIA TPeyroJbHUK, 06Jalatolui
TEM K€ CBOHCTBOM, MMeJ Obl CTOPOHbI, COOTBETCTBEHHO MapaJjiiiesibHble CTO-
POHAM BBLICOTHOTO TPEYroJIbHUKA; IPYTHMH CJIOBAaMH, OH Obl1 Obl eMy MoJ100€eH

u, GoJiee TOro, romoTeTHueH. Yura-

C TeJsb J0KaXKeT CaMOCTOSITENIbHO, UTO,

KpOMe CaMOro BbICOTHOTO TPeyroJib-

HHKA, JPYroro Takoro TpeyroJbHHKa
I He cyulecTByerT (puc. 200).

T —— [Tokakem, HakKoHel, MO-TPeX-

| HeMy OrpaHHuUMBasiChb CJyuyaem OCT-

| POYTrOJILHOTO TPEYroJibHUKA, UTO Me-

PUMETP  BBICOTHOTO TPEYroJbHHKA

B MeHblIle, yeM Jio6ast yABOE€HHAs Bbl-

\ coTa JaHHOro TpeyroJbHuKa. [Ipo-

A M-S BeneM npsimble QP 1 QR u 3arem

\ 13 BepuinHbl B (puc. 201) onyctum

Puc. 201. K noxasatenbetBy MuHAManpHo-  [CPHCHIHMKYJISIPEL Ha  TPSIMBIC QP,

ro CBOKCTBA BBICOTHOIO TPEYrOJIbHHKA @R u PR; nycts L, M u N — ocHo-
BaHMsI 3THX TeprneHaAuKyasapoB. Tak

Kak otpe3kn QL u QM sBASIOTCS MPOEKUMSIMH BBICOTHI B Ha TpsiMble
QP u QR, To QL + QM < 2QB. Ho QL + QM = p, rie uepes p o603Ha-
YeH MepuMeTp BbICOTHOTO TpeyroJbHHUKa. JleiicTBUTeNbHO, TpeyrosbHukn MRB
u NRB paBHbl, Tak Kak ZMRB = ZNRB, a yruel npu BepmxHax M u N
npsimble. 3uauut, RM = RN; u nosromy QM = QR + RN. Touno rtak »xe
Mbl y6exnaemcsi, uto PN = PL u, cienoBatenbio, QL = QP + PN. Otciona
BbITeKaeT: QL + QM = QP + PN + QR + RN = QP + PR+ RQ = p. Ho
paHblile 6bUI0 MOKa3aHo, uto 2B > QL + QM. Vtak, p meHblile, ueM yjiBO-
eHHasi BbicoTa QB. D10 xKe paccyxkJieHHe MOXKET ObITh MPUMEHEHO H K KaXJI10i
M3 JBYX IPYrUX BBICOT. TakUM 06pa3oM, MHHHUMaJbHOE CBOHCTBO BBICOTHOTO
TPeyTroJIbHUKA TOKa3aHO MOJHOCTBIO.

Mexy npounM, NMpHUBeeHHOe MOCTPOEHHE M03BOJISIET HEMOCPENCTBEHHO BbIYKC-
JuTh p. Mbl 3HaeMm, uto yribl PQC u RQA paeubl yruty B, tak uto ZPQB = ZRQB =
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=90° — B u cos ZPQ@B = sin B. O1ciozia cyiefyet, ¢ MOMOLILIO 3/J1eMeHTapHbIX TPUTO-
HOMeTpHUeCKHX coobpaxkeHuil, uto QM = QL = @QBsinB, u p = 2QBsin B. Takum
’Ke 00pa3oM MOXKHO MMoKasaTb, uto p = 2PAsinA = 2RCsinC. M3 Tpuronomerpuu
u3BecTHo, uto RC = asinB = bsinA u 1. 1., otkyna caenyer: p = 2asin BsinC =
= 2bsinCsinA = 2csin Asin B. 11 HakoHell, BBOJSI pajuyc OMHCAHHOTO Kpyra r W
NpUHUMasi BO BHMMaHue, uto a = 2rsinA, b = 2rsinB, ¢ = 2rsin C, Mbl noJyuum
CUMMETPHUHYIO (hOpMYJTy
p =4rsinAsinBsinC.

3. TynoyroJqbHble TpeyroabHUKU. B 0o6oux npeminecTByOUIMX jJ0Ka3a-
TeJILCTBAX TpearoJarasoch, yro Bce tTpu yria A, B, C octpble. Ecau 6wl
ckaxkeM, yrosi C 6b11 tyno# (puc. 202), To Toukn P u @ snexann Gbl BHe Tpe-
yroJsibHUKa. [103TOMY, CTPOro roBopsi, BEICOTHBIH TPEYTOJbHUK Y2Ke Heslb3sl ObLIIO
Obl CUMTaTb BIUCAHHBIM B JAHHBIH, €CJH TOJbKO Mbl HE YCJOBHUMCSl 3apaHee
Ha3blBaTb BIHUCAHHBIM TaKOH TPEYroJibHUK, BEPLUIMHbI KOTOPOTO JIEKAT HA CTO-
pOHAX JaHHOTO TPEYroJibHUKA WJIM Ha MX MpoJo/KeHusiX. Kak 6bl To HU GblJI0,
BBICOTHBIH TPEYroJlbHHK B pacllu-
pPEHHOM CMblcsie He o6Jagaer MH- Q_ -
HUMaJIbHbIM TEPUMETPOM, TaK Kak §
PR > CR, QR > CR, u, 3Hauwur,
p=PR+ QR + PQ > 2CR. Tak
KaK pacCyKIeHHEe B TepBOH 4aCTH
OCJIIHEr0 J10Ka3aTe/IbCTBa MOKa-
3bIBaeT, UTO MHHUMaJbHbBIH TepH-
METp — €CJIM TOJIbKO OH He jnaercs A R B
BBICOTHBIM TPEYrOJILHUKOM — JIOJI-
JKeH ObITb paBeH OJHOH U3 YIBOECH-
HBIX BBLICOT, TO OTClOJa JIerKO 3a-
KJIOUUTb, UTO B CJyYae TYMOYrOJbHOTO TPEYTroJbHUKA «BIHCAHHBIH TPEYTroJib-
HHUK» C HAaUMEHbLUWM TIEPUMETPOM €CTh He UTO HHO€, KaK BbICOTA, ONYyLUEHHAs U3
BEPLUMHbI TYNOTO YIJa, yUMTbiBaeMasi B 000UX HalpaBJjeHHUsIX; XOTS TPEYroJib-
HHUKA B COOCTBEHHOM CMbIC/€ 3[eCb W HeT, OJHAKO MOXKHO BCe »Ke yKasaTb
HACTOSILIME BIMCAHHbIE TPEYroJbHUKH, EPUMETPbl KOTOPbIX KaK YrofHO MaJo
OTJIMYAIOTCS OT YJABOEHHOH BBICOTHI. B NMpoMeKyTouHOM ciyuae, Korjia JaHHbINH
TPEYTOJbHUK TIPSIMOYTOJ/IbHBIN, 0062 pelieHHs (BbICOTHBIH TPEYTrOJbHUK U YIBO-
eHHas BbICOTA, OMNYLLEHHAsl M3 MPSIMOTro yrJa) COBNajaioT.

He suwen uHtepeca Bornpoc o ToM, He 00J1alaloT JI KaKUM-HHOYIb IKC-
TpeMaJIbHbIM CBOHCTBOM BBICOTHbIE TPEYTOJbLHUKH JAHHBIX TYTOYrOJbHBIX Tpe-
yrosibHUKOB. He nMesi BO3MOKHOCTH MOAPOOHO paccMaTpuBaTb 3TOT BOMPOC,
OTMETHUM JIMLIb, YTO TAKH€e BBICOTHbIE TPEYroJbHUKH He 06pallaloT B MUHHMYM
CYMMy CTOPOH p + ¢ + r, HO 3aTO 00ecleuuBaloT CTaLMOHAPHOE 3HAUeHHEe THIIA
MHHUMAaKca J/1s BBIPaXKEHUsl BUAA p + ¢ — r, Te ¥ — Ta CTOPOHA BIMUCAHHOTO
(B paclUMPEHHOM CMbICJIE ) TPEYroJbHHKA, KOTOpasi COOTBETCTBYET TYMOMY YIJIy.

Puc. 202. BbICOTHBIl TPEyroJibHUK B TYINO-
YrOJIbHOM TPEeYroJibHHKe
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4. TpeyrosbHUKK, 00pa3oBaHHble CBETOBbIMHU JyuyamMu. Ecgu jonyctum,
uyto TpeyrofbHuk ABC uzobpakaeT KOMHATYy C 3epKajbHbIMH CTEHAMH, TO
BBICOTHbBIH TPEYrOJIbHUK OMNpeAe/seT €IMHCTBEHHbIH TPEYroJbHbIH KOHTYP,
KOTOPBII MOXKeT ObITb 00pa3oBaH CBETOBbIM
JaydoM. Jlpyrue 3aMKHyTble MHOTOYTOJIbHBIE
KOHTYPbl TaK)Ke He HCKJIOUEHbl, KaK MoKa-
3biBaeT puc. 203, HO TOJILKO BLICOTHBIH Tpe-
YrOJIbHHK HMEET TPH CTOPOHBI.

O60611MM paccMaTpuBaeMyto npobJemy u
CIpoCUM cebsl 0 BOBMOXKHBIX «CBETOBBIX Tpe-
yroJibHHKax» B IPOU3BOJILHON 06J1acTH, orpa-
HUYEHHOHW OJHOW WJH HECKOJIbKHMH TJIaJdKh-
MH KPHUBBIMH; TOUHEE FOBOPS, HAC HHTEPECYIOT
TPEYroJIbHUKH, BEPLIMHBI KOTOPBIX JexKaT Ha
Puc. 203. 3amkHyTbiil cBeToBoji  3aJAHHBIX KPUBBIX, a KaXJIble JIBE MPHJIEHKa-

MyTh B TPEYTOJBHOM 3epKajle 11iMe CTOPOHbl 00pasyloT paBHble YIVIbl ¢ CO-
oTBeTCTByIoleH KpuBOH. Mubl Bujenn B § 1,
YTO PABEHCTBO YIJIOB SIBJISIETCS HEOOXOAUMBIM YCJIOBHEM KaK /IS MAKCHMyMa,
TaK W JJIi MHHUMyMa CYMMbl COOTBETCTBYIOLIMX CTOPOH, TaK UTO, CMOTPS
1o o6CTOSITE/IbCTBAM, MOTYT BO3HUKATb Pa3/MUHble THIbl CBETOBBIX TPEYTOJlb-
HukoB. Tak, paccMaTpuBasi BHyTPEHHOCTb €IMHCTBEHHOH 3aMKHYTOH IVIaJKOM
KpuBOi C, Mbl MOXKEM CKa3aTb, UTO BIUCAHHBIN TPEYTOJbHUK MaKCHMaJbHOTO
nepuMeTpa A0JKeH ObITb «CBETOBBIM TPEYroJbHUKOM», 00J1a1alolHuM Bblllie-
OMUCAHHBIMU CBOHCTBaMH. M mpennosioxum elile, UTo KaxKaasi U3 BEpILUMH
TpeyrosibHika ABC nMeeT MpaBo HAXOAUTHCS HA el COOTBETCTBYIOLIEH OAHOH
13 TpeX 3aMKHYTbIX IVIaJIKUX KpuBbIX (ness Mapcrona Mopca). Torna cBeToBble
TPEYTOJbHUKH XapaKTepU3ylOTCs TeM CBOHCTBOM, UTO HX MEPUMETPbl UMEIOT
cTaluoHapHble 3HaueHus. Ho Takoro poja 3HaueHHe MoxeT GbITb MMHHMAJb-
HBIM T10 OTHOILIEHHWIO KO BceM TpeM BepumHam A, B, C; Win MoxXeT ObITb
MHHUMAaJIbHBIM 110 OTHOLUEHMIO K JBYM KaKHM-JHOO BeplIMHAM M MaKcHMaJlb-
HbIM MO OTHOLIEHHIO K TPeTbel, MW MMHHMAJbHBIM 1O OTHOLIEHHIO K OJIHOM
KaKOH-HUOYIb W3 TpeX MU MaKCHUMaJbHbIM OTHOCHTEJbHO JBYX APYIHX; WJIH,
HaKOHell, MaKCUMaJslbHbIM OTHOCHTEJBLHO Bcex TpeX. Bcero, Takum o6pasom,
CYILECTBYET MO MeHbluell Mepe 23 = 8 THIMOB CBETOBBIX TPEYrOJbHHKOB, TaK
KaK 0 OTHOLUEHHIO K KaxK[10H W3 BEPLIMH, U MPUTOM HE3aBUCHMO, BO3MOXKEH
MaKCHMYM WJIH MHUHHMYM.

*5. 321M(3'-lilHl/l$lY Kacawiuecsd 3aaa4y Ha OTpaxKe€Hue U aproauyvyeckoe
JBUXKEHHUE. B nuHamuKe u B ONTHKE NnpeacTaBJasdeTCs 3ajauein HepBOCTeHeHHOﬁ
Ba2KHOCTH [aTb OINUCAHHUE MYTHU HJAU KTPACKTOPUHU>» UYACTHUILbI HJIU CBETOBOI'O
Jiyda B MPOCTPAHCTBE Ha MPOTSKEHUHW HEOIPAHUUYEHHOI'O MPOMEKYTKa BpeMe-
HH. Hpezmonaraﬂ, 4YTO TO HJIM HUHOE HpI/ICHOCO6JIeHI/I€ qJI/I3I/I'-I€CKI/I MPpUHY2KAAeT
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YaCTULY HJIK JIyU OCTaBaTbCsl B HeKOTOpOﬁ OI‘paHH'—leHHOﬁ YacTH NMpOCTPaHCTBaA,
0COOEHHO HUHTEPECHO YCTAaHOBHUTDL, 3allOJIHAET JIK TPACKTOPUsl B Mpeaese 3Ty
4acCTb NMPOCTpaHCTBa MOBCIOLY C HpI/I6J]I/I3l/ITeJ1bHO OJINHAKOBOHW «TJIOTHOCTBIO».
TpaeKTopI/m, o6J1aa01ast TAKUM CBOﬁCTBOM, Ha3bIBaeTCsd SPZOQM%ECKOLZ. ﬂO—
MyleHne CyueCTBOBaHUsA SpFOﬂquCKOﬁ TPACKTOPHHU SBJACTCS UCXOJIHOM THUITO-
Te30H N5 NPUMEHEHHUs1 CTATUCTUYECKHUX METOJOB B COBPEMEHHBLIX NHHaMHue-
CKHX W aTOMHbBIX T€OPHUSIX. Ho u3sBecTHO JMIIL OYeHb HEMHOTO cmyaum?l, npu
KOTOPBIX MO2KET ObITh [IPOBEACHO CTPOroe MaTeMaTH4YeCKOe N0Ka3aTe/JbCTBO

<<3pronnqecxop°1 TMITIOTE3bI».

Puc. 204—207. Uerbipe THNa CBETOBBLIX TPEYTOJLHUKOB MEXY TPeMsi OKPYKHOCTSMU

[Tpocrefine npumepbl OTHOCATCS K CJlydato, KOrja JBHXKEHHE MPOUCXO0-
JIUT Ha TUIOCKOCTH BHYTPHU 3aMKHYTOH KpuBo#H C, MpHueM MNpearnosaraercs,
uTo «cTeHKa» C mnpejcTaB/seT co00H MaTeMaTHUECKH COBEpLIEHHOE 3epKa-
JI0, OTparkarolllee yacTHLy (B OCTaJbHOM — CBOOOJIHYIO) MOJ TeM Ke YIJIOM,
0] KAKUM OHA MNajlaeT Ha CTeHKy. Tak, Hanpumep, NPsIMOYTrOJIbHbIA SILIUK —
M1ea/JU3UPOBAHHBII OMJIbAPIAHBIA CTOJ C COBEPLUEHHBIM OTPaKeHHEM, IIpHYeM
paccmarpuBaeMasl 4acTHUa Urpaet poJib OMJbAPAHOrO Lapa, — o0ecleyuBaeT,
BOOOLE TOBOPS, IPrOAUUECKOE IBHKEHHE: HIeaNbHbIA «OUIbAPAHBIH LIap» Ha
MPOTS2KEHUH O@CKOHEUHOr0 IPOMEXKYTKa BpeMeHH [00blBaeT B OKPECTHOCTH
J1000J Hanepe], 3aJaHHOH TOUKH, €CJIM TOJbKO HCKJ/IOUHTb HEKOTOpble 0coOble
HavdaJ/lbHbIC TOJIO2KEHH S U HallpaBJCHUS IBUKEHUS. Mbl He MNpUBOJKUM 31€Ch N0~
Ka3aTesbCTBa, BIIPOYEM, He MPEeACTABJAIOLEr0 TPYAHOCTEH MPHHLMINAILHOTO
nopsiaKa.
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Oco6eHHO JI0GONBITHO ABHXKEHHE HA 3JJIMITHUECKOM cToJie ¢ hoKycamu F
u Fy. Tak KaK KacatesbHasi K 3JI7IMICy 00pa3yeT OIMHAKOBbIE YTJIbl C OTPE3KaMH,
MPOBEJIEHHBIMU U3 (POKYCOB B TOUKY KacaHHs, TO Kax/lasg TPaeKTOpHsi, TPOX0-
Js1asi uepe3 oiMH M3 (hOKYCOB, JaeT OTpaKeHHe, MpoXojsllee uepes Apyron
doxkyc, u T. 1. HeTpyaHo ycMOTpeTh, 4To MocJse 1 OTpaXKeHHH, He3aBUCHMO OT
HAualbHOTO TIOJIO’KEHHS], TPAEKTOPHUS MPH 71, HEOTPAHHUEHHO BO3PACTAIOLIEM,
6ynet npubJMKaThest K 60JbLI0H ocH F|Fy. Ecsin Haua/bHbIN Jyd He TTIPOXOJUT
uepe3 (hoKyc, To BO3HUKAIOT JIBE BO3MOXKHOCTH. MM HayaJbHBIH JIyd MPOXOAUT
Mmexncoy poKycamu: Toria Bce OTpaXKeHHble TPAEKTOPHH OYIyT TPOXOANTh MEXK-
1y hoKycamu, npuuem OyayT KacaTeJbHbIMU K HEKOTOPOH runepbodie ¢ TeEMH Ke
tokycamu F| u Fy. Vlan ke HavasbHbIN Jiyd He pasdeasem ¢hoKycos: Toraa
9THM K€ CBOHCTBOM OyayT 00/1aJlaTh BCE OTPaKCHHbIE JIYUH, NIPUUEM BCE OHM
6yyT KacaTbCsl HEKOTOPOTO 3Juurca ¢ TeMu ke dokycamu F| u Fy. Takum
00pa3oM, JBHKEHHE BHYTPH 3JUIMIICA HH TIPU KAKUX HauyaJbHBIX YCJOBHSIX He
OKA3bIBAETCS 3ProIHUECKUM.

YnpaxHenus. 1) Jlokaxure, uto ecjiM HauyajbHbIA Jlyd MPOXOJUT yepe3 KaKoki-
HUOY/b OKyC 3JuUIMIICa, TO €ro n-€ OTPaKEeHHe MPH HeorpaHMYEHHOM BO3pacTaHUH 7
CTPEMHTCS K GOJIbLLIOH OCH.

2) JloKaKuTe, 4TO €CJ/IM HaudaJbHbIHA Jyd TMPOXOJUT Mexy (OKycaMu 3JuIuIca, To
3THM K€ CBOHCTBOM 00J1a/laloT BCE OTPAXKEHHbIE JIyUH, U BCE OHU KacaTeJibHbl K HEKOTO-
poii runep6oJie ¢ pokycamu Fi u Fo; TOUHO TaK Ke, €CJIM HAUaIbHbIH JIyd He TPOXOIUT
Mex1y (GOKyCcaMH, TO STHM XKe CBOMCTBOM 00JIA/IAIOT BCE OTPAXKEHHbIE JIyUH, H BCE OHH
KacaTesibHbl K HEKOTOPOMY 3JutHIicy ¢ dokycamu £ u Fo. (¥kazarue: ycTaHOBUTE, UTO
JI0 OTPaKEHHUsI M MOCJIe OTPaKEHHs1 B TOUKe R Jjiyd 06pasyeT COOTBETCTBEHHO OIMHAKOBbIE
yribl ¢ oTpe3kaMu RF| 1 RF2, NOTOM JIOKaXKUTE, UTO COPOKYCHblE KOHMUECKHE CEUeHHUs!
XapaKTepU3yITCsl OTMEYEHHBIM 00CTOSITEbCTBOM. )

§ 5. llpo6aema LlteiiHepa

1. Mpobaemau ee pewenne. OueHb NpocTasi U BMECTE C TEM MOYUUTEb-
Hast npo6JsieMa Oblj1a u3ydeHa B Hadase XIX cTosieTHsi 3HaMEHUTBIM GepJIMHCKUM
reomerpoM Slko6om Ll Tefinepom. TpeGyercss coenHUTb TpH AepeBHH A,
B, C cucremoli opor TakuM o6pa3oM, uTo6bl X 0611asi TPOTSKEHHOCTb Gbliia
MHHUMaJIbHOH. B 6osiee TouHOl MaTeMaTHyecKoi (popMyJIMPOBKE: Ha MJIOCKOCTH
naHbl TpU Touku A, B, C; Tpebyercsi HAWTH TaKyl0 UETBEPTYIO TOUKY P, uToGbI
cymma a + b + ¢ (rne a, b, ¢ — paccrosiiust P cootBerctBenHo ot A, B, C)
obpaTtusiach B MHHUMyM. Peluenne nmpoGJemMbl TakoBO: €CJM B TPEyroJbHH-
ke ABC Bce yrsibl Menblie 120°, To B KauecTBe TOUKH P CJjelyeT B3ATb Ty,
13 KoTopoil Bce Tpu ctoporbl AB, BC, CA Bumubl noj yriom B 120°; ecsin xe
OJIMH U3 yryioB Tpeyrojibiuka ABC, nanpumep C, GoJblie uid paseH 120°, To
TOUKY P HY>KHO COBMECTHTb C BeplinHou C.

O6ocHoBaTb 3TOT pe3ysbTaT He MpeACTaBJseT TPyla, €CJH BOCHOJb30-
BaTbCsl peleHHEM y2Ke PaCCMOTPEHHbBIX IKCTPeMallbHbIX 3a1au. [1pennosoxum,
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yTo P ecTb HCKOMasi Touka. BO3MOXKHBI IBe asibTepHATHBBL: WM TOuKa P COB-
nanaet ¢ oaHo# us BepuwnH A, B, C, uwin P OTJHUHA OT BCEX TPeX BEpLIHH.
B nepsom caydae oueBuaHo, uto P 1o/pKHA ObIThb BEPLIMHON MMEHHO CaMoro
Gosibiioro yrsia C B TpeyrosbHuke ABC, tak kak cymma CA + CB MeHblie,

ueM CyMMa KakuX-HHOY/b JIBYX JIPYTHX CTO-
pon TpeyroibHnka ABC. Uto6bl Hcuep-
narb BOIMPOC, OCTAEeTCsl MpOaHAJU3UPOBATDH
BTOPOH BO3MOXKHBIH cjydah. [lycts K —
OKPYXXHOCTb ¢ LeHTpoM C H pajuycom c.
Torna Touka P noJkHa ObITb pacroJfiozKeHa
Ha K takum oGpasom, uto PA + PB oGpa-
uaetcs B MUHUMYyM. Eciai 06e Touku A u B
BHe K (Kak Ha puc. 209), To Ha OCHOBaHUH
§ 1 orpeskd PA u PB J0/KHBI 00pa3oBbli-
BaTb OJIMHAKOBbIE YIJIbl C OKPYXKHOCTbIO K
U, cale/loBaTelbHO, ¢ paanycom PC, KOTopblil
neprnenaukyasped Kk K. Tak kak 3to pac-
CY2KJIeHHEe MOXKHO MOBTOPHTb OTHOCHTEJILHO

B

)

C

Puc. 208. Tlpo6siema Ilreiinepa:
PA + PB + PC = minimum

OKPY>KHOCTH C 11eHTpOM A W pajiiycoM @, TO OTCIoJla CJEJlyeT, UTO BCE YIJIbI,
oOpasoBaHHble oTpeskamu PA, PB, PC, paBHbl MeX1y COGOH H, 3HAUMT, Kax-
Iblil 13 HUX paBeH 120°, Kak U ObLIO cKazaHo Bbillle. Hallle n1okazaTesibcTBO
OblJIO TIOCTPOEHO Ha JOMYILEHHH, UTo 06e Toukd A U B HaxonaTcs BHe Kpyra K;

Ba

Puc. 209. K npo6seme Llreitnepa

JIOKa)KeM, 4TO HHaye ObITb He MOXKET.
[Tyctb X0Ts1 Gbl OjiHa U3 Touek A, B, Ha-
npumep A, HaXOJUTCS BHYTPH OKPY?KHO-
cti K win Ha Hewt camoil. Torma AC < ¢;
TaK Kak, ¢ JIPyroil CTOPOHbI, MpH JI06OM
pacrnoJioxkennu Touek A, B, P cymma a +
+b>AB, 0o a+b+c>AB + AC.
ATo nocJieiHee HEPABEHCTBO TOKA3bIBA-
€T, UTO HauMeHblllee BO3MOXKHOE 3Haye-
HHe CyMMBI a + b + ¢ nosyunsioch Obl,
ecn Gbl P coBnanano ¢ A, 4To MpoTH-
BOPEUHT CJIeJIAaHHOMY JOTYIIEHHIO, UTO P
otmvuo ot A, B, C. Takum o6pasowm,
JIOKa3aHo, 4yTo Toukd A u B HaxoisTcs

BHe Kpyra K. TouHo Takum ke 00pa3oM JoKasbiBaeTcsi, uto Touku B, C
HaxoJATCsl BHe Kpyra ¢ LeHTpoM A u paaumycom a, a Toukd A, C — BHe Kpyra

C LeHTpoM B u paauycom b.

2. Anaaus BO3HUKAKLUX BO3MOXKHOCTEH. Yro06bI YCTaHOBUTbL, KOTOpast
HUMEHHO H3 JBYX BO3MOX>KHOCTEH HMeEeT MECTO, HaM MPHUIAETCs 06paTI/ITbCH K
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noctpoeHuto Touku P. Iyl HaxOXKAEHUs! TOUKH P, W3 KOTOPOH JBE CTOPOHbI
TpeyroJsibHuKa, HanpuMep AC u BC, Buanel mog yriom B 120°, nocrarouno
uepe3 Toukd A, C MPOBECTH TaKyl0 OKPYKHOCTb K|, Y KOTOPOH MeHblias 13
nyr AC copnepxana 6bl 120°, u uepe3 Touku B, C NMpoBeCTH OKPY:KHOCTb Ky,
00J1a1AI0LLYI0 TAKMM K€ CBOUCTBOM; 3aTeM B34Tb TOUKY IepECCUCHUs ABYX JYT,
cozepxKamx no 120°, ecqu TONBKO 3TH JIyTH NEHCTBUTENLHO TEpeceKaroTCs.
M3 Touku P, HaiineHHO! TakuMm o6pasoM, ctopoHa AB HempeMeHHO TakkKe
6yner BuaHa nof yriaom B 120°, Tak Kak cymMma Tpex YIJIOB C BeplidHo# P
paBHa 360°.

M3 puc. 210 BuaHo, uto ecsau Bce TpH yraa TpeyrojbHuka ABC MeHb-
we 120°, To ABE yNOMSIHYTbIE IyTH HEMPEMEHHO MepeceKyTCsl BHYTPH TPEYTroJib-
Huka. C Jpyrofi CTOpOHbI, e€C/H OAMH U3 YrJoB TpeyroneHuka ABC, Hanpu-
mep C, 6ogbiie yem 120°, To ayrd, 0 KOTOPLIX WJAET peub, He MepeceKyTcs
(puc. 211). B atom cayuae He CyLIeCTBYeT TOUKH P, U3 KOTOpOH KaxKaas U3
Tpex ctopoH ABC Oblia 6bl BUAHA nof yraom B 120°: okpyxHoctH K u Ky
nepecekaroTcst B Touke P’, U3 kotopoii ctopodbl AC 1 BC BHIHBI MO YIJIOM
B 60°, ¥ TOJILKO OJIHA CTOpOHA AB, MPOTHBOJIEKAILIAST TYTIOMY YIJIy, BUIHA O]
yrjom B 120°.

Ecsin omuH U3 yrjioB TpeyrosbHuKa OoJblie 120°) To, KaK Mbl TOJBKO UTO
BUJIEJIH, HET TaKOH TOUKM P, U3 KOTOPOH KaxJas M3 CTOPOH BHJHA MO YIJIOM
B 120°; 3Hauut, Hckomasi Touka (B KOTOPOH NOCTHUraeTcsi MUHUMYM) JIOJ/KHA
COBIAAATh C OJIHOH U3 BEPILIMH (TaK KaK 3T0 HAa ocHoBaHUU § | — enuHCTBeHHAS
MHasi BO3MOXKHOCTb), & UMEHHO, C BEPLIMHOH TYIOTO yrJja.

Ecsn e y TpeyrosbHUKa Bce yribl MeHblie 120°, Torna, Kak Mbl BHe-
JIM, TOUKY P, U3 KOTOPOH BCe CTOPOHBbI BHAHBI Toj yriaoM B 120°, MOKHO
noctpouTb. Ho, uTo6bl p0Ka3aTebeTBO ObLIO 3aKOHUEHO, HYXKHO ellle A0Ka-
3aTb, UTO JIsl TaKOH TOuKM P cymma a + b + ¢ MeHblie, yeM Jyist J10OOH U3
BEpUIMH TPEYroJibHUKA (Tak Kak ellle MOKAMECT HEeM3BECTHO, KOTOpasi U3 JBYX
BO3MOXKHOCTEH B paccMaTpMBaeMOM cJjyuae uMmeeT mecto). Mrtak, nokaxem,
Hanpumep, uto a + b + ¢ menblue, ueM AB + AC (puc. 212). C 31o#i Lesbio
MPOAOJLKAM OTPe30K BP U CrpoeKTHpyeM TOUKy A Ha MOJyueHHYIO MPsMYIO;
nycTh HailjieHHast npoekuusi ectb D. Tak kak, oueBunno, ZAPD = 60°, To

JUiMHa npoekiwmu PD paBHa éa. Tak kak BD ectb npoekuusi AB Ha mnpsi-

myto BP, to, sHauut, BD < AB. Ho BD =06 + %a; nostomy b + éa < AB.
CoBeplieHHO TaKUM Ke 06pa3oM, NpoeKTupys A Ha npojo/mkeHue otpeska PC,
MBI y6exnaeMcest, uTo ¢ + %a < AC. CkuanpiBasi [Ba MocJIeIHUX HepaBeHCTBa,

noJsiyyaeM: a + b + ¢ < AB + AC. Vtak, uckomast Touka He MOKET HaXOAUThCsI
B BepuinHe A. Tak Kak, aHaJOrHYHO, OHA HE MOXET HAXOJUTbCSA TaKXKE B
BepumHax B uian C, To, CleloBaTesbHO, HalIeHHasi Toyka P, W3 KOTOpOi
CTOPOHBI BUHBI 1oJ] yryiom B 120°, peliaer 3anauy.
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Puc. 210—212. K ananuay pasnuunbix Bo3MmoxkHocTell B pobiieme [lteiinepa



386 MAKCHMMYMb]I U MUHMMYMBbI 1. VII

3. JonoauureabHas npo6aema. PopmasbHble MaTeMaTHUECCKHE METOJIb
HepelKO BeIyT JaJjbliie MOCTAaBJIECHHBIX 3apaHee uLesell. Tak, ecad yroJ mnpu
BepunHe C Gosbiie 120°, To BMecTo Toukn P (KakoBasi COBMAAaeT Ha 3TOT
pa3 ¢ Toukoil C) mpouenypa reOMETPUUECKOro MOCTPOEHUS NAeT JPYryo
TouKy P’ — Ty, U3 KOTOpOH HauGoJbllasi CTOpOHa TpeyroJbHuka AB BHIHA
nox yriom B 120°, a nBe
JIpyrye CTOPOHbI MOJA YIVIOM
B 60°. Koneuno, touka P’ He
JlaeT pellieHust paccMaTpuBa-
eMOoi MpoOJieMbl, HO MOXKHO
JI0Ta/IbIBaThCSl, UYTO OHA UMeeT
KAaKOe-TO K HeH OTHOLIEHHE.
OkasblBaercsi, B caMoM JeJie,
yTo Touka P’ peliaer cJieuy-
[01Ly10 Mpo6JemMy: MHHUMH3H -
poBaThb BblpaxkeHHe a + b — ¢. Jloka3aTesbCTBO, BIOJIHE aHAJOTMYHOE H3J10-
JKEHHOMY BbILLIE JUIs1 CJlydasi BblpaxkeHUsl @ + b + ¢ U ocCHOBaHHOE Ha pe3yJibTa-
Tax U3 . 5 § 1, mpenocTaB/sieTcs B KauecTBe yrnpaxkHeHus uuratesto. CoeuHss
BMECTE TOJIyUeHHbIE BbIBOJIbI, Mbl IPUXOJUM K 0OlIeH TeopeMe.

Ecau Bce yribl tpeyrosibHuka ABC wmenbiie 120°, To cymma a + b + ¢
paccrosinuii a, b, ¢ HekoTOpol TOukW oT Touek A, B, C (COOTBETCTBEHHO)
oOpallaeTcs B MUHUMYM B TOuke P, U3 KOTOPOH KaKaasi U3 CTOPOH BHJIHA TOJL
yrsom B 120°, a Bblpaxenue a + b — ¢
obpaliaercs B MUHHMYM B BepiunHe C; 4
€CJIM K€ OJIMH U3 yIJIoB, cKaxeM C, 60Jib-
we 120°, o a + b + ¢ MUHUMH3UPYETCS B
touke C, a a + b — ¢ — B Touke P’, U3 Ko-
TOPOIi JIB€ MEHbIIHE CTOPOHbI TPEYTOJIbHI-
Ka BUHBI N0 yryioM B 60°, a 66JibIast —
no yrsiom B 120°.

Takum o6pa3om, U3 JBYX MHHHUMAaJb-
HbIX MpoOGJieM BCerja ojHa peLlaeTcs no-
CTPOEHUEM OKPYKHOCTEH, pelleHHe Ipy-
roil naercst ofHOM M3 BepluMH. B ciayuae, !
korna ZC = 120°, peuenusi o6enx npo- u ¢ 4
6J1eM COBMaJaloT, Tak KakK Touka, I0Jy- Puc. 214. ﬂpy[‘oe JI0Ka3aTeJIbCTBO
yaemast IIpu reoMeTPHUECKOM ITOCTPOEHHH,  mpaBuibHOCTH peluenust LLrefinepa
okasbiBaetcsl BepluuHo# C.

Puc. 213. JonosHuresnbHas npodjema

4. 3ameuanus uynpaxseHus. 3 mpousBosbHOI TOUKH P, B35ITOH BHYTpH
paBHOCTOpPOHHero TpeyroJbuuka UVW, onyctum nepnenaukyasipsl PA, PB, PC
Ha Tpu ctoponbl (puc. 214). Torna touku A, B, C u P o6pasyloT Kak pas
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Takylo (Urypy, Kak Mbl pacCMaTpHBaJd Bblllle. DTO 3aMedaHHe MOXKeT ObITb
MCIOJIb30BAHO NpU pelleHuH npobseMbl [lTeliHepa: 10CTATOUYHO, MCXOAA U3
touek A, B, C, HaliTh BepLINHBI PaBHOCTOPOHHero Tpeyrosbhuka U, V, W.

YnpaxHenus. 1) Boimosnure ykazaHHoe 1nocTpoeHHe, OCHOBbIBAsiICh Ha TOM 00-
CTOSITEJILCTBE, UTO CyMMa TpeX MepHeHIUKYJISIPOB, ONYLIEHHbIX Ha CTOPOHbI U3 MPOU3-
BOJIbHO# TOUKH P BHYTPH PABHOCTOPOHHErO TPEYTroJIbHUKA, MOCTOSIHHA, 8 UMEHHO, PaBHA
BbICOTE TPEYroJIbHUKA.

2) OcHoBbIBasicb Ha aHAJIOTHUHOM 0OCTOSITE/IbCTBE B CJjyuae, Korja P Haxoaurcs
BHe UVW, uccienyiite 10noJiHUTEIbHYIO TPOGJIEMY.

B TpexmepHOM MpoCTpaHCTBE MOXKHO PACCMOTPEThb MPoGJeMy, MOJ0OHYIO LITelHe-
POBCKOH: 10 3ajaHHbIM yeTbipeM Toukam A, B, C, D HaiiTh Takylo TOuky P, u4ToObl
cymma a + b + ¢ + d obpauianach B MUHHUMYM.

* ¥YnpaxHenue. Vccienyiite 3Ty TpexmepHyto npo6JieMy 1 JIONOJHUTENbHYIO K Heil
Metozamu § | uiM 2Ke MoJib3ysiCh NPaBUJIbHBIM TETPAIAPOM.

5. O606uieHune: npob6aema yaiuuHon cetu. B npobuseme Llrefinepa Gbiin
3ananbl Tpu Toukd A, B, C. Bbl1o Gbl €CTeCTBEHHO 00OOUIMTL 3Ty MPoOJeMy
Ha cJyuail 1 3aiaHHbIX Touek Ay, Ay, ..., A, ciaenyioumm o6paszom: Tpedyercs
HaWTH B TVIOCKOCTH TaKylo TOUKy P, uToObl cymMMa pacCcTosiHul @, + as + ... +
+ a, (tne a; o6o3Hauaer paccrosiive PA;) o6panianack B MUHUMYM. (B cayuae
UeThIpex TOUeK, PacroJioKEeHHbIX TaK, KaK MoKa3aHo Ha puc. 215, B kauectBe P
HYXKHO B3SITO TOUKY IepeceueHust nua-
roHasieil yeTbipexyroybHuka A;AsAszAy; Ay
MycTb UMTaTeNb MPOBEPUT 3TO B Ka-
yecTBe ympaxHenus.) dta oGoGumennas Al P
npobJema, takke uayuenHas lllreiine- As
pOM, He BeJleT K MHTEPECHBIM pe3yJbTa- Ay
TaM. B JaHHOM cJjyuae Mbl UMeeM JIeJ10
C MOBEPXHOCTHBIM 00001IeH1eM, 0106~
HbIX KOTOPOMY HeMaJsio BCTpeuaeTcst B
mMarematHyeckon Jutepatype. UToObl NOIYyYHTb AEHCTBUTEIbHO TOCTOHHOE BHU-
MaHus1 o6o01eHre npobJembl LLTeliHepa, MPUXOAUTCS OTKA3aTbCsl OT MOMCKOB
OJIHOH-€IMHCTBEHHOH TOUYKH P. BMecTo Toro nocraBuM 3ajadefl MOCTPOMTD
KYJIMUHYIO CETb» WJIM «CeTb JOPOT MEXKIy JNaHHBIMH JIepEBHAMU», 00/aaa0-
Iy}0 MMHHMaJIbHOH oOuiel aauHoi. TouHee, naHbl n Touek Ay, Ao, ..., A,;
TpebyeTcsl HAHTH TaKylo CBSI3HYIO CHCTEMY MPSIMOJHHEHHBIX OTPE3KOB, YTOObI:
1) no6ble aBe W3 JAaHHBIX TOUEK MOTJIH OBbITh CBSI3aHbl JIOMAHOH JHHHEH,
CTOPOHBI KOTOpPOH BXOJMJM Obl B COCTaB CHCTeMbl, 2) of6liasi JyiMHA BCeH
cUCTeMbl Oblla HaUMeHbLIeH.

PelieHue 3T0# 3aaud UMEET TOT WJIM MHOH BHJL B 3aBUCHMOCTH OT pacro-
JIOXKEHUs! IaHHbIX ToueK. YuTaTesb ¢ MOJb30H CMOXKET 3aHATbCsl GoJiee BHU-
MaTeJbHbIM PacCMOTPEHHEM 3TOro Bompoca, uexoas u3 npodJemsl tefinepa.

Puc. 215. MuHuMyM cyMMbl paccTosi-
HUU 110 YeTbIPEX TOUeK
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MBI orpaHHUNMCS 3/1eCh YKa3aHHeM Pe3yJIbTaTOB B TUITHUECKUX MPUMepax, H30-
6pakeHHBIX Ha puc. 216—218. B nepBom npumepe pelieHne faeTcst CHCTEMON
U3 TISITH OTPE3KOB C JABYMSl «KPATHBIMH TOUKAMH», B KOTOPBHIX CXOASITCS MO
TpU oTpeska, o6pasyst Mexxy co6oit yribl B 120°. Bo BTopom npumepe umcJio
KPaTHBIX TOUEK PaBHO TpeM. [1pH HEKOTOPBIX MHBIX PACMOJIOKEHHSX AaHHBIX
TOUEK yKa3aHHble (PUIyPBI He MOJMyYaloTCsl: BO3MOXKHBI CJTyUau «BBIPOXKAECHHUSY,
KOrjla Kakasi-HHOYIb OJHA M3 NAaHHBIX TOUeK (MJIM HECKOJbKO TaKHX TOUYeK)
CTAHOBHUTCSI caMa «KPaTHOH TOYKON» CeTH — TaKOB TPETHH H3 MpPHBEIEHHBIX
TIPUMEPOB.

As
Al A
A
A4 ! A4
Ay

A

A Az !
As As As

Puc. 216—218. Kparuaiiuasi cucrema nyreil, COeIMHSIOLMX JaHHbIe TOUKH

EcJin uncs1o JaHHBIX TOUEK paBHO 71, TO Bcero GyzieT He 6oJiee 1 — 2 KpaTHBIX
TOUEK, B KOTOPBIX CXOJSITCS MO TPH OTpe3Ka, o6pasys yrisl B 120°.

Pelienne npoGJembl He Bcerna eIMHCTBeHHO. Tak, ec/i ueThipe JaHHble
TOUKH PacrioJsIoxKeHbl B BeplIMHAX KBaApaTa, TO BOSHHKAIOT JBa SKBHBAJICHTHBIX
peutenus (puc. 219, 220). Ecnu touku Ay, Ay, ..., A, SBJASIOTCSA BeplIMHAMH
JIOMaHOH JIMHHM C YIJlaMM NpH BeplUHHAX, A0CTaTOuHO Gsiua3kumu K 180°, To
cama JloMaHasi sIBJISIETCS pPELeHHEM.

AP

Puc. 219—220. Kparuafilye cucteMsl myTeil, COeUHSIOLIME BEPLIMHBI KBapaTa
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§ 6. AkcTpeMyMbl U HEpaBeHCTBaA

OHO# M3 XapaKTepHbIX UEPT BBLICIIMX Pa3/ie/ioB MaTeMaTHKH SIBJISETCS Ta
BblJAIOMIAACS POJib, KOTOPYIO B HHX UIpPAlOT HepaBeHCTBa. B cyuiHocTH, aobas
MakKcHMaJibHasi Npo6JeMa BCera MpUBOAUT K HEPAaBEHCTBY, BbIpaXKatoleMy TOT
thakT, uTO paccMaTpuBaemasi nepeMeHHasi BeJMUYHHA He MpeBbIlIAeT HEKOTO-
pOro MakCHMAJIbHOTO 3HAUEHHsl, NOCTABJSIEMOr0 pelleHHeM 3TOH TMPOOGJEMb.
Bo mHorux ciayuasix noJyuyaemble TaKHM 00pa3oM HEpaBEHCTBA 3aCJly:KHUBAIOT
BHUMaHHSl U HE3aBUCHUMO OT KCTPEMaJIbHOH NpoOGJeMbl, K HUM MPHBOJSILLEH.
B kauecTBe npumepa Mbl pacCCMOTPUM CeHuac BayKHOE HEPABEHCTBO, CBA3bIBA-
folee apumMeTHUECKoe U reoMeTpHUECcKoe CpeaHHe.

1. CpenHee apudmeTHyeckoe M cpeiHee reomMeTpuyeckoe ABYX MO-
JIOXKMTEJNbHBIX BeJHYUH. 3ariMeMcsl MpeKie BCEro oueHb MPOCTOH MaKCH-
MaJIbHOH MPOGJIEeMOH, C KOTOPOH 4YacTO NPHXOAUTCSA BCTPEUATbCA M B CAMOU
MaTeMaTHKe, U B ee MpUJIoKeHUsIX. B reomeTpuueckoi hopmyiupoBke npobiie-
Ma 3Ta 3aKJ/I04aeTcs B CJEMYIOLIEM: CPeH BCeX NPSAMOYrOJbHUKOB C Hamnepesn
3aJIaHHBIM TIEPUMETPOM HAHTH TOT, KOTOPbIA HMeET HAaHUOOJbLIYIO TJIOLIAMb.
Peluenuem, Kak HeTpyaHO forafatbesi, siasercsl KBaapar. JlokasaTb 310 MOXK-
HO cyelylolluM paccyxkaeHueM. [lyetb 3ananublit nepumeTp paseH 2a. Torna
CyMMa X + y JUIMH JABYX MpUJIEXKALUUX CTOPOH IPSIMOYroJIbHHKA X U Y paBHA
MOCTOSIHHOH BeJIMUMHE d, @ B MAaKCUMYM CJlefyeT oOpaTUTb MPOHM3BEICHHE XY.
«CpeHee apUpMeTHUECKOE» BEJMUHH X H Y €CTb He UTO HHOE, KAaK BbIpayKeHHE

_ Xty
m==—=.

BBenewm eriie Beauunny B
d=54,

npnqu HOJIyllaTCﬂ COOTHOLUEHUA
x=m-+d, y=m—d,
U3 HUX BbITEKAET, UTO
2
xy=(m+dYm —d)=m* —d* = (*TL) — "

Tak Kak d> He MOXKeT ObITh OTpULATENBHO, a ofpallaertcss B HyJb TOJBKO
MpH X = Y, TO Mbl HEMeJIJIEHHO NMPUXOJUM K HEPABEHCTBY

+
Vg < 5 (1)

TMpUUeM 3HAaK PAaBEHCTBA 3/leCh BO3MOXKeH TosbKo mpu d =0, T. e. mpu x = y.

Tak Kak x + y MMeeT MOCTOSIHHOE 3HAUYEHHE &, TO OTCIOJA CJEIYET, UTO
BbIPA)KeHHe /XY, a 3HAUMT, U MHTepecylollas Hac ILIOWAlb Xy NPHHUMAIOT
HauboJIblLIME BO3MOXKHOE 3HAaUeHUe IIPU X = y. BblpaxeHue

g=/xy,
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rjie pajKaj B3SIT B apU(PMETHUECKOM CMbICJe — CO 3HAKOM -+,— Ha3blBaeTCs
«CPEAHUM FeOMETPHUECKUM>» MOJIOXKHTENbHBIX BEJHUMH X U Y; HepaBeHCTBO (1)
BbIpaXKaeT OCHOBHOE COOTHOILIEHHE MEX]y CPEIHUMH apU(PMETHUECKUM U Teo-
METPHUECKHM.

HepaBenerBo (1) BbITeKaeT TakKe HEMOCPENCTBEHHO M3 TOro (hakra, uTo

BbIpaXKEeHHE
(VX = Vo) = x+y —2/xy,

Oy/yud TOUHBIM KBaJpaToM, He MOXKET ObITb OTPULATE/NbHBIM W oOpaliaercs B
HYJIb TOJILKO MIPH X = Y.
Bor euie reomerpuueckuil BbIBOJA TOrO »Ke HepaBeHCTBa. PaccMoTpum B
MUIOCKOCTH X, Y HEMOJBHXKHYIO NMPSIMYIO JIMHHIO X + y = 2m 1 BMecCTe C Hell
CeMeNCTBO KpHUBBIX (rumep6oJ)
Y XYy = ¢, IpUUYeM ¢ MOCTOSIHHO JJI51
KaxKJI0¥ KPUBOH, HO MEHsIeTCsl MTPU
nepexofe OT ONHOU KPUBOH K Apy-
roti. M3 puc. 221 scHo, uto KpH-
BOH, UMEIOLLEH XOTb OJHY OOLILYyI0
TOYKY C Halled MpsiMOd JiHHHeH
M COOTBETCTBYIOLILEH HAUOObllIe-
My 3HAUEHWIO ¢, SIBJISIETCS Ta TH-
nep6oJia, KoTopasi kacaetcst npsi-
MOH B TOUKE X = y = m; IJs
3TO runepOoJIbl, CJAEL0BATENbHO,
¢ =m?. Urak,

2
we (50

X =2m
Ty CJlejlyeT 3aMeTHTb, Y4TO BCSi-

Puc. 221. Makcumym xy mpu 3ajaHHoM 3Ha- KO HEPABEHCTBO BHIA f(x, y) <

deHHN X + ¢ < g(x, y) MO2KHO NIPOYECThb IBYMSI

crnoco6amu, ¥ MOTOMY OHO MOPO-

JKJaeT KaK MakCHMaJsibHOoe, TaK U MHHHMaJsbHOe cBorcTBa. Hampumep, Hepa-

BEHCTBO (1) BblpakaeT TakxkKe TOT (hakT, UTO CPeH BCeX MPSIMOYTrOJIbHUKOB C
JIAHHOH TMJIOLIA/IbI0 HMEHHO KBaJpaT UMeeT HaUMEHbLINH TepuUMeTp.

2. O6o06uieHre Ha caydaii n nepemeHHbIXx. Hepasenctso (1), cBsi3bI-
Batolllee CpejiIHie apu(METHUECKOE U TeOMETPUUECKOE JBYX MOJIOXKHUTEJbHbIX
BEJIMUHH, MOXKeET ObITh 0600111eHO Ha JII0O0E UHCIIO 1 TIOJOXKHUTENbHBIX BEJTHUHH,
KOTOpbIe Mbl OylieM 0603HauaTh X, Xa, X3, ..., X,. CpeHUM apHMeTHUeCKHM
ITHX BeJIMUHMH HAa3bIBAIOT BhIpayKeHHe

_)C1+X2+...+)Cn
m—f

)
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a CPEIHUM reOMeTPUYECKHUM — BbIpazKE€HHUE

g=XXy.. Xy,

npuueM HUMeeTcsl B BHJy BCETJa MOJNOXKHUTENbHOE 3HaueHHe paaukana. Obuias
TeopeMa yTBEPKAAET, UTo g<m 2)
1 UTO PaBEHCTBO g = 111 BO3MOKHO TOJILKO B TOM CJlydae, €CJIM BCe BEJIMUUHbI X;
paBHbI MeX1y cOOOH.

BbLio NpeJyio2KEHO MHOTI'0 pa3J/iIMYHbIX OCTPOYMHbBIX NOKa3aTeJIbCTB 3TOrO
obuero peaydbrara. [IpocTelunii METO 3aKJ/I0UaeTCsl B IPUMEHEHUH TOTO 2Ke
MPOCTOr0 paccCy»KjaeHusl, KoTopoe Mbl poBesu B nyHkre 1. Ilepex namu crour
npobJeMa: pasduTh JaHHOE TOJNOXKHUTENbHOE uuca0 C HA A MOJIOXKUTEJbHbIX
caaraemblx, C = x; + X9 + ... + x,, TaKuM 06pa3om, uToObl poudBeaeHue P =
= X|X9...X, ObUIO BOBMOXKHO 60J/bLINM. Mbl 6y1eM UCXOIUTb M3 JOMYLIEHHUS,
Ha TMEPBbIH B3I OUEBUHOTO, HO Mbl MO3/IHEe OYAeM UMETh CJlyuail ero npo-
aHasu3upoBath (§ 7), uto HanboJIblllee 3HAUeHHe P CyllecTBYeT U JOCTUTAeTCS,
CKaxKeM, MpH 3HAUEHUSIX X| = ay, Xo = o, ..., X, = a,. Ham JocTaTouHo ycra-
HOBHTb, UTO 4| = Ay = ... = Q,, 100 B 3TOM cJydae g = m. JlonycTum, 4to 3TO
He TakK: MycTb, HAMPUMEP, a; # ay. Torna paccMOTpUM 3HAUEHHS

Xy =S, X2 =S, X3=0a3z, ..., Xp =40y,

rae
: S:al+az
—5

JIpyrumu cjioBaMH, Mbl 3aMEHUM MPEKHIO CHCTEMY 3HAUEHUH BEJUUMH X; HO-
BOH CHCTEMOMH, KOTopasi OTJIMUAETCs OT TMPexKHEH JIMIIb TeM, UTO 3HAUEHHS JIBYX
MepBbIX BEJMUHH X| U Xy CJlelaHbl PaBHBIMU Mexay co6Goi, mpudyeM o61iast
cymma C ocraercst HeU3MeHHOH. Mbl MOXKEM HarucaThb

a,=s+d, a,=s—d,

re MOoJIOXKEHO
_ap—az

d= 2
HoBoe npoussesieHye paBHO
P=s’as...a,,
TOT/1a KaK MpekHee Mpou3BeseHHe GbLI0
P=(s+d)s—d)-as...a,=(s*—d*)-as...a,.

Ortcrona sicio, uto npu d # 0
P<P,

a 3TO TPOTHBOPEUUT CJIeJaHHOMY JOMYILEHHIO, UTO MpPOU3BeleHHe P uMeeT
MakcuMmaJsbHoe 3Hauenue. Mrtak, d =0, u torna a; = ay. Takum ke o6pazom
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JIOKa3bIBAETCs, UTO @y = @;, I7e a; o603HauaeT Joboe U3 UYHCe] a; OTCIOMA
cJIe[lyeT, UTO BCe YWCJa a paBHbl Mexay coboil. Mbl y6enuauch B TOM, UTO
1) g = m, ecny Bce uncsa x; paBHBI MexK1y co60il, 2) HanboJblilee 3HAUEHHE g
MoJlyuaeTcsl TOJbKO TOTJA, KOTAA BCE UMCJ/A X; paBHbl Mexay coboil. Orcrona
MOXKHO 3aKJIOUHTh, UTO BO BCEX MPOUUX cjyuasix g < m. Teopema nokaszaHa.

3. Merton HaumeHbluux KBaaparoB. CpejHee apudmerHyeckoe 71 Yu-
cesl Xy, Xo, ..., X, (KOTOpbIE 37€Ch HEeT HeoOXOJMMOCTH CUMTaTh 00si3aTesib-
HO TOJIOXKUTEJNbHBIMH) 06J1afiaeT 3ameuaTesbHbIM MHHHUMAJbHBIM CBOHCTBOM.
[TycTh 4 — uncyioBoe 3HaueHHe HEKOTOPOW HEM3BECTHOH BeJMUHHBI, KOTOpOE
Mbl XOTHM OIpEe/NUTh HAaCKOJIbKO BO3MOXKHO TOUHEE C IMOMOLIbI0 KaKoro-
TO HW3MepHUTeJbHOro WHCTpyMeHTa. [lycTh TpousBeneHO st 3TOH LeaH 71
M3MepeHHUH, KOTOpble JaJii pe3yJibTaThl X|, Xo, ..., X,, CJerka pasjnualolyecs
MexX1y coO0H, uTo 06yCJ0BANBAETCS HEU3OEKHBIMU M 3aBUCSILLMMH OT PasHbIX
MPUUYHH U3MepUTEesIbHBIMU ollIMOKaMHu. Bo3HKKaeT Bompoc: Kakoe Ke 3HaueHne
CJIeJlyeT MPUNHCATh BeJMUMHE i B KAuecTBe 3aCJ/yXKHBAIOLIEro HAHGOJIbIIEro
JoBepusi? B KauecTBe «UCTHHHOTO» WJH «ONTHMAJbLHOTO» 3HAUEHHS MPUHATO
BbIGUpATH CpejiHee apuhMeTHUECKOe
Xt Xt ...+ X

n

m

Jatb nogsmnHoe o60cHOBaHKe yKa3aHHOH npouenype Obl10 O6bl HEBO3MOXK-
HO, He yrayGJisisicb B MPOCTPaHHble PaCCyKAEHHUs, OTHOCSLIMECs K 00JacTH
TEOPUH BeposTHOCTeH. Bce e Mbl MOXKeM 31eCh OTMETHTb HEKOTOpOe MH-
HUMaJIbHOE CBOHCTBO CpelHel apuMeTHUECKOH 1M, KOTOpoe JI0 HEKOTOPOH
CTerneHu omnpapiabiBaeT ee BbiGop. [lycTb u — Kakoe YroiHo 4YMCJI0BOE 3HA-
UyeHHe M3MepsIeMOH BeJIMUMHBI. Torna pasHoCTH U — Xy, U — Xo, ..., U — X,
NPEACTABAAIOT COO0H OTKJIOHEHMS 3TOH BEJMUYHMHBI OT PE3yJ/LTAaTOB OTACJb-
HbIX HaGJIIOAECHHHA. DTH OTKJIOHEHHsI MOTYT ObITb UYacTblO MOJIOKHUTEJIbHBIMH,
YacTbl0 OTPHLIATEJIbLHBIMH, M COBEPLUEHHO €CTECTBEHHO CTPEMHTBCSI K TaKOMY
ONTHMAJbHOMY BBIOOPY i, MPH KOTOPOM <TOTajlbHOE» (B KAKOM-TO CMBbICJIE)
OTKJIOHeHHe 6bl10 6bl BO3MO2KHO MeHblUe. Caenysi [ayccy, 6epyT 06bIKHOBEHHO
B KauecTBe «M3MepHUTesed HETOUHOCTH» He CaMM OTKJIOHEHHMS, a UX KBajipa-
ol (4 — X;)* W 3aTeM BBHIGMPAIOT ONTHMAJbHOE 3HAYEHHE U C TAKUM PACUETOM,
YTOOLI MHUHUMU3HUPOBATH «TOTaJIbHOE» OTKJOHEHUE, TI0JL KAaKOBbIM IMOHUMAalOT
CYMMy KBaJIpaToB OTAEJbHbIX OTKJIOHEHHH

(u—x P+ —xo )+ .. 4+ (u—x,)
Onpedeaennoe makum o6pas3om ONMUMALLHOE 3HAYEHUEe U eCb He 4o
uHoe, KaK cpeduee apugmemuuecKkoe m: B 3TOM 3aKJOUAETCS HCXOJAHOE
NOJI0KEHHE 3HAMEHHUTOI0 «METO/la HAUMEHbIINX KBaApaToB», CO3JaHHOT'0 Fayc—
coM. MbI mocTapaemcsi BO3MOXKHO TpoLIle 10Ka3aTh 3TO yTBepKaAeHHe. Ecau mMbl

Hanuuem
(u—x;)=(m—x;)+ (u—m),
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TO MOJIYYUM
2 2 2
(uw—x;) =(m—x;)" +(w—m)y +2(m—x;Nu—m).
Caoxkum, Janee, Bce Takue paBeHcTBa, nogaras i =1, 2, ..., n. [locaenHuii
YJIeH MPH 3TOM JIaeT

Au—m)nm—x, —...— x,),
a 3TO BBIPAXKEHHE MO OMpPEAeseH IO M paBHO HYyJ0. CJien0BaTe bHO, Mbl M0-
JIyyaem:

(u—x P+ =2+ A (u—x,)=
=(m—x;P +(m—xo) +...+(m—x, )+ n(u—m).
Otcrona yxke sICHO, UTO
(u—x\ P+ (u—xo + ..+ (u—x,) >
>(m—x,f+(m—xof +...+(m—x,),
NpUUEM 3HAK PaBEHCTBA BO3MOXKEH TOJbKO NpH u = m. Kak pas 310 camoe Mbl
1 cOOMPAJIUCh J10KA3aTb.

O6mmit MeTox HAaUMEHBIUINX KBaJApaTOB MPHHHUMAET PYKOBOASILIMI MPHH-
LIMIT — MMHHMH3HPOBATh CYyMMY KBaJpaToB — BO BCeX GoJiee CJI0XKHbIX CJlydasix,
KOIJla HYXKHO KaK-TO CONIacoBaTb Mexkiy coO0il psif cJjerka NnpoTHBOpeua-
IIMX JIPYT APYyTy JaHHbIX HabuoneHusi. Tak, mpeactaBum ceOe, YTO H3MEpPEHbI
KOOPJMHATHl X;, Y; JUISl 1 TOUEK, KOTOpble TEOPETHUECKH JOJKHBI JiexKaTb Ha
NPSAMOK JIMHUH, U TPEANOJOKHM, UTO MOJYUEHHble TAKUM SMIIHPHUECKHM I1y-
TeM TOUKHM OKa3blBAlOTCS PACIIOIOKEHHBIMU M0 MPAMON He BIoJIHe TouHO. Kak
BbIGpATh NPSIMYIO, KOTOPasi Hau/1yuliuM o6pa3oM Oblia Obl «[IPUJIOXKEHA» WJIH
«IOJIOTHAHA» K 3TUM ToukaM? PyKoBOASLIMI NMPUHUMIT MPUBOJAUT K CJeAyo-
leMy IpueMy (KOTOpbli — HeoOXOAMMO IPHU3HATL — MOr Obl ObITb 3aMeHeH
¥ JAPyrHMH NpolelypaMi, OCHOBAHHBIMHM Ha MHBIX paccyxxieHusx). [Tyetb y =
= ax + b ecTb ypaBHeHHe HCKOMOM MPSIMOM, TaK UTO Hallla npobJiemMa 3aKJ/oua-
eTcsl B ompejesieHn Kos(duurentos a u b. VamepenHoe no HampaBseHHIO
OCH 4 paccTosiHUe MPSIMOH OT TOUKH X;, Y; PaBHO y; — (ax; + b), T.e. y; —
— ax; — b, IpuyeM UMeeT MOJIOXKUTEJIbHbIH WM OTPULATE/bHbIH 3HAK, CMOTPS
110 TOMY, paclloJIo2KeHa JIi TOUKa Bblllle Wi HUxKe npsiMoid. Torzna ksaapatr 3Toro
paccrosinust paBeH (y; — ax; — b)?, ¥ COMVIACHO OCHOBHOMY MPHHLIMITY METOJa
HaUMeHbLIUX KBaJpaTOB HAaM J0CTaTOUHO MOA00paTh a U b Takum obGpasoM,
uTOObI BbIpaXKEeHHE

(yy —ax; —bY +(yo —axy —bY + ...+ (y, —ax, — by’
JIOCTHral0 HaHMEHbILEero BO3MOXKHOrO 3HaueHHst. Mbl NpuxoauM, TakuM obpa-
30M, K MHHMMaJbHOH npo6Jjeme ¢ ABYMsl IepeMeHHbIMU BeJHUMHaMu a v b.
Xotsl pelueHde 3TOH Mpo6JeMbl ¢ HCCJELOBAHMEM BCeX MOAPOOHOCTEH H He
npeacTaB/sieT 0coOCHHONH TPYAHOCTH, Mbl BCE 2Ke BO3JEeP:KUMCS 3/1eCh OT ero
paccMOTpeHHSI.
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§ 7. CyuiectBoBaHue akcTpemyma. [lpuHuun Jupuxae

1. O6wue 3ameyanus. B HEKOTOPBIX M3 PACCMOTPEHHBIX HAMH 3KCTpe-
MaJIbHbIX MPOOJIEM MPSAMO J0KA3bIBAJIOCh, UTO pelleHHe JaeT HaWJIyulluil pe-
3yJIbTAaT M3 YHCJA MPOUMX BO3MOXKHBIX. SIDKHM TIpUMepOM sIBJIsieTCS] MpHUHA-
Jexatiee [1IBapily pelieHne 3ajauu 0 TpPeyrosibHUKE: 3/leCh CPa3y BHUJIHO, UTO
HUKAKOH BIMHUCAHHBIH TPEYroNIbHHK HE MOXKET UMETb MEHbILHH MepuMeTp, ueM
BBICOTHBIH TPeyrosibHUK. HeKoTopble TpHUMepBl TaKOro Ke THIA CBsI3aHbl C
SIBHO HANHCaHHBIMH HepaBEHCTBAMH, KAKOBO, HAlpUMep, HEPABEHCTBO MeXK-
Ny CPelHUMH apudMeTHUeCKUM M reometpuueckuM. Ho mpu pelneHun npyrux
npo6JieM Mbl LK [0 HHOMY IyTH. MBI 10MyCKaJIN MpexKIe BCEro, UTo pellieHHe
yXKe HaHeHo, U 3aTeM, aHAJU3UPYs 3TO NOMYyILIeHHe, MOJMyyasu 3aKJI0ueHHs],
MHOTJIA MO3BOJISAIONINE JIaTh TMOJHYIO XapaKTEPUCTHUKY PELIeHHs] W BbIMOJHHUTD
COOTBETCTBYIOLLEE €ro MocTpoeHre. Tak HMEHHO 06CTOosIO 1es10 ¢ NpoGJaeMOK
[lTefinepa u TakoB e OblI MJ1aH BTOPOTro pelienus npobsaeMsl LlBapua. Ha-
3BaHHbIE JIBA METOJIA JIOTUUECKH Pa3J/nuHbl. [lepBblii MeTON, MoXKaJlyH, MOXKHO
cuutath GoJiee COBEPLIEHHBIM, TaK KaK OH JIaeT KOHCTPYKTHBHOE J0Ka3aTelb-
CTBO MPABUJIBLHOCTH pedysbrata. BTopoii MeTon, ecyii CyIuThb 10 MPUMepy Mpo-
6aiembl [IBapua (BTopoe peliieHue), Kaxketcest 6oJiee npocThiM. Ho oH siBisieTcs
He TIPSIMBIM, & KOCBEHHBIM H, CaMO€ TIJIaBHOE, OH YCJIOBEH MO CaMOH CBOEH
CTPYKTYpe, TaK Kak Tpeirnosaraer cyujecmsosarue peuienus. OH TPUBOAUT
K OKOHUATEeJIbHOMY Pe3yJIbTaTy JIMlIb MOCTOJbKY, MOCKOJbKY CYLIECTBOBAHHE
pelIeHHsT WK MOCTYJMPOBAHO, UK JI0KAa3aHO. Be3 3Toi MpeanochlikKu OH Mo-
Ka3blBaeT BCErO-HABCETO, UTO ecAu pellleHHe CYIIECTBYeT, TO OHO o0Jjajaer
TAKMMHU-TO CBOHCTBaMM '

BeaienctBue Kaxkyuieicsi OUeBHAHOCTH MPEANOCHIIKH O CYLIECTBOBAHUU pe-
ILIeHHs] MaTeMaTHK{ BIUIOTH JI0 KOHIIA TPOLJIOTO CTOJIETHSI He o6palliaiy 0co-
6eHHOro BHUMAaHHUsI Ha yKa3aHHOE JIOTHUeCKOe OOCTOSITENbCTBO H JIOMYCKAJH
CYILLIECTBOBAHHE pELIECHUS 3KCTPEMaJbHbIX MpobJeM Kak HeuTo caMo coboi
pasymeiolileecst. Hekoropbie u3 Besmuaiiiinx yyennix XIX B. — layce, dupuxie,
PumaH — HeKpUTHUYECKH OCHOBBIBAJIM Ha TAaKOTO POJA NOMYLIEHHH TiyGOKHe U
MHaue TPYIHO J0Ka3yeMble MPEeAI0oKeHHs B 061aCTH MaTeMaTHUECKOH (PU3UKH
v Teopud pyHKuMH. KysnbMUHaLmel Takoro noaxona 6blia omyG/IHKOBaHHAS B
1849 r. nokropckasi qucceprauusi Pumana, nocpsilieHHasi OCHOBAHUSIM TE€OPUH
(YHKLMEI KOMIJIEKCHOTO MEPEMEHHOro. Ta CxKaTo HanucaHHas pabora, npej-
cTaBJsifollasi cOOOH OAMH M3 BeJMUAHLIMX MOABUIOB MaTEeMaTHUECKOH MbICJIH
B HOBEHILYIO 310Xy, Obla JI0 TAKOH CTeleHH HEeOPTONOKCANbHOH B TPAKTOBKE
BOMPOCA, UTO MHOTHE MPEANousd MOMPOCTy ee UFHOPUpOBaTh. Beiiepuitpacc

Jlornueckast HeOOXOAMMOCTb JI0Ka3blBaTh CYLLECTBOBAHHE IKCTPEMYMaA HJUIIOCTPUPYETCS clle-
JyIoLUM napajokcoM: | ectb Haubosbliee Leoe uncsao. Bor nokasatenbctso. [lycTh x ecTb
HanGosblee lesoe uucao. Ecau momyctum, uto x > 1, To oTcioma caeayer x2 > x, uTO
MPOTHBOPEUUT CJIeJIaHHOMY JomylleHnto. MTak, x 10/uKeH ObiTb paBeH I.
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B TO BpeMsl bl yxKe BeylldM MaTeMaTHKOM B DepsiHCKOM yHHBepcuTeTe
NoJIb30BaJICS penyTaluell OCHOBATEsl CTPOTO MOCTPOCHHOH TeOpUH (DYHKIIMH.
Bhauasie nopaxkeHHbldl, HO BCe »Ke HUCTOJHEHHbIH COMHEHHH, OH BCKOpe oOHa-
pyKuJs B paGore Pumana Jioruueckyto Opellb, 0 BOCIOJHEHHUH KOTOPOH cam
aBTOp He rosaboTuiicsl. YHUUTOXKalolash KpuTuKa Beilepuitpacca He mokoJie-
6ana yBepeHHOCTH PuMaHa B CripaBe//IMBOCTH TOJYUYEHHBIX UM Pe3yJbTaToB,
HO JI0JITO€ BpPeMsl ero TEopHusi He MoJb30Bajach MpU3HaHHEM. [0JIOBOKPYKH-
TesbHAsl HayuHasi Kapbepa PumaHa Bckope BHesanHo oGopBaJjiacbh: OH ymep
oT Ty6epkyJsie3a. Bce ke ero maen nojJiepKUBaNUCh M JaJblile HECKOJbKH-
MH yOEXKICHHBIMH M TIpElaHHbIMH YYEHUKaMH, U 4epe3 MATbIAeCAT JeT MocJe
nosiB/JIeHUs 1ucceprauud Pumana Tuiab6epty yianoch HaKOHEL, OTKPbITh MyTH,
MPUBOASIIME K HCUEPIBbIBAIOIEMY OTBETY Ha BCE€ BOTIPOCHI, OCTaBJEHHbIE B
CTOpOHe U He paspelleHHble Pumanom. Hauatoe Pumanom u passepHyBlueecs
BO BTOPOH IOJIOBUHE CTOJIETHSl Pa3BUTHE MAaTeMaTHUECKHX TEOpHH, IyOOKO
MPOHUKAIOUIUX B 00J1aCTh (DU3UKH, MPEACTABAAET OJHY U3 CaMbIX OJIECTALIMX
CTPaHHL, B UCTOPUH COBPEMEHHOT0 MaTeMaTHUYECKOrO aHaJsu3a.

YsasBumoe MecTo B pabote PumaHa — Kak pa3 BOINPOC O CYLIECTBOBaHHH
MuHuMyMa. CBolo Teoputo PumaH ocHOBbIBaeT Ha mpuHuune Jlupuxse (Tak
OH caM ero Ha3BaJ MO0 MMeHH cBoero yuutess: Jupuxje, uutasi JE€KUUH B
['érTHHreHe, MoJb30BaJICs STUM MPUHLUMIIOM, HO HU B OJHOH M3 CBOMX paboT o
HeM He nucad). [1peanonoxkum, st 6oJblled onpeneseHHOCTH, UTO HeKOTopast
YacThb MJIOCKOCTH MJH KakKoH-HHOYIb TOBEPXHOCTH MOKPbITA CJI0eM (OJbIH
¥ UTO CTAlMOHAPHBIM 3JIEKTPHUECKHH TOK MPOXOJUT MO CJIOK, COCIHHEHHOMY
B JIByX TOUKax C roJitocamu Oataped. HeT comuenud, 4to Tako#h 3Kcrepu-
MEHT TpHUBEJEeT K HEKOTOPOMY OJHO3HAUHO ONpe/esIeHHOMY pacrpeieeHHio
TokoB. Ho Kak 06CTOUT J1esio ¢ COOTBETCTBYIOIIEH MaTeMaTHUeCKOH Tpo6JieMoH,
MMelolllell MepBOCTENEeHHOe 3HAueHWe B TeOpUM (YHKUMH M B Jpyrux obJa-
cTax? B Teopuu ssnexTpuuecTBa paccMaTpuBaeMoe HaMH (DU3MUECKOE SIBJIEHHE
onMChbIBaeTcsl Kak «auddepeHLranbHoe ypaBHEHHE B YaCTHBIX TPOM3BOAHbIX
C TPaHHUHBIMH ycJOBUSIMH». MIMeHHO 3Ta MaTemartHueckas npobJsema Hac M
MHTEpECYeT; BO3MOXKHOCTb €€ pelleHHsT KaXKeTCsl MpaBiorno00HOH UMEHHO 110
TOH TPUUMHE, YTO Mbl JOMYCTHIH €€ IKBUBAJIEHTHOCTb (PU3HUECKOMY SIBJIEHHUIO;
HO MaTeMaTHYeCcKoe J0Ka3aTeJbCTBO 3TOH BO3MOXKHOCTH HUKOMM 00pa3oM He
MoxkeT 6a3MpoBaThCsl Ha CAeNaHHOM jomnylleHnd. B noaxone Pumana K pete-
HHIO pacCMaTpPHUBAEMOro MM MaTeMaTHUECKOro BOMPOCa MOXKHO Pa3JjMUHTh JBa
sTana. Bo-nepBbiX, OH MOKa3blBaeT, yTo MpobJjeMa SKBUBAJIEHTHA HEKOTOPOH
MHHHMaJ/IbHOH npo6JieMe: HEKOTopast BeJIMUHHa, Bblpazkalolasi SHepPruio MoToka
3JIEKTPUUECTBA, MMHHMH3HPYETCsI HEKOTOPBIMH peaslbHO OCYLIECTBJISAIOLIUMCS
MOTOKOM (110 CPABHEHHIO C HHBIMH TI0TOKAMH, COBMECTHBIMH C MPEANUCaHHBIMHU
rPaHUUHBIMH yCJIOBUSIMHU). Bo-BTOpbIX, B KauecTBe «npuHuMna Jlupuxje» oH
BBOJIMT MMOCTYJIaT O TOM, YTO TAKOTO PoOjia MHHMMaJbHas nmpobJeMa JoMycKaer
pelieHde. PUMaH peluuTe/lbHO HUYEro He MPEINpUHSI Uil TOro, YToObl HANTH
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MaTeMaTHUeCKOe OrNpaBJaHue JJIsi 3TOr0 MOCTyJiaTa, ¥ HMEHHO B 3TOM IMyHKTE
ero HacTuria Kputhka Beiiepiurpacca. He TosbKo cylllecTBOBaHHE MHHUMY-
Ma caMo 1o ceGe He ObLIO OUEBHJIHBIM, HO, KaK BbISICHHJIOCH BIIOCJIEJICTBUH,
BOMPOC OKasaJicsi UPe3BblUaHO TOHKHM: MaTeMaTHKa TOTO BPEMEHH ellle He
OblJIa MIOITOTOBJIEHA K €T0 PELIEHHI0, H TOJbKO uepe3 HECKOJIbKO JIECATHICTHH
Haﬂpﬂ)KeHHbIe yCI/LHI/Iﬂ I/ICCJIeIlOBaTeJ]bCKOfI MbICJTHU le/lBeJIl/l K 3aKOHUYE€HHbIM
pesyJibTaTam.

2. Mpumepbl. Mbl NPOUNTIOCTPUPYEM BO3HHUKAIOLLYIO TPYAHOCTb JBYMSI
npUMepamH.

1) Otmerum Ha mpsimoil L nBe Touku A W B, Haxojslluecss Ha PaccTosi-
HUM d, U IOCTaBUM 3aj1auy — OTbICKATb JIOMaHYIO JIMHUIO KpaTuaillel JIIHHbI,
KOTOpasi, BBIXOIS M3 TOYKH A 110 HampaBJieHHIo, MeprieHIuKyJsspHOMY K L,
3aKaHuMBaJach Obl B Touke B. Tak Kak npsiMoJIHHEHHbIH oTpe3ok AB 6es-
YCJIOBHO KOpOU€e BCeX JPYTHX MyTei, CBA3BIBAIOLIMX TOUKH A U B, TO MOXKHO
ObITb YBEPEHHBIM, UTO JIIOGOH NOMYCTUMbIH (yJIOBJETBOPSIONINHA TpeGOBaHU-
SIM 3a/lauk) MyTb UMeeT JUIMHY OOJbLIylo ueM d: B CaMOM JeJie, eIMHCTBEeH-
HBIIl MyTb, JJIMHA KOTOPOTO paBHa d, e€CcTb TPSIMOJIMHEHHBIN oTpe3oK AB, a
OH He YIOBJIETBOPsIET TPeGOBAHMIO OTHOCHTEJBLHO HANpaBJieHHs B Touke A,
T. €. He §IBJISIETCS I0NyCTUMbIM. PaccMoTpuM, ¢ pyroil CTOPOHbI, AOMYCTUMbIH
nytb AOB Ha puc. 222. 3amensisi Touky O Toukoil O', pacnoJsio:KeHHOH OJInxKe
K A, Mbl MOXKeM TOJIyUYHTb HOBBIH AOMYCTUMBIH TYTh,

JUIMHA KOTOPOrO KaK yroJHO MaJslo OTJHuYaercs oT d; S
3HAUWT, €CJIM CYIIECTBYET Kpamuaiuiui NOTyCTUMbIH

MyTb, TO JIJIMHA €r0 He MOXeT ObITh GoJiblie, ueM d H,
CJIe0BATENbHO, H0J/KHA ObITh B TOUHOCTH paBHa d. Ho

MbI BHJIEJIH, YTO €IMHCTBEHHBIH MyTb, UMEIOLIHUH TaKYIO

JUIHHY, He sIBJsieTcst fonycTuMbIM. MTak, Kpartuafiiero
JIOTTyCTUMOTO TIyTH He CYyLIeCTBYeT, M 3ajaua Halla He

MMeEeT pellieHHsl.

0]

O/

A B L
Puc. 222—223. K Borpocy 0 CylleCTBOBaAHHH MHHHMyMa
2) Ilycte C — HeKOTOPBIH Kpyr, a S — TouKa, Jexalllas Bblllle ero LeHTpa

Ha pacctosiiuu | (puc. 223). PaccMOTpUM MHOXKECTBO MOBEPXHOCTEH, orpa-
HUYEHHBIX OKPYKHOCTbIO C U TIPOXOISIIMX Yepe3 TOUuKy S, MPUTOM JIeXKalluX
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«Hap» Kpyrom C (B TOM CMbICJie, UTO HUKAaKHe JIBE€ Pa3jMyHble TOUKH 3TOH
MOBEPXHOCTH HE MOTYT BEPTHKAJbHO MPOEKTHPOBATHCS B OJHY M Ty K€ TOUKY
kpyra C). Kakasi moBepXHOCTb W3 paccCMaTPUBAEeMOr0 MHOXKeCTBa 00J/ajaeT
HauMeHbLIeH nuouanplo? Kakum Obl ecTeCTBEHHbIM HHM KasaJcsl 3TOT BOMPOC,
T10JIO2KUTEJIbHOTO OTBeTa Ha Hero JaTb HeJb3sl: JOMYCTHUMOH MOBEPXHOCTH C
HauMeHbllIeH TIIoU1a/blo He cyllecTByeT. Ecsn 6bl MoOBEpXHOCTb He Obliia Moj-
UMHEHA YCJOBHIO MPOXOIUTHb uepe3 TOUKY S, Torjaa pelleHHeM 3ajaud Obli
6bl, OUEBHMJIHO, TMJIOCKHH JUCK, OrpaHUuYeHHbIH okpyxKHOocTblo C. O6o3HauUM
nJolaab 3Toro aucka uyeped A. Besikasi apyrasi moBepXHOCTb, OrpaHHUeHHast
OKpyxHoCTbI0 C, HelpeMeHHO HMeeT mJollaap 6oJblIyio, ueM A. Ho mMox-
HO YKa3aTb JIOMyCTHUMYIO MMOBEPXHOCTb, MJIOLLAAb KOTOPOH OyAeT OTJMYaThCS
oT A Kak yrogHo Masno. B camoMm nese, BO3bMeM KOHHUECKYIO TTOBEPXHOCTb
BBICOTbI | — TaKylo «TOHEHbKYI0», 4TOObl €€ Miolaab Obla MeHbLIe 3apaHee
Ha3HAUEHHOTo MaJsleHbKOro uucsa. [lomecTum 3Ty MoBepXHOCTb MoCpeH AUCKa
Tak, 4ToOBl ee BepILMHA MoMNaJja B TOUKy S, U 3aTeM PacCMOTPHM TTOBEPXHOCTb,
00pa3oBaHHyl0 W3 Hallel KOHHUECKOH MOBEPXHOCTH W TOH YacTH AMCKA, KOTO-
past OKaxKeTcsl BHe OCHOBaHMsI KoHyca. COBEpLIEHHO SICHO, YTO MOCTPOEHHasl
TaKUM 00pa3oM MOBEPXHOCTb, TOJIbKO BOJIM3H LEHTPa JUCKA OTJIMYAIOLLASCS OT
camoro AHcka, o6JsajfaeT MJoLaabpio, MPeBoCcxXosiell A MeHbllle YeM Ha 3apa-
Hee HasHauyeHHoe uucso. Tak Kak 3TO rnocJjie/iHee YUCa0 MOKET ObITh BBIOPaHO
CKOJIb YTOJHO MaJblM, TO OTCIOJA CJEAyeT, YTO MHUHHMYM IJIOLIAAH (ecyH OH
CYLIECTBYET) He MOXKET OTJIHUaThest oT myoiaan aucka A. Ho cpemu mosepx-
HOCTeH, OrpaHHueHHbIX KOHTYpoM C, TOJIbKO caM AKCK o6Jajaet miouanpio A;
OJIHAKO JUCK He MPOXOJUT Uepe3 TOUKy S U, 3HAUMT, He SIBJSIETCS AOMyCTHMOI
I0BEPXHOCTbIO; CJIeI0BATE/bHO, PELICHUS 3a/lau He CYLIECTBYeT.

Mbl MoxkeM H30aBUTb ce6s1 OT TPy/la PUBOAUTL JaJbHEHILIMEe OTHOCSLIMECS
ClojJla M30LLPEHHbIE TPUMEPD], YKa3aHHble Bellepiutpaccom. ¥Yzke npuBeleHHbIE
pUMepbl JOCTATOUHO YOEAUTE/IbHO 0KA3bIBAIOT, UTO CYyLIEeCTBOBAHUE MUHUMY-
Ma He sBJIsSIeTCS TPUBHANbHBIM MOMEHTOM B MaTeMaTHUECKOM J0Ka3aTe/bCTBe.
[ToripoGyeM B3IVISIHYTb Ha paccMaTpUBaeMblii BOMpoc ¢ 6oJiee OTBJCUEHHOH
ToukM 3peHust. [IpeacraBum ceGe HEKOTOPBIH ONpee/IeHHbIH Klace 06 bEeKTOB,
HanpuMep, KPUBBIX HJIM TTOBEPXHOCTEN; MyCTh KaxK10My 0ObEKTY 3TOr0 KJacca
MOCTaBJIEHO B COOTBETCTBHE — KaK (PYHKLUS 3TOr0 06'beKTa — HEKOTOPOE YHC-
JIO, HallpUMep JUIMHA WK Ijolaib. Ecin B Kacce colepKUTCs JIMLIb KOHeu-
HO€ UMCJI0 0O'BEKTOB, TO CPEd COOTBETCTBYIOLIMX UMCE HEH30EKHO HUMeeTCs
HauboJiblliee U HauMeHbllee. Ho eciu B kiacce copepKuTcst 6eCKOHeUHOe MHO-
JKECTBO OO'BEKTOB, TO JaxKe B TOM CJ/lyuae, €CJ/d BCe COOTBETCTBYIOLIHE YucJla
3aKJII0UeHbl MEXK]Ly BYMsl KOHEUHbIMH IpaHMLAMH, CPEI HUX BOBCE He 00s13a-
TeJIbHO HaljeTcsl Haubodiblliee W HauMeHbllee. Ha 4uCc/J0BOH OCH MHOXKECTBO
uyces u3oOpaxaercsl B BUJe MHOXKeCTBa Touek. [Ipeanosio:kum, orpaHuuuB-
LLIMCh MPOCTEHLIMM CJIydaeM, UTO BCe YHCJIa MHOXKECTBA M0JI0KHUTebHble. Takoe
MHOZKECTBO HENpPEeMEHHO HMEET «HHKHIOI IpaHb» — TaKoe YHUCJIO o, MEHbILe
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KOTOpPOTO B HAllleM MHOXKECTBe HET HH OJIHOTO YHCJIa U KOTOPOE WJIM Camo
€CTb JIEMEHT MHOXECTBA, WM KaK YroJHO MaJlo OTJHUYAETCS OT HEKOTOPOTo
3JIeMEHTa MHOXKECTBA. EcJii o caMo MPUHAJIEKUT MHOXKECTBY, TO OHO SIBJISIETCS
€ro HaUMeHbIIUM 3JIEMEHTOM; B MPOTUBHOM CJIyuae MHOXKECTBO HE COJIEPIKHUT
BOBCe HaWMeHblllero sjemenTa. Hanpumep, MHoxkecTBO umces I, %, % ... He
conepmm HauMeHbUIero 3sJieMeHTa, TaK KaK HHXKHAA I‘pa]—[b O HE anHaLme—
JKUT MHOKeCTBY. Takoro pojia oTBJeUeHHbIe TPUMEPB] HJTIOCTPUPYIOT JIOTHUYE-
CKHe TPYIHOCTH, CBsI3aHHble ¢ MpobJseMol cylllecTBoBaHusl. Maremaruyeckoe
pemel-me Ml/lHl/lMa.ﬂbHOﬁ HpO6JI€MbI HeJIb3s1 Ha3BaTb I/Iqupl'IblBa[OIJJ,I/IM, €CJIu
B SIBHOH WJIM B HesiBHOHM (DOpMe He yCTaHABJMBAETCS, UTO CPEIU 3JeMEHTOB
YHCJIOBOTO MHOKECTBA, PACCMATPUBAEMOTO B CBSI3H C MPOGJIEMOH, CYIIeCTBYET
HAUMEHbILINH.

3. JKcTpemaldibHble MPOOJIEMbI 3JIEMEHTAPHOIO coaepxaHus. B sana-
yax 3JE€MEHTapHOTO CoJep:KaHus OblBaeT NOCTATOUHO BHUMATEJbHO IMpOaHa-
JIN3UPOBAThH YCJIOBHS, UTOObBI YSICHUTh, KAK OOCTOUT JIeJO C CYIIECTBOBAHUEM
peuienusi. B rmaBe VI, § 5, 6bl10 HeeseoBaHO 00lllee MOHSITHE KOMIAKTHO-
r0 MHOXECTBA M OblIO YCTAHOBJIEHO, UTO HeNpepbiBHAs (PyHKIHMS, 3a1aHHast
Ha HEKOTOPOM MHOXKECTBE 3JIEMEHTOB, /IS KAaKMX-TO 3JE€MEHTOB MHOXKECTBA
HerpeMeHHO JIOCTHraeT CBOMX 3KCTpeMaJIbHbIX 3HAUEeHWH, eCJii JJaHHOe MHO-
JKeCTBO 00J1aJlaeT CBOACTBOM KOMIIAKTHOCTH. B /1060 U3 BbllliepUBeIeHHbIX
3JIEMEHTapHbIX MPOOJIEM CPaBHUBAeMble MEXKIy COOOH UHCJIOBbIE 3JIEMEHTbI
MOTJIH ObITh pacCMaTpUBAeMbl KaK 3HAuYeHHs (PYHKUMH OJHOW WJH HECKOJb-
KUX MepeMeHHbIX B 00JIaCTH, KOTOpasi UK Oblja KOMMAKTHbIM MHOXKECTBOM,
Wi — 6e3 CyLIECTBEHHOr0 BHAOHW3MeHeHHsT MpobJieMbl — Morsia ObiTh clie-
JlaHa TakoBbIM. B Takux cjyuasix cyllecTBOBaHMe MaKCHUMyMa WJM MUHUMyMa
He nojJiexano coMHeHuto. OCTaHOBUMCS, B KauecTBe Tpumepa, Ha mpobiieme
[refinepa. PaccmaTpruBaemasi B Hell BeJIMUHHA €CTb CyMMa TPeX PacCTOSIHHH,
¥ 3Ta MOCJIeHsIst 3aBUCHT OT T0JIOYKEHHSI TOUKU HerpepbiBHO. XOTsi 06J1acThb, B
KOTOPOH MOYKET JIBUraThCsl TOUKA, €CThb BCS TJIOCKOCTb, Mbl MOxKeM 6e3 orpa-
HUUEHHSs OOLIHOCTH MPOBECTH OKPYKHOCTb GOJIbILOT0 paauyca (BK/IOUAIOLLYIO
BECh PUCYHOK) M TOJUMHUTL TOUKY YCJIOBHIO HAXOJAUTLCS BHYTPU ITOH OKPYXK-
HOCTH WJIM Ha Hell camoil. B camom jsene, ecin jaBHxKyllasicss Touka Gyjer
HaXOJUTbCS JOCTATOUYHO JaJIeKO OT BEpPLIHH TPEYroJibHUKA, CyMMa TpeX pac-
CTOSIHHH OT CTOPOH HaBepHsika mnpesbicHT AB + AC, a nocJesHsisi BeJUUMHA
MPUHAMJIEXKUT K UYHUCJY TOJJIeXKAlIMX CPABHEHWIO 3HAUEHWH Hallel (yHKIHH.
Takum o6pasom, ecsiu CyLIeCTBYeT MHHHMYM JJIi «OTpaHUUEHHOH» mpobJe-
MbI (KOTJIa TOUKa TOUMHEHA JIOTIOJHUTENHHOMY OTPaHUUYEHHIO ), TO CYLIECTBYET
MHHAMYM W JJIsi HeorpaHWueHHOH rpobJsembl. C JApyroil CTOPOHbI, HETPYAHO
YIOCTOBEPUTBLCS, UTO MHOXKECTBO, COCTOSIIIEE W3 TOUEK BHYTPH Kpyra WM Ha
ero rpaHulle, KoMnakTHo. MTtax, cyiiecTBoBaHHe MUHUMYMa B CJ1ydae po6JieMbl
[refinepa nokasaHo.
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HackoJsibKo CylilecTBeHHO CBOMCTBO KOMITAKTHOCTH 0GJIACTH, B KOTOPOH H3-
MeHSIeTCsl He3aBUCUMOE MepeMeHHoe, 06HApYKUBAET clelytollnii npumep. Ecau
3a/laHbl JIBe 3aMKHyTble KpuBble C; u Cp, TO Bcerza MoxKHO Haith Ha C
1 Cy COOTBETCTBEHHO JIB€ TaKHe TOUKHM P U Py, UTO paccTosiHie MeXKIy HUMH
MHHUMAJIbHO, H MOXKHO HAHUTH JIBE TAKHE TOUKH Q1 U ()2, UTO PACCTOSTHHE MEXKILY
HUMH MaKcUMaJsbHO. JleficTBUTE/bHO, paccTosHue Mexay Toukoid A, Ha C; u
Toukoil A, Ha Cy ecTh HerpepbiBHAS (DYHKIUS, 3alaHHast Ha KOMITAKTHOM MHO-
JKECTBe, 3JIeMEeHThl KoToporo — maphl Touek A, A,. Hamportus, ecin nanHbie
KpHUBbIE, He OYIyud 3aMKHYTBIMH, YXOAAT B GECKOHEUHOCTb, MPOOJIEMa MOXKET
1 He UMeThb pelieHus. Ha puc. 224 wzo6pakeHbl JBe Takhe KpUBble, YTO HH
HanMeHblllee, HU HauOOoJIblllee PacCTOSTHUS MeX/y COOTBETCTBEHHO TPUHAJIE-
JKALIUMKU UM TOUKAMH He JIOCTHralOTCS: MPH 3TOM HUXKHSAS TPaHb PACCTOSHUH
paBHa HyJI0, a BepXHsisl rpaHb GecKOHeuHa. B MHBIX cilyyasix CyLIecTBYeT MH-
HUMYM, HO He CYLeCTBYeT MakcuMmyMma. Tak, B cJydae IByX BeTBeH runepoodibl
(puc. 17, cp. 102) MmunumasbHOe paccTosiHue peasnudyercst is sepunn A u A’
TOTJIa KaK HeJIb3s1 yKa3aTh Mapbl TOUEK, MEKIY KOTOPLIMU pacCTosiHUe GblI0 Obl
MaKCHMaJIbHBIM.

Ci

Co

Puc. 224. KpuBble, MKy KOTOPbIMM HET HU HAaUMEHbLLEro, HU
HaUO60JIbLIETO PACCTOSAHUS

HeTpyaHo noHsith, ueM 00yCJIOBJIMBACTCS pas/nube MExKIy ABYMsl MPeibl-
JyLLIMMH TIPUMEPAMHU; JIJIs TOTO I0CTATOUHO HCKYCCTBEHHO OTPaHUUUTh 06J1aCTh
M3MeHeHHUs TepeMeHHbIX. Bo3bMeM Mpon3BoJibHOE MOJI0XKUTEeNbHOE uucyao R u
MOJUMHUM abcUucchl Touek orpanuuendio x| < R. Torna mnisi o6eux npobiem
6y/JeT Cyl1lecTBOBaTh H MHHUMYM M MakcumyM. Ho B mepBom npumepe 1 MHHH-
MyM H MakCHMyM JOCTHTalOTCsl Ha rpaHule 06JacTH, KakoBo Obl HH OblI0 R,
M MPH HEOrPAHHUECHHOM BO3pacTaHUH R COOTBETCTBYIOLLME TOUKH yJaJstoTcs
B OeCKOHEUHOCTb. HanpoTus, BO BTOPOM MpUMepe MHHUMAJIbHOE PAaCCTOSHUE
JIOCTUTaeTCsl BHYTPH 06J1aCTH, U TOUKH, €ro peasusylolile, He MEeHSIIOTCs, Kak
6bl HU Bo3pacrtaJjo R.

4. TpyaHocTH, BO3HUKaloIMe B 6ojee CJA0XKHBbIX caydasx. Ecau Bo-
Mpoc O CYIIeCTBOBAHUH 3KCTPEMYyMa He TPeJCTaBJIsIeT Cepbe3HbIX 3aTpyjHe-
HUU B 3JeMeHTapHbIX NpobJsemax, 3aBUCSALIMX OT OJHOH, ABYX WJH, BooOlle,
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KOHEYHOT0 YHCJIa NMepPeMEHHbIX, TO 1e]10 0OCTOUT COBCEM MHaue B cJydae Mpo-
GsieMbl Jlupuxje uWid Aaxe B cjydae GoJiee MPOCTbIX MpobJeM TaKoro xxe
tuna. IlpuunHa Kpoercsl WM B TOM, UTO 06JIaCTb M3MEHEHHS] HE3aBHCHMOIO
MepeMeHHOro 0Ka3blBaeTcsl HEKOMITAKTHOM, MJIM B TOM, UTO paccMaTpuBaemas
(byHKLHS He SIBJSIETCS] HEMPEPBIBHOH. B mepBoM mpumMepe MyHKTa 2 Mbl HMeeM
MHOzkecTBO myTteit AO'B, npuuem O ctpemutest Kk A. Bee takue nyTtH, ¢ TOYKH
3peHHst YCJIOBHs Tpo6eMbl, ouHAKOBO nonyctimbl. Ho mytn AO’'B B npenese
TNepeXoJIsIT B MPSIMOJIMHENHDIH 0Tpe30K AB, KOTOPBIH caM y»Ke He TIpeCTaB/sieT
co6oi jponmycTUMoro myTH. MHOKeCTBO JOMYyCTUMBIX MyTeH B 3TOM TMpHUMepe
nono6HO MHOXKecTBY uHces 0 < x < 1, U1l KOTOPOro He UMEET MecTa Teopema
Beliepuitpacca 06 skcTpemasibHbix 3HaueHusix (cM. ctp. 341). Touno Takoe xe
T10JI02KEHHE Belleld U BO BTOPOM IIpUMepe: €CJ/IH KOHYCbl CTAHOBATCS BCE TOHbLLE
U TOHbLLE, MOCJEI0BATENbHOCTb COOTBETCTBYIOLIMX TTOBEPXHOCTEH B Mpejede
MepPexXoUT B AUCK C MEPHEHANKYJISPOM, TOPUYALLMM BBEPX H 3aKaHUHBAIOLLUMCS
toukoil S. Ho 3TOT mpenenbHbIl reoMeTpHuecKuil 06pa3 yxKe He MOXKeT ObITh
MPUUUCIEH K «JOMYyCTHUMbIM» MOBEPXHOCTSIM:
MHOXKECTBO «JIOMYCTHUMbIX» MOBEPXHOCTEH W Ha
3TOT pa3 He OKa3blBAETCs KOMIIAKTHLIM.

B kauecTBe npumepa 3aBUCUMOCTH, He 0bJ1a-
Jlatollell CBOMCTBOM HENpepbIBHOCTH, PacCMOT-
pUM JJIMHY KpUBOH. JIJIMHY KPUBOH HeJsb3sl CUM-
TaTh (DYHKLMEH OT KOHEUHOTO YHMCJa UHCJOBBIX
repeMeHHbIX, TaK KaK KpHBasi B LI€JOM He MO-
JKET ObITb XapaKTepH30BaHA KOHEUHBbIM UYHCJIOM
«KOOPJMHAT», U 3aBUCUMOCTb JJIMHBI KPUBOU OT
camoll KPUBOH He sIBJIsIeTCsl HerpepbiBHOH. HUTo-
66l yOeIUThCST B 3TOM, COEIMHHM JBe TOUKH A
v B, oTcrosiuie oJHa OT JAPYro Ha paccrosi-
HuM d, 3uraaroo6pasHoil JomaHoi P,, BMecTe ¢
oTpe3koM AB ob6pasyroliell 1 paBHOCTOPOHHUX
TpeyroJibHUKOB. M3 puc. 225 sicHo BHAHO, UTO
JuiuHa P, npu o6oM 1 paBHA B TOYHOCTH 2d.
Paccmotpum Tenepb nocsie10BaTebHOCTD J10-
MaHbIX JHHUH P, Py, ... OTneJbHble 3Ur3aru
JIOMaHOH JIMHUU P, YMEHbLIAIOTCS N0 CBOEH Bbl-
Puc. 225. Tlpudakenue or- COTE, B TO BPEMS KAK YHCJIO HX YBEJIHIHBAETCS,

pe3Ka JIOMaHbIMH JIMHUAMU A COBEPUIEHHO $ICHO, YTO JIOMaHast Pn B rpeaesie

TMepeXoUT B MPSIMOJNMHERHDbIN oTpe3oK AB, B

KOTOPOM YK€ HeT U CJie[loB «3uraaroobpasHoctu». Ho nnuna P, Bce Bpems

paBHa 2d, KakoBo Obl HH OBIIO 71, TOTJA KaK JJIHHA MpeaesbHoro otpeska AB

paBHa Bcero Jiuiib d. JIJiMHA KPUBOH, TaKHM 00pa3oM, 3aBUCUT OT KPUBOH He
HEMNpepbIBHO.
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Bce npuBeneHHble MPUMEpBl MOATBEPXKAAIOT, YTO MPH HCCJAEIOBAHUH BO-
npoca o CYIIECTBOBAHUH PelLeHHs] SKCTpeMaJsbHbIX po6JeM B 6oJiee CI0MKHbBIX
cJIyuasix CcjelyeT NposiBJAATH KPaiHIOI OCMOTPUTEbHOCTb.

§ 8. U3onepumerpuueckas npodaema

Uro cpenu Bcex 3aMKHYTHIX KPHBbBIX JAAHHOH JJIMHBI UMEHHO OKPYXKHOCTb
OXBaTbIBAeT HAUOOJIbILYIO MJIOLA/b, — TO OJAMH U3 €OUEBHUAHBIX» (DAKTOB Ma-
TEMaTHKH, CTPOToe J0KA3aTeJbCTBO KOTOPHIX BO3MOXKHO TOJBKO HA OCHOBE
HOBeHIIMX MeTonoB. Heckosbko ocTpo-

YMHBIX CIMOCOGOB JI0Ka3aTesbCTBa 3TOH Q'
TeopeMbl npeaoxui Llrelinep; Mol pac- //;[\\
CMOTPHM OJIHO M3 €r0 J10Ka3aTesbCTB. o P

Haunem ¢ pomylenusi, uto pelue-

Hue rnpobsembl cylecTByeT. [IpuHsB 310,
NPENOJIOKHM, UTO ITO PeLIeHHE Ocylle-
CTBJIsSIeTCS HeKoTopo# KpuBod C, ume-
olel AauHy [ W oXBaTbIBaloOlled Mak-
CUMaJibHyI0 TUIoNIajb. JIerko nokasarh,
YTO KpHUBas uC BLIMYKJIast: 5T0 SHAUHT, UTO  pyc 996, K j10KkasaTe/beTBy pellienns
NPSIMOJIMHEHHBIN OTPE30K, COENUHSIOLINH H30MePHMETPUHUECKOI! TPOGJIeMbl
Jgio0bie JgBe ToukH C, JIEXKHT LEJUKOM

BHYTpH Wi Ha C. Ecan 6bl KpuBasi C He Obliia BBINYKJIOH, TO, KaK [10Ka3aHoO
Ha puc. 226, MOXKHO GbL0 Obl YKa3aTh 0Tpe30K OP, KOHEUHble TOUKH KOTOPOTO
Haxoauauch Obl Ha C, a cam oH Obl1 Obl BHe C. Ilyra OQ’P — oTpa)keHue
nyru OQP orHocutensHo OP — o6paso-
BbiBasia Obl BMecTe ¢ ayroit ORP kpu-
BYIO JIIMHBI L, OXBaTHIBAIOLLYIO TUIONIA/b
60JIbLLIYI0, UeEM OXBATbIBAET JaHHAsl KpH-
Basi C, Tak Kak BKJ/iouaja Obl JOMOJHH-
tesbHo miomaan [ u Il. dto mporuso-
peuunsio Obl JOMYLLEHHIO, YTO MPH JAHHOH
JuiiHe L kpuBasi C oxBaTblBaeT Hanb0Jb-
uyto nJowans. Mrak, kpuas C 1o/KHa
ObITb BbINYKJIOH. Bo3bMeM Tenepb Kakue-
HUOYIb ABe Toukd A, B, KOTOpble AeJAT
KpuByio C (SABJASIOLLYIOCS pellIeHHEM Mpo-
6JieMbl) Ha 1Be Oyrd paBHOH IuuHbL Torma oTpe3ok AB pasmenut o6sacTb,
orpaHuueHHyto kpuBoil C, Ha J1Be paBHOBeJUKHE 00J1aCTH.

B camom jnene, ecan 6bl muowaad AByX obJacTell He ObIH paBHbl, TO
o6JiacTh GOJbILIeN MIIOMIAMH MOXKHO GblIo Gbl OTPA3UTh OTHOCHTENbHO AB
(puc. 227), u Torna noJiyuusiach Obl 3aMKHyTasi KpuBasi JJIMHbI L, OXBaTbiBa-

Puc. 227. K nokasare/bCcTBy pelie-
HUS H30TIePHMETPHUECKOil NPOGJIeMBI
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follas mJolaab 60Jblylo, YeM Ta, KOTopylo oxBaTbiBaeT Kpuasi C. Otciona
CJIelyeT, uTo JI00ast He3aMKHyTast KpUBas, NPeaCTaBasonas co60k MOJ0BHHY
(no naune) kpuBoil C, ABJSIETCS pellieHHeM Celytollell NpoOeMbl: HAUTH IyTy

JUMHBL 5 € KOHEUHBIMH TOUKAMH A, B, oxBaThIBaIOLIYyIO BMecTe ¢ oTpe3kom AB

MaKCHMaJlbHyl0 Muioliaib. Mbl MoKaxkeM Terepb, YTO pelleHHeM 3TOH HOBOH
npoOGJieMbl SIBJISIETCS MOJYOKPYKHOCTb, W Toraa OyIeT sICHO, UTO pellieHHEM
OCHOBHOH TpoOGJieMbl BJISIETCA OKPYKHOCTb. MTak, nyctb ayra AOB pelnaet
HoByto npoGJjemy. JlocTaTouHo YOeIUTbCS B TOM, UTO BCSIKHH BIHCAHHBIU
yroJi, Hanipumep ZAOB (puc. 228), 6yleT npsiMbIM: OTCIOJIa GYIeT BbITEKATh,
uyto ayra AOB — nosyokpy:kHoCTb. lonyctum, HanpoTuB, uto yroa AOB He
npsiMoil. 3aMeHNnM Toraa TpeyroJabHUK AOB ApyruM TPeyroJbHUKOM C TEMH Ke
cropoHamut AO u OB, HO ¢ 3aKJ/IOUeHHBIM MeXay HuMH yriom B 90°; Torna

L
mHa nyru AOB ocraHercs Ta ke 5 )» 1 IPUTOM 3alITPHXOBAHHbIE hurypbl

He uaMensitesi. Ho niomane tpeyronbauka AOB NpH 3TOM YBEJIMUMTCS, TaK Kak
TPEYrOJIbHUK C JABYMSI JAHHBIMH CTOPOHAMH HMeeT MaKCHMAJbHYIO IIOMIAfb
MPH YCJIOBHH, UTO 3aKJIOUEHHBIH MEXKIY HHUMH YroJ — rpsiMoil (cM. cTp. 358).
Wrak, HoBasi nyra AOB (puc. 229) BmecTe ¢ oTpe3koM AB 0xBaTHT GOJIbLIYIO
nJollaab, 4eM MepBoHauasbHasi. [losydeHHOe MpPOTHBOpeuHe MPHUBOAUT K
3aKJII0UEeHHIO, UTO, KaKoBa Obl HH Oblia Touka O Ha paccmatpuBaeMolt ayre AB,
yros AOB nomxeH ObiTb MPsIMBIM. B TakoM cJjyuae 10Ka3aTesbCTBO MOXKHO
CUHTATh 3aKOHUEHHBIM: KPHBAsi, Pellaloliasi H30MepPUMETPHUECKYIO MpobJemy,
€CTb OKPYKHOCTb.

Puc. 228—229. K nokasare/bCTBY peLleHHsT U30IIe-
pUMeTpHUeCKO npobJieMbl

MN3onepumerpuieckoe CBOHCTBO OKPY:KHOCTH MOXKET ObITh BbIpaXKEHO B
topme HepaBeHcTBa. Ecsid L ecTb JUIMHA OKPY:KHOCTH, TO OXBaTbiBaeMasi €lo
2

nJjouaib paBHa , 1 TI0OTOMY, KaKOBa Obl HU Oblla 3aMKHYyTasi KpuBasi, HEe-

e
TNIPEMEHHO OMPaBbIBACTCA CJCMYIOLEe USONEepUMEMPU1LecKOe HepaseHcmaso,
cBsi3bIBaloOlllee JUIMHY KpHBOH C M OXBaThIBAEMYIO €10 Mommags A:

L2

e

PaBeHcTBO 3/1eCh HMEET MECTO TOJILKO B CJlydae OKPY?KHOCTH.

A<
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* Kak sicHo u3 coobpakeHui, npuBejieHHbIX B § 7, nokasaresberBo [lTedi-
Hepa MMeeT JIMIIb yCJoBHOe 3HaueHue: «Ecam cyuiectyer kpusast C aju-
Hbl L, OXBaTHIBAIOIIAS MAKCHMAJBHYIO TJIOLIAAb, TO 3Ta KPHBas — OKPYyXK-
HOCTb». YTOGBI YCTAaHOBUTb CIPaBEIIHBOCTb YKa3aHHON MPENOCHIIKH, HYKHA
CYLIECTBEHHO MHast apryMeHTaust. [Ipekyie BCero yCTaHOBHM TeOpeMy 3JeMeH-
TApHOTO COJIEP>KAHUST: CPEIH BCEBO3MOXKHBIX 3aMKHYTBIX MHOTOYTOJILHUKOB P,
C UYETHBIM YHCJIOM CTOPOH 271 U 06JafalollUX TepUMeTPOM 3aJaHHON JJIH-
Hbl HAaUOOJIbLLYIO MJIOLLA/b UMEET MPaBUJIbHbIA 271-yrosbHUK. JloKazaTesabeTBO
CTPOUTCSI MO TOMy »Ke 00pasily, YTO M MPHUBEIEHHOE BHIIIE JOKA3aTeJIbCTBO
[lrefinepa, co cienyolUMu H3MeHeHHsIMH. C BOMPOCOM O CYIIEeCTBOBAHHH
pellleHHsI 3]1eCh TPYAHOCTEN He BOHUKAET: 2/1-yTOJbHUK, a TAKXKe ero nepuMeTp
Y TUIOLA/Ib, 3aBUCUT HEMPEPLIBHO OT 471 KOOPAMHAT €ro BEPLIHH, U, HE Orpa-
HUYUBasT OOLIHOCTH, 06J1aCTb U3MEHEHUsT TUX KOOPIUHAT (B 41-MepHOM Mpo-
CTpaHCTBe) MOXKHO CJIe/1aTh KOMIAKTHOH. TakuM 06pa3oM, Mbl MOKEM CMeJIo
HauMHATb C YTBEPKJEHHUS, UTO HEKOTOPbIH 2/-yroJbHUK P eCTb pellieHue pac-
CMaTpUBaeMOi Terepb Mpo6JeMbl, H 3aTeM MEPEXOIUTh K aHAJIM3y ero CBOHCTB.
Kax u B 1ITeliHepoBCKOM I0KA3aTeIbCTBE, IOKA3bIBAETCS], UTO MHOTOYTOJIbHUK P
BBIMYKJIbIA. 3aTeM yOeIUMCs, UTO Bee 21 CTOPOH P paBHbI Mexay coboil. Jlo-
MyCTUM, HATPOTHB, UTO JIBE CMeXHble CTOPOoHbl AB u BC HUMeIOT pas/nuHbie
JUIMHBI, TOTJIa MOYKHO OT MHOTOYroJibHHKA P
oTpesatbh TpeyroibHUK ABC ¥ 3aMeHUTb ero /B;i
paBHOOepeHHbIM TpeyrosbHukoM AB’C, B Ko- g
topom AB’ 4+ B'C = AB + BC u nnomans Ko-
Toporo 6oJblie (cMm. § 1). Torna Mbl nosyunm
MHOTOYTOJIbHUK P’ ¢ TeM ke rnepumeTrpom, HO
¢ OoJiblIel MJ0LWANbIO, BOMPEKH CIEJaHHOMY
pomnyuiennio. Mrak, Bce CTOPOHBI P IOJKHBI
6bITb paBHBI Mexay co6oi. Ocraercsl noka-
3aTh, YTO MHOTOYTOJILHUK P TIPaBUJIbHBINA: JJIsl
3TOr0 JIOCTATOYHO YOeIUThCsl, YTO OKOJIO P
MOJKHO OTIHCAThb OKPYXKHOCTB. J{0Ka3aTesqbeTBO
cTpoutcst nagblie, Kak y lllreiiHepa. Ycrana-
BJIMBAaeM MpEXKe BCEro, UTo BCsiKasi AHAro-
HaJlb, COEIMHSIONIAsT MPOTHBOMOJNOXKHBIE Bep-
ILIMHBI, JEJHUT TJIOLIA/b Ha B paBHbIe YACTH.
3arteM 10Ka3bIBaeM, UTO BCE BEpPLIMHBI OJHOTO
13 MHOTOYTOJIbHUKOB, BO3HHKAIOLIEro MPH Pa3pe3aHuy 10 JUAroHajH, JeKaT
Ha OJHOM M TOH K& OKPYKHOCTH. BoCCTaHOBHUTb MOAPOGHOCTH HaMeUeHHBIX
J0Ka3aTesbeTB (chenyommux obpasiy LlTefiHepa) npenocTaBJisieM unTaTeNIO B
KauecTBe yMpaKHeHHSI.

CyuiecTBoBaHMe pelleHHsI H30MepUMeTPUUecKOl TTpobJIeMbl 10KA3bIBAETCS
C TOMOIIIBIO TIPEIeNBHOTO Tepexosa: KOorjla Mbl yBeJHUHBaeM HeorpaHHYeHHO

Puc. 230. K pnokasate/nbcTBY
peLleHHsl H30MepUMEeTPHUECKOM
npobJieMbl
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YMCJIO CTOPOH 271 MHOTOYTOJIbHUKA P, OH B Mpejiesie NepexouT B OKPYKHOCTb.
ITOT Ke Mpee/bHbIi Mepexo 1aeT, OUEBUIHO, U CaMO pellieHHe.

Paccyxnenue lTelinepa HenpuroaHo AJist 10Ka3aTesbCTBA U30TepPUMETPH-
yeckoro cBoicTBa cepbl B TpexmepHoM npoctpanctBe. Cam LlteitHep nad
HECKOJIBKO HHY10, 60J1e€ CJI0XKHYI0 TPAKTOBKY 3TOH MPOOJIEMbl, TPUTOAHYIO IS
NPOCTPAHCTBEHHOTO CJIyuasi, HO Mbl He MPUBOAUM €e, TaK KaK Ha ee OCHOBE
TPYAHO MOJIYUHTb J1I0Ka3aTebCTBO CyLLECTBOBaHHUS pelieHusi. Boobuie nokasa-
TEJILCTBO M30MEPUMETPHUECKOTr0 CBOHCTBA cepbl ropasno TpyaHee, YeM 10Ka-
3aTeJIbCTBO COOTBETCTBYIOLIETO CBOMCTBA OKPYXKHOCTH; B JOCTATOYHO IMOJHOM
M CTPOTOM H3JI0’KEeHHH OHO Gblno naHo no3nHee [. A. IllBapuem B paborte, ure-
HEEe KOTOPOH JIOBOJIbHO 3aTpyaHuTesbHO | CBOKCTBO, 0 KOTOPOM MbI TOBOPHM,
BbIpaxKaeTcs B BUJC HEPABEHCTBA

36mV2 < A%,

raie A — mJolaab 3aMKHYTOH TIOBEPXOCTH, V — OXBaTbIBAEMBIH €10 00bEM;
paBEHCTBO OCYLLECTBJISIETCS JIHLIb A5 Cepbl.

*§ 9. IkcrpemanbHbie MPOGAEMbI ¢ TPAHUYHBIMU
ycaoBusimu. CBa3b mexay npobaemoii Llteiinepa
Y M30MepUMeTPUUECKO NpobaeMoit

PelieHne skcTpeMasbHbIX MPOGJeM MPUHUMAET CBOCOOPA3HbIE UEPThI, €C/IH
00/1aCTb 3HAUEHHH TIEPEMEHHOTO MOJUMHEHA TeM WJIM MHBIM TPAHHUHBIM YCJIO-
BUsIM. Teopema Beilepuirpacca (yTBep:Kaaiomasi, utTo B KOMIAKTHOH 06JacTH
HernpepbiBHAs (DYHKIUS MPUHUMAET HauboJiblilee ¥ HAUMEHblee 3HAUEHHS) He
MCKJTIOUAET BO3MOXKHOCTH TOTO, UTO 3TH SKCTPEeMaJsibHble 3HAUEHH S IOCTUTAIOTCS
Ha rpaHuile o6sacTd. B KayecTBe TpocToro, MoYTH TPUBHANBHOTO TIpUMepa
MOXKET CJTyKUTb (QYHKLHST & = x. Ecsiu X He MOJIYMHEHO HUKAKAM OTpaHHUEHHSIM
¥ MOXKET U3MEHATLCSA OT —00 10 400, TO 00/1acTh B HE3aBUCUMOro MepeMeH-
HOTO eCTb BCSl IEHCTBHUTE/bHAST OCh; OTCIONA JIETKO MOHSIT, UTO (PYHKLHUS U = X
HUTJle He TIPUHUMAaeT HU HauOOJIbLIEro, HU HauMeHbllero sHauenus. Ho ecsu
obnactb B orpanuueHa, Hanpumep, HepaBeHcTBOM 0 < x < 1, To HaIULO UMe-
eTcsl U HauOoJIblliee 3HaUeHue |, ToCTHraeMoe Ha MPaBOM KOHIIE TPOMEXKYTKA,
¥ HauMeHblllee 3Hauenue 0, mocturaemoe Ha jeBoM. Ho 3THM 3KcTpeMasbHBIM
3HAUEHUSIM HE COOTBETCTBYET «BepIIMHA» UJIH «BNaJuHa» rpauka paccMaTpu-
BaeMo# (yHKUHMH. FHaue roBopsi, STH IKCTPEMYMbI OCYLIECTBJISIIOTCS OTHOCH-
TeJIbHO He «JBYCTOPOHHEH» OKPeCTHOCTH; OCTaBasiCh Ha KOHLAX MPOMEKYTKa,
OHH CMEIAIOTCS MPU pacillMpeHud paccMaTpUBaeMoro npoMexkytka. Eciin peub
WJIET O HACTOSILIEH «BepUIMHE» WM «BMAJHHE» KPUBOH, TO SKCTPEMasbHbIN Xa-
paKTep OTHOCHTCS K MOJIHOH OKPECTHOCTH paccMaTpHBAEMOl TOUKH; HeGOJbIIHE
C/IBUTH TPaHMLBI MPOMEXKYTKA HUKAK HE BJHUSIOT Ha 3KcTpeMyM. Takoro pojna

I Cwm. rakxke xuury [83]. — [Tpum. ped. nacm. usd.
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9KCTPEMYM COXpaHsieTcsl Jaxke MpH CBOOOJHOM HM3MEHEHHH MepPEeMEHHOro BO
Bcell o6JlacTi B WM 110 KpaiHell Mepe B HeKOTOPOH J0CTaTOUHO MaJlofi OKpecT-
HoCTH ToukH. [Ipu cambIX pazHOOGpasHbIX 0OCTOATENLCTBAX [IOYUHTE/ILHO YSC-
HUTb ce6e pas/nune Mex/1y <CBOOOJHBIMU» H «IDAHHUHBIMUY» SKCTPEMYMaMH.
B ciyuae dyHkuMn ofHOI NMepeMeHHOI 3TO pasanune, MPaBja, CTOUT B TECHOM
CBSI3H CO CBOHCTBAMH MOHOTOHHOCTH WJIH HEMOHOTOHHOCTH (DYHKLUM H TTOTOMY
He MPUBOJUT K KaKUM-HUOYIb OCOOEHHO MHTepeCHbIM 3aMevaHusiM. Ho ctout
OCTAHOBHTbCS HECKOJILKO BHUMATeJ/IbHEee Ha YCJIOBUAX JJOCTHKEHHsI SKCTpeMyMa
Ha rpanuLe 06/1aCTH U3MEeHEeHHs B ciydae (PYHKLHH MHOTHX MepeMeHHBIX.

Paccmotpum, Hanpumep, npo6.emy LlBapua, Kacaroliyocs: TpeyroJbHUKa.
O6sacTb U3MEHEeHHsl TpeX HEe3aBUCHMbIX T1€PEeMEeHHbIX COCTOUT 3/leChb U3 TPOeK
Touek P, (), R, JieXalllx COOTBETCTBEHHO Ha CTOpOHax TpeyrosbHuka ABC.
Bo3MOXKHbI JIBe a/bTEePHATHBbI: WJIM MHUHUMYM JOCTUraeTcsi MpH YCJOBHH, UTO
Kaxk/Jasl U3 TPeX He3aBHCUMO JBHXKYLIMXCs Touek P, ), R HaxouTCcsi BHYTpH
COOTBETCTBYIOLIEH CTOPOHBI TPEYroJbHUKA (M TOT/A 3ajaya pelIaeTcsl BbICOT-
HbIM TPEYroJIbHHKOM), MJIH K€ MHHMMYM JOCTHraeTcsi «Ha IpaHHLe», Korja
KaKHe-To JiBe U3 Touek P, ), R coBnajatoT ¢ 0OLIUM KOHLOM JBYX CMEXHbIX
CTOPOH (M TOra MUHUMAJIbHBIA «TPEYro/IbHHK» eCTb He UTO MHOe, KaK JBa/bl
cudTaeMasl BEICOTA AaHHOTO TPeYyroJbHHKA). Xapakrep pelleHHsl B 3THX ABYX
cJlyyasix pasJiMueH.

B npo6ueme IltefiHepa, oTHOCALLEHCS K TPeM «JepeBHAM», 06J1acTb U3Me-
HEHHsI TOUKHM P ecTb BCSI TJIOCKOCTb, MpHueM AaHHble Tpu Toukn A, B, C moryT
CUHTATbCS FPaHUUHBbIMU. M B 3TOM cJlyuyae BO3HHKAIOT JBE BO3MOXKHOCTH, Jat0-
L€ pelleHHe CYLIeCTBEHHO Pa3JIMuHOr0 Xapakrepa: Wik MUHUMYM J10CTHIaeTCs
BHyTpH TpeyronbHika ABC (M Torna OKoJIo TOUKM P BO3HHKAIOT TPH PaBHbIX
yrJa), Wik OH JOCTUraercst B OJHOH M3 BEpLIMH — FPAHUYHBbIX TOYEK 06JIacTH
u3MeHeHus. [TogoOHble anbTepHaTUBLI UMEIOT MECTO W VISl JOMNOJHHUTEJNbHOM
npo6JieMbl.

PaccmotpuM, HakoHell, B KauecTBe NocJIe/IHero npumMepa H3onepumMeTpuyec-
Kyto 1po6JieMy ¢ 100aBOUYHBIMH MPAHMUHBIMH YCJOBUAMH. Mbl yCTaHOBUM I1pH
9TOM 3aMEUATEJIbHYIO CBSI3b MEXJy H30MepUMETPHUECKON MpoOseMOd U Mpo-
6semoit LTefiHepa H, MOMHUMO TOro, MOBCTpeUaeMcst ¢ NPOCTeHIIUM NPHUMEPOM
9KCTpeMaJsibHOH Npo6JieMbl HOBOro THNA. B MCXOAHOH M30MepHUMeTpHUecKON
npobJsieMe 3aMKHyTast KpUBasl JAHHOH JUIMHbI, UIPAIOLLAsl PoJib HEe3aBUCHMOIO
NepeMeHHOr0, MO2KeT ObITb CBOOOIHO JAeopMHUpYyeMa, KaK YTOJHO OTKJIOHSSCD
OT OKPY?KHOCTH, H Jito6ast nostyuaemMast Kpuasi iBISITCS «J10MYCTHMOH»; TaKUM
06pa3oM, OKpY»KHOCTb JIa€T HACTOSILIMHA CBOGOIHBIH MUHUMYM. Buponsmenen-
Hast 1pobJieMa COAEPKHUT JONOJIHUTEbHOE TpeGoBaHHe: 10MyCTUMble KpuBble C
JIOJDKHBI 3aKJI04aTh BHYTpH ce6si JaHHble TOukM P, (), R (WK J0/KHBI TIPO-
XOAUTb Uepe3 HUX); KaK M paHblile, Mmjollaap A cunraercst 3ajaHHOM, U TIpea-
JlaraeTcsl MMHHMU3UPOBaTh JUIMHY L. B 9TOM npumepe Mbl HMeeM IpaHHUHOe
yCJIOBHE B HACTOSILIEM CMbICJIE CJIOBA.
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P

R @ R @
Puc. 231—-235. M3onepumerpuueckue Gurypsl, B pejesie naiolide pelleHre npobembl
reitnepa

$lcHo, uTo mpu pocTaTouHO GOJBLIOM 3HAaueHHH A Tpu Touku P, @, R He
OKa3blBAIOT Ha pellleHHe MPob/ieMbl HUKAKOTO BJUsIHUsL. B camoM mese, ecqu
TOJIbKO A GoJiblile (MM PaBHO) MJOLIAAM KPYra, ONUCAHHOTO OKOJIO TPEYTroJib-
HUKa PQR, pellieHue aeTcs MPOCTO-HAMPOCTO OKPYKHOCTbIO, OXBAThIBAIOLIIEH
3TH Toukd. Ho uto nmosyuyaetcst mpu MeHbIINX A? YKayKeM TOJILKO Pe3yJbTaThl,
OMycKasi HECKOJIbKO YTOMHUTE/NbHOE, XOTb U JIOCTYMHOE HaM, J0Ka3aTelbCTBO.
Hrak, nocrapaemcs oxapakTepu3oBaTh pellieHue npobJeMbl, Mpejanosaras, uto
JIaHHOE YHCJIOBOe 3HaueHHe A MOCTEeNeHHO yMeHbLIaeTcsl M, HaKOHell, oGpa-
maercs B Hyslb. Kak Tosibko A jenaercsi MeHblile, UeM TJIONIAJb OMUCAHHOTO
Kpyra, H30MepuMeTpruuecKasi OKPy»KHOCTb MpeBpallaeTcsi B TPH KPyroBble Iy
OJIHOTO M TOTO Ke pajnyca, 06pasylolllie BBIMYKJbIH TPEYrONbHUK C BEpIIH-
Hamu P, @, R (puc. 232). ITOT TpeyroJibHUK U AaeT pellieHue npobJembl; OH
onpejieNigeTes NOJHOCTbIO UncaoBbIM 3HaueHHeM A. [lpu yObiBanuu A paauyc
JyT YBeJUUUBAETCs], U JYTH BBINPSIMISIOTCS; KOra A CTaHOBUTCSI PaBHBIM I1J10-
Iaau TpeyroJbHuKa PQR, 3TOT caMblil TPeyrolbHUK U AaeT pelienne. Ecou A
CTaHOBHTCS €llle MEHbIIIe, TO CHOBA MOJYUAIOTCS TPEYTOJbHUKH, COCTABJIEHHbIE
M3 KPYTOBBIX IyT OJHOTO M TOTO K€ pajuyca, HO C BBIMYKJIOCTbIO, 06palieHHoM
BHYTPb TPEeYrosibHUKAa, ¢ BepLIMHAMH — WJIH, JIydllle CKa3aTb, <POXKKAMU» —
B Toukax P, @, R (puc. 233). Ilpu nanbHeiiniemM yObiBaHHH A HACTyMUT MO-
MEHT, KOTJla JIBeé KPYroBble Iyrd, CMBIKAIOIIHeCsl y OJHOHW M3 JAHHBLIX TOUYeEK,
HanpuMep R, cTaHyT KacaTe/JbHbIMU JIPYr K apyry. Elle nasee, TpeyrojbHHKH
YKa3aHHOTO THIMA y»Ke MePeCcTaHyT ObITb BO3MOXKHBIMH, W TOTJa 0OHAPYKHUBA-
eTCsl HOBOE sIBJIEHHE: pellleHHe, KaK U Tepej TeM, JaeTcsi BOTHYTBIM TPeyroJib-
HHUKOM, COCTaBJIEHHBIM H3 KPYTOBBIX JIyT, HO OJIMH H3 «POXKKOB» R’ oTHessieTcs
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OT TOUKM R, M pelleHHe TOrJa COCTOMT M3 KPYroBOoro TpeyrojbHuka PQR’ ¢
no6aBJeHUeM «IBaXKJbl cunTaeMoro» (0T R’ K R U 06paTHO) MPSMOJHHEHHOTO
otpeska RR'. DTOT 0Tpe3oK Kacaercsl JIBYX KPYrOBbIX JyT, CMbIKAIOUIMXCH B
touke R'. Korma A yGbiBaet elle nasiblile, <pOKKH» OTHEJSIIOTCS Uy MPOYHX
BeplivH. [IpH 0CTaTOUHO MaJibIX MOJOMKHUTENbHBIX 3HaueHHsiX A Mbl Oylem
MMeTb PaBHOCTOPOHHHUH TPEYrOJIbHUK, COCTABJEHHBI U3 TPeX KPYroBbIX Jyr
OJIHOTO W TOTO K€ pajuyca, KacalolMxcs Apyr apyra B BepwnHax P, @', R', ¢
No6aBJIeHUEM TPeX «JBaXK/bl CUUTAEMbIX» OTPe3KOoB PP, Q' Q, R'R (puc. 234).
Hakonell, npu o6patieHun A B HyJib Ha3BaHHBIH TPEyroJbHUK obpaliaetcs
B TOUKY, MU Mbl roJiydaeM peuieHde npo6sembl [lTefiHepa, KoTopasi, Takum
00pa3oM, 0KasbIBAeTCsl MPeesbHbIM cayyaeM 0000LLIEHHON (YKa3aHHbIM BbILLE
c110co60M) U30MepUMETPUUECKON MPOGJIEMbI.

Ecan P, @, R 00pasyioT TyrnoyroJibHblii TpeyrosbHuK ¢ yriom B 120° uiu
6oJiblile, TO MIPH CTPeMJIEHHH A K HYJIIO B Mpejiesie TaK:Ke T0JydaeTcs pelleHue
npo6sieMbl 11ITefiHepa, Tak Kak KpyroBble Iyrd B KOHLE KOHIOB CJHBAIOTCS CO
CTOpPOHAMH TYTOTO yria. AHAJOTHYHBIM 006pa3oM, TyTeM TpeLesbHOro Tepe-
X0Ja OT M30MepUMETPUUYECKON NpoGJeMbl, MOTYT ObITh MOJYUEHbl U pEeLICHHUS
006006111eHHOl pobseMbl LTeiinepa (cM. puc. 216—218 Ha cTp. 388).

§ 10. BapuauMoHHoe ucuucaeHHre

1. Beepenue. Msonepumerpuueckas rnpobjema npejcrasJjser co6ol, no-
JKaJlyd, camblil cTapblil puMep OOLIMPHOTrO Kjacca BaxKHbIX MpobJieM, K KO-
TOPBEIM ObIIO TIpUBJeUeHO oOlee BHUMaHue B 1696 r. Morannom Bepnyua -
au. B «Acta Eruditorum», BblpaioliemMcst HaydyHOM 2KypHaJie TOH 3TO0XH, OH
MOCTaBWJ CJlellylolLyto pobJeMy «o GpaxucToxpoHe». MarepuajbHasi yacTu-
a CKOJIb3UT 0e3 TpeHHs 10 HEKOTOPOH KPHUBOH, COENMHSIONIEH Bbllle pac-
TMOJIO2KEHHYIO TOuKy A ¢ HiKe pacroJioxkeHHOH Toukoit B. Ilpeanonarasi, urto
Ha YaCTHLly He JAEHCTBYIOT HHKaKHe CHJIbl, KPOME CHJbl TS:KeCTH, TpebyeTcs
YCTaHOBUTb, KaKOBa JOJ/KHA ObIThb KpuBass AB, 4ToGbl BpeMsi, HYXKHOe IJisi
crycka oT A K B, 6b1710 HanMeHbIINM. JIerko MoHsITh, UTO AJIsT CITyCKa YACTHILbI
oT A K B Heo6X0IUMO TO HJIM MHOE BpeMsi B 3aBUCHMOCTH OT BbIOOpa MyTH.
[IpsiMosIMHElHbIIl OTPEe30K HUKOWM 00pa3oM He o0ecrneuuBaeT HaUMMEHbLLIEro
BPEMEHH; TO K€ MPUXOAUTCS CKa3aTb O KPYrOBbIX Ayrax W APYruX vJeMeHTap-
HbIX KPUBBIX. BepHyJsui 00bsIBHI, UTO OH 06JIaJlaeT 3aMeyaTesbHbIM PellicHHeM
MOCTaBJEHHOH 3a7aud, KOTOPOro, OJHAKO, He XOueT Moka MnyOJuKoBaTb, UMes
B BUJy I0OYAUTbL KPYMHEHILIHX MAaTEMaTHKOB CBOEIO BPEMEHH IIPHJIOKUTL CBOE
MCKYCCTBO K MaTeMaTHUYeCKUM 3ajiauaM HOBOTO THMA. B yacTHOCTH, OH BbI3BaJ
Ha coCTsi3aHMe CBoero crapliero 6pata $lko6a, ¢ KOTOpbIM Obll TOrA B pes-
KO BpaKieOHBIX OTHOLIEHHSIX W OTKPBITO HMeHOBaJs HeBexkaoi. CBoeobpasue
3ajaud 0 OpaxUCTOXPOHE BCKOpPE JIEHCTBUTEbHO ObLIO OLlEHEHO MaTeMaTHue-
CKMUM MHpOM. B mpobsiemax, MCC/EI0BaHHBIX 10 TOrO BPEMEHH C TOMOLIBIO
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JIubepeHIHalbHOrO HCUUC/IeHHS], MOo/IeKalllas MUHUMH3aLUMH BeJMYHHA 3a-
BHCeJIa OT OHON WM HECKOJIbKHUX (B KOHEUHOM UYHCJIe) YHCJIOBBIX NIePEMEHHBIX;
B 3TOH »Ke 3ajaue paccMmaTpuBaeMmasi BeJMUMHA — BpeMsl CIyCKa — 3aBUCUT
OT BCeH KPUBOH B LEJIOM, YeM M OOYCJIOBJMBAETCS CYLIECTBEHHOE Pas/IHuME;
MMEHHO M0 YKa3aHHOH IpHUMHe 3ajaua 0 OpPaxUCTOXpPOHE He Morvia ObITb pe-
IIeHa HH METOJO0M AU(QepeHHANBHOT0 UCUUC/IEHHUS], HU KAaKUM-JHO0 JPYTUM,
M3BECTHLIM B T€ BpeMeHa MPUEMOM.

HoBusHa nocrassieHHo# 1poGJeMbl (M0-BUAXMOMY, TO 00CTOSITENLCTBO, UTO
JI0KAa3aTeJIbCTBO M30MEPUMETPHUECKOTO CBOHCTBA Kpyra NpeiacTaB/seT coOOH
BONPOC TOH »Ke MPUPOJbI, He ObLIO TOrAA elle 0CO3HAHO) MoJeHCcTBOBaMA Ha
COBPEMEHHUKOB DepHyJ/iH, B 0COOEHHOCTH KOrJla BbISICHUJIOCH, UTO PELICHHEM
3a/laul sIBJISIETCSl LMKJIOMIA — KaK pa3 He3ajloJiro 0 TOro OTKpbITast KpHUBasl.
(Hanomuum onpenesnenne LUMKJIOUABL TaK HA3bIBAIOT TPAEKTOPHIO IBHXKEHHS
TOUKH, HaxoAsLLEeHCs Ha OKPY:KHOCTH, KOTOpasi KATHTCSl 0€3 CKOJIbXKEHHUS MO
npsiMOl JIMHUKM — puc. 236. DTa KpHBas yxke paHblie Obla MOCTaBJeHa B
CBfI3b C HEKOTOPbIMH MHTEPECHBIMH 3aJlauaMH MEXaHHUECKOTo COJEpKaHus, B
YACTHOCTH, C KOHCTPYMPOBAHHEM HJeaJIbHOTO MasTHUKA.) [fofireHc yctaHoBuUI,
YTO ecJIM TsKeJast yacTHia (Touka) coBepiuaer (6e3 TPeHHsl, MO BJHSHHEM
CUJIbl TSKECTH) KoJslefaTesbHOe JBHXKEHHE M0 LMKJOMAE, PACIHOJIOXKEHHOU B
BEPTHUKAJIbHOH MJIOCKOCTH, TO MEepHOJ KosieOGaHHsl He 3aBUCHT OT aMIIUTY.bl
(pasmaxa). HanpoTuB, Ha KpyroBo# jyre, mpeactaBJ/sioliel co60i TpaeKkTo-
pHIO IBH2KEHUs1 OObIKHOBEHHOIO MasiTHHKA, TAKOTO POJa He3aBUCUMOCTb UMeeT
JMUIb TPUOJHKEHHBIH XapakTep, U B 3TOM 0OCTOSITEJbCTBE YCMaTpUBasach
HENPUrOJHOCTb KPYroBOU JyrH MPH KOHCTPYMPOBAHUM TOUHBLIX 4acoB. Llukijo-
uae OblIO PUCBOEHO, B CBSI3U C YKA3aHHLIM 0OCTOSTE/IbCTBOM, HAUMEHOBAHUE
TayTOXPOHBI, HO TeNepb OHa CTajla KMEHOBATLCST TAKXKe H GPAXHCTOXPOHOM !

Puc. 236. Lukaonga

2. Bapuauunonoe ucuuciaenue. [lpunuun ®PepmaB ontuke. Cpeau pas-
JIMUHBIX METOJIOB, C OMOLILIO KOTOPBIX pelieHre 6paxUCcTOXPOHHOH PoB/IeMbl
6b110 HaiineHo GpatbsiMu DepHY/IM U IPYTHMH YUeHbIMH, Mbl BbiGepeM U H3-
JIOXKUM 371€Ch OJIMH U3 CaMbIX PAHHHX B UCTOpPHUECKOM cMbiciie. [lepBble mpeji-
JIO2KEHHbIe METOJ/bl HOCUJIH GoJiee WM MeHee CIelHasbHBIA Xapakrep, OyIyuH

U Taymoxporna — or rpeu. tauvto (paBHO), xeouoc (BpeMs); 6PAXUCMOXPOHG — OT Tpeu.

Bpoyus (KopoTKHil) U TOTO XKe ypovog. — [Ipun. peo.
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6oJsiee npucnocobseHbl K creuuduueckuM 3afauam. Ho ouenb ckopo Dhjep u
Jlarpanx (1736—1813) pagpaboranu GoJjiee 00lMe METO/bI JJIsi PelleHUs
IKCTPEMAJIbHBIX TPOOJEM, B KOTOPbIX HE3aBUCUMBIM 3JIEMEHTOM SIBJISIETCS HE
OJIHA WJIM HECKOJIbKO (B KOHEUHOM UMCJIE) UMCJIOBBIX MEPEeMEHHbIX, a KpHBas
WM (YHKUMS B 11€JOM, WM Ja)Ke cucTeMa KpuBbiX ((yHkuuii). HoBblil Me-
TOJL pellieHHs1 MoA0GHOr0 poja MpobJieM TOJNyuul Ha3BaHUE 8APUAUUOHHOCO
UCHUCACHUA.

Jatb 31ech U3J102KEHHE 3TOH BETBH MaTeMaTHKH B €€ TEXHHUECKOM acreKTe
WJIM 2Ke TIPOaHaIU3UPOBATh CKOJIbKO-HUOY b [IyGOKO OT/EbHbIE OTHOCSIIHECS
ctoJia pobGJieMbl He TpeCcTaBJIsieTcsl BO3SMOXKHbIM. BapualloHHOe HCUMC/IeHHe
MMeeT MHOXKECTBO MPUMEHEHUH B (PU3HUECKUX TeopHusiX. Bblio 3ameueHo ¢ naB-
HHUX TIOP, UTO SIBJIEHUS MPUPOJIbI YACTO CJAEAYIOT TEM UJIH HHBIM 3KCTPEMAaJbHBIM
npuniunam. Kak mbl yxe Bugesu, [epon AnekcanIpHicKuil yCMOTpeJ, uTo OT-
pakeHhe CBETOBOIO Jiyua MJOCKUM 3€PKaJOM XOPOLUO OMHUCBIBAETCS HA OCHOBE
npuHuuna MuHumyma. ®epma — yxe B XVII cronetun — cuenan cienyouimi
11T, 3aMETHB, UTO U 3aKOH MPEJOMJICHHs CBeTa TaKKe MPEKPacHO BblpazKaeTcs
B TEPMHHAX MHHHMaJbHOTO MPUHUMNA. OTIMUHO M3BECTHO, UTO MPH Mepexoje
CBETOBOTO Jlyua M3 OJHOH OJHOPOJHOH Cpejbl B JIPYryl0 MyThb €ro U3MeHseT
HanpasJeHue. Tak, cBeTOBOH Jiyu, Waylil U3 Touku P (puc. 237) B BepxHei
cpejie, Ile CKOPOCTb PaBHA U, B TOUKY R B HI2KHEH cpejie, IJle CKOPOCTb ecTh w,
coBepUIUT JioMaHblil yTh PQR. CHenauyc (1591—1626) chopmyaupoai
HAWJCHHBIH UM SMIIMPUUECKUM IyTeM
3aKOH, COIVIACHO KOTOPOMY MyTb CO- P
CTOUT U3 JIBYX MPSIMOJIMHEHHBIX OTpe3-

KoB PQ u @R, o6pasylouux ¢ HopMa- / o
JIbIO YIJIBL o0 M o, TIpUUEM S?L“, =2,

Sina w
C momoliibio AU(QepeHIHanbLHOT0 He- Q
uncsiennst Pepma yeTaHOBHII, UTO STOT g
NyTb KaK pa3 06J1ajaeT TeM CBOMCTBOM, o
UTO BpEMs, HYXKHOE ]I MPOXoJa Jiyua
3 P B R, MUHUMAJIbHO, T. €. MeHbIIIe, R
ueM MoHano0U/10Ch Obl P MPOXOXKIE-
HUM 1O JI060MY HHOMY MyTH. Takum
00pa3oM, CIyCTs LIECTHAILATb CTOJETHI PePOHOB 3aKOH OTPaXKeHHs CBeTa Obll
JIOTIOJIHEH TIOJI0OHBIM €My M CTOJIb XK€ BaXKHbIM 3aKOHOM TPeJIOMJIEHHUSI.

Depma 06061 HOPMYIHPOBKY ITOTO 3aKOHA, PACIIPOCTPAHSS €ro Ha CJy-
yail KpUBBIX OBEPXHOCTEH pasjesa MexK iy 1ByMs Cpe/laMH, KaKOBbI, HATTPUMED,
chepryeckue MoBepxHOCTH JUH3. OKa3bIBAETCs, UTO U B 9TOM CJ1yuyae CBETOBOH
JIyu CcJIelyeT MmyTH, o6JaJalolieMy TeM CBOHCTBOM, UTO BPEMSl, HY?KHOE JJIsl €70
MPOXOXKAEHHUS, MeHblUe, UeM MoHan00UuI0Ch Obl MPH BbIGOpE J1060r0 Apyro-
ro nytd. Hakonew, @epma paccmotpes U cjydail TPOM3BOJIbHON ONTHUYECKOH

Puc. 237. I1penomsiennie cBeToBOrO Jiyua
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CHCTEMbI, B KOTOPOH CKOPOCTb CBETa MEHSIeTCsl M0 OIMPEIeJEHHOMY 3aKOHY OT
TOUKH K TOUKe, HAaTIpUMep TaK, KaK 3TO MPOUCXOAHUT B atMocepe. OH pazaeann
HEMNPEPLIBHYI0 HEOJAHOPOJHYIO Cpely Ha TOHKHE CJIOH, B KaxKJIOM M3 KOTOPbIX
CKOPOCTb CBeTa MPUOJH3UTENbHO TOCTOSIHHA, M NPEACTaBUa cebe HOBYIO, BO-
oOpaxkaeMylo cpely, B KOTOPOH CKOPOCTb CBeTa JAeHCTBUTEJBHO MOCTOSIHHA
B Ipejesiax Kaxaoro cjosi. IIpy Takux ycJlOBUAX MOXKHO ObWIO MPUMEHSITD
NPEKHUI MPUHUMI MPH MEPeXoie OT KaKAOro cJosi K chaeylollemy. 3arem,
JIOTTYCKasl, UTO TOJILLMHA KaXKA0T0 CJI0sT CTPEMHUTCS K HYJIIO, OH NOJIYUHIl 0Ouutl
NPUHYUN 2eOMempuyecKol onmuKxy (H3BECTHBIH HbIHE MO/ IMEeHeM MPHHLIAIA
depma): B HEOJHOPOJHON cpejlie CBETOBOH Jyd, WAYLIMH OT OJHOH TOUKH K
JIPYroH, CJeLyeT 110 TaKoMy IyTH, UTO BpeMsl, HY:KHOE JJIsl €ro MPOX0XKICHHS,
MeHbllIe, 4eM MOHaA06HI0Ch Obl MPH MPOXOXKAEHHH JIIO60TO UHOTO MyTH. DTOT
MPUHLIMIT OKA3aJ1Csl B BbICLIEH CTENEHH MOJIE3HbIM HE TOJIbKO TEOPETHUECKH, HO
¥ NpakTHYeCKU. B reomerpuueckoil onTHKe, Ornepupyst TEXHUUECKUM amrnapa-
TOM BapHaLMOHHOTO UCUHUCJIEHUS, MOJIb3YIOTCS] STUM MPUHLMIIOM KaK OCHOBHBIM
OpyJHeM MPH pacueTax CUCTEM JIHH3.

MuHuManbHble NPUHLMIBL CTaJM 3aTeM TOCMOACTBYIOLIMMH W B JPYTHX
obnactax ¢uanku. Tak, ObUIO 3aMeueHO, UTO YCTOHUMBOE paBHOBeCHE Me-
XaHHUECKO!l CHCTeMbl OblBaeT AOCTUIHYTO MPH TAaKOM pPacloJIOXKEHHH, IpH
KOTOPOM <«IOTEHLHaJIbHAs HEPrusi» MUHHMaJbHA. PaccmoTpum, Hanpumep,
cBOOOAHO M3rubaeMylo OJHOPOJHYIO Liellb, MOJABELIEHHYIO 3a JBa €€ KOHLA U
PeOCTaBJIEHHYIO JeHCTBUIO CUJIbl TskecTH. Toraa Lelnb 3afiMeT HMEHHO TaKoe
MoJIOXKEHHE, MPH KOTOPOM MOTEHLMAJNbHAs Heprust ee OyleT HauMeHbLUel.
B ykaszaHHOM npuMepe MOTEHLMaNbHAs SHEPIrUsl 3aBUCUT OT BBICOTHI LEHTpa
TSDKECTH OTHOCHTENLHO HEKOTOPOH MoCTOsIHHOK ocH. Kpusasi, o6pasoBaHHas
cBOOOJIHO MOJABELUEHHON LeMNblo, HA3bIBACTCS YeNnHOU AUHUel U IO BHELIHEMY
BUJly HECKOJIbKO HANOMHHaeT napabo.y.

He To/1bKO 3aKOH paBHOBeCHS, HO U 3aKOHbl JBHKEHHsI I0JUHHSAIOTCS IKC-
TpeMaJibHbIM NpHHLUMNAM. OTdeTsMBble MpeACTaBAeHUST 06 3TUX MNPHUHLMNAX
BIEepBble BO3HUKJN Y DiHJjepa, TOrIA KaK JIOJIH, CKJIOHHbIE K CIEKYJNSTHBHbBIM
pa3MBbILIJIEHHsIM (PUI0CO(CKOro ¥ MHCTHUECKOTO XapaKTepa, Kak, Harlpumep,
Moneprion (1698—1759), He 6bl criocoGHbBI 1aTh TOYHblE MaTeMaTHue-
cKue (GOpMYJIHPOBKH W OrPaHUUMBAJIMCh CMYTHBIMHM BbICKA3bIBAHUSIMH M0 MO-
BOJly «60KECTBEHHOTO PEryJMPOBaHUST (PU3MUECKUX SIBJEHHH OOIIMMH MPHH-
LMIaMH HaMBBICILIETO COBEPLUEHCTBA». DWJIEpOBbl BapHALMOHHBIE TPHHLMITbI
B 00/1aCTH (PU3HUKM, BHOBb OTKpPBITbIE W 00OOLUEHHblE MPJAAHACKMM MaTeMa-
tukoM ['amusbToHOM (1805—1865), cTasu BNOCAEACTBMH MOTYLIECTBEH-
HEHLIUM OpyJaHeM B TakKHX 00JIaCTsAX, KaK MeXaHWKa, ONTHKA, 3JeKTPOAMHA-
MHKa, camble pasHooOpasHble TeXHUUecKHe Haykd. Puanueckue TEOpHU He-
JlaBHEro IPOUCXOKIAEHHSI — TEOPUsl OTHOCUTEJBbHOCTH U KBAHTOBAsl TEOPUS —
TMOJIHbI TIPUMEPOB, 0OHAPYKUBAIOLLMX 3HAUEHHE METOJ0B BapUaLMOHHOIO HC-
UUCJICHUS.
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3. PemeHune 3amaun o 6paxucToxpoHe, npuHaaiexaiiee Ikooy bep-
HyJAau. PaHHUIA MeToN, MPUMEHEHHBIH K pelleHHio MpobJeMbl 0 6paxucTo-
xpoHe $lko6om bepnysin, Moxer ObITb M3J10)KEH C NMPUMEHEHHEeM CpaBHH-
TeJIbHO CKPOMHBIX MaTeMaTHUYeCKUX cpelcTB. Bo3bMeM B KauecTBe MCXOIHOrO
TOT U3BECTHBIH M3 MEXaHUKH (paKT, UTO MaTepuajbHas yacTulla, HAUMHAIOLIAS
CBOH MyTb B TOuke A ¢ HyJIeBOH CKOPOCTbIO M 3aTeM CKOJIb3sllasi BHU3 1O
NPOU3BOJIbHON KpUBOH C, MPUXOAUT B HEKOTOPYIO TOUKY P CO CKOPOCTbIO, Mpo-
MOPLMOHANLHON BeJuuuHe \//1, Tie /i eCTh OTCUMTLIBAEMOE M0 BEPTHKAJH pac-
CTOsIHUE TOUKH P 0T ToukH A; MHAue rOBOPS, MBI MMEeM 3aBHCHMOCTD U = cV/ A,
rjie ¢ — TOCTOSIHHBIA Ko>dduuuent. [loaseprueM paccmaTpuBaemylo 3aaauy
JIErKOMY BMJ0M3MEHEHHI0. Pa3o0beM MBICJEHHO MPOCTPAHCTBO HA MHOXKECTBO
FOPU3OHTAJIBHBIX CJI0EB, KAaX/Ibli TOJMIMHON d, U MPEANOJIOKUM Ha MUHYTY, UTO
CKOPOCTb HalleH YacTHLbl MEHSIETCSl He HelpepbiBHO, a HeOOJbIIMMH CKayKa-
MH — IIpU [lepexojie OT CJ0s K CJIO0; HMEHHO B MEPBOM CJloe, MpHJeXKalleM
Herocpe/ICTBEHHO K Touke A, cKopocTh paBHa cv/d, Bo BTopoM ¢v/2d, HakoHell
B n-M cv/nd = cv/'h, tie h — paccrosiuue P ot A, oTCUHTBIBAaEMOE 110 BepTH-
Kaau (puc. 238). [1pu Takoil mocTaHOBKe 3a7aud Mbl UMEEM /€0 C KOHEUHBIM
UhCJIOM TNepeMeHHbIX. B npenenax Ka-

JKJIOTO CJIOST ITyTh YaCTUIIBI 1OJKeH ObITh A

npsiMoJIMHedHbIM. Bornpoc o cyliecTBo- 4\\
BaHHUM 3KCTpPEMyMa He BO3HHUKAeT; pe- N
LLIEHUEe JOJIKHO J1aBaThCsl JIOMAHOH JIH-
HHUEH; HY>KHO TOJIbKO OIPENEJUTh ee
yrJbl pu BepiiMHax. CorsiacHO MHHH- ——
MaJIbHOMY MPUHUMITY JJ/Isl 3aKOHa Mpe- P
JIOMJICHHSl, B KaXJIOH nape coceaHux Puc. 238. K npobseme 6paxucToXpoHbl
CJI0eB JIBH:KeHHe oT P K R uepe3

TaKoBO, UTO MPH (PUKCHPOBAHHBLIX P 1 R Touka () COOTBETCTBYET HAUMEHbLIEMY
BpeMeHH myTH. OTCI0/Ia BBITEKAET CJEYIOIIMH «3aKOH MPEJOMIECHUSI»:

sina sina’

Vnd  Jin+ Dd

HOBTOpHOe MPUMEHEHHE STOI0 pacCCyKACHUS MPUBOAUT K LIENHK PAaBEHCTB

sinoq:sinocg: (1)
Vi Y R

rjie o, 0003HayaeT yroJ MexJ1y HanpaBJeHHEeM MYTH B 71-M CJIO€ U BEPTHKAJIbIO.

3atem bepnysu mpennosaraer, uto TOJIMHA CJI0EB d, HEOrPaHHUEHHO
YMEHbLLIASICh, CTPEMUTCSI K HYJIIO, MPUHUEM JIOMaHasi TPaeKTOpHsl, peliarollas
NpUOMIKEHHYI0 NIPoGJeMy, B NIpejiesie TIePeX0UT B HCKOMYIO KPUBYIO, peLlaro-
LL[yl0 OCHOBHY!O TIpo6Jemy. [1pu 3ToM npeaesabHOM nepexoje paBenctsa (1) co-
XPaHSIIOTCS, U NOTOMY DepHyJuin fesaeT 3aKatoueHne: ecyii o 0603HayaeT yrod,
KOTOPBIH B TPOU3BOJIbHOH Touke P KpuBoil C TpaeKTopusi 6paxuCTOXPOHHOTO
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JIBU2KEHHSI JIelaeT ¢ BePTHKAJbo, a i — paccTtosiide oT A 10 P, paccuuThi-
sina

h
3HaueHHe Bo Bcex Toukax P xpusoil C. Jl\e/r_Ko 110Ka3aTh, YTO yKa3aHHOe CBOM-
CTBO XaPAKTEPU3YET LUKJIOM]LY.

BepnyJuneBo «10Ka3aresabcTBO» MpelcTaB/seT coO0H TUIHUHBIA NpUMep
OCTPOYMHOIO M IJIOJOTBOPHOIO MaTeMaTHUeCcKOro paccyxKIeHHsi, KOTopoe B TO
JKe BpeMsl Hesb3sl Ha3BaThb O€3yKOPHU3HEHHO CTPoruM. B Hem conepxkutcsi He-
CKOJIbKO HEIBHO MPUHSTHIX nonymefmﬁ, ornpaBJlaHue KOTOPbIX OblJI0 Obl CJ0XK-
Hee UM NPOCTpaHHee, yeM caMo paccyxjeHue. Tak, ¢ 0JHOH CTOPOHBI, He J0-
KasblBaeTCsl caMo CyllecTBoBaHHe pelleHust C, ¢ APYroil — MOCTYJIHPYyeTCs
6e3 J10CTATOUHbIX MaTeMaTHUECKHX OCHOBAHUH, UTO pelleHHe NPUOJIHKEHHON
npo6JieMbl SBJISIETCS NPUOJIHAKEHHBIM PelllieHHeM OCHOBHON npobJiembl. Bonpoc
O BHYTPEHHeH LEHHOCTH TaKoro poja 3BPHCTHUECKHX (HABOASLIMX) MOCTpOe-
HUH 3aCJ/y?KHBAeT BHUMATEJIBHOTO PACCMOTPEHHSA, HO 3aBeJ Obl HAC CJHMIIKOM
JaJIeKO B CTOPOHY.

BaeMo€ 10 BEPTUKaJIHM, TO BbIpaxKE€HHE JOJ2KHO COXpaHsiTb MOCTOSTHHOE

4. Teone3nueckue JUHUK Ha cpepe. MuHuMaKkcbl. Bo BBeneHHH K 3TOH
riaBe Obl1a yrnoMsiHyTa NpoOJieMa HaXOXKAEHHS <«Te0le3HUECKUX JIHHUH» —
KpaTuailinx Jyr, COeIMHSIOUINX IBE JaHHbIEe TOUKH Ha HEKOTOPOH MOBEPXHOCTH.
Ha cdepe, kak nokasbiBaeTcsi B 9J€MEHTapHON TeOMETPHH, TAKMMH JIMHUSIMHU
ABJSIOTCS Iyrd 60JbIIMX KpyroB. Ilyeth P u () — 1Be TOUKH Ha cdepe (He
ABJSIONIMECS JTMaMeTPaJbHO MPOTUBOIOJOKHBIMU) U ¢ — MEHbllasg U3 JBYX
Jyr 6oJbLIOrO Kpyra, npoxozsiiero yepes P u . Torna BosHHKaeT Bompoc:
yem ke siBJsieTcsl apyrasi, 60Jbliasi U3 ABYX
Iyr ¢ Toro ke Kpyra. KoHeuHo, MHHHMMyMa
pacCTOsIHUSL MeK1y ToukaMH P u () oHa He
JlaeT, HO He JIaeT U MaKCHMyMa, TaK Kak JIerko
MOHSATb, UTO MOXKHO MTPOBECTH Ha cepe CKOJMb
YrOJHO JJIMHHbIE JIMHUH, COEIUHSIOLIME JBE
JaHHble Toukd. OKasblBaeTcsi, UTO MO OTHO-
LLIEHUIO K paccMartpuBaemoil npobJseme ayra ¢’
npeacrap/iser co00H MHHMMAKC, <«CEeLJI0BYIO
TouKy». BooGpasum npousBoJ/ibHYI0 NepeMeH-
HYI0 TOUKy S Ha cdepe U TOCTaBUM 3ajnauei
HalTH KpaTualliuiuidi nytb oT P K @, npoxojs-
1K uepes S. KoHeuHo, MUHMMYM PacCTOSIHUS
B TAKO! MOCTAHOBKE MPOOGJIEMBI JaeTCsl «JI0Ma-
HOI» JIyroH, cocTosilel U3 ABYX Iyr GOJbLIMX
KpyroB PS u SQ. A 3arem mocrapaemcsi HalTH TaKoe TMOJIOXKEHHE TOUKH S,
NpH KOTOPOM HauWMeHblllee paccTosiine PS() 6110 6bl MaKCHUMaIbHbIM. Torza
noJlyuaeM cJielylollee pelieHne Bonpoca: Touka S 10J:kHa ObITh TaKOBa, UTOObI
Jomanasi PSQ 6buia Gosiee JUIMHHOH jayroil ¢’ GoJibliioro kpyra PQ. MoxHo

Puc. 239. Teonesnueckue JIMHUH
Ha cdepe
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BUJOM3MEHUTb MpobJeMy, cHauaja crpauivbasi ce6s o KpaTyaiilueM MyTH Ha
cepe oT Touku P K Touke S, TpOXOJSIIEM uepes 1 Hanepel 3aJJaHHbIX ToueK S,
So, ..., S,, u 3arem onpenensas Touku Sy, Sy, ..., S, TakuM 06pazom, UTOGHI
MHHUMaJIbHas JUIMHA OblJa HACKOJIbKO BO3MOXKHO GoJibLIOH. Peliennem takoi
3a7aul CJYKHUT MyTb MO GOJBIIOMY Kpyry, Tpoxojsiiemy uepe3 P kK (), HO
0OBHBAIOLIUHACS BOKPYT Chepbl TAKUM 00pa3oM, uTOObI MPOHTH uepe3 TOUKH,
JIaMeTpaJsibHO MPOTHBOMOJIOKHBIE P U ¢, POBHO 1 pas.

Ata MUHUMaKCHasi rnpobJieMa sBJSETCS THIHUHBIM [IPUMEPOM /151 OOLLMpP-
HOTO KJlacca BOMPOCOB M3 06/1aCTH BapHALHOHHOTO HCUHCJEHHS, C TMOJHBIM
YCIEXOM HU3YUEHHBIX B MOCJEHEE BPEMS C MOMOLLbIO METOJ0B, NPEyIOKEHHbIX
MopcoM u 1pyruMH aBTOpamH.

§ 11. dKkcnepumeHTalbHble pelIeHUs 3a1a4 HA MUHUMYM.
OnbITbI ¢ MblJbHBIMU NJE€HKAMU

1. Beenenue. OObLIKHOBEHHO ObIBaeT OueHb TPYIHO, a MHOIJA JAaxKe He-
BO3MOKHO, PELUUTb BapHaLMOHHYIO Npo6JeMy SIBHO C MOMOLLbI0 (hOpMYJl HUJIH
reOMEeTPUUECKUX TOCTPOEHHH, BKJIOUYAIOUIMX MPOCTble, U3BECTHbIE 3JIEMEHThI.
BmecTo Toro uacTto ymoBJETBOPSIIOTCS OJHHUM JHIIb J0KA3aTeJbCTBOM Cyllle-
CTBOBAHUSI PELLIEHHUS MPH TEX UJIM UHBIX YCJOBHSIX H 3aTEM UCCJIEYIOT €ro CBOM-
cTBa. Bo MHOTHX cJlydasix, ecjii JI0Ka3aTesJbCTBO CyLIECTBOBAHHUS OKA3bIBAETCSI
6oJ1ee UK MeHee 3aTPYAHUTENbHBIM, ObIBAET T10JI€3HO Pealn30BaTh MaTeMaTH-
yecKHe ycJ10BHs PoGJeMbl TOCPEICTBOM COOTBETCTBYIOLIMX (PU3HUECKHUX TIPH-
cnocoOJIeHui, paccMaTpyUBasi TakKuM 00pa3oM MaTeMaTHUeCKyIo MpobJsemMy Kak
SKBUBAJNIEHTHYIO HEKOTOPOH (hu3nueckoil 3amade. Camo (pu3nuecKoe sBJIeHHE
B TAKUX CJyuyasix MpeaocTaB/sieT pellieHre MateMaTuieckoi npobaembl. Camo
co60 pagymeeTcs, UTo NOA0OHOr0 pojia NPOLUEaypy CleyeT TPAKTOBATh He Kak
MOJIHOLEHHOE MaTeMaTHYeCcKoe [0Ka3aTeNbCTBO, a TOJbKO KaK «HABOJISILYIO»
(9BpUCTHUECKYIO): B CAMOM JeJie, MPU 3TOM OCTAEeTCsl OTKPBITBIM BOMPOC O
TOM, SIBJISIETCS JIM MaTeMaTHUyecKasl MHTEPIpeTaLHsl CTPOro ajeKBaTHOH u3u-
4YECKOMY ABJICHHIO MJIM K€ JAeT JIUIIb HECOBEPLIEHHOEe 0TOOpaXKeHHe peabHON
JeHcTBUTENbHOCTH. MHOTIa oTHOCSLIMECs Cloa IKCIEPUMEHTBI, XOTs Obl OHU
OblIM BooOpakaeMbIMH, ObIBAIOT CMOCOOHBI BO3eHCTBOBATh yOexKaatoUle na-
ke Ha MatemaTHKOB. B XIX Beke psin (pyHnaMeHTasMbHBIX TeopeM U3 06JacTH
TEOpUH (PYHKUMH OblJ1 OTKPLIT PUMaHOM Ha OCHOBe MPOAYMbIBAHMS MPOCTEH-
ILIMX 9KCIEPUMEHTOB, KacaloLIMXCsl MOTOKA 3JEKTPHUECTBA B METaJIMUECKHUX
JIMCTax.

B nasnbHeiilieM Mbl HMeeM B BHY PacCMOTPETb — Ha IKCIEPUMEHTAJbHO-
JIEMOHCTPATHBHONH OCHOBE — OJIHYy M3 0oJiee TyOOKUX BapHaLMOHHBIX MPO-
6JieM. Peub uzet o tak HasbiBaemoil npot6Jseme [Taato. [Tnarto (1801—1883),
M3BECTHBIH (PU3HK, 110 HALMOHAJBLHOCTH OeJibrHell, 3aHUMAJICs HHTEPECHBIMH
OMbITAMH, UMeIoLUMHU GJIHKallllee OTHOLIeHHE K 3Tol rpobsieme. Cama 1o cebe
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npo6JieMa ropasjio crapiie Mo BO3pacTy U OTHOCHTCS K 3T10Xe BO3HUKHOBEHHUS
BapHAlIMOHHOTO HCUUc/AeHus. B npocreiiiieil popmyspoBKe cojepKaHue ee
TAKOBO: HAHTH MOBEPXHOCTb HAWMEHbILEH MJOILAAH, OrpaHHUEHHYIO JaHHBIM
3aMKHYTBIM MPOCTPAHCTBEHHBIM KOHTYPOM. Mbl pacCMOTpPUM TaK»Ke 3KCIepH-
MEHTBI, OTHOCSILLMECS K HEKOTOpbIM OJIM3KUM mpobJjemMam, U ybeaumesi, uTo
9TO T03BOJIUT YBUJIETb B HOBOM CBETE KaK HEKOTOpPble U3 MPHUBEIEHHbIX BbILIE
9KCTpeMaJibHbIX MPOo6JeM, Tak U Psijl IKCTPeMasbHbIX MpoHJeM HOBOTrO THUIMA.

2. OnbIThl C MBILHBIMU NJIEHKaMHU. B MaTeMaTHuecKoi MOCTaHOBKe Mpo-
6sema [1lnaTo NpUBOANT K pelleHnIo «auddepeHIHalbHOrO ypaBHEHHS B UacT-
HbIX MPOU3BOJHBLIX» WJIH K€ CHCTEMbl TaKMX ypaBHEHWH. Dilnep yCTaHOBUJI,
YTO BCSIKAsl «MMHHMaJlbHasl» MOBEPXHOCTb, peliatoliast 3Ty npobJemy, ec/u
TOJIbKO HE CBOJUTCS K MJIOCKOCTH, HEMPEMEHHO J0JXKHA ObITh BO BCEX CBOMX
TOUKaX «CeanooO6pa3Hoi» M UTO ee CPejiHsisl KPUBH3HA BCIOLY JIOJIXKHA paB-
HATHCST HYJIO |. B Teuenwne mocJsieHero ctoJieTist perieHne GbIIO MOJYYeHo BO
MHOKECTBE YACTHBIX CJydyaeB, HO CYLIECTBOBaHHE pellleHHs] B OOLIEM CJyuae
6b1710 oKazaHo juilib HepaBHo JLk. Jlyrmacom u T. Pano.

Onbitbl [lnaTo HemocpeaCTBEHHO AT (M3UUECKME peLleHHs I caMblX
pasHooOpasHbIX KOHTYPOB. Ecsii 3aMKHYTBIH KOHTYp, CleNaHHbIH U3 TPOBOJIO-
KH, MOTPY3UTb B KUJKOCTb CO CJIaGbIM MOBEPXHOCTHBIM HATSKEHHEM H 3aTeM
BBIHYTb OTTY/a, TO YBUAUM IIJI€HKY, HATSIHYTYIO HAa KOHType B (hopMe MHUHHMAJIb-
HOW MOBEPXHOCTH C HauMeHblUel mjowanbto. (I1peanonaraercs, 4To MOXKHO
npeHeGpeub CUJIOH TSXKECTH M JIPYTHMH CHJIAMH, TPENATCTBYIOLIMMH CTpeMJle-
HHUIO TJIEHKH JOCTHIHYTb YCTOHUMBOIO PaBHOBECHS; MOCJIEJHEE »KE HACTyrnaeT
B TOM CJlyuyae, eC/d MJOWAJb MJEHKH OKasblBAETCsl HaWMEHbLIEH, Tak Kak
noTeHUMaJbHAs SHEPTHs, BO3HUKAIOLIASA BCJEICTBUE TOBEPXHOCTHOTO HATSXKe-
HUsl, TIPY 9TOM YCJIOBMHM MHHMMaJibHa.) BoT xopoluuii peuent mjst nosyueHus
Takol Kujakoctu: pactBopute 10 r uucrtoro cyxoro osieata Hatpusi B 500 r
JMCTHIJIMPOBAHHON BOJIbI M 3aTeM cMellaiTe 15 KyOHUeCKHX eIMHHULL pacTBopa
¢ |1 xyGuuecKnMH eqMHULAMH TyklepuHa. [11eHKu, nosyyaeMble U3 yKa3aHHOH
CMeCH Ha Kapkacax M3 JIaTyHHOH MPOBOJIOKH, CPaBHUTE/IbHO yCTOHUMBbLI. CaMu
Kapkacbl He JIOJKHbI MPeBbIlIaTh 5—6 MOUMOB B HAMETpE.

C nomolib1o MIEHOK OUeHb JIETKO «pelinuTh» npobiemy [lnaro: mocratouHo
NpUAATbL TPOBOJIOYHOMY Kapkacy HyxKHyto (opmy. Kpacusble Monesnu nopepx-
HOCTEH MoJIyualoTCst Ha MOJIMTOHAJbHBIX KapKacax, 00pa3oBaHHbIX U3 MOCJE10-

BaTeJJbHOCTEN pe6ep MpaBUJIbHBIX MHOTOTPaHHHUKOB. B YAaCTHOCTH, JII0OOMBITHO
' Cpenansisi KpuBH3HA MOBEPXHOCTH B Touke P orpesesisieTcst cJeyliolm o6pasom. Boobpasum
NepreHuKyJ/Isp K MOBEPXHOCTH B TOUKe P M BCe IJIOCKOCTH, Yepe3 Hero Mpoxosiiue. DTH
MJIOCKOCTH MepeceKaloTes ¢ JaHHOM MOBEPXHOCTBIO M0 KPHBbIM, KOTOpble B TOUKe P HMEIOT,
BoOOLe TOBOPSl, PA3JMUHYl0 KPUBHU3HY. PaccMoTpuM, B uyacTHOCTH, KpuBble, obJajatoline
HanGoJIbLLIell U HAaUMeHblLel KPUBH3HOH (COOTBETCTBYIOLIME CEKYLUHE IJIOCKOCTH, KaK MOXKHO
JI0Ka3ath, NepreHpuKyIspHbl MexKay coboit). [Tosycymma 3THX ABYX KPHBHM3H H €CTb CpeJHssl
KPHBH3HA MOBEPXHOCTH B TouKe P.
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MOrpy3uTh B Halll pacTBOp KapKac KyGa Bech LiesMKoM. Toraa moJydaercs
cucTeMa MOBEPXHOCTEH, MepeceKarolux Jpyr apyra nox yraom B 120°. (Ecau
Ky6 BbIHUMAaTb U3 pAaCTBOpPpa OYEHb OCTOPOKHO, TO MOXKHO HaCUUTaTb TpHHa-
JLATh MOYTH MJIOCKHX MoBepxHocTell.) [ToToM MOXHO TPOTBIKATH W YHHUTO-

JKaTb [OBEPXHOCTH OJHY 3a JAPYroi, rokxa
HE OCTaHeTCs TOJIbKO OJIHA [TOBEPXHOCTb,
OrpaHUYeHHasi 3aMKHYTbIM T10JIMTOHAJIb-
HbIM KOHTypoM. Takum 006pasoM MOXKHO
MOJNYUUTb LEJbIH PSiJl NPEKPACHbIX MM0-
BepxHocTel. TOT xKe OMbIT MOXKHO Mpoje-
JlaTb M C TETPA3APOM.

3. HoBble ombIThl, OTHOCSAIMECS K
npo6aeme [lnaro. OnbITH ¢ MJIeHKAMH
He CBOJSATCS K JIEMOHCTPALIMH MHHHUMAJIb-
HOM MOBEPXHOCTH, HATSHYTOH Ha 3aMKHY-
Thil KOHTYp (kKak y Ilnaro); nuanason ux
ropaszio wupe. B mocnennee Bpems mpo-
6Js1eMa MHHHUMAJIbHBIX TOBEPXHOCTEN Oblyia
M3yueHa He TOJIbKO JIJIsl OJTHOTO OrpaHUUM-

\/7

~—

Puc. 240. Ha xy6uueckoMm Kapkace
HATSIHYTO 13 MOUTH MJIOCKUX MOBEpX-
HOCTeH

BAIOILIEr0 KOHTYpPa, HO U J/Isl CUCTEMbI TAKMX KOHTYPOB; KpOMe Toro, Obl10 o6pa-
111leHO BHUMAaHHe U Ha BO3MOYKHOCTb 00pa30BaHUsl MUHUMaJIbHbBIX TOBEPXHOCTEN
6oJiee CJ0KHOHU TOTIONOTHYECKON CTPYKTYpbl. Tak, CYLIeCTBYIOT OHOCTOPOHHHUE

Puc. 241. OnnocTopoHHsist no-
BepXHOCTb (JieHTa MéEGuyca)

MUHHMAJIbHbIE TMOBEPXHOCTH M MHHHMAJbHBIE
TMIOBEPXHOCTH POJa, OTJIMUHOTO OT HyJsl. Bo3nu-
Katouime 6oJsiee o6LIHe npobseMbl MOPOXKIAIOT
M3yMUTEbHOE pa3Ho00pa3ne reoMeTpHYeCKHX
SIBJICHUH, KOTOPbIe MOTYT OBbITb MPOJEMOHCTPH-
POBaHbl C MOMOLIbIO MBUIbHBIX IJIEHOK. 3aMe-
THM B CBSI3H C 3THM, UTO OY€Hb [0JIE3HO MPO-
BOJIOUHBIE KAPKAChI Je/1aTh THOKHMY U HU3yuaThb
13MeHeHHe (opMbl MOBEPXHOCTH MJIEHKH MO
BJIMSIHHEM HENPEpbIBHON fedopMaliii Kapkaca.
Jlamum onncaHue HEKOTOPBIX OTIBITOB.

1. Ecau rpaHHuHbIfl KOHTYp MpeacTaBJsieT
c000H OKPY:KHOCTb, TO T10JIydaeTcsl MOBEpX-
HOCTb B BHJIe KPyroBoro amcka. MoxHo Obl-
Jo Obl 0XKHJAATb, UTO TPH HENPEpPbIBHOH Je-
(hopMaLlMK KOHTYpa MHHUMAJIbHAs TOBEPXHOCTb
Bcerna OyfieT COXpaHSITb TOT Ke TOMOJOrHue-
ckuil xapakrep. Ho 310 HeBepHo. Ecau nso-
THYTh KOHTYD TakK, KaK MoKas3aHo Ha puc. 241,
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TO BMECTO MOBEPXHOCTH, TOTOJIOTHUECKH 3KBMBAJICHTHOH IHCKY, TOJydaercs

ofiHOCTOPOHHSS Jienta Mébnyca. O6paTHO, MOKHO MPOU3BOAUTH AeopMaLHIo,

HCXOMS U3 KOHTYpa, H300pakeHHOr0 Ha 4epTexKe, ¢ HaTAHYTOH Ha HEro MJIEHKON

B BUJE JieHTbl Mébuyca. st ocyllecTBIeHUs HeMpepbIBHON AedopMaluu cie-

JlyeT MPUMasTh K Kapkacy pyKosiTKH (CM. TOT »Ke PUCYHOK). B mpouecce o6par-

HOM JlechopMallMk HACTYNaeT MOMEHT, KOrJla BHE3aMHO TOMOJOTHUECKHH XapaK-

Tep MJeHKH MeHsIeTCsl U BOHMKAeT CHOBA MOBEPXHOCTD THMA JucKa (puc. 242).

OnsaTb, obpaluas gecopmalnio, Mbl BepHeMcsl K oBepxHocTH Mébuyca. 3ame-

yaTeJbHO, OJHAKO, TO, UTO «MyTalUs» JUCKO-

00pa3HOU MOBEPXHOCTH B MOBEPXHOCTb THIIA

Mé6uyca npoucxoaut Ha GoJiee NO3AHEH CTallH

Jecbopmaliyy, 1ueM pu 06paTHOM mporecce. ITo

. M0Ka3bIBAET, YTO CYLIECTBYET AMANa30H 3aMKHY -

/ ~ TbIX IPOCTPAHCTBEHHBIX KOHTYPOB, /51 KOTOPbIX

¥ nosepxHocTu tHna Mébuyca, U auckoobpas-

Hbl€ TTOBEPXHOCTH YCTOHUMBBI, T. €. JOCTaBJSIOT

OTHOCHTeJIbHble MHHUMyMbl. Ho ecsin noBepx-

e HoCTh Tuma Mébuyca obJanaeT 3HAUUTENLHO

MeHblIeH MJolAAblo, ueM Jpyras, To 3Ta Mo-

CJIJIHSISI BCE 2Ke CJMIIKOM HEYCTOHUMBA, YTOObI
CYLIECTBOBATh (PU3HUECKH.

2. MOXXHO HATSHYTb MHHHMAJIbHYIO MOBEPX-
HOCTb BpallleHUsl Ha CHCTEMY KOHTYpPOB, COCTO-
ALIMX U3 JIBYX OKpYKHOCTed. BbiHYyB Kapkac u3
pacTBOpa, Mbl TMOJyuaeM He OJIHY TIOBEPXHOCTb,
a CTPYKTYDY, COCTOSILYI0 M3 TpeX MOBepXHO-
cTeil, cMbiKaloumxcsi noa yriom B 120°; on-
Ha U3 HUX — OOBIKHOBEHHBIA KPYrOBOW MHCK,
MUIOCKOCTb KOTOPOTO NapaJijiesibHa TMJIOCKOCTSIM TPaHUUHbBIX OKPY:KHOCTEH
(puc. 243). Yuuuroxkast 3TOT AUCK, Mbl MOJYUUM, Jlajiee, KJIAaCCUUeCKUI KaTe-
HOMJL (MMOBEPXHOCTb, 00Pa3yeMylo BpalleHHEM LIEMHOH JIMHUKM, O KOTOPOH 1L1a
peub Ha cTp. 410, oKoJio MpsIMOH, MEPreHUKYJSIPHON K ee OCH CUMMETPHH ).
[1pu pasaBUraHud rpaHUUHbIX KOHTYPOB HAcTynaeT MOMEHT, KOTa JBYCBSI3HbIN
KATEHOMJL JIOTIAeTCs M TIpeBpalllaeTcs B JBa OTIEJbHBIX JMCKA. YKa3aHHBIN
npouecc, KOHEUHO, HeoGpaTHM.

3. Eute onnH 3ameuaTe/bHbIA NpUMep JOCTABJSETCS KapKacom, M3oOpa-
JKEHHbIM Ha puc. 244—246; Ha 3TOT Kapkac MOTYT ObITb HATSIHYTbl TPH pa3-
JIMYHble MUHUMAaJbHble ToBepxHocTH. OnHa u3 Hux (puc. 244) umeer pon 1,
TOIJla Kak JBe Jpyrue OJHOCBS3HBI U B HEKOTOPOM CMbIcJje 06JalaloT CBOHCT-
BOM B3aWMHOH CUMMeTpUH. JIBe mocJie/IH1e MOBEPXHOCTH UMEIOT OJIHY H Ty 2XKe
UIOLLA/b, €CJH TOJBbKO KOHTYp BIOJIHE CUMMeTpUueH. Ho B npoTuBHOM ciyuae
TOJIbKO OJIHA U3 MOBepXHOCTel obecrieunBaeT a0COOTHBIH MUHUMYM IJ10LLA/H,

Puc. 242. JIByctopoHHss mo-
BEpPXHOCTb



§11 OI1bITbl C MblJIbHbIMU TTJIEHKAMU 417

TOIJla Kak Jpyras — TOJIbKO OTHOCHTEJbHBIA (Mbl MpeanoJaraeM IMpH 3TOM,
YTO MUHUMYM Pa3bICKHBAETCS TOJLKO MO OTHOILIEHHIO K OJJHOCBSI3HBIM TOBEPX-
HOCTSIM ). Bo3MOKHOCTH 06pa3oBaHusi MOBEPXHOCTH poja | oOyc/oBaIHBaETCS
TeM 00CTOSATENbCTBOM, UTO, J0MycKasi TIOBEPXHOCTH Poja 1, MOXKHO MOJYUUTb
MOBEPXHOCTh MEHbIIEH MJOWANM, UeM s
KaKo# Obl TO HU ObLIO OJHOCBA3HOH MOBEPX-
HoctH. [lpu nedopmalnu KOHTypa Mbl MpH-
JIeM, €CJI TOJIbKO AedopMalus OyaeT 1ocTa-
TOUHO CHJIbHO BbIpaXKeHa, K TAaKOMY T0JIOXKe-
HHUIO, KOTJla YKa3aHHOe CBOHCTBO OYJET yKe
yTepsiHO: TOTJIAa MOBEPXHOCTb poja 1 norepsi-
€T CBOI0 YCTOMUMBOCTb W, BHE3alHO Pa3pbi-
BasiCh, NIPEBPATUTCS B OJIHOCBSI3HYIO OBEPX-
HOCTb OJIHOTO U3 JIBYX THIOB, H306paKeHHbIX
Ha puc. 245 u 246. Ecsu, ¢ apyroft cropo-
Hbl, Mbl CTAHEM HMCXOIHUTb M3 MOBEPXHOCTH
OJIHOTO M3 3THX JBYX THIIOB, — HaIrpuMep,
1306paKeHHOro Ha puc. 246, TO BO3MOKHO
NehOPMHUPOBATH KOHTYP TaKUM 06pa3oM, uTo
Jpyroil Tun (cMm. puc. 245) craHer ropasjuo
6osiee ycToiunBbiM. CJIeJICTBHEM 3TOTO SIBHT- Puc. 243. C“CTeMaqueX fToBepx-
csl TOT (aKT, uTo B OMpEJeJNeHHbIl MOMEHT Hocred

MPOU30KET BHE3AMHbIH MepeXo OT OJHOro TUMa K apyromy. MemieHHo obpa-
mas Bcilo jedopmalidio B o6paTHOM HarpaB/eHUH, BEPHEM KOHTYD CHOBa K
UCXOJIHOMY TOJIOKEHHIO, HO YK€ C HHOH HATAHyTOH HAa HeM MHWHUMAaJIbHOH
MOBEPXHOCTbI0. MO0KHO CHOBA MOBTOPUTH BEChb MPOLLECC B 0OPAaTHOM Harpab-

Puc. 244—246. Ha xapkace HaTsIHyTbl TP pasJjMuHble NoBepxHoCTH poaos 0 u 1
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Puc. 247. OpHocTOpOHHSIS MUHUMAJIbHASL TOBEPXHOCTb 00Jlee CJI03KHOH TOMOIOTHUECKON
CTPYKTYPbI, HaTsIHyTast Ha [IPOCTOH 3aMKHYTbIIl KOHTYp

JIEHUH; TaKHM 00pa3oM, MOXKHO MHOTOKPATHO MOBTOPSITb MEPEXOJ OT OJHOro
THMA MOBEPXHOCTH K Apyromy. Omnepupyst KOHTYpOM HajJexXalluM 06pasoM,
yAaeTcsl TakKe TPaHC(HOPMHUPOBATh OAHY M3 OMHOCBSI3HBIX MMOBEPXHOCTEH B
noBepxHOCTb poaa 1. JlJist 3Toll LesiM HyKHO COJIM3UTb MeK1y cOOOH Te uacTH

Puc. 248. TlosepxHocTb, Ha-
TAHYyTasl Ha JiBa 3allelJIeHHbIX

Kpyra

KOHTYpa, Ha KOTOPbI€ HATSHYThI ILHCKOO@paSHbIQ
yacTH caMOM MOBEPXHOCTH — C TAKMM PaCueTOM,
uTOObI MOBEPXHOCTb poja 1 cTasa ropasno 6oJee
ycroiuuBoil. MHorpa B npouecce BbIIOJHEHHS
OMUCaHHOH BbIllIE ornepaluu ¢ KOHTYPOM BO3HHU-
KaloT [POMEXKyTOUHbIC [JIEHOYHbIe I0BEPXHOCTH:
WX HY?>KHO YHHUTOXKAaTb, 4yTOObI noJiyuuJsiacb I1o-
BepXHOCTb poja 1.

DTOT npuMep M0Ka3blBACT HE TOJBKO BO3-
MOXKHOCTb pelleHHst npo6sembl [lnato pasinu-
HbIMU TMOBEPXHOCTSAMHU OIAHOTO W TOrO 2K€ TOIO-
JIOTMYECKOr0 THIA, HO U IOBEPXHOCTSIMH HHOTO
TUIa, [IPUYEM Ha OJHOM H TOM 2Ke KOHType; KpoMe
TOTO, OH CHOBA MJUIIOCTPHPYET CKAYKOOOPA3HbIA
nepexoj OT OJHOIO peLIeHUs] K OPYyromy, B TO
BpeMsl KaK IpaHHYHbIe yCJIOBHsl IPOO/IEeMbl MEHsI-
10Tcsl HenpepblBHO. HeTpynno noctpouts Gosee

CJIO?2KHbIE MOJI€JIN B TaKOM K€ pPOJie U MOJABEPIrHYyTb UX 3KCIIEPUMEHTAJIbHOMY

HCCJIeJOBAHHIO.

MHrepecHoe siBJieHHE — BO3HUKHOBEHHE MHHHMMaJbHBIX MOBEPXHOCTEH,
OrpaHUYEHHbIX JABYMSI WM OOJIbLIMM UHCJIOM B3aUMHO 3alleTVICHHbIX 3aMKHYTbIX
KOHTYpoB. B cjiyuae ABYX KpyroBbIX KOHTYpPOB [OJIyUaeTcsl MOBEPXHOCTD,
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u3o6pazkeHHast Ha puc. 248. Ec/in B 3TOM npuMepe MI0cKOCTH KPyroB B3aHMHO
NeprneHanKyJasipHbl W TIpsIMasg KX M[EepeceyeHUusi €CTb O6LLLl/leI JUamMeTp ABYX
KPYroB, TO CYLIECTBYIOT IB€ CHMMETPHUHbIE APYT APYTy (POPMBI MHHHMAIbHOH
TMIOBEPXHOCTH C OJMHAKOBBIMH TowaasaMu. [lpeacraBum cebe Terepb, uToO
IBa Kpyra MocTeleHHO U3MEHSIIOT CBOe B3aHMHOE MOJI0XKEHHe; Toraa U (opma
MHHHMaJbLHON [MOBEPXHOCTHU 6yIL€T MEHSITbCS HEMNPEPLIBHO, XOTS MPU Ka>K10M
T10JI0’KEHHH KPYTOB TOJIBKO JUIs OJIHOH U3 MOBEPXHOCTEH OCyliecTBIsIeTCs abco-
JIOTHBIH MUHHUMYM, JI51 IPYTOH 2Ke — TOJIbKO OTHOCHTEJBHBIHA. [1pH HeKoTOpBIX
[OJIOKEHUAX TIOBEPXHOCTb OTHOCHUTEJIbHOIO MHUHHUMYMa BAPYI pa3pbiBACTCs
M 3aMeHsIeTCsl MOBEPXHOCTbIO abco/oTHOro MHHHMyMa. O6e MHHHMasbHbIE
TIOBEPXHOCTH B 3TOM TIPUMEPE — OJIHOTO M TOTO JKe TOMOJIOTHUECKOTO THMA (Kak
¥ MOBEPXHOCTH Ha puc. 245 u 246, onHA U3 KOTOPHIX MOXKET CKauKOOOPA3HO
TepeiiTH B PYTYIO TIPH HEMpepbIBHOH JechopMalin Kapkaca).

4. dkcnepuMeHTalbHble PELIEHUS APYrUX MAaTEMATHUECKUX Npobaem.
Baiaronaps neficTBHIO MOBEPXHOCTHOTO HATSZKEHHUS AKHIKAS MJIEHKA TOJBKO MPH
TOM YCJIOBUM MOKET HaXOJUTbCSI B COCTOSIHUM YCTOHUMBOIO PABHOBECHSI, €CJIH
nJolaabp 06pasyeMol MOBEPXHOCTH MHHMMAJbHA. DTO 0OCTOSITENLCTBO SIBJISI-
€TCsl HEUCTOLIMMBIM HCTOYHMKOM SKCMEPUMEHTOB CEPbe3HOH MaTeMaTHuecKoH
ueHHocTd. Ecan HekoTopble uya-

CTH TpaHULbI TVIEHKH MOTYT CBO-
L
|

60HO nepeMenaTbes No 3aiaH- | |

HbIM TOBEPXHOCTSIM (Harpumep, ‘

MJI0CKOCTSIM), TO Ha 9THX Yac- ) |

TSIX FPAHHULbI MJIEHKa OylIeT CTo- | l [ ' l
]

ITb MepIeHIUKYJ/IAPHO K 3alaH-
HOH TOBEPXHOCTH.

M “m'
bl MOXKEM HCII0JIb30BATh C % Vl——’

nocJsieiHee OTMeUeHHoe 06CTOs-
TEJLCTBO /ISl HAIVISAHOTO pe-
wenus npo6GJsemsl IreliHepa u
ee o6o6uienuit (cMm. § 5). [lycTb
JIBe MapajuleibHO PacroJoxKeH-
Hble CTEKJISIHHbIE MOBEPXHOCTH (HJIM TVIaJKHe TJIUTKH) COeIMHEHBl TPEeMSs WJIH
60JIbLIMM UMCJIOM MEPINEHANKYNSPHO CTOSILLMX CTep:KHel. Ecau norpysuThb BCio
TaKOro pojia CUCTEMY B MblJIbHBIH pacTBOp, a 3aTeM BbIHYTh, TO MJIeHKa 06pasy-
eT MEeXKJ1y MJIOCKHMH MOBEPXHOCTSIMU PsiJl BEPTHKANBHBIX T0JIOC, CBS3BIBAIOLINX
Mexy co00# cTep:KHH. [1poeKiinst STUX 1M0JI0C Ha FOPU3OHTAJbHbIE MJIOCKOCTH
ecTb He 4TO HHOe, KaK pelueHue npobsembl LlrtefiHepa, paccMoTpeHHOH Ha
cTp. 382—383.

EcJ/in 1Be nJocKue MOBEPXHOCTH He MapasijesibHbl, WIH CTEPKHH K HUM He
NepreHaANKY sSIPHbl, MW CAMH TOBEPXHOCTH HE SIBJSIIOTCS MJIOCKUMH, TO KPUBBIE,

Puc. 249. JlemoHcTpauus KpaTyaiiiiiei CHCTEMbI
nyTel Mexxay 4 Toukamu
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M0 KOTOPbIM [MJIEHKH ePeCceKarTCcsi ¢ MOBEPXHOCTSIMH, He Oyayud MpsSIMbIMH
JIMHUSIMM, CMOTYT MJJIIOCTPHPOBATh pelleHHe HOBBIX BapHALMOHHBIX MPOGJIEM.
[losiBsieHne KpUBBIX, MO KOTOPBIM CMBIKAIOTCS Moj yrnamu B 120° pas-
JIMUHble MHHHMAaJIbHble [TOBEPXHOCTH, MOXKET PacCMaTPUBATLCS KaK IPOCTPaH-
CTBEHHOE 0000IIeHHEe SIBJCHHH,
cBsi3aHHbIX ¢ npobGJsemoit Ilteil-
Hepa. DTO CTAHOBUTCS BIIOJIHE

*h l” - SICHBIM, €CJIM Mbl COEJMHHUM, Ha-
/ | ‘ ’ HH‘ npumep, ABe Toukn A, B Tpemsi
T

pa3qUYHbIMHA MPOCTPAHCTBEHHbI-

MH KPHUBBIMH M 3aTeM IOIPYy3HUM
‘ 4 HYI0) CHCTEMYy B MblJbHbIH pac-
C q tBOp. [lpeanosoxum s onpe-

MOJIYUEHHYIO (?KECTKO YKperieH-
JICJICHHOCTH, 4TO OJHA M3 Tpex
KPUBBIX €CTb [PAMOJHHEHHbIH

Puc. 250. Kparuaiiwias cucrema nyreit Mexkiy 5 OTPEe30K, JBe IpYyrHe — B3aHM-
e
TOUYKaMH

o |

HO KOHTPYSHTHBIE KPYTOBBIE Iy-
ru. To, uto mosyuaercsi, usobpaxeno Ha puc. 251. Ecan niockoetu ayr o6pa-
3yl0T Mexy co6oi yros MeHblie 120°, Mbl MOJMyYHM perieHHe MHHHMaJIbHOH
npo6JieMbl B BUE TPEX MOBEPXHOCTEH, CMBIKAIOIMXCS MOA yriaamu B 120°, Ho
ecJIM CTaHeM MOBOPAUMBATh MJIOCKOCTH YT, YBEJHUHBAs 3aK/IIOUEHHbIH MeKIy

Puc. 251. Tpu nepecekatoimecst nox yriaom 120° noBepXHOCTH, HATSIHYThIE
Ha TPH MPOBOJIOKH, COEMHSIOLIIE JIBE TOUKH
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HUMH YTOJI, TO 3TO pellleHHe B pe3yJbTaTe HElPepPbIBHOTO H3MEHEeHHs MepelieT,
HaKOHell, B JIBa TJIOCKUX KPYrOBbIX CErMEHTa.

JomnycTuM Tenepb, uto Touku A U B coennHeHbl 6oJiee CJIOMKHBIMH KPUBbI-
MH. B KauecTBe mpuMepa Bo3bMeM TPH JIOMaHble, COCTOSILIME KaxKIast U3 TPeX
pebep 0HOTO U TOTO Ke Ky6a U COeIMHSIIONIHE JUAaTOHAIBHO TPOTHBOMOJOKHBIE
BEPUIMHbI: TOTJIA MOJYUaTCsl TPU KOHTPYIHT-
Hble MUHUMaJIbHbIE TOBEPXHOCTH, MepeceKa-
IOIIMeCs M0 AMaroHasy Ky6a. (Mbl moJryduin
Obl Ty )K€ CHUCTEMYy MOBEPXHOCTEH U3 CHCTe-
Mbl, 1306 pazkeHHo# Ha puc. 240, yHuuroxKas
TJIEHKH, TIPUJIEXKallie K TPeM HaJlJIexKalliM
o6pasom BeIOpaHHbIM pebGpam.) Ecau cra-
HeM JlepopMHPOBATh JIOMaHble JHUHHH, CO-
enuustioniie A u B, TO JUHHS B3aMMHOTO
CMbIKaHHSl TIOBEPXHOCTEH HCKPUBHUTCS, HO
yIJIbl HEH3MEHHO ocTaHyTcs Te ke — B 120°

(puc. 252).
Bce siBjieHust, CBsI3aHHbIE CO CMblKaHnem  PHC. 252. Tpu siomatbie JIMHUH, CO-
TpeX MUHUMaJIbHbIX [10BEPXHOCTEH 110 OAHOM CAUHAIOLLAE JBE TOUKH

KPUBOH, B OCHOBHOM OJHOH M TOH K€ MPHUPOJbl: OHH MPEICTaBJSIOT COOOM
0000LIeHHEe TJIOCKOH MpOoOJeMbl O COCIMHEHUHM CHCTEMBbl /1 JAHHBIX TOUEK
KpaTuaiiluel CUCTEMOH JIMHUM.

Hakonell, 106aBUM HECKOJIBKO CJIOB O MbLIbHBIX My3bIpsix. CdepuuecKuit
MBUIBHBIH My3bIpb MMOKA3bIBAET, YTO CPeId BCEX 3aMKHYTBIX MOBEPXHOCTEH,
OXBATBIBAIOILMX OJMH M TOT 2Ke 00beM (Onpe/ie/ieHHbIH 3an1acoM 3aK/II0UEeHHOTO
B HeM BO3/yXa), HMMeEHHO cde-
pa MMeeT HaMMEHbLIYI0 MOBEPX-
HocTb. Ecau Mbl paccMoTpum my-
3bIpH JAHHOTO 00beMa, CTPEMSILLH -
ecsl COKpaTUTb CBOIO MOBEPXHOCTD,
HO TOMUMHEHHbIE HEKOTOPBIM J0-
TMOJIHUTEJ/IbHBIM YCJIOBUSIM, TO yOe-
JIMCSl, UTO TMoJiyyathbest OYAyT yxKe
He 00s13aTesibHO cdepbl, a, BOOO-
11le TOBOPSl, TOBEPXHOCTH MOCTOSIH-
HOI cpelHed KPUBU3HBI, UACTHbI-
MH MIPUMEPaMH KOTOPbIX SIBJSIOTCS
cepbl U KPYroBble LHJUHAPBI.

[Ipeanosioxkum, HampuMep, UTO My3blpb 3aKJIOUEH MEXKIy ABYMs rapas-
JIeJIbHBIMH CTEKJIaMH WJIH TIJIMTKaMH, MpeABapUTeIbHO CMOYEHHBIMH MbIIbHBIM
pactBopoM. [IpUKOCHYBILMCH K OJIHOH U3 MJIOCKOCTEH, My3blpb BHE3AMHO MpH-
HUMaeT popMy noJiycdepsbl, €Cyu Ke MPOUCXOIUT CONPUKOCHOBEHHE TAKKE H C

Puc. 253. JlokasaTebCTBO H30MEpPUMeTpHUE-
CKOIo CBOHCTBA Kpyra
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JpYrofi MJI0CKOCTbIO, OH cpasdy MpeBpallaeTcsl B KpYroBoil LHJIHHAD, TeM CaMbIM
4pe3BbIUAHHO HATVISIIHO AEMOHCTPHPYsI H30TMEPUMETPHUECKOE CBOKCTBO Kpyra.
Bce JeJ10, KOHEYHO, B TOM, YTO MblJbHas IJIEHKa pacroJiaraeTcst nepneHauKy-
JISIPHO K OTPaHHUKBAIOLIMM OBEPXHOCTSIM. [ToMelliast MblibHbIE MY3bIPH MEXK]LY
ABYMSI MJIOCKOCTSAMU, KOTOPbIE COENUHEHDI MEXKIY coGoi CTEP2KHAMH, Mbl UMEEM
BO3MOKHOCTb MPOUJUTIOCTPUPOBATH TPOGJIeMbl, pa3oOpaHHble Ha cTp. 406.

P P

Puc. 254—255. M3onepumerpuueckue Urypbl ¢ rpaHUUHbIMU YCJIOBUSIMU

MoxHo ellle pacCMOTpeTb, KaK H3MEHSIETCS pelleHHe H30TIepUMeTPHUECKOM
npo6JieMbl TIPH yBeJTHUEHUH WM YMeHblIIeHHH 06'beMa BO3IyXa BHYTPH My3bIpsi.
[Ipu 3TOM CJlefyeT BOCMO/B30BATHCST TOHEHBKOH TPYOOUKON HJIM COJOMHHKOH.
OjnHako, BbicachiBasi BO3/lyX, Mbl He MoJiyunM Tex ¢uryp (cm. ctp. 406), ko-
TOpble COCTOSIT M3 KacarolMXcsl ApYr JApyra Kpyrobix ayr. [1pn ymeHblieHuu
o6beMa BO3JlyXa BHYTPH My3bIPsl YIVIbI B TPEYrOJNbHUKE M3 KPYrOBLIX AYT, OJ-
HaKO, HEe CTaHyT (TEOPeTHUECKH) MeHbLIUMH, ueM 120°: Mbl MOJYUYHM Takue
burypbl, Kakue U300pax<eHbl Ha puc. 254 u 255, mpuyeM Mpu HeOrpaHHUEHHOM
YMeHbIIIEHHH TIIOMIAMH, 3aK/II0UeHHOH BHYTPH, B TIpejiesie MOJyYaTcs Te XKe TPH
OTpe3Ka, C KOTOPHIMH Mbl BCTPETUJIUCE U paHblie (puc. 235). C maremaruue-
CKOH TOUKH 3peHHs] 00bsICHEHHe OTMEUEHHOMY Pa3JIHuUIO 3aKJII0YAeTCsl B TOM,
YTO OTPE30K, CBS3bIBAIOLIMH Ty3blpb ¢ KaKUM-HHOY/Ab CTEPXKHEM, HauMHAas C
MOMEHTA OT/IeJIEHHSI TTy3bIPsT OT STOTO CTEPIKHSI, HE JOJ/IKEH CUNTATLCS IBAKBI.
CooTBeTCTBYIOLIHE OMBITH UTIOCTPUPYIOTCS pUC. 256 u 257.

YnpaxHenue. Pasbepure mateMaTHUECKYI0 MPOOJEMY, COOTBETCTBYIOLLYIO CJIE/Ly-
IOLIMM YCJIOBHSIM: HAHTH TPEYroJIbHUK, COCTABJIEHHBIH M3 KPYTOBbIX Jyr W HMEIOLIHIl
JIAHHYIO TJIOLLA/lb, 1O YCJIOBHIO, YTOOBI CyMMa €ro InepuMerpa u Tpex OTPE3KOB, COeIH-
HSIIOLLMX BEPLIMHbI C TPEMsl JaHHBIMH TOYKaMH, Obljla MUHUMAJbHOH.
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Puc. 256—257. [lemoHcTpaLMs U30MIEePUMETPHUECKUX
CBOHCTB (DUTYp C MOMOLIBIO MBIJIBHBIX [JIEHOK

[Tomeliasi MBUILHBIH My3bIPb BHYTPb KYOHUECKOTO MPOBOJIOYHOTO KapKaca, B
cylyyae ecyii 06beM Ty3bIpsi OKaxKeTcsl 60Jibllle, YeM 06beM Ky6a, Mbl TTOJyYHM
TMIOBEPXHOCTH MOCTOSIHHOH CpeJHell KPUBHU3HBI C KBAAPATHBIMH OCHOBAHHSIMH.
BricachiBasi Bo3iyX U3 IMy3bIpsi yepe3 COJIOMUHKY, OyJeM HMETb LeJyI0 LeMb
KPacHBBIX CTPYKTYp, TPUBOJSIINX, B KOHIe KOHLIOB, K TaKOH, Kakas H3o0pa-
JKeHa Ha puc. 258. SIBneHHst yCTOHUMBOCTH M MEPeXoj OT OJHOTO COCTOSIHMS
paBHOBeCHsl K JPYroMy MOpPOKAAIOT IKCIEPUMEHTDI, KOTOPble B MaTeMaTHue-
CKOM OTHOILIEHUH HeJib3sl He Ha3BaTh BeCbMa MOYUYHTeNbHBIME. TakiuM o6pa3om,
BO3HHKAET HAIJISIHAS WILTIOCTPALIUS K TEOPUH CTALMOHAPHBIX 3HAUEHHIT; Herpe-
pBIBHASI 1leTlb TI€PEX0JIOB OT OJHOTO COCTOSIHUSI PAaBHOBECHS K JPYroMy MOXKeT
6bITb BbIOpaHa TakKUM 06pa3oM, UTO B ee COCTAaB BOHIET COCTOSIHHE HEyCTOH-
YMBOTO PABHOBECHS], BCE K€ SIBJISIIONIEECs] «CTALHOHAPHBIM COCTOSTHHEM .

Paccmotpum B KauecTBe npuMepa KyGHUUuecKylo CTPYKTypy Ha puc. 240. Ml
BHAMM 31eChb HapylleHHe CHUMMETPHU: B IIeHTpe KyGa HMeeTCsi BepTHKAaJbHast



424 MAKCHMMYMb]I U MUHMMYMBbI ra. VII

UIOLIAJIKA, CMbIKAlOLIAsCs ¢ JABEHAALATbIO MOBEPXHOCTSMH, UIYLIMMH OT pe-
6ep Ky6a. Ho Torna, Kak HeTpyIHO MOHSIThb, JOJ/KHO CYLIECTBOBAThL ellle T10
MeHblIIel Mepe JiBa MOJIOXKEHHS PABHOBECHS: OJIHO C BEPTHKAIbHOH (MHAue
pacroJIoKEHHOH) M JIpyroe ¢ rOpU30HTAJbHOH Muolaakol B LeHTpe. HUToObl
Ha camMoM JieJie peasjiu30BaTh Mepexoj OT OJHOTO MOJOXKEHHS PaBHOBECHST K
JIPYrOMY, HY?KHO JIyTb 4epe3 COJIOMMHKY Ha peGpa LeHTpaJbHOH MJOIIAAKH: TIPH
9TOM yJaeTcs LEHTPaJIbHYIO MJ10-
LIAJKy [PeBpPaTHTb B TOUKY —
/\ LeHTp Ky6a, HO MOoJyuyeHHOe Ta-
%\ KUM 006pa3oM COCTOSIHHE PaBHO-
/ BecHsl He OyleT YCTOHUMBBIM H
HeMeJIJIEHHO Ke Meper/ieT B HHOe
YCTOHYHBOE COCTOSIHHE, NPHYEM
LeHTpaJbHasA TJIOLIAJKa CHOBA
BO3HHKAET, XOTSl H [OBEpPHYB-
wmeb Ha 90°.

[Tono6HbIH 2Ke IKCIEepUMEHT
MOXKHO TMPOM3BECTH U C Mbl/Ib-
HOH TUICHKOH, JE€MOHCTPUPYIO-
uiell peutenuie npo6semsl [lTeii-
Hepa AJIsl cJyyast YeTbipex Touek,

MOMEUIEHHbIX B BeplIMHaX KBa-

npara (puc. 219, 220).
Puc. 258. [lnenku Ha Ky6uueckom Kapkace EcJiu 6Bl Mbl MOKeJaaad M0-
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JIYUUTb pELIEHUE TOJIbKO UTO
paccMOTpeHHBIX MPoOJeM KaK MpeAe/bHbIN c/ydal e H30MepuMeTpHIeCKUX
npo6JieM, HapUMep, ecii 6bl Mbl XOTEJH MOJAYyYdTh puc. 240 U3 puc. 258, Hyx-
HO Obl10 Obl TOHEMHOTY BbICACKIBATb BO3/IyX M3 LIEHTPAJbHOrO My3bips. CTpyK-
Typa, u3oOpaxeHHass Ha puc. 258, CTPOro CHMMETpPUUHA, W B Npenese, Korua
00'beM LIEHTPaJIbHOTO «KyOHKa» oOpallaeTcs B HyJIb, MOJy4aeTCs TAKXKe CTPOro
CUMMETPHUHAs CTPYKTypa U3 12 MJIOCKUX TPEYroJbHUKOB ¢ 001I1el BEPIIHHON B
LleHTpe. DTOro B CaMOM JieJle MOKHO 100uThesl. Ho Bo3HMKalollee mpejiesibHoe
MOJIOKEHHe PABHOBECHS He SIBJISIETCSl yCTOHUMBBIM: BHE3aMHO OHO CMEHsSeTCs
OJIHUM U3 TpEX MOJI0KeHUH, n300paxKeHHbIX Ha puc. 240. Bee aBjeHus mMox-
HO HabJl0JaTh BIIOJIHE OTYETJIMBO, €CJIM PACTBOP CAEIaTh HECKOJbKO GoJee
BSI3KMM, ueM OblJIO yKazaHo B HalleMm peliente. [lepen Hamu BO3HUKAeT sipkas
KapTHHa, oKa3bIBalollasi, uTo Jaxke B mpobJjemMax U3 06acT (pU3UKH pelieHne
He BCerJa HaxXOJWTCS B HEMpepblBHOH 3aBHCHMOCTH OT HayasbHbIX JaHHbIX:
B CaMoM JeJie, B TNpeJesbHOM cJlydae, Korna oObeM BO3/yXa, 3aK/JI0UeHHOro
B «KyOHMUECKOM» Iy3blpe, 00pallaeTcss B HyJb, pELIeHHe, H300paKeHHOe Ha
puc. 240, He siBsIeTCS] MpPeAE/bHBIM ISl LEMH peLIeHHH, H300paXKeHHbIX Ha
puc. 258, BOZHUKAIOIINX JJIsl pa3/IHYHbIX 06'bEMOB €, KOTJIa € CTPEMHUTCS K HYJIIO.



TJIABA VI
MaremMaTUyeCKHUU aHAJIU3

BBenenue

Brino 661 cuiikoM GOJbIIMM YTIPOLIEHHEM TPEACTaBATh cebe, UTO MaTe-
MaTHYeCKUH aHasu3 «u3obpeTeH» JaByMs JojgbMu: HbioTtonowm u Jlei 6 -
HU1leM. B 1eficTBUTE/BHOCTH OH CJIOXKHJICS B MTOre JOJICOH 3BOJIIOLMH, KO-
Topasi He OblIa HU HauaTa, HW 3akoH4YeHa HbioToHoMm uau Jleitbuuiem, HO B
KOTOPOH OHM 006a Cbirpaji 3HAUMTEJbHYI0 PoJib. HeckosbKo MaTeMaTHKOB-
9HTY3HACTOB U3 pasHbix cTpaH Eponbl B XVII B. mocraBuiu cBoeil 1esblo
NpOoJKEHHE MaTeMaTHuecKol paboThl lanuies u Kensepa. Dt smoau noj-
JIepKUBaU JIPYT C JIPYrOM TeCHOEe OOIIEHHE C MOMOIbIO MepPernuckKu U JIHu-
HbIX BCTpeu. BHUMaHHe X OblI0O TMPUBJEUEHO ABYMSl LEHTPaJbHBIMUH NpobJe-
Mamu. Bo-nepBbiX, npobaemori KacameavHoli: ONpeNeJUTh KacaTeJbHYIO K
JIAHHOW KPHUBOH — OCHOBHAsl 3ajaua AUQQepeHlHanbHOTO HeuncaeHusi. Bo-
BTOPbIX, npobaemotl Ksadpamypel: ONPeeJUTh MJ0LA/b, CBA3AHHYIO C 3a-
JIAaHHOH KPUBOH, — OCHOBHA$1 3a/1aua HHTErpabHOro ucuncaenus. Bemruaitien
3acayro Heiotona u JleliGHuiua siBasieTcst To, 4TO OHH SICHO OCO3HAJNH BHY-
MPEeHHIo 8136 medxcdy amumu dsymsa npodremant. 1 BoT 06beanHEHHBIH
TaKuM 00pa3oM MeTOJl C/eNaJcs B UX PyKax MOIUIHbIM opylnueM Hayku. B 3Ha-
UUTEJILHON CTereHn ycrnex Obll 00YCJOBJEH MOUCTHHE UYAECHBIMH CHMBOJIM-
yecKUMH 0003HaUEHUSIMH, MPUAYMaHHBIMH JlefiGHULIeM. 3ac/yrd 5TOro y4eHoro
HHUCKOJIbKO He YMaJISIIOTCS TEM, UTO UM PYKOBOJUJIM CMYTHbIE HEYJIOBUMbIE HIIECH,
TaKue WJeH, KOTOpble UHOH pa3 crnocoGHbl 3aMEHUTh HEOCTATOK TOUHOTO MO-
HUMaHUsl B YMax, NMPeArnouuTaloliX MUCTHLM3M sicHOCTH. HbloToH, GoJee BbI-
JIAIOLIMACS yUeHblH, Obll, MO-BUAXMOMY, IJIaBHBIM 00pa30M BIOXHOBJISIEM CBO-
MM yudTeJIeM U TmpejinecTBeHHUKoM no KemOpumky bappoy (1630—1677),
JIefiOHHLL XKe MpHlles K MaTeMaTHKe CKopee cO CTOPOHbl. BJecTsaumi 3HaToK
3aKOHOB, JMIJIOMAT U PUJIOCOd, OJMH U3 CAMBIX J€SITE/bHBIX H MHOTOCTOPOHHHX
YMOB CBOEro BeKa, OH U3YUuJl HOBEHIIYI0 MATeMaTHKy B HEBEPOSITHO KOPOTKOE
BpeMs y [loiirenca, ¢usuka no cneuuajbHOCTH, BO BpeMsi CBOEro NnpebblBaHusl
B [Tapuxke B aumuiomaruueckoil Muccuu. Bekope nocsie atoro oH ony6/uKoBad
pesyJibTaThl, KOTOpble coaepxKaT B cebe s/po COBPEeMEHHOro aHa/jusa. Hblo-
TOH, OTKPBITHSI KOTOPOro OblIM ClieJaHbl MHOTO paHblie, He Obll PacrosoKeH
ux ony6JHKOBbIBaTb. Bosiee Toro, xoTsl nepBoHauajbHO MHOTHE Pe3yJibTaThbl,
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cojiepKallliecsl B ero HeCpaBHEHHOM Npou3BesieHnn «Principia», oH Halues ¢
MOMOILIbIO METOJ0B aHAJIN34a, U3/I0XKHTb HX OH MPEINOoYeJl B CTHJIE KJIACCHUECKOH
reoMeTpuH; TakuM obpasoM, B «Principia» nouTH coBceM HeT SIBHBIX CJI€L0B
aHasusa. Jluuib nosaHee OblIM OMyOGJIHKOBaHbI €ro paboThl 0 METOAE «(JIIOK-
cuit». Ero nouuraresu BCTYNWIM B 2KECTOKYIO CXBAaTKy M3-3a IpHOpHUTETa C
npy3bsimu JleiiGHu1a. OHU 0OBUHSH TIOCJIETHETO B TJIarHaTe, XOTS TPYAHO cebe
peCcTaBUTh YTO-JMO0 6oJjiee ecTeCTBeHHOe, YeM OJHOBPEMEHHOe M He3aBUCH-
MO€ OTKpbITHE, Korja atMoccdepa yxKe HacbllleHa 3/1eMEeHTAMH KaKoH-HUOYb
HoBoil Teopuu. [TocsenoBablne npepekaHus 110 MOBOJAY «M300peTeHUs» aHa-
JI3a CJIy?KaT FPYCTHBIM [IPUMEPOM TOr0, KaK [epeoleHHBaHue BOIIPOCOB O Mep-
BEHCTBE CMIOCOOHO OTPABUTh aTMOC(epy eCTECTBEHHOIO HayUHOro eJMHEeHHSI.

B maremartuueckom ananuze XVII u 6osbuueit vactu XVIII BekoB rpeueckuit
Hjean sICHOrO W CTPOrOro paccyxKleHHsl Obll, Kaszajoch, oTépolleH. Bo MHO-
TMX Ba’KHbIX MOMEHTaX paccCyzKJIeHHe 3aMeHsJIOCh UHTYULMeH U HHCTHHKTOM, H
3TO TOJIbKO MOJJIEPKUBAJIO HEKPHTHUECKYIO BEPY B CBEPXUEJNOBEUECKYI0 MOLIb
HOBBIX MeT0/10B. O6LIENPUHATBIM OblJIO MHEHHE, UTO SICHOE H3JI02KEHHE pesyJlb-
TaTOB aHaJ/13a He TOJbKO He HY»KHO, HO M HeBo3MOxKHO. He 6y/1b HoBasi Hayka B
pyKax MaJIeHbKOH IPYIIbI UPE3BbIYAHO KOMIIETEHTHBIX JIOAEH, BCE 3TO MOIJIO
6Bl TIPUBECTH K CepPbe3HbIM OLIHOKAM, a TO U K Kpaxy. CHIbHOE HHCTHHKTHBHOE
YyBCTBO, HallpaBJIsiBILee 9THX IMOHEPOB, He aBaJjlo UM CJHIIKOM JaJeKO YKJIO-
HATbCS OT BepHoro mytH. Ho korna ®panily3ckast peBoJIoLust OTKPbLIA 0POTY
K CEPbe3HOMY PACLUMPEHHUIO Kpyra JIML, TOJYyYalollnX Bbicliee 0Opa3oBaHue,
Korga Bce OoJiblle JI0Jed CTalu CTPeMHMTbCSl 3aHUMAaTbCsl HAyKoH — Torjia
CTaJI0 HeJb3s Jlajiee OTKNAAbIBATh 3alauyy KPUTHUECKOrO MEpPecMOTpa HOBOIO
aHasu3a. Jrta 3ajaya Oblla ¢ ycrexoM BbinojiHeHa B XIX Beke, U cerojus
aHaJM3y MOXKHO YuHTb 0e3 BCSKOH MHCTHKM M BrHosHe ctporo. Her Gosee
HUKaKKX [IPUUMH, UTOObI TOT OCHOBHOH MHCTPYMEHT TOUHBIX HayK He Obl/1 [IOHST
BCSIKUM 006pa30BaHHBIM UEJIOBEKOM.

Hacrosiias riiaBa gosmkHa ObITh paccMaTpUBaeMa Kak aJeMeHTapHoe BBe-
JleHHe, UMelolllee CBoed LeJiblo B ropasfo OoJibliell cTelleHH N03HAKOMUTb YH-
TaTessi ¢ OCHOBHBIMHM KOHLEMLMSIMH, YeM HayuHTb (DOPMasIbHBIM OMepaLHsiM.
Mbl GyzneM 3iech LIMPOKO MPUMEHSATb <HHTYMTHUBHbBIH $I3bIK», HO IIPH 3TOM
1103a60THMCS1, YTOObI OH He OKa3blBaJICsl B IPOTUBOPEYUH C TOYHBIMH [TOHATHSMH
¥ HayYHO OOOCHOBAHHBIMH OTEPALUAMH.

§ 1. UnHTerpan

1. Maowanp Kak npeaed. s Toro ytoObl BLIUUCUTD MJIOWA/L JIOCKOH
(urypbl, Mbl B KauecTBe eduruyol naowadu BbIOGUpaeM KBaapaT co CTOPOHOH,
paBHOH e/MHHUIle JJIMHBL. Ec/i eluHULIel IJIUHBI ABJSETCS CAHTHMETP, COOT-
BETCTBYIOLLEH eIMHHULIEH TUIOLIAAK OyeT KBaJApaTHbII CAHTUMETP, T. €. KBapar,
JUIMHA CTOPOHbI KOTOPOTro paBHa caHTHUMeTpy. C MOMOLLBIO 3TOTO ONpeeseH s
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BECbMa JIETKO BbIUMCJIUTD MJIOLLA/b NPSMOYTobHUKA. EC/n UIMHBIL IBYX CMeX-
HBIX CTOPOH, U3MEPEHHbIC B JIMHEHHBIX €IMHULAX, TPEICTABJAIOTCSA UUCTAMHU p
U ¢, TO TJIOLLA/b NPAMOYTOJbHUKA PABHA PG KBAJPATHBIX €IMHULL UK, KOpoue,
MVIOLLA/lb PaBHA MPOM3BEIECHUIO pg. DTO CHPABENJIUBO sl JIIOObIX p U ¢, Kak

palMoHa/NbHbIX, TaK U UppallMOHaNbHbIX. B cydyae pauyoHa/ibHbIX 3HAUEHUH P
’

m m
W ¢ Mbl M0JIy4aeM STOT pe3yJIbTaT, BLIMOJHSS 3aMeHy p = —-, ¢ = — 7, Tlle m,
m’ — ueJble uncaa, a n’, n — HartypaJbHble. [Tocse 3Toro Mbl HaxoaUM 0611LYI0

|
N = nm' - N
Hakonell, Mbl pa3zduBaeM MPSIMOYroJIbHUK Ha MeJIKME KBaJApaTHKH CO CTOPO-

| 1
mMepy = — 00eUX CTOPOH — TaKuM 06pa3oM, uto p = mn’ -

. 1 1
HOH — U C IJIOWAMbIO ~— . Beero Takux Kpaapatukos Oyaer nm’ - mn’, n obwas

N N ' j

/ . Lo _npmemn omeome Jlist cayuast up-

nJIoniaab paBHa nm’' - mn N~ pq. Has cay p
palMOHAJIbHBIX P U ¢ TOT »Ke Pe3yJibTaT MOJyUHTCs, €CJIM CHauajla 3aMeHUM p
M § COOTBETCTBEHHO MPUOJIMKAIOIIMMH UX PallMOHAJIbHBIMH UUCJIAMU P, U G, A
3aTeM 3aCTaBUM P, U ¢, CTPEMHUTLCS K P H (.

FeOMeTpI/I‘{QCKI/I OYEBHJHO, 4YTO IJOLIAAb TpeyI‘OJIbHI/IKa paBHa IMOJIOBUHE

TUIOLLLA/IM MTPSIMOYTOJIbHUKA C TeM 2Ke OCHOBaHHEeM b U BbICOTOH /; TakuM obpa-
. .1
30M, TJIOLLA/b TPEYTOJbHUKA BbIpaXKaeTcsl XOPOLIO H3BECTHOH hOpMYJI0OH ) bh.

Jlio6ast nyiockast 06J1acTh, OrpaHHUEHHAs! OIHOHN MJIM HECKOJIbKHUMH JIOMAHbIMH,
MOxKeT ObITb pa3duTa Ha TPeyroJbHHUKH; TaKUM 06pa3oMm, ee MJOlLajib MOXKeT
ObITb MOJIy4eHa KaK CyMMa IIIolafed 9THX TPEYroJbHUKOB.

[Torpe6HocTb B Gojiee 0061lleM MeTOJe BbIUMCJEHHS MJOLIAAeH BO3HHKAET
B CBfI3H C BOMPOCOM O BbIUMCJIEHWH MJIOLIAJIEH (DUTYD, OTPAHUUCHHBIX YKe He
JIOMaHbIMH, a Kpusgvimu. Kakum o6pa3oM CTaHeM Mbl ONpeessiTb, HalpUMeD,
MJIONIA/lb Kpyra WM CerMeHTa napadoJibl? DTOT KamnUTaJbHON BaXKHOCTH BO-
npoc, ¢ pellieHneM KOTOPOTO CBsI3aHO 0OOCHOBAHHE HHTErpajibHOTO HCUHUCJe-
HUsl, pacCMaTpUBaJICs C 0YeHb TaBHUX Mop; elie B [1I B. 1o Hattelt spb1 Apxumen
BBIUMCJIA TUIOLIAAN OJOOHOTO poja ¢ MOMOLLbIO MPOLELypbl <HCUEPIIaHHsI».
[ToripoGyem BMecTe ¢ ApXUMEIOM U BEJIHKMMH MaTeMaTHKaMu 10 BpeMeH [ayc-
ca CTaTb Ha HAMBHYIO» TOUKY 3pEHHMsl, COIVIACHO KOTOPOH KPHUBOJIMHEHHbIE
MUIOLLAJH SIBJISIIOTCS UMMYUMUBHO OQHHbOIMU CYUHOCMAMIL, TAK YTO BOIPOC
CTOUT He 06 onpedeseHuu MOHATUS TJIOUIAH, & O BbIUMCAEHUH MJIOLIAMH (CM.,
0JIHAKO, o6cy:keHne Ha cTp. 493—494). B paccmarpuBaemyio KpUBOJHHEHHYIO
00J1aCTb BIULIEM MHOTOYTOJIbHUK, OTPAHUUEHHBIH JIOMaHOH JIMHUEeH U obsana-
IOLMH MPeKpPacHo orpeiesleHHON nolaabio. Beibrpas HOBbIE MHOTOYroJbHUK
TAKOTO K€ THIA, BKJIOUAIOLIMA MepBbld, Mbl MOJYYHM Jyullee MPpUOJIHKEHUE
JUIS1 101N 3ajaHHol obsacTu. [Tponosmkast Takum o6pa3om, Mbl OCTENEHHO
«ucyepriaeM» BCIO 006J1aCTh M MOJYYHM MCKOMYIO TJIOLIA[b Kak Mpeaes Mio-
wajaei HamexKaluM o6pa3oM MogoOpaHHON MOC/e10BaTebHOCTH BIIHCAHHbIX
MHOTOYTOJIbHUKOB C BO3PACTAIOLLMM UHCJOM CTOPOH. TaK MoKeT OblTb BblUM-
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cJleHa mJolaab Kpyra ¢ paadycom l; ee uucjoBoe 3HaueHHe oGo3HauaeTCs
CHMBOJIOM T.

A1y obiyto cxeMy ApxUMes MpoBeJs 0 KOHLA B CJIydae Kpyra H B cJydae
napa6osinueckoro cermenta. B teuenne XVII crosierus 6buio ¢ ycrnexom paso-
6paHO MHOTO JPYruX NPUMEpoB. B KaxJoM cjyuae camo BbIUMCJIEHHE Tpejesa
CTaBUJIOCH B 3aBHCHMOCTb OT TOTO WJIM MHOTO OCTPOYMHOTO NpHeMa, Crelu-
aJbHO TI006GPAHHOTO A/ KXKIOH OTHesbHOH 3anaun. OJHAM U3 IVIaBHBIX JI0-
CTIKEHHH aHa/n3a Obljla 3aMeHa STUX CIelHaNbHBIX HCKYCCTBEHHBIX POLELYP
OJIHUM OOLIMM ¥ MOLIHBIM METOJIOM.

2. Unrerpaa. [lepBbiM OCHOBHBLIM MOHSITHEM aHaJ/M3a SIBJSETCS MOHATHE
uHTerpasa. B aTofi rnaBe Mbl OyneM MOHMMATb MHTErpaj Kak nAoujadb
nod Kpusgotl, BbIpaXKEHHYIO ¢ MOMOlLbI0 npefesa. [lycTb naHa HenpepbiBHAs
noJioxkUTeNbHAst yHKuus y = f(x), nanpumep y = x% wmm y = 1 + cosx;
paccMOTpUM 00J/1aCTb, OrPAaHHUUYEHHYIO CHH3Y OTPE3KOM OCH OT HEKOTOPOH
TOUKH @ J0 HEKOTOPOH TOukHM b (mpuuem a MeHblle b), cripaBa W cjeBa —
NepreHanKyspaMil K OCH X B 3THX TOUKax, a CBEPXy — KpPHUBOH y = f(x).

[lesb Hallla — BBIYKMCJWTL MJolalL A
Y y=[(x) 3TOU 06JIaCTH.

Tak kak Takass muoulaab He MO-
»KeT ObiThb, BoOOIle TOBOPs, pa3buta Ha
NPSIMOYTOJIbHUKH WJIH TPEYTOJbHUKH, TO
HEMOCPEICTBEHHO HEJb3sl yKa3aTh TOU-
HYI0 MaTeMaTHUYeCKylo (hopMysy, KOTO-
past Oblyia Obl PUIOAHA J/I51 BIUWCJIEHUS
0 a b X miowann A. Ho Mbl MOXKeM HaXoIuThb
npubIMKEHHbIe 3HaueHus st A u, cje-
JIOBATeJbHO, TIPeICTaBUTh A KaK TpeseJ
cJeytoluM 06pa3oM: pa3iesum npome-
KYTOK OT X =a JI0 X = b Ha HEKOTOPOEe UUCJIO MaJiIeHbKHX YacTHBIX TpoMe-
JKYTKOB, BOCCTABHUM MEPIEHAUKYJIAPbl B KaxKIAOH TOUKe JeJIeHHsl, U KaxKIylo
MOJIOCKY 00JIaCTH O] KPUBOH 3aMEHHUM TPSIMOYTOJIbHHKOM, BBICOTY KOTOPO-
ro BeiGepeM MPOU3BOJNBHO MeXIy HauboJiblllel M HauMeHbIleH OpIvHATaMH
KpUBOH B 3Tol moJiocke. Cymma S mnJowaneil 3TUX MpsIMOYroJbHUKOB AACT
NpUONMKEHHOE 3HAUECHHE UCTHHHON MJIOLWAM «MOA» JaHHOH KpUBOH. TouHOCTD
TOr0 MPUOJMKEHHSI TeM Jyullle, yeM OOoJibllle UUCJO TPSIMOYTOJLHHKOB H
yeM MeHblUe LIMPUHA KaxK[10H OTAeNbHOH MOJOCKH. Mrtak, Mbl npuHUMaem
cJleflytolee onpejeseHie MHTepeCcyoLlel Hac MJOWAIU: ecal Mbl nOCMpoUM
nocaedo8amenbHOCMb

Puc. 259. Murerpas kak muiomaab

Slv SZv 537 s (1)

NpUBAUICEHULL NPAMOYSOAbHUKAMU naowadu nod Kpusoil, npuiem ocHo-
BAHUE CAMO20 WUPOKO20 npamoyeosvHuka 8 cymme S, cmpemumcs k 0,
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Koeda n sospacmaem, mo nocaiedosamenviocmo (1) cmpemumes Kk npe-
deay A:

S, — A, (2)
u amom npedea A, npedcmasaaowuti coooti naowade nod OaHHOU Kpu-
801, He 3a8uUCUM OM M020, KAKUM UMEHHO 00pa3om 8blOpaHA nOCAed08a-
meaviocmo (1), paz moabko 0CHOBAHUL NPAMOYLOALHUKOB HEO2PAHUHUEeH-
HO ymeHvuiaiomes. (Hanpumep, S, Moxer npousoiitn u3z S, | nyrem npuba-
BJIEHHS! OJIHOH UJIH HECKOJIbKUX HOBBIX TOUEK K IPEXKHHUM, ONPEIeNNmM S, 1,
WJIH 2Ke BbIGOP TOUEK JIe/IeHHsT ISt S, MOXKET COBEPLIEHHO He 3aBHUCETh OT Bbl-
6opa Touek st S,_;.) [Tyotmans A naHHoi 06JaCTH, BEIPAYKEHHYIO YKAa3aHHbBIM
NpeaesbHbIM MEPEX0I0M, Mbl HAa3bIBAEM, 110 ONPENCIEHHUIO, UHMESPAAOM OM
Gdynkyuu f(x) 8 npederax om a 0o b. Beoas crielManbHbIi CHMBOJ — 3HAK
WHTErpaJsa, 3aruiiemM 3To TakK:

A :/f(x)dx. (3)

CumBos [, 3HaUOK dx M HasBaHHe <HHTErpaj» OblIM BBeJAeHHb! JIeHOHHLEM,
4TOOBI HAMEKHYTb Ha CMoco0 MoJyueHHst 3Toro npeaena. UroObl 06 bSICHUTD 3TO
o603HauYeHHe, MBI elle pas, ¢ OOJBIIMMH MOJAPOOHOCTAMH, TOBTOPHM TpoLeCC
npubsmkenust miomand A. M B To ke BpeMsi aHaJuTHUeCcKasi (pOPMYJIHPOBKa
nepexojia K Mpejiesty mo3BOoJUT OTOPOCUTD CTECHSIOLIME MPEANON0XKeHUs f(x) >
>0 u b>a u B KOHUE KOHLOB H30aBUTbCS OT MepPBOHAYAJIbHOH HHTYUTHUBHOH
KOHLICTILMK HHTerpaja Kak <«IUIOLaAd MO KPUBOH» (3T0 OyleT clesaHo B
JonoJuenu, § 1).

y

Ax
0 a Xj x/-+| b X

Puc. 260. [Tpubaukenne miolany cTyneHuatoi purypo

Pasnennm npoMexkyToK oT @ 10 b Ha 1 MaJIeHbKUX UaCTHBIX TPOMEXKYTKOB,

KOTOPBIE TOJILKO Pajl MPOCTOTHl Mbl OyIeM MpeanoJaraTb UMEIOLIMMH OJIMHA-
b—a
KOBYIO JUJIHHY . ; 0003HAYUM TOUKH ACJICHHS CJeAYIOUHUM 00pa3oM:

X0 = a, xlza—i—h_a, x2:a+m, s xn:a—i—M
n n n

=b.
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Beenem jy1si 0603HauEHHsT BEJIMUHHbI

a
Pa3HOCTH MeXKAYy ABYMs MOCJEN0-

BaTe/JIbHbIMH 3HAUYEHHSIMU X CHMBOJ AX (lll/lTaeTCﬂ «aeJibTa I/IKC>>)2

_b—-a
T oon

Ax

=X — X,

rje cUMBOJ A 0603HauaeT MPOCTO «Pa3HOCTb». ITO CHUMBOJ ONEPaLMH, KOTO-
pbIil HeJb3s paccMaTpUBaThb KaK UHCJOBOH MHOXKHTENb. 3@ BBICOTY KaKjoTo
NpUOMKAIOLIETO NPSMOYTOJbHUKA Mbl MOXKEM MPUHATH 3HaueHue y = f(x) B
npaBoil KpakiHell TouKe COOTBETCTBYIOLLETO NpoMexyTKa. Torna cymma mnJjotia-
Jiell TIPsIMOYTOJIbHUKOB 6yJeT paBHa

S, = [(x)Ax + [(x9)Ax + ... + [(x,)Ax, (4)

HJIH, COKPAILIEHHO,

n
Si=>_ [(x)Ax. (5)
i=1
n
CumBos1 Y (uutaercst «cymma 1o j or 1 jo n») o603HauaeT Cymmy Bcex
=1
BbIpaXKEHHI, MoJyyaeMblX, KOTa j Toc/eloBaTe/bHO NpoderaeT 3HaueHus 1, 2,
3, ..., n.

Ynotpe6iieHre CUMBOJIA Y JUIsi BbIPAXKEHHST pe3yJ/ibTaTa CyMMHPOBaHHsI B CXKATOH
hopMe MOXKHO MJUIIOCTPUPOBATD CJIEIYIOLIHMH MTPUMEPAMH:

10
2+3+4+...410=>) ],
j=2

14+243+...4n=>) j
j=1

12+22+32+...+n2:2j2,
=1

n
aq+aq2+...+aq”:Zaqj,
j=1
n
a+(a+d)+(a+2d)+...+(@a+nd)=>» (a+jd).
j=0
[TocTpouM Tenepb TOC/AENOBATENbHOCTb TaKUX MPUOJMXKEHUH S,, B KO-
TOPbIX /A BO3paCTaeT HEOTPAHMUEHHO, TAK UYTO UYKMCJO UJIEHOB B KaxkJIOH H3

cyMM (D) cTpeMHUTCSl K OECKOHEUHOCTH, B TO BpPeMsl KaK KaKiblil OTAE/bHbIN

b—a
usie f(x;)Ax ctpemurest K 0 BCeICTBHE NPUCYTCTBHA MHOXKHTENST AX = -
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[1pu BO3pacTanuu 1 3Ta CymMMa CTPEMHUTCS K Tjioland A:

A :”lingoif(xj)Ax:/f(x)dx. (6)

=1

J1eliGHUIL CHMBOJIU3UPOBAJT ITOT MPeeNbHBIH Mepexo]] 0T MPUOJIHKAIOIIIX
cymm S, K mpeeny A 3ameHoOii 3HaKa CyMMHpOBaHHs y , uepe3 [, a CHMBOJIA
pasHoctd A cumBojioMm d. (Bo Bpemena JlefiGHulia 3HAK CyMMHpOBaHHS Y
nucaJicst 0ObIMHO B BUJE S, M CUMBOJI | TIpejCTaBisieT cO60il TPOCTO CTH/IH3A-
o 6ykBel S.) Hecmotpsi Ha To uTo cumBoJsiMKa JleliGHHUIIA XOPOIIO HAMEKaeT
Ha crnocob, KakuM Obljl TIOJyueH HHTErpas, He CJelyeT MpUaaBaTh CJUIIKOM
60JILLIOTO 3HAUEHHST TOMY, UTO SIBJISIETCSI JIULIb YUCTO YCJIOBHBIM MIPHEMOM 060-
3HaUeHHUs npefesa. B paHHHe 1HU aHAN3a, KOTJIA OTUETIIMBOE MOHSITHE TIpefiesia
elle He ObUIO SICHO TIOHSTO W 3aBEJIOMO He BCerja MPUHMMAJOCh BO BHUMaHHUE,
MHOTHE TBITAJTHCh OOBSICHUTD CMBICJ HHTErpasia, ToBOpsl, YTO <KOHEUHOe TIpH-
patienue Ax 3aMeHeHO 6eCKOHEUHO MaJloH BeJIMUUHON dx, a CaM HHTETpaJ ecTh
cyMMa OeCKOHEUHO GOJIbIIOro uncia 6eCKOHEUHO MaJibix cjaraembix f(x)dx».
Xotsi «6eCKOHEUHO MaJjioe» HMeeT H3BECTHYIO TPUTSAraTeJbHOCTb IS YMOB,
MMEIOLINX CKIOHHOCTb K (PUJI0CO(HH, eMy HET U He MOXKET ObITh MeCTa B COBpe-
MeHHOH MaTeMaTHKe. HHKaKoW MoJsie3HON Lesu Hesb3si JOCTHUTHYTh, OKpY»Kas
SICHOE MOHSITHE MHTErpaja TYMaHOM He UMEIoNIMX cMbicsa ¢pas. Ho naxke cam
Jleli6HUL WHOTZA TIoAaBasICsT COGJIA3HUTEILHOMY BO3IEHCTBHIO CBOUX CHM-
BOJIOB: B CaMOM JieJie, OHH paboTaloT Tak, KaKk ecau Ooi 0603HAUANM CyMMYy
«OECKOHEUHO MaJbIX» BEJUYNH, C KOTOPbIMH MO2KHO J0 HeKOTOpOﬁ CTEIIeHU
OTepUPOBAaTh, KaK ¢ OOBIKHOBEHHBIMH BeJMUMHAMH. Jlaxke caMo CJIOBO «HHTe-
rpaj» ! GbIIO CO3AaH0 JUIS TOTO, YTOObI 0GO3HAUHTD, UTO KLEJI0E», T. €. MOJHast
muioniaab A, coCTaB/ieHO U3 «GeCKOHEUHO MaJibix» uacTull f(x)dx. Kak 6bl TO
HH ObUIO, TMPOILILIO0 OKOJIO COTHH JieT nocJje Hbiotona u JlefiGuuua, mpexie
yeM ObIIO $ICHO OCO3HAHO, YTO MCTHHHOH OCHOBOH OIpeaeseHHs] HHTerpaJsa
sSIBJISIETCS] TOHATHE Tpesesa W Hudero Oosiblle. TBepao ctaB Ha 3Ty TOUKY
3peHHs1, Mbl H30€XKHM BCSIKOH HESICHOCTH, BCeX TPYAHOCTEN U BCeX HesenocTel,
KOTOpbIe BbI3bIBAIN TaKOe CMYILIEHHe B PAHHUH MEPUOL Pa3BUTHs aHaJIU3a.

3. O6mue 3amMeuaHusi 0 MOHATHH WHTerpana. O6uiee onpeneseHue.
B Haiem reomeTpuueckoMm oOrnpeaeseHUH HHTerpasa Kak MJOLIAJH Mbl SBHO
npejroJiaraju, 4yto QyHKIHs f(X) BO BCeM NPOMEXYTKE UHTErPUPOBaHUs [a, b]
HeOTpHULIATeIbHA, T. €. UYTO HMKAKas 4acTb rpaduka He JIEKHT IMOL OChI0 X.
B ananuTHUEeCKOM 2Ke OMpe/ie/ieHHH HHTerpasa Kak npejiesia noc/ea0BaTeabHo-
CTH CYMM S, TaKoe MpeJroJoKeHHe SIBJASETCS] H3IHUIIHUM. MBI TPOCTO BO3bMeM
MaJsible KoJinuecTBa f(x;)Ax, cOCTaBUM HX CyMMYy H TepeiieM K IMpesedy; Ta
npoleaypa OCTaeTCsl MOJHOCTbIO OCMBICJEHHOH U B TOM CJlydyae, €CJH HeKO-

' B 6yksannHoM nepesofe — uenbiit. — [1pun. ped. nacm. u3o.
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Puc. 261. [TosoxuresnbHble W OTpULIATE/IbHBIE MJIOIIAH

TOpble WJM BCe 3HaueHHs f(x;) oTpuuareabHbl. HTeprpeTnpys 310 reome-
TPUUECKH C TOMOIbIO Myomanel (puc. 261), Mbl MPUXOAUM K 3aKJIOUEHHIO,
UTO MHTErpaJl oT f(x) mpeacrap/sier co60i anreGpanueckylo CyMMy TJIOIIAEH,
OrpaHUYEHHbIX IPa(PUKOM H OCbIO X, TIPHUEM MJIOLLAH, JeKALLHE 110l OChIO X,
CUMTAIOTCS OTPULATE/IbHBIMU, @ OCTa/IbHbIE — MOJI02KUTE/IbHBIMH.

Moxer CJAYUYUTHCH, YTO B Te€X WJM HHbIX CJydasiX Mbl MPpUAEM K HUHTErpa-
b

b —
Jam ff(x)dx, B KOTOPbIX b MeHbllle, 4YeM a, TaK YTO

a

OTpHULIATEbHBIM YHcJ/IoM. Toraa B HalleM aHaJMTHYECKOM ONpeJleeHHN UseHbl
Buaa f(x;)Ax GyayT oTpHLATEJbHBIMH, €CJH f(X;) MOJNOKUTEBHO, a8 AX OTPH-
1aTesqbHO, U T. 1. JIpyrdMu clI0oBaMM, BEJIHUMHA TOTO UHTErpasja OyleT TOJbKO
3HAKOM OTJIMYAThCSl OT BEJMUMHBI MHTerpaja B mpefnesax oT b no a. Takum
06pa3oM TIoJydaeM CJIeflyioliee IPOCTOe CBOHCTBO HHTerpaJa:

/bf(x)dx:—jf(x)dx.

Hasnee, HYXKHO MOJUYEPKHYTb, UTO 3HAUEHHWE WMHTErpaja He MeHsSieTCs U B
TOM cJlyuae, ec/id TOUKH JieJieHHsl X; He OyayT BbIOHPATbCsl PABHOOTCTOSALLUMH,
IPYTHMH CJIOBaMH, €C/IH Pa3HOCTH AX = X;y| — X; He OyIyT OAMHAKOBbL. Mbl
MOXKEM BbIOpATb X; MPOU3BOJBLHO, M TOTAA PAa3HOCTH AX = X4 — X; JOJK-
Hbl ObITh Pa3/JUUYaeMbl C TIOMOIILIO COOTBETCTBYIOIIMX 3HAUKOB. Jlaxke B 3TOM
MpeJNoJoKEHHH CyMMa

S, = [(x1)Axe + [(x2)Ax, + ...+ [(x,)Ax,_1,
a TaKXkKe CyMMa
S! = [(x0)Axo + f(x))Ax; + ...+ [(xp_ 1) A

OyZLyT CTPEMHUTLCSA K OTHOMY U TOMY 2K€ NPeJiesly, HIMEHHO K 3HaU€HHIO HHTerpaJa
b

a
= Ax okaxercsi

J [(x)dx, ecan TosbKO MBI M03aGOTHMCSI O TOM, 4TOGBI C BO3pACTAHHEM X

a

BCe PasHOCTH AX; = X;4| — X; CTPEMHJIHUCb K HYJIO TaKHM 00pasoM, 4ToObl



§1 HMHTET'PAJI 433

HanboJiblIasi U3 HUX (HpH JJAHHOM 3Ha4Y€HHH fl) CTpeMHJIaCb K HYJO, KOrjaa 1
HEeOTrpaHHYEHHO BO3pacTaerT.
OkoHuameavroe onpede/teﬁue uHmeepaia naeTcs ¢ NoMoulbo CbOpMyJ]bI

i=1

[ 1= fim S foas, (6a)

[Ton 3HAKOM CyMMbI UMCJIO U; MOXKET 0603HAUaTh /00410 TOUKY B TPOMEKYTKE
x; < v; < Xj41, M €IMHCTBEHHOE OrpaHUueHHe, Kacatollieecs croco6a pastueHuit
OCHOBHOT'O ITPOMEKYTKA, 3aKJOUAETCS B TOM, UTOObI HAHOOJIbLIAs U3 PA3HOCTEH
AX; = X;41 — X; CTpEeMHJIach K HYJIO, KOTJla 1 CTPEMUTCS K 6€CKOHEUHOCTH.
CyulectBoBaHue Mnpefesa (6a) He TpebyeT 10Ka3aTebCTBA, €CJH Mbl JI0-
MYCTHM KaK camo co6oH padymelolleecst MOHSATHE <IUIOLAAN TMOJ KPHBOH», a
TaKxKe U BO3MOXKHOCTb MPUOJIMAKEHHS ITOH TJIOLIAZH ¢ MOMOLIBIO TIPSIMOYTOJb-
HUKOB. M Bce ke, Kak 3T0 BBISICHUTCS U3 JaJbHEHIINX paccy:keHui (cTp. 493),
6oJiee ryOOKHMIH aHaJM3 MMOKA3bIBAET, UTO YISl TOTO, YTOObI ONpee/eHHe HHTe-
rpaja OblIO JIOTHUECKH COBEpIIEHHbIM, JKeJaTelbHO H AayKe HEoOXOAHUMO JI0-
Ka3aTb CYIIECTBOBAHHE 3TOTO MpefeJsa AJs 060 HerpepblBHON (GYHKIMH f(X)
He3aBUCHMO OT MIePBOHAYAJIBHOTO TEOMETPHUECKOT0 MPEACTABJICHHS O MJIOLLA/H.

/

Puc. 262. I1pousBosibHOCTL pa3bueHust 06JacT orpe-
JieieHust QYHKIMH PH 0GIIEeM ONpeieJIeHHH HHTerpasa

4. lNpumepsl uHTerpupoBanus. UHterpupoBanue pyHkuuu x". Jlo cux
Mop HallK paccyxaeHust 06 UHTerpaje OblIM YHCTO TeopeTHYeCKUMH. Bosnu-
KaeT OCHOBHOH BOMPOC MO MOBOJY PACCMOTPEHHOTO MOCTPOEHUSI CyMM S, 1O
o0lLlell YyCTaHOBJIEHHOH CXeMe M MOCJ/IeyIOLero nepexoaa K npeiesy: BeleT Ju
3Ta MpoLeaypa K KaKUM-JMO0 OCsi3aeMbIM pe3yJ/ibTaTaM B KOHKPETHBIX MpUMe-
pax? KoHeuHo, pellieHHe 3TOro Borpoca notpedyeT HEKOTOPBIX JOMOJHUTEIb-
HBIX PACCY:KIEHHH, MPUCIOCOO/EHHbIX K TeM CliellalbHbIM (QYHKUHAM f(X), OT
KOTOPBIX HY2KHO HaHTH HHTErpaJ.

Korna Apxumen aBe THICSIUM JIET Ha3aj BBIUMC/WI TJIOLAAb Mapadouue-
CKOTO CerMeHTa, OH BBIMOJIHUII TO, YTO Mbl Telepb Ha3blBAE€M HHTEIPHPOBAHHEM
dyukuuy f(x) = x?, IpUTOM Upe3BbIYaiHO 0CTPOyMHbIM criocobom; B X VII cTo-
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JieThd npeawectBeHHUKH HptoToHa u JlefibHuua ycnewHo pewuau npobJemy
MHTETPUPOBAHUS TAKHX TPOCTHIX (DYHKLMH, KaK X", ONATb-TaKW C TOMOLIBIO
crielMasnbHbIX puemMoB. ToJsibKo TocJje paccMoTpeHHsl GOMbUIOTO YMcaa KOH-
KPETHBIX MPUMepoB OblJ HakleH OOLUMH MoaXol K npobJeMe UHTerpUPOBAaHUS
Ha OCHOBE CHCTEMAaTHUECKOrO METO/a, U TaKUM 00pa3oM 00,/1aCTb Pa3peLlUMbIX
3ajau Oblyla CHJILHO pacliMpeHa. B s3Tom paspesie Mbl paccMOTPUM HeGOJIbLLIOE
UMCJIO OTIE/bHBIX KOHCTPYKTUBHbBIX 3aa4, NPUHAA/IEKAILMX K 3M0Xe «[paaHa-
JIM3a», TaK Kak /s onepaldyd UHTErpUPOBaHUs], TOHUMAEMON Kak MpeaesibHbli
npouecc, Jyullel WIIIOCTpaLUu He NPULyMaelllb.

a) Haunewm ¢ coBepliieHHo TpuBHasbHOrO npuMepa. Ecau y = f(x) siBasiercsi

b

KOHCTaHTOH, Hanpumep, f(x) =2, To, OUeBHIHO, HHTETPaJI dex, [NOHUMAaeMbIi
a

KaK TJI0laAb, paBeH 2(b — a), NOCKOJIbKY MJOLAaAb NPSIMOYroJbHUKA paBHA
MPOU3BEJICHUIO OCHOBAHUSI Ha BbICOTY. CpaBHMM 3TOT pesyJbTaTr C orpeje-
JIEHHBIM MHTerpasoM. Ecsn B dopmyie (5) mbl noactasum f(x;) = 2 ass Bcex
3HAueHUH j, TO Npu M0OOM 3HAUCHUH 11 HAKJeM, UTo

S, :if(xj)Ax:iQAX:2iAx:2(b_a);

=1 j=1 j=1
B cCaMOM JeJie,

ZAx:(xl —Xo)+(Xo—x)+ ...+ (X, — X0 1)=X, —X9o=b —a.

j=1

6) Ilouty Tak e TMPOCTO MPOMHTErpHpOBaTh (QyHKUHIO f(X) = x. B 3TOM
b

npumepe uHTerpan [ xdx siBasiercs nioanbio tparetwn (puc. 263), cieno-
a
BaTeJIbHO, COMVIACHO 3JIEMEHTAPHOH reOMETPUH BbIPA3UTCs (hOpMyJIoN
b4+a b>—a?
(b—a)——=——.
2 2
DTOT Ke pe3yJIbTaT MoMyyaeTcst ¥ U3 OrpeiesieHust HHTerpasa (6), B 4eM MOXKHO
yOenuThest (PAaKTHUECKHM MepeX0IoM K rpesiesty 6e3 ofpallleHHst K reoMeTpuye-
CKOMY TIPEJICTABJIEHHIO: €CJIH Mbl B popmydie (D) MosioxkuM f(x) = x, To cymma S,

NPpUMET BUJL

n

S, = Zn:xj Ax = Z(a + jAx)Ax =

=1 =1
=(na + Ax + 2Ax + 3Ax + ...+ nAx)Ax =
=nalAx+ (Axy(1 +2+3+...+n).
[Ipumensisi hopmyJ1y Wit CyMMbl apudmeTrueckoil nporpeccun 1 +2+3+ ...
...+ n, BbIBelleHHYI0 Ha cTp. 37, dopmysa (1), Mbl NoJyuUm

Ant Doayp.

S, =nalx+ —
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M Tak Kak

TO OTCrOda CJIEAYET

— _ l _ 2 L _ 2
S,=a(b a)+2(b a)+2ﬂ(b ay.

HyCTb TeMNepb 11 CTPEMUTCS K 66CKOH€'—IHOCTI/I; TOrja nepexoa K rnpeaeny aact

peayJibTaT
b
lim S, = /xdx —a(b—a)+ %(b —ay= %(b2 — ),

a

B IIOJIHOM COOTBETCTBHUH C I‘eOMeTpH'—IeCKOﬁ HHTepnpeTauHeﬁ HHTErpaJia Kak
rnJiomaiu.

Y Y
(b,0)
(a,a)
O a b x (0] b X
Puc. 263. ITnowans tpaneuuu Puc. 264. ITnowanps nox napa6oso

B) MeHee TpUBHA/BLHBIM SIBJSIETCS MHTErpHpoBanue (GyHKUuH [f(x) = x2.
Apxumen ynorpeGu/ reOMeTpHIECKHUI METOJL MPH PeLIeHHH SKBHBAJIEHTHOH 3a-
Jlaud — HaXOXKJIEHHH TUIOMIAMM CerMenTa mapaboJibl i = x%. 31ech Mbl Gyjem
JIEHCTBOBATb aHAJNMTHUECKH, 6asupysch Ha onpeneneHuu (6a). Urobbl ynpo-
CTHTb (popMaJsibHble BBIK/IAJAKH, B KauecTBe «HWXKHEro mpeaesa» MHTErpana a

BoiGepem 0; Torma Ax = % Tak kak x; =/ - Ax u f(x;) = j*(Ax), 10 wis

CYMMbI Sﬂ MbI [TOJIYUHM BbIpaKeHHe

o= (GAXPAX=[12-(Ax} +2° - (Ax) + ...+ n” - (Ax)]- Ax =
j=1
=(124+224 ... +n%) (Ax).
Tenepb M0oxKHO (haKTHUECKH BBIYHCJNTB npefied. [1pumensist hopmysty

_ nn+1)2n+1)

124224 ... 4+n? 5 ,
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b
YCTaHOBJICHHYIO Ha cTp. 38, U 3ameHsst Ax uepes —» Mbl TIOJIyUHM

AT10 npeaBapuTesbHOE MpeoOpazoBaHue obJeryaer MpeiesbHbIA Mepexo:
1

MpU HEOTPAHUUEHHOM BO3paCTaHUH 11 06paTHasi BeJIMUMHA — CTPEMHUTCS K HYJIIO,
n

b3

b3
W IIOTOMY B KaueCTBeE Mpejesa nojaydyaercs npocTo E -1-2= ?’ cJeaoBaresib-

HO, OKOHLIaTeJIbeIfI peByﬂbTaT HUMEET BU
b
3
5 b
xdx = —.
/ 3
0
[Tpumensisi 3TOT pesdyJibTar K mJjoiiand ot O 10 @, moJyyum

2 _a.,
/xdx—g,
0

HaKOHell, BbIYUTaHHEe HJIOLLLaZIeﬁ JlaeTt
b

b3 ad
20—
/x dx = 5

a

w

YnpaxHenue. Tem xe crioco6om, ynorpebaisist popmy.y (5) co ctp. 39, nokaxkure,

uTo
b

3, bt—at
/x dx = T

a

[Tpumenss obuwme Gopmysl a1s cymm 1% 4+ 2% + 4+ n*f  k-x cremeneil Lesbix
ynces ot 1 10 1, MOKHO OblJI0 Obl MOJYUHTb Pe3yJbTaT
b
P Pl _ gkt
xXdx = —/——— 7
/ k+1 (7)

a
npH JIIOGOM LIeJIOM MOJIOKHUTEJBHOM 3HAUeHHH k.

* BmecTo TOro utoObl I€HCTBOBATH ITHM IYTE€M, Mbl MOXEM TOJIyUHTb HECKOJIBKO
npolie jaxe 6osiee 0OLUIMIA pe3ysbTar, BOCNOJb30BABLIMCH C/Ie/IaHHBIM pPaHblile 3amMmeya-
HUEM O BO3MOXKHOCTH BBIYMCJIMTb HHTErpajl W NPU HEPABHOOTCTOSILIMX TOUKAX J€/1E€HHUSI.
Mbl BoiBesieM hopmy.ty (7) He TOJILKO /15 JII0GOTr0 LEJIOT0 MOJI0KUTENBHOTO £, HO 1 15
JII0GOTO MOJIOKUTEIBHOTO HJIH OTPULIATENBHOTO PALlHOHAMBHOTO UhcIa

k=X

U
rae u — 1eJ0e MOJIO2KUTEJIbHOE, a U — LeJ10e MOJOKUTEJbHOEC WJIM OTPULATEJbHOE

uncsio. Mcekmouaercsi Tosibko 3HaueHune k = —1, mpu KotopoMm dopmyaa (7) TepsieT
cmbicat. [Ipennonoxkum takxke, uto 0 < a < b.

)
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Uro6bl nosyuutb hopmyJty (7), TOCTPOUM CyMMy Sp, BEIOHpAsi TOUKH JeJIEHUS X =

. /b

=a, X1, X9, ..., Xp = b B ceomempueckou npoepeccuu. [Toso:kuM 4 E = (g, TaK
b" — qn . — — — 2 — n—p I1

4To a7—q , U OIIpeleJIuM: Xg = a, X| = aq, xo =aq-, ..., X, = aq” = 0. 11phu TakoOM

BbIOOpPE 3HAUEHHH Xj, KaK Mbl YBHIMM, NpeJe/bHbIH TEePeXojl coBeplIaeTcs 0CO6eHHO
— ok — gk ik _ — i+l j

npocto. [TockoabKy f(xj) = xf=a%g" n Axj=xiq — X = ag/tt — aq’, mbl Gynem

MMeTb BbIpayKeHHe

Sy =a'(ag — a)+ a"q"(aq® — aq) + a"¢*(ag’ — ag®) + a"q""(ag" — ag"™").

Tak Kak KaxXK/blH uJieH COAEPKHUT MHOKHUTEJHU ak(aq — Cl), TO MO2KHO HallMCaTb
k+1 k41 2(k+1 —1)k+1
Sn:a€+(q_1){l+q+ +q(+)+'”+q(ﬂ )(+)}.

[Moncrapasisi ¢ BMecTo ¢*+!, BUmMM, uTO BbIpaxeHne B CKOOKax fBJSIETCS reoMeTpuye-
ckoii mporpeccuet 1 + ¢+ 2 + ...+ "=, cymma KoTopoii, Kak mokazaHo Ha cTp. 38,

m—1
paBHa ﬁ Ho

tn _on(k+1) 2 fet-1 _ bk_H
=q =13 = pyENE

Taxkum o6pasom,
phHL _ gkl phtl _ gkl

Sn=(a = 1) UARY (8)

rje

qk+l —1
g—1 "~
Ho cux nop n 6bu1o GuKcHpoBaHHBIM uncsoM. [lycTh Tenepb 1 Bo3pacTtaeT; orpese-

JIUM TOTJA Tpesiesi, K Kotopomy crpemurcsi N. [1pu Bo3pacranuu n KopeHb C/g =

crpemutest K 1 (eM. ctp. 351); mo3TOMY M UMCJ/IMTENb M 3HAMEHaTeslb BblpaykeHus N

CTpeMSITCS K HYJIO, YTO MOGYKIaeT K 0CTOPOKHOCTH. [1pernoioxkum cHavaJia, 4to R —

1eJI0€ TOJIOKUTENbHOE UHCJIO, TOTAa MOXKHO OCYUIECTBHTb JeJieHHe Ha ¢ — |, U Mbl

nostyuum (cm. ¢tp. 126): N = g* + g*~! + ...+ g + 1. Ecau Tenepnb n BospacTaer, Tak

uto ¢ ctpemutces K 1, a caenoBatensho, u g%, ¢°, ..., g* Takxe ctpemstes K 1, To N
prFl _ ghtl

?, 4ToO H

crpemutest K 2 + 1. Ho u3 srtoro Boitekaer, uto S, cTpemurcst K
Tpe60oBaJoCh 10Ka3arh.

YnpaxHenue. [{okaxkute, 4To Mpu JI0OOM pallHOHaILHOM R # —1 ocTaeTcsi B cuiie

Ta »Ke camasi npefesbHast dopmysna N — k + 1, a csegoBaresbHO, cOXpaHsieTcst H

peaysbrar (7). CHavasa jaiiTe 10Ka3aTesqbCTBO, CJelysl HalleMy o6pasily, B Mperno-
1

u 2
JIOXKEHHHU, UTO k Llesloe OTpULaTe/IbHOE. 3aTeM, ecili B = —, T0JIOXKUTE gv = S, OTKY/a
v

cjienyer
s+ _ | sutv sutv st =1

s —1 = =1 " s—1 "s—1"
Ecsin n Bospacraer, Tak uTo ¢ W S cTpeMsiTcs K |, TO OTHOLIEHHS B TOCJEHEN yacTH
paBEHCTBA CTPEMSITCSI COOTBETCTBEHHO K i + U W K U, UTO B KauecTBe mnpejesa st N
CHOBa Jaer ”—j}_v =k+1.
B § 5 Mbl yBUIMM, KAKHM 06pPa3oM C MOMOLIbIO MOLIHBIX METOJIOB aHaJu3a MOXKHO
YIPOCTUTh 3TO JIIHHHOE U HECKOJIbKO HCKYCCTBEHHOE PACCYK/IEHHE.
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Ynpaxnenus. 1) [IposepsTe npejuectsyiollee MHTerpupoBanue x* nis ciyua-
S 3. 2.-2,3, -3,

2) Bblunc/inTe 3HaU€HUSI HHTErPaJIOB:
—1 +1 2 —2 n

a) [ xdx, 0) [xdx, B)[x*dx, ) [x*dx, n) [xdx.
—2 —1 1 1 0

3) Haiinure 3naueHnst MHTErpasos:

+1 2 +1 +1
a) [ x*dx, 6) [ x*cosxdx, B) [ x'cos’xsin’xdx, r) [ tgxdx.
Z1 2 ~1 Z1
(¥Ykaszanue: paccmorpute rpaduku (yHKUME MOJ 3HAKOM HHTerpasna, MpUHHMAasi BO
BHUMAaHHE HX CUMMETPHIO 110 OTHOLIEHHIO K 0CH X = 0, U HHTEPIPETUPYHTE HHTErPaJIbI
Kak TJIOMIAJIH. )

*4) Tlpounterpupyiite sinx u cos x B npenesax ot 0 1o b, noacrasJsist 1 BMecto Ax
U IpUMeHsist hopMyJibl co cTp. S18.

5) Ilpounrerpupyiite f(x) = x u f(x)= x> B npenenax ot 0 10 b, neas 0TPe3oK Ha
X+ Xt

5

*6) Ilosb3ysich pesyabraTtoM (7) W orpefie/ieHUMeM HHTerpaJja ¢ paBHbIMH 3HAUEHH-
SIMH JUIst Ax, JIOKQ2KUTe MPeJleibHOe COOTHOLIEHHE

K425 4. 40t 1
. n:+1 B K+ 1

eB k=

paBHble yacTH U B opmyie (6a) BbIOMpas 3HAUEHUs Uj =

npu 1 — oo.
1 .
(yicasauue: nosioxuTe —- = AX 1 NOKa)KMTe, UTO pacCcMaTpPUBAEMbIH Mpeses paBeH

1
unrerpaiy [ x* dx.)
0

*7) JlokaxKuTe, 4TO NPU 1 — 0O CNPABEJINBO CJlefylollee TpefieJbHOe COOTHOLIe-

HHe:
1 1 1 1

(¥kaszanue: nanuinTe 3Ty CyMMY TaK, UTOObI ee Mpejles sIBJSICS HEKOTOPLIM HHTerpa-
JIOM.)

8) Bblunciinre niouiajp napabonueckoro cerMenTa, orpaHuueHHoro ayroit Py Ps u
xopaoii PPy napa6oJibl i = ax?, Bolpaxkasi pesyJibTaT uepes KoopAuHaTh Touek Py 1 Ps.

5. IpaBuia «uHTErpajbHOro HcUUCAeHUsI». BaxkHO CTyNeHblo B pa3BU-
THM HHTETPaJIbHOIO MCUMCJ/ICHUS IBUJIOCH (DOPMYJIHPOBAHHE HEKOTOPbIX OOLLMX
1paBUJ1, C [IOMOLLBIO KOTOPbIX GoJlee CJI02KHbIE 3alaul MOTYT CBOAUTLCS K BoJlee
TPOCTHIM, & TEM CaMbIM MOTYT ObITh PElleHb! TOUTH MeXaHHUECKH. AJITOPUTMH-
UeCKHUH XxapakTep 3THX MPaBHJ 0COOEHHO IPKO MOoluepKUBaeTcst 0603HaUeHHSIMHU
Jlefi6nuua. OpHAKO CJHUIIKOM COCPeNOTOUHBATH BHUMAHHE HA MeXaHU3Me pe-
LLIeHHs 3a]a4 MPU M3yUeHHH aHasM3a 3HauWJo Obl CBOJUTL U3yUeHHe MpejMeTa
K 6eCCMbIC/ICHHOMY 3a3yOpHBAHUIO.

Hexortopble npocTble NpaBu/ia HHTEIPUPOBAHUSA CJELYIOT Cpasy WJH U3
onpeseseHus (6), WM M3 FeOMETPUUECKOH HHTepIpeTalld HHTerpasoB Kak
niolaeH.



§1 HMHTET'PAJI 439

Hrumeepaa om cymmol 08Yyx QyHKyUL pasen cymme UHmMeeparos om
amux 08yx ¢pyukyui. Humeepar om npoussedenus GyHKyuu Ha nocmo-
SAHHOe ¢ paseH NPOU3BEIeHUIO UHMeepara om (YHKYUL HA NOCMOSH-
Hoe ¢. DTH JiBa NPaBUja MOXKHO BbIPa3HTb OJHOK (POPMYJION

/[cf(x)-i—kg(x)] dx:c/f(x)dx+k/g(x)dx. (9)

JlokazaTenbCTBO CJIelyeT HEMOCPENCTBEHHO U3 ONpeJie/IeHUs] MHTerpasia Kak
npejesa KOHEUHbIX CyMM (D), MOCKOJIbKY COOTBETCTBYIOLIAs hopMyJia AJIsi CyM-
Mbl S,, OUEBHJHO, CIpaBeJyiMBa. DTO TMpaBUJIO 00600LIAeTCsl TOTYAC »Ke Ha
cymMmmy GoJiee ueM IBYX (PyHKUHH.

B kauecTBe mpuMepa NMpUMeHEHHs TOrO NMpPaBUJIa PaCCMOTPUM MOJHHOM

[(x)=ao+ax+ aox® + ...+ ax",

KO3(D(HULHEHTBI KOTOPOTO Ay, A, ..., A, NOCTOSIHHbL. UTOOBI BBIUMCJUTL MH-
Terpasj oT QyHKUMH f(Xx) B mpeaesax oT a 1o b, Mbl GyleM HHTErpHPOBaTh
nousieHHo, coraacHo npasuay. [Ipumensisa gopmyday (7), Mbl HalizeM

h? _ A2 bn+1 _ an—H

b
a
/f(x)dx—ao(b—a)—kalT+...+an P

Jpyroe npaBu/io, BbiTeKalolllee co BCEl OUEBHIHOCTbIO KAK H3 aHAJIUTHUECKOTO
ONpeJieJieH|st HHTErpaJsa, Tak M U3 ero reOMeTPHUECKON HHTEPIPeTaLliH, Bblpa-
)aetes hopmyJioi

/hf(x)dx+jf(x)dx:/f(x)dx. (10)

Kpowme Toro, sicHo, UTO Halll OCHOBHOH MHTErpas paBeH HyJIO, ecJiu b paBHO a.
[TpaBuio

/bf(x)dx:—/af(x)dx, (11)

npuBeJeHHOe Ha cTP. 432, He CTOUT B MPOTHBOPEUHH C MOCJEIHHMH ABYMS,
MOCKOJIbKY OHO noJydaercs u3 (10) npu ¢ = a.

Vuorma GbiBaeT ypo6GHO HCIO/B30BATH TO OGCTOSITENLCTBO, UTO 3HAUEHHE
HHTErpaJsia He 3aBUCHUT OT BbI60pa HaUMEHOBAaHHsT HE3aBUCUMOTI'O MEPEMEHHOTrO
MHTETPUPYEMOl (DYHKLIMH; HATIpUMep,

/hf(x)dx:/hf(u)du:/hf(t)dt HT AL



440 MATEMATUYECKUI AHAJIU3 ra. VIII

B camom niente, npocrast 3aMeHa HaHMEHOBAHHUIT KOOPJMHAT, K CHCTEME KOTOPBIX
OTHeceH TpaduK (DYHKLMH, He MeHsleT IJIOIAAN MOJ JaHHOH KpHUBOH. AHaso-
TMUHOE 3aMeuaHHe OTHOCHTCS K TOMY CJIydalo, KOTrja MPOU3BOAUTCST HEKOTopast
3aMeHa B caMoii cucTeMe KoopanHat. Hanpumep, nepeHecem Hauas10 KOOpAHHAT
Ha OJIHY elMHMLY BrpaBo u3 Touku O B Touky O’, KaK MokasaHO Ha puc. 265,

Y ANy =y
|
|
|
|
|
|
|
|
|
} x'
}/—/ﬁ
| O
I x
|
|
o 0, 7
|

J(0) = f(1 + ')

Puc. 265. [lepemenienue ocu y

TakKuM o0pasom, uto x OyHeT 3ame-
HEeHO HOBOH KoopjauHaToil X' mo dop-
myje x = 1 4+ x’. YpaBHeHHe KpPHBOH
Yy = f(x) B HOBOH cHucTeMe KOOpJAMHAT
npumet Bua y = f(1 + x') (Hanpmmep,

1
A
MO/ 3TOH KPUBOH, CKaxKeM, B Npejesax
oT x=1 10 x = b, B HOBOH cuCTeMe
KOOpArHAT OyJeT MJOLIAJIbIO TOJ KpU-
Boil B npejiesiax oT X' =0 10 X' =b — 1.
Takum o6pasom, GyjeM HMeTh

/hf(x)dx = h/_lf(l + x")dx'

). Januast muowans A

1, HamucaB OYKBY 4 BMeCTO OYKBbI X', OJYUUM

/f(x)dx: /f(l+u)du; (12)

Harnpumep,

b b—1
I T
/;dx-/mdu, (123)
1 0

a st pyHKumK f(X) = x* nosyunm Takum ke 06paszom

b

1

AmnaJiornuso,

b b

[ra= [

0

/x"’dx: b/l(l +u)du. (126)

(1 +u)du (k=0), (128)
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k41
U, TIOCKOJILKY MHTerpas B JieBok uactu (12B) paBen :—4—1’ MbI MOJTyYHM
b—1
4+ uydu= 20 12
Jasuwran= 5 (12r)

—1

YnpaxHenus. 1) Boiuncanrte unrerpan ot muorounena 1+ x + x2 + ...+ x" B
npenesax or 0 1o b.
2) Hokaxure 1pu n > 0, yro unHterpan ot gyHkuud (1 + x)* B npenenax or —1

JI0 2 paBeH 1pobu
(142!
n—+1

3) IToxaxkute, uro uuTerpas or x" sinx B npegenax or 0 no 1 MeHblie, yueM

n+1°
(¥xaszanue: nocnennsis BeJIMUMHA €CTh 3HAUEHHE MHTErpaJia oT x™.)

4) JlokayKuTe HEMOCPEACTBEHHO, a TaKXKe I0JIb3YSICh pas/ioxKeHHeM 1o (opmyJe

d+xr
OHHOMA, UTO HHTerpajs oT (YHKLUH —), B npenenax ot —1 g0 2z paBeH Apo6H
(142!
nn+1) "

Calenryet ynomsiHyTb, HaKOHELL, IBa BaxKHbIX TpaBUJ/ia, KOTOPble BbIpaXKatoT-
sl MOCPEJCTBOM HepaBeHCTB. DTH MpaBuJa JaloT, 1pasja, rpyoble, HO Bce xKe
noJie3Hble OLEHKH [/l 3HAUEHUs UH-
TerpaJios. Y

[Ipeanonoxum, uro b > a u uTo
3HaueHus (QyHKUMU f(x) B mpome-
JKYTKe OT a J10 b HUrJle He IPeBOCX0-

JISIT 3HAUEHUH Apyroi pyHKIUK g(x).
Torna mbl umMeem f(x)

[idr< [aas a3 5y —

UTO HEMOCPEICTBEHHO SICHO WJIH U3
puc. 266, WIM U3 aHAJUTHUECKOTO
ornpejieJieHUs1 UHTerpasja. B uacTHocTH, ecau ¢yHkuus g(x) paBHa M, T. e.
SIBJIsIETCS] TIOCTOSTHHOM, TO MBI TI0JIydaeM:

Puc. 266. CpaBHeHMe HHTerpaJjioB

/hg(x)dx:/bde:M(b—a);

OTCloJla CJIelyeT HEPABEHCTBO

/f(x)dng(b—a). (14)
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Ecnu dynkumsi f(x) Heorpuuatesnbha, 1o f(x) = |f(x)]. Ecam f(x) < 0, To
|f(x)| > f(x). O1crona, nonarasi B Hepasenctse (13) g(x) = |f(x)|, Mbl moJsyunm
noJie3Hyto hopmy.Jy:

/ fx)dx < / f0)] d. (15)

Ho nockosibky |—f(x)| = |f(x)|, Mbl iMeeM Takxke popmyay

—/bf(X)dX</bf(X)dx,

uTo JlaeT BMecTe ¢ opmyJiolt (15) 6osee cuibHOe HepaBeHCTBO, a HMEHHO

/ fx)dx| < / o) do. (16)

§ 2. lpousBoaHas

1. MpousBoaHas Kak HakJoOH. B To Bpemsi Kak MOHsITHE HHTerpasa CBO-
UMH KOPHSIMH YXOJIMT B aHTHUHYIO JIPEBHOCTb, PYyroe OCHOBHOE IMOHSITHE aHa-
JIM3a — NPOU3BOJHAs — OblI0 chopMyanpoBaHo TosbKo B XVII crosietnu 3Ha-
MeHuTbIM @Pepma u apyrumu. CrenanHoe HbtotonoM u JlefiGHULIEM OTKpPBITHE
OpTraHHuecKOW CBSI3W MEXKJy 3THMH MOHSITHSIMH, Ka3asoch Obl CTOJb pas3jivi-
HBIMH, CIIOCOOCTBOBAJIO HEOLIBANIOMY Pa3BUTHIO MAaTEMATHUUECKOH HAyKH.

®epma UHTepecoBaJICsl BOMPOCcOM 00 OMNMpeieeHHH HauGOJMbIIMX W HaW-
MeHbIINX 3HaueHui ¢yHKIMH y = f(x). Ha rpaduke pyHKUMH MaKCHMyM CO-
OTBETCTBYET BepllMHE, KOTOpasi Bblllle BCEX COCEIHHUX TOUEeK, a MHHUMYM —
JIHY JIOIIMHBI, KOTOpOEe HUXKe Bcex coceqHux touek. Ha puc. 191 Ha ctp. 371
TouKa B siBJsieTCsl MaKCHMyMoM, Touka C — MUHMMyMOM. EcTecTBeHHO Tpu
HaX0XK/I€HHU MaKCHUMyMa WJIM MHHHMYMa HCIOJIb30BaTh MOHITHE KACAMEAbHOU
K KpuBoi. [IpennonoKum, uto rpauk KpUBOH HUTJIE He 06pasyeT OCTPbIX YIVIOB
¥ He o0J1ajaeT JPYyrMMH OCOOEHHOCTSIMH M 4TO B KaKIOH TOUKE OH HMeeT
ornpejieJieHHOEe HarpaBJieHue, orpejeaseMoe KacaTelbHOH MpsiMod. B Toukax
MakCUMyMa HWJH MHHHEMyMa KacaTesibHasi K KpPHBOH y = f(x) NOJKHA ObITh
napaJiie/ibHa OCH X; B MIPOTHBHOM CJlyyae KPHBasi OKOJIO STHX TOUeK HJIH MO/~
HUMaJach Obl, WM OMycKajgach Obl. DTO 3amMeuaHue MOGYXKIAET HAC 3aHAThCS
061IMM BOTIpocOM 00 OTpeJie/IeHHH HalpaBJeHUsl KacaTeJbHOH K KPHBOH y =
[(x) B m06oit Touke P 3TO# KPUBOH.

Uro6bl 0XapakTepu3oBaTh HarpaBJ/eHue NpPsIMOi B MJIOCKOCTH X, Y, OObIK-
HOBEHHO 3a/laeTCsl ee HaKAOH, KOTOPbIH MpeacTaB/sieT coO0H TaHreHC yria o
MKy MOJIOXKUTEJIbHBIM HarpaBJeHHeM OCH X W paccMaTpuBaeMoH MpsIMOH.
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Ecan P ectb HekoTopasi Touka NpsIMOH L, mpojaBMraeMcsi BIpaBo OT Hee [0
HEKOTOPOH TOUKH R, a 3aTeM BBepX WJIM BHHU3 JI0 TOUKHM (), Jexallell Ha mpsi-

. R
MOH, Torza HakjaoH L paBeH tga, T. e. P—g Otpesok PR mnpennonaraercs
MOJIOXKUTENBHBIM, TOTIA KakK R — MOJIOKHUTEIbHBIM HJIM OTPULATEJNbHBIM B
3aBHCHMOCTH OT TOTO, GYJIET JIM OH HAMpaBJ/ieH BBePX UJM BHU3; TAKUM 06pa3oM,
HaKJ/JOH JaeT HaM MNOoAbeM HWJWU MNaJleHUEe Ha €IUHWIY IJIMHBI MO rOpU3OHTaJNA

(npu mepemellieHUy TI0 MPsIMOK cJieBa HampaBo). Ha puc. 267 HakJioH nepBo#

NpsIMOH paBeH =, B TO BpeMsl KaK HaKJOH BTOPOH npsiMoii paBeH — 1.

gv
Y Y

) X ) X

Puc. 267. HaxsoHbl npsiMbIx

[Ton HaksnoHOM Kpusoil B TOuke P Mbl MO0Jpa3yMeBaeM HAaKJIOH ee Ka-
caTe/lbHOH B 3Toll Touke. [Toka Mbl NpUHMMaeM I[OHSITHE KacaTeJbHOU Kak
MHTYHTHBHO JaHHOE, Mepel HaMH OCTaeTcsl TOMbKO 3ajaua — Haimu cnocob
0481 8bLHUCACHUA HAKAOHAQ Kpusoll. B HacTOSLIMH MOMEHT Mbl BCTaHeM Ha
MMEHHO TaKyl0 TOUKY 3peHusi: OoJiee TILATebHBIA aHa/JM3 OTHOCALLIMXCS Cloja
npoOJieM OyZeT NMPOU3BEJEH B JOMOJHEHUH K STOH IJaBe.

2. TlpousBoaHas Kak npenen. PaccMmorpenne KpuBoil y = f(x) ToJbKO B
OJIHOH ee Touke P(x, y) He MO3BOJSAET BEIUMCIUTD HAKJIOH KPUBOH B 3TOH TOUKE.
Heo6xonumMo npubernytb K npejesbHOMY TMPOLECCY, CXOJHOMY C TPOLIECCOM
BbIUMCJIEHHUS TIIOIIAM. DTOT MpeJIeJbHbINH NPOLIecC sIBJIsSIeTCs OCHOBOH Judde-
peHlMabHOTO HcuKcieHusl. PaccMOTpUM Ha JaHHOH KPUBOH JPYrylo TOUKy P,
6JIM3KyI0 K P, ¢ KOOpAIMHaTaMu x|, y;; 0603HAUMM TPSIMYyI0, TPOXO/ISIILYI0 uepe3
Touku P u Py, 6yKBOii {|; 9Ta MpsiMasi 10 OTHOLLEHHIO K Halllell KPUBOH SIBJISIETCS
CeKyllel, KoTopasi Malio OTJIMYAETCSl OT KacaTeJNbHOH K Touke P, ec/u TOJbKO
Touka P; 6su3ka K Touke P. O603HAUUM YroJl MeXIy OCblo X U TPSIMOH [
6yKBOH oj. 3acTaBUM Terepb X; CTPEMUTHCS K X; Torja Touka P; Gyner JBH-
raTbCsl MO KPUBOH K Touke P U cekyuias f; OyaeT npubJnKaThCst K HEKOTOPOMY
npeJesbHOMY T10JI0KEHHIO, KOTOpOe U eCTb He UTO MHOe, KakK KacaresbHas f K
Hallledl KpUBOH B Touke x. Ecsin 6ykBo# o 0603HAYUTH yroJl MeXKJy OChblo X H
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KacaTeJbHOH f, TO NpU x| — x OyleM UMeTb
yi1—y, P—P tH—tf u a—a

Kacameavnas ecmo npedea cekyuwjel, a HAKAOH KACAMEAbHOU ecmb
npeden HakioHa cekyujert’.

XoTsl Mbl U He HMeeM SIBHOTO BbIpaxKEHHsl /ISl HAaK/JIOHA CaMol Kacaresb-
HOM f, 3aTO HAKJIOH ceKylleH ¢; naercs dopmyJioi

_pn—y  fe) = J(x),

X1 — X X1 — X

HaKJIOH £,

o603Hauasi, Kak paHblile, onepaluio 06pa3oBaHust pa3HOCTH CUMBOJIOM A, Mbl
MOJTyUHUM
Ay _ Af(x)
HaKJIOH {| = —Z = .
! Ax Ax

HakJion cekyieil ¢, ecTb «pa3HOCTHOE OTHOLIEHHE» — PA3HOCTb Ay 3HAUEHUH

(hyHKIMY, JleJleHHast Ha pa3HocTb Ax 3HAUeHHWH He3aBUCHMOTO MepeMeHHOTO.
X —X Ax
rJle mpejiesibl BEIUMCISIOTCS MPU X — X, T. €. Ipu Ax = x; — x — 0.
Kacamenavnas t k danHOU Kpu-
Y 801l UMeem HaKAOH, PagHbLil npedeay
PA3HOCMIHO20 OMHOULeHUS % npu
cmpemaeHul Ax =x, — X K HYAo.
[lepBoHauasnbHas pyHKUMA f(x) na-
Bajla 3HaUeHHe <BBICOTbI» PA3JUUHBIX
Touek KpuBo# y = f(x). [1penanonoxum
Ternepb, UTO Touka P IBHAKETCS 110 KPH-
Bolt y = f(x). Torna paccmatpuBaemblii
HaKJIOH B Touke P GyjleT npejiCcTaB/sTh

HEKOTOPYIO HOBYIO (DYHKLHIO OT X, KO-

CBepx Toro, HMeeM HaKJIOH { = MpeJiesl HAKJIoHA ¢ =

0 X Topyio Mbl 0603HauuM uepe3 f'(x) 1 Ha-
30BeM 11pOU3BOOHOL OT PyHKIMH [(x).
Puc. 268. [1pousBoanas kak npejen [IpenesbHbIA npoLece, ¢ MOMOLLBIO

KOTOPOTO MoJlyueHa MPOU3BOJHAS, Ha-
3biBaetcsi dughgpeperyuposanuem PyHkupu f(x). DTOT mpolecc ecTb Takas
ornepaiusi, Kotopasi 1o onpejie;leHHOMy MPaBUJy COMOCTaBJSET AaHHOH (PYHK-
uuu f(x) HekoTopyto aApyryto ¢pyHKuo f'(x). [Tono6GHbIM ke 06pa3om npu onpe-
JieJIeHUH camMoil (yHKLKH f(xx) ObIJIO yCTAHOBJIEHO MPABUJIO, KOTOPOE COMOCTAB-

JISIIO KaXK/I0OMy 3HAUEHHIO MEPEMEHHOTO X HEKOTOpOe 3HaueHue yHKUuH f(x).
I Hawm o603Hauenus 31ech cjerka OTIHYAI0TCs OT 0G03HAUCHHI TJ1aBbl VI, nockoJsibKy Tam Mbl
UMeJIH X — X|, TJe X| MOoCcTosiHHO. HuKakoil myraHulbl OT 3TOr0 H3MeHeHHsi 0603HAUEHHI He
MPOU30MIeT.
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Hraxk,

f(x) ecTb BbICOTA KpUBOH Yy = f(X) B TOUKe X,

['(x) ecTb Hak/JIOH KpUBOH Yy = f(x) B TOuKe X.

CuoBo «auddepeHIpoBaHHE» OODBICHSETCS TeM 06GCTOSTENLCTBOM, UTO
['(x) ectb npenen pasnoctu (differentia) f(x;) — f(x), neneHHoit Ha pas-
HOCTb X| — X!

Flx)=lim D=1 Lk (1)

X1 — X

Jpyrum uacto ynorpebJisieMblM 0603HaU€HHEM sIBJIsIETCS

['(x) = Df(x),

rie cumBosl D ecTb mepBasi GykBa Bce Toro ke ciosa differentia; kpome Toro,
JUISt TPOU3BOIHON OT (PYHKIMK y = f(X) CyllecTBYIOT ellle 0603HaueHust JIei6-
HHLA

dy HJIH dj(x)
dx’ dx ’
KOTOpbIE Mbl TIO/IBEpPrHEM 00CyKeHHI0 B § 4, 1 HameKalole Ha TO, YTO MPO-
A Af(x
M3BOJIHAsI MOJIyUyaeTcsl KaK Mpefes pa3HOCTHOTO OTHOLUEHHS A—i HJTH % '

Y

Puc. 269. 3nak npousBoaHoi

YcJ10BUBLIKCH B TOM, UTO JBHXKEHHE [0 KPUBOH CcOBeplIaeTcs B HalpasJie-
HUM BO3PACTAIOLIMX 3HAUEHHH X, MBI MOXKeM Telepb 3aK/MIOUHTh: TO 00CTO-
SITeJIbCTBO, UTO TMPOU3BOJHAST B HEKOTOPOH TOUKe TOJIOKUTesMbHA, [/(x) > 0,
o003HauaeT MojabeM KpUBOH (3HaueHus y Bospacratot). Hamportus, To 006-
CTOSITE/IbCTBO, UTO MPOU3BOJHAS OTpHUllaTesbHa, ['(x) < 0, 03HauaeT majeHHe
KPUBOH (3HaueHHsi y yObLIBAIOT); HAKOHEll, eCJU MPOU3BOJAHAs 06pallaeTcs B
HyJb, ['(x) =0, TOo 3T0 0603HAUAET TOPU3OHTANBHOE HATIPABJIEHHE KPUBOK /151

! B PyCCKOM H3JlaHWH B JlaJibHe1eM HUCMOJIb3YIOTCSI UMEHHO 3TH, 0611LerI/IHﬂTbIe Yy Hac 060-

3HaueHusi. — [Ipum. ped.
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COOTBETCTBYIOLIErO 3HAUEHHsT X. B TouKax MakcuMyMmMa M MHHUMyMa HakKJIOH
JloJpKeH OBITh paBeH Hydio (puc. 269). Takum o6pasom, pelast ypaBHeHHe

['(x)=0
OTHOCHTEJIbHO X, Mbl MO2KEM HaWUTH MOJIOYKEHHE MaKCUMYyMOB U MUHUMYMOB, KaK
3TO U ObLIO BIiepBble cAe/JaHO qDepMa.

3. Mpumepbl. MoxkeT NOKa3aThCs, UTO PACCyXKAEHHS, TIPUBEJILLIME K OTpe-
nesienuio (1), JMIIeHbl BCSKOTO MPAaKTHYECKOTo cMbIcsia. B camoM nese, onHa
npo6JemMa noMeHeHa ApPyroi: BMECTO TOro YToObl HCKATh HAKJIOH KacaTeJbHOH
K KpUBOH ¢ = f(x) B HEKOTOPOIi TOUKE, Mbl JOJXKHBI BBIUHCAATH Npejed (1), uto ¢
TIepPBOro B3IJIsIIa KaXKeTCst OIMHAKOBO TPyAHBIM. HO KaK TOJIbKO Mbl OTKaXKeMcst
OT pacCMOTPEHHH B OOILEM BHIE U TepelyieM K OTAeNbHbIM (DYHKIUSIM, MBI
MOJIyuMM BeCbMa peasibHble Pe3yJibTaThl.

[Tpocredinieit u3 dhyHKUMI siBJsieTcss GyHKUMS f(x) = ¢, Tlie ¢ MOCTOSHHO.
[paduk 3108 PyHKUMK y = [(X) = ¢ €CTb rOpPU3OHTAJIbHAS MPsIMasi, COBMaa0-
111asi CO BCEMH CBOMMH KacaTeJbHbIMH; OUEBUJIHO, JJIsl BCEX 3HAUEHUH X MUMeeT
MECTO COOTHOLIeHHE

['(x)=0

ATo BbITEKAET TakKe U U3 ornpeesenus (1); B camom Jere,

Ay _ ) —fx) _c—c _ 0
Ax X1 —x X —x x1—x

Takum o6pasom, nosyuaeM TPUBHAJbHBIH pe3yJibTaT:
f(xl — (%) =0

X — X
Besien 3a 3TUM paccMOTpuUM TpOCTyio (QYHKLHMIO Yy = f(Xx) = X, rpadukom
KOTOPOH siBJIsSieTCsl GUCCEKTpUCa yIvia epBOro KBajpanta. [eoMmeTpruuecku sicHo,
YTO ISl BCEX 3HAUEHHH X
J'(x)=1,

a aHaJMTHUecKoe ornpenenenude (1) cuosa naer
fe) = i) _xi—x _ |
,

npu  x; — X.

X — X x1 — X
TaK 4TO
Y
X1 — X
[TpocTelilinM HeTpUBHAJILHBIM TIPUMEpPOM sBJsieTCs AnddepeHurpoBaHie
(byHKLMH
y=Jx)=x,

YTO B CYLIHOCTH SIBJISIETCS] HAXOX/IEHHEM HaK/IOHa mapadodibl. DTO — MPOCTeH-
LKA coydyail, Ha KOTOPOM Mbl MOXKEM YUMTbCSl COBEpLUATh Mepexoi K Mpesedy,
KOIjla pesyJibTaT ¢ MepBoro Barjsja He oueBHieH. Mbl nMeeM

Ay _ fn)—fx) _ =

Ax X —x xX;—x
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Ecau 6b1 MBI monbITaIMCh nepeI?m/I K 1npejesy HENoCPEeACTBEHHO B UHUCJIUTEJIE

0
hU B 3HaMeHaTeJie, TO TOJYUHJIH Obl He MMelolllee CMbIcja BbIpaxKe€HHe 6 Ho

9TOr0 3aTPYAHEHHs] MOXKHO H30exKaTb, COKpPAaTHB ApoOb Ha MellalolUi HaMm
MHOXKHTEb X; — X J0 nepexoda Kk npedeay. (Takoe cokpallleHHe 3aKOHHO,
Tak Kak MpH BbIYHCJEHHUH TIpejiesia PA3HOCTHOTO OTHOLIEHHS] Mbl CUMTAEM, UTO
X1 # x, cM. ctp. 332.) Takum 06pa3om Mbl ToJiydaeM pe3yJibTaT

X =% _ (=) +x)

X1 — X X1 — X

:X1+X.

[Tocsie cokpallleHHsi HaXOKIeHHe Mpejeaa MpH X — X He NPeJACTaBJseT yxKe
HUKAKHX TPyAHOCTEH. DTOT Tpejes MOJMydaeTcsl MyTeM MPOCTOH «IOACTAHOB-
KH>», TaK KaK pa3HOCTHO€ OTHOILIIEHHE B CBOEM HOBOM BHJIE X + X HenpeprBHO,
a npeJie/1 HenpepbIBHON (QYHKLUK MPH X| — X €CThb IPOCTO 3HAUCHHE ITOH (yHK-
LMK TIPH X| = X; B HALIEM [PUMEPE Mbl MOJYUAaEM HEMOCPEACTBEHHO X + X = 2x
W, CJII0BATENbHO, ecH f(x) = x%, To

F(x)=2x.

CoBepllIeHHO aHAJOTHUHO Mbl MOXKEM JIOKa3aThb, UTO B CJyuae QYHKUUH f(x) =
= x> mbl Gyzniem umets ['(x) = 3x2. B camom jnesie, OTHOLIEHHE

Ay _ fa) = o) _ H -
Ax X —X X —X

MOZKeT ObITh YIIPOLLEHO 10 hopMyJie
X — 1% =(x; — x)(xXF + xx + 10,

3HaMeHartesb Ax = x| — X COKpallaeTcs, U Mbl MOJlyuaeM HeMpepbiBHOE BbIpa-
JKeHue

Ay 2 2

— =X+ XX+ X"

Ax ! !
[Tpu cTpemJsieHMH X| K X 3TO BblpaXKeHHe CTPEMHTCS K CyMMe X4+ x4+ B

KayecCcTBe Ipe/esaa 1noJaydyaeTcsi BbIpa>KeHHue

J(x) = 3x°.
U Boo6i1te, nast PyHKIMN
f(x) = x",
Tlie 71— LeJIoe T0JIOKHUTEbHOE, TPOU3BOIHAsST OYIeT UMeThb BHJL
[(x)=nx""".

Ynpaxnenue. Jlokaxure 3TOT pesysbrar. (¥Ykasawuue: npumenute ajrebpauue-
cKylo hopmyJty
n—3 2

n n n—1 n—2 n—2
Xp—x"=(x1—x)x]" +x T+ X+ x

+)C”71).)
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B kauecTse cJesytoliero npuMepa, No3BoJsoLLEro HermocpeCTBEHHO onpe-
JIeJIUTh POU3BOHYIO, PACCMOTPUM (PYHKILHIO

y=Jx)=—
Mbl nmeeM
&_u_(i_i). I _x-n 1
Ax  x1—x \x1 x/) xi—x  xix x—x

CokpaTiM onsiTb Apo6b U TOTA MOJYUHM

Ay 1

Ax — xix
— BbIpa’KeHHe, OMATb-TAKH HEMPEPbIBHOE B TOUKE X = X; B KauecTBe Npejesa
MBI, CJIEJIOBATeJIbHO, OyIeM UMETh

1

['(x)= 2
Camo cobofi padymeercsl, UTO B JaHHOM CJlyuae HH MPOM3BOJHAs, HU caMma
(yHKUHS He ompeseseHsl B Touke x = 0.

1
YnpaxHeHue. ﬂOKa)KI/ITe aHaJIOTHUHBIM cnoc060M, uto yHKuus f(x) = — umeer
X

n

npousBojHyto f'(x) = —=; dyukuus f(x) = x7 HMEET MPON3BOAHYIO ['(X) = —— =)
X

dyukuus f(x)= (1 + x)” umeeT npousBoanyto f/(x)=n(1 + x)"~ 1.
[Tponuddepenumpyem Tenepb GhyHKIUIO
y=[(x)=x.
B xauecTBe pasHOCTHOTO OTHOLIEHUS MbI MOJydaeM

Ay _yi—y _ VX = VX

Ax X1 —x X —x
BocnoJsib3oBasiincs Gopmysioi x; — x = (1/X; — /X )(v/X| + /X), MOXKHO cO-
KpaTHTb 3HAMEHATEJb C I1EPBLIM M3 MHOXKMTEJEl H IOJIyuHTh BbpaxKeHHe, He-
NpepbLIBHOE B TOUKE X| = X,

Ay _ |
Ax  Vx VxS
[Tepexon K npeneny naer |
/ —
ana)KHeHnﬂ. Jokaxxute, uto dyHKuus f(x) = % HMeeT MpousBojHyto [/(x) =
= 2({ = JIOKaXuTe Jlajiee:
a) uto dynkums f(x)= /% MMeeT Npou3BojHy0 [/( x)—
6) » > fl)=vIi-x > » F( x)i 1 Vi
— X

B) » » f(x)= ¥x » » f'(x)=
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4. MpousBoaHbie OT TPUroHOMeTpUUYeCKUX PyHKUUU. Terepb Mbl npu-
CTYNHUM K Upe3BblUalHO BaXKHOMY BOMpocy — K JTHD(epeHUPOBaHUIO mpu-
eoHomempuyeckux ynkyuti. TlpeaBapuTesbHO YCIOBUMCS, UTO U3MEPEHHE
yrjoB 6y/ieM MPOU3BOUTL UCKIIOUHTEILHO B padaHax.

Yro6bl npoauddepeHpoBaTh QYHKIMIO y = f(x) = sinx, MOJ0XKUM X| —
— x=nh, Tak ut0 x; = x + h u f(x,) = sinx; = sin(x + /). Bocnosb3oBaBiuch
TPUIFOHOMETPHUECKOH (HOpMYJIOH JJIsi CHHyca CyMMbl JIBYX yrJioB, sin(A + B),
MBI [IOJTyUdM

J(x,)=sin(x + k) =sinx cos i + cos x sin .

Orcrona
flx1) = f(x) _ sin(x+h)—sinx _ (sinh . cosh —1
o x o =Cosx ( W )+smx<7h ) (2)

Ecou x; ctpemurcs K x, 1o A ctpemurcs K 0, sink crpemutes k 0, a cosh
cTpemuTes K 1.
Hanee, npuMeHsis peayJbrathl ¢Tp. 335—336, Mbl MOJYUUM

T LU SR e T el R

h—0 h—0 h
[IpaBasi yacTb COOTHOLIEHHST (2) CTPEMHTCS, CJEN0BATEJbHO, K COSX, H Mbl
noJiyuaeM OKOHUATEJbHBIA pe3yJbrat: ¢ynkyua [(x) = sinx umeem csoell
npoussodroli yrnkyuio f'(x) = cosx uiu, Kopoue,
d(sin x)
———— =cosx.

d(cos x)
dx

Yro6bl npoauddepeHpoBaTh QyHKIKI0 f(x) = tg x, Mbl HanulieM tg x =
sinx

T cosx

f(x + h)— f(x) (sin(x+h) sinx) 1

YnpaxHenue. JlokaxkuTe, uToO = —sinx.

U NOJIyUHuM, AaJiee,

cos(x +h) cosx

h h
_sin(x + h)cosx — cos(x + h)sinx 1 __sinh 1
- h "cos(x + h)cosx  h  cos(x + h)cosx’
(ITocyenHee paBeHCTBO TMoJydyaeTcss ¢ momollpto dopmyssl sin(A — B) =
=sinAcosB — cosAsinB, tne A=x+ h, B=x.) Ecau A crpemutcs x 0,

sinh
TO - cTpemuTtest K 1, cos(x + /) cTpeMHTCsl K COS X, U OTCIOfIa Mbl JlelaeM

3aKJIIOUEHHUE:

[TpousBoaHasi dhyHKUMH f(x) = tg x ectb dyHKUMs [/(x)= , WK

cos* x
d(tgx) 1

dx cos? x’
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d(ctgx) 1

YnpaxHenue. JlokaxkuTe, uTo 5

dx sin?x’
*5. JuddepeHuupyemoctb U HenpepbiBHOCTb. H3 dudhdhepenyupye-
mocmu QpyHkyuu caedyem ee Henpepol8Hocmo. B camom nene, ecau cy-
A
11IeCTBYeT Mpefes AudhepeHInalbHOr0 OTHOILIEHHUS A_)yc npu crpemyieHdn Ax

K HyJI0, TO SICHO, 4TO mpupatienne Ay (yHKUMM f(x) JOMKHO CTAHOBHUTHCS
HEOTPAaHHUEHHO MaJjblM MpH cTpeMyeHnn Ax K Hymmo. Kaknas anddepenuu-
pyemast (DyHKLHMsT HEH30EKHO SIBJSETCS B TO K€ BPEMS M HEMPepbIBHOM; T10-
3TOMY, BCTpeuasicb B 3TOH IJiaBe He pa3 ¢ Au(depeHIHpyeMbIME (QyHKLIHUSIMH,
Mbl BO3JI€pKUBaeMcsl OT TOro, 4toObl 6e3 0co60i He0OOXOAUMOCTH MOCTOSHHO
YIIOMHHATh, YTO OHHM MPEINoJaraloTcsl HEeMpepbIBHBIMK, WJH JI0Ka3blBaTb HX
HEMpPepbIBHOCTb.

6. IMpounsBoaHasa u ckopoctb. Bropas npousBoaHaa u yckopenue. Jlo
CHX MOP MOHSATHE NPOU3BOAHON Mbl CBSI3bIBAJIM C TEOMETPUUECKUM PEACTaBIIE-
HHeM rpaduka GyHkuuu. OQHAKO POJb MOHSITHST MPOM3BOIHON BOBCE He Orpa-
HHUYMBAETCSl OJHOM JIMLIb 3ajadeil 00 orpeeseHHH HAaKJOHA KacaTesJbHOH K
JlaHHON KpuBOH. Ellle 60siee BaxKHOH ¢ HAyYHOH TOUKH 3peHUs 3aauell sBJsieTcs
BbIUMCJIEHHE CKOPOCTH HW3MEHEHUs BeJMUMHbI f(f), MEHSIOLIEHCS ¢ TeueHHeM
BpeMeHH. MMeHHo ¢ 3Toil cTopoHbl HbloToH U nopowen K nuddepeHumrasbHOMy
ucurcsaenno. B uactHocTd, HblOTOH cTpemuscsl npoaHa/u3npoBaTh siBJICHHE
CKOPOCTH, paccMaTpuBasi BpeMsl U TMOJIOKEHHE JIBHKYIIEHCSA UacTHIbI KakK re-
peMeHHble BeJIMUMHbI (10 BbipaxkeHHuto HbloToHa, «/ioaHTbI» ).

Korna wactuua aBuxKercst BLOJb OCH X, TO €€ JBHKEHHE BIIOJIHE OINpesie-
JIeHO, pa3 3ajaHa (yHkuus x = f(¢), ykasbiBaollas MoJoKeHHe YacTUIlbl X B
JI000 MOMEHT BpeMeHH {. «PaBHOMepHOe ABHKEHHE» C MOCTOSHHOH CKOpO-
CTblO b 1o ocH x onpenensieTcs JUHEHHON dyHKUMelH x = a + bf, rie a ecTb
noJioXKeHHe yacTuibl npu ¢ = 0.

JIBH>KeHHE UacTHIbl HA MJIOCKOCTH OMUCBLIBAETCS Y2Ke NBYMS (PyHKIHSMH

x = [(), y=g(1),

KOTOpbIE OMPENENAOT ee KOOPAMHATHl Kak (DYHKUMH BpeMeHH. B uacTtHOCTH,
PaBHOMEPHOMY JIBMXKEHHIO COOTBETCTBYIOT JIBE JIMHEHHbIE (DYHKLHH

x=a+ bt, y=c+dt,

rie b U d — JiBe KKOMIOHEHTbI» TIOCTOSHHON CKOPOCTH, a @ U ¢ — KOOP/IMHA-
Thl TI0JIOXKEHHSI yacTUlbl Npu ¢ = 0; TpaeKTOpHel YacTULbl SIBJSIETCS TpsiMast
JIMHUSA, YPaBHEHHE KOTOPOH

(x—a)d—(y—c)pb=0

noJiydyaeTcs MyTeM HCKJIIOUEHHS t u3 JBYX CTOSIIUX BbILIE COOTHOLLIEHUH.
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Ecusin yactula ABHXKeTCS B BEPTHKANbHOU IMJIOCKOCTH X, y TOJ AeHCTBHEM
OJIHOM JIMILb CHJIbl TS2KECTH, TO IBHXKEHHE ee (3TO J0Ka3blBAeTCsl B 9JleMeHTap-
HOH (hH3HKe) OTpe/iesieHO IBYMS! YPaBHEHHSIMH

x=a-+bt, y:c+dt—%gt2,

rae a, b, ¢, d — NMoCTOSIHHbIE BEJHYUHDBI, 3aBUCSIIHE OT COCTOSTHHSI UaCTHI(bI
B HayasbHbI MOMEHT, a g — YCKOpPEHHe CHJIbl TSKECTH, paBHOe MpUOJIH3H-
TesibHO 9,8, ecqu Bpemsi U3MepsieTcsl B CeKyH/axX, a pPacCcTOsiHHE — B MeTpax.
Tpaexkropust ABMXKEeHHs, TIoJlyuaeMasi MyTeM HCKJIOUEHUS { U3 JBYX JNAHHbIX
ypaBHEHHUIH, ecTb napaboJa
2

y=c+ Sr—a)- 3"
ecJsii ToJbko b # 0; B MPOTUBHOM CJlyuae TpaeKTOpPHEH SIBJISIETCS] OTPE30K Bep-
TUKAJbLHON OCH.

Ecsau yactuiia BblHY»K/leHa JIBUTAThCS 10 HEKOTOPOH JaHHOHM KPUBOH (rMo-
JOOHO TOMY Kak IMOe3Jl JIBUXKETCSl M0 pesibcaM), TO JBHXKEHHE ee MOXKET ObITh
onpeneneHo ¢pyHkuuer s(¢) (dbyHkuvell BpeMeHM ), paBHOH JJIMHE AYTH S,
BbIUMCJISIEMOH BJIOJIL JIAHHONW KPHUBOH OT HEKOTOPOH HAuaJlbHOH TOUKH Py 710
MOJIOXKEHHUST YaCTHLbI B Touke P B MoMeHT Bpemenu t. Hampumep, ecau peub
WIET O eMHUUHOM Kpyre X% + y? = 1, To QyHKIMA § = ¢f ONpeesseT Ha 3TOM
Kpyre paBHOMEpHOe BpalllaTesibHOe JIBU2KEHHE CO CKOPOCTbIO C.

* YnpaxHenue. HauepTure TpaeKTOpHM MJIOCKHX JBHXKEHHH, 3aJlaHHBIX ypaBHe-
HusiMu: 1) x =sint, y = cost; 2) x =sin2f, y = cos3¢; 3) x =sin2¢, y = 2sin 3¢
4) B ONHCAHHOM Bblllle MapaGOJHUECKOM JABHXKEHHHU TPEANOJIOKUTE HAYalbHOE M0JI0-
»KeHne yactuubl (npu ¢ = 0) B Hauase KoopauHat u cuuraite b > 0, d > 0. Haitnure
KOOPAMHATLI CaMOH BLICOKOH TOUKH TpaeKTopuu. Haiiiute Bpemsi f 1 3HaueHue X, COOT-
BETCTBYIOLLME BTOPHUHOMY M€PeCceueHIo TPAEKTOPHH C OChIO X.

[lepBo#i Hesbio, KoTopyto nocTaBui ce6e HbloToH, 660 HaX0XKIeHHe CKO-
POCTH YaCTHLIBI, ABXKYLIEHCS HepaBHOMepHO. PacecMoTpuM 1Jist TIPOCTOTHI IBU-
JKEHHE UACTHLIbl BI0JIb HEKOTOPOIl MPSAMON JIMHUHU, 3allaHHOe (hyHKUMeH x = f(1).
Ecsan 6bl aBu:KeHHe ObWIO PABHOMEPHBIM, T. €. COBEpLIA]OCh C I10CTOSIHHOM
CKOPOCTBIO, TO 3Ty CKOPOCTb MOXKHO Obl10 Obl HAHTH, B35IB IBa MOMEHTa Bpe-
MEHH { ¥ {; U COOTBETCTBYIOIIHE UM MOJIOKeHUs uacTull f(#) u f({,) u cocTaBuB
OTHOLIEHHE

paccrosinne  x; —x _ f(t1) — (1)

U = CKOPOCTb = = =
P Bpes i1 1

(3)

Hanpumep, ecsu f uamepeHo B uacax, a X B KUJIOMeTpax, To npu ¢, —t=1
pasHOCTb X| — X OyIeT YUCJI0 KMJIOMETPOB, NPOKIeHHbIX 3a 1 yac, a v — cKo-
pocThb (B KMJIOMeTpax B yac). [oBopsi, UTo CKOPOCTb €CTb BeJIMUMHA OCTOSIHHAS,
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UMEIOT B BUAY JIUIIb TO, UTO pa3HOCTHO€ OTHOLIIEHHE

t1 —t

He HU3MeHsieTCsl TpH JoObIX 3HaueHusx ¢ W ¢;. Ho ecsau nBuxKeHue HepaBHO-
MepHO (UTO UMeeT, HalpUMep, MeCTO MPH CBOOOJHOM MajIeHHH Tesla, CKOPOCTh
KOTOPOTO M0 Mepe MajieH|si BO3pacTaeT), TO OTHOLIEHHE (4) He J1aeT 3HaueHus
CKOPOCTH B MOMEHT £, a TpeJcTaBJsieT cof6oi To, UTO NPUHATO Ha3bIBaTh cped-
Hell CKOpOoCcmbIo B IPOMEXKYTKE BpeMeHH OT £ 10 ¢;. YToObl NOJyuuTh CKOPOCTD
B MOMeHm {, HYXKHO BbIUHCJIUTD TIPEeJ CPEIHEH CKOPOCTH MPU CTPEMJIEHHH 7
K f. Takum oGpasom, BMecTe ¢ HbioToHOM OHpeILeJII/IM CKOPOCTb Tak:

CKOPOCTb B MOMEHT [ = zllin i t;I) = J'(1). ()
JIpyrumu cjioBaMH, CKOPOCTb €CTb NPOU3BOJHAS OT «IPOHAEHHOrO MyTH» (KO-
OpJAMHATBI YaCTHLBI HA MPSMOK) MO BPEMEHH, MW «MFHOBEHHAsl CKOPOCTb M3-
MEHEHHsT» MyTH M0 OTHOLIEHHIO KO BpeMEHH — B IPOTHBOMOJIOKHOCTb cpedHel
CKOpPOCTH M3MeHeHHs, onpejiesisieMoi 1o gopmy.Je (4).

Ckopocmo usMeHeHus camoi CKOpocmu Ha3bIBACTCH YCKOPEHUEM.
YcKopeHHe — 3TO MPOCTO MPOU3BOAIHAST OT MPOU3BOAHOMH; OHA OOBIUHO 0603HA-
yaeTcst CUMBOJIOM [/(1) U Ha3bIBaeTCsi 8MOPOil NPou3sooHol oT GyHKIMH [(1).

[anuseil 3ameTuJ1, UTo BepTHKAJIbHOE PACCTOSIHUE X, POXOAUMOE MPH CBO-
60HOM MaJieHHH TeJla B TeUeHUe BPeMEHH f, Bblpaxkaercst (JopMyJIoH

X=f(t)= %gtg, (6)

rie g eCTb ycKopeHHe cuibl TspKecTH. M3 cdopmyssl (6), myrem auddepen-
LIMPOBAHHSI €€, MOXKHO TMOJYUHTb CKOPOCTb U TeJa B MOMEHT BpPeMeHH f; 3Ta
CKOPOCTb Bblpakaetcst (popmyJioit

v=[(t)=gt, (7)
a yCKOpeHHe o, KOTOpoe MOCTOSTHHO,— (opMYJIOH
a=["(t)=g.

[TpeanosoxKum, uTo HY>KHO HAaUTH CKOPOCTb Tesa yepe3 2 CeKyH/bl MocJe
HauaJa najeHusi. Hafinem cHauasa cpejiHIO CKOPOCTb 3@ MPOMEKYTOK BpeMe-
HHoT t =2 j0 { = 2,1:

1 o 1 9
98 (21 =582 4905.041
2,1 -2 o 0,1
[ToncraBass xke B dopmyJay (7) 3HaueHue { = 2, Mbl HalJeM, UTO 3Haue-
HHe MTCHOBEHHOH CKOPOCTH B KOHIE BTOPOH ceKyHjbl paBHO 19,62 (MeTpoB B
CEKYHJLY ).

= 20,11 (MeTpoB B CeKyHy).
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Ynpaxnenne. KakoBa cpensisi CKOPOCTD TeJia 3a POMEKYTOK BpeMeHH OT ¢ = 2
a0t =2,01,ort=2 no t=2,001?

[Ipu JBH>KEHHH TOUKH Ha TMJIOCKOCTH JBE MPOU3BOJHbIE [/(1) u g'(f) nByX
byHRuMl x = f(1) u y = g(1) onpenensitoT KOMIOHEHTbI CKOPOCTH. [1pH BHKe-
HUM BJIOJIb 3aJIaHHON KPUBOH CKOPOCTb HYXKHO OMPENEJHTh KaK MPOU3BOJIHYIO
oT ¢yHKUMH s = f(1), Te s — AJAHHA JyTH.

7. TeomeTpuueckuit cMbicJ BTOPOW Mpou3BOAHOMH. BTopas mpoussos-
Has [’(x) UMeeT TakXKe BaxKHOE€ 3HAUEHHE B aHaJ/M3e U B FeOMETPHH; B CAMOM
JieJie, TIPEJCTaBJisiss COO0H CKOPOCTh M3MEHEHHsl HaKJoHa ['(x) KpuBOH y =
= f(x), BTOpasi MpOM3BO/IHAS JaeT YKa3aHHe Ha TO, KaK H30rHyTa Kpupasi. EcJiu
B HEKOTOPOM TIPOMEXYTKE BTOpasi MPOM3BOAHAS GOJibllle HyJs, TO CKOPOCTb
M3MeHeHHus1 HakJoHa ['(x) mosoxkuTesbHa. [T010’KUTeNbHBIN 3HAK CKOPOCTH M3-
MeHeHHUs] HEKOTOPOH (PYHKIMH yKa3bIBaeT Ha TO, UTO 3Ta (hYHKIMSI BO3pacTaer
¢ Bo3pacTaHueM aprymenra x. CjenoBatesibHO, HepaBeHCTBO [/(x) > 0 yka3bl-
BaeT Ha TO, UTO HakKJOH ['(x) ecTb Bo3pacTatoliasi PyHKIHS X H, 3HAUHT, NpH
yBeJIMUEHUH X KpPUBasi CTAaHOBUTCSI GoJsiee KPYTOH TaM, TJle HAKJIOH ee MOJIO0MKH-
TesieH, U 6oJiee TI0JIOTOH TaM, TJle HAKJIOH OTpULATeeH. YCJIOBUMCS TOBOPHUTD,
YTO B 3TOM CJydae Kpusasi sotnykaa (puc. 270). Ananoruuno, ecau [/(x) < 0,
TO Oy/leM FOBOPHUTh, UTO KpuBas y = f(x) soenyma (puc. 271).

y y
["(x) >0 /(x) <0

0] X o) X

Puc. 270—271. Bbinyk/J0CTb U BOTHYTOCTb KPHBOIi

[TapaGona y = [(x) = x* BCioJy BbINYKJA, TAK KaK €€ BTOPasi MPOM3BOIHAS
(f"(x) = 2) Bcerna nosoxkuresbra. Kpusast y = f(x) = x* Boimyksa nipu x > 0 u
BoruyTa npu x < 0 (puc. 153); 370 BUIHO MO ee BTOPOI MPOu3BOHOH, f(Xx) =
= 6x, B UeM UHTaTEb MOXKET JIeTKO yOeauThes caM. Mexy npouum, npu x = 0
umeeM ['(x) = 3x2 = 0 (HO HeT HM MUHHMyMa, HH MakcuMyMa!), a Takxke ['(x) =
=0 npu x = 0. DTa TouKa Ha3bIBaeTcst MouKoi nepeeuba. B Toukax, Kotopble
TaK Ha3bIBAIOTCSI, KacaTesibHast (B JAHHOM CJIydyae OCh X) MePeCceKaeT KpUBYio .

I 310 BepHo, ecan npu stom, Hanpumep, [/(x) # 0, Ho He B oOuieM ciyuae. — [Iput.

ped. Hacm. uso.
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Ecau 6ykBa s o603Hauaer jJIMHy Jyrd KPUBOH, a GyKBa of — YroJl HaKJjo-
Ha, TO (DYHKLUS o = A(S) ecTb (PyHKLMS nMepeMeHHOro S. [1pn mepeapmkeHuu
TOUKH M0 KPUBOH PYHKIIUS oo = A(S) OyneT MeHsATbesl. CKOPOCTb 3TOTO U3MEHe-
HUs1 A'(S) NPUHATO HA3bIBAThb KPUBU3HOL KPUBOH B TOUKE, /Il KOTOPOH JUIMHA
Iyrd paBHa S. be3 nokaszaresbcTBa OTMETHM, UTO KPHUBH3HA R MOXKET ObITh
BbIpaKeHa C TIOMOIIIbIO MEPBOH W BTOPOH MPOU3BOJHBIX OT (DYHKUMH Yy = f(x),
onpeneNsiolled KpUBYIo, COIIacHO Cheytollell opmy.e:

I"(x)
(L (/)22

8. MakcumymMbl H MUHUMYMbI. YToGbl HaWTH HauGoOJIbIIHE ¥ HAHMEHb-
lIMe 3HaueHHsl 3aJaHHON (PYHKLHHK [(X), MbI MPEXKJEe BCEro J0JLKHbI HAHTH ee
npousBoaHyio f'(x), HAUTH 3aTeM Te 3HAUECHUS X, IPH KOTOPbLIX 3TA MPOU3BOJI-
Hast obpalaercsi B HyJib, H HAKOHELl, UCCJEeI0BATh, B KAKHUX TOUKAX H3 yucJ/a
HalJIEeHHDbIX (YHKIHMs UMEeT MAKCUMYM M B KaKMX — MHHUMYM. [locsieanuii u3
THX BOIMPOCOB MOXKET ObITh pellleH ¢ MOMOLIbI0 BTOPOH MPOU3BOIHON [”(x),
3HAK KOTOPOH yKa3biBae€T Ha BBIMYKJIOCTb HJIM BOTHYTOCTb rpaduka KpHUBOI;
ecJii Ke BTopast TIPOM3BoJIHAst oOpalaeTcst B HyJib, TO OOBIKHOBEHHO 3TO yKa-
3bIBAET HA TO, UTO Mbl HMEEM JeJO C TOYKOH repern6a, U TOraa IKCTpemyma
wer. [1puHMMasi BO BHUMaHHe 3HAKHU MePBOH H BTOPOH MPOM3BOIHBIX, MOXKHO
HE TOJIbKO HaWTH 3KCTPEMyMbl (DYHKIHH, HO M ONPEIE/HTh BHI €€ rpaduka.
YKazaHHbI croco6 MMO3BOJISIET HAM BBIIEJIUTb T€ 3HAUECHHSI X, MPH KOTOPHIX
(YHKIIMST KMEET KCTPEMYM; 151 TOTO YTOOBI HAUTH COOTBETCTBYIOIIME 3HAUCHHST
camoit hyHKUMK y = f(x), Hy»KHO C/1es1aTh TOJCTAHOBKY HAHIEHHBIX 3HAUEHHH X
B BblpaxkeHue f(x).

B kauecTBe mpuMepa pacCMOTPUM MHOTOUYJIEH

f(x)=2x> — 9x* + 12x + I;
ero NPOU3BOJIHbIE BLIPAXKAIOTCS (hOPMyAaMHU
J(x)=6x* — 18x + 12, [(x)=12x — 18.

KsajnpatHoe ypasHenue [/(x) =0 UMeeT KOpHH X = 1, Xy = 2, U B 3THX TOUKaX
3HAUYeHUsT BTOPOH MPOU3BOAHOM paBHbl [/(x;)=—6 <0, f’(x9)=6>0.
CaienoBaTesibHO, QyHKUMS f(Xx) uMeeT MakcuMyM f(x;) =6 W MUHUMYM

[(x2) = 5.

Ynpaxuenusi. 1) Hapucyiite rpadux paccMoTpeHHOH (DYHKLHH.
2) Uccnenyiite u napucyiite rpadux dynkumn f(x) = (x> — 1)(x? — 4).

3) Haiiaure MUHUMYM (yHKLMI x+1

a
s XA T pxX A+ % CUMTasl 3HAYCHHSA p U ¢

TOJIOKUTEIbHBIMU. FIMEIOT JIH MakKCHMyM 3TH (DYHKUMH?
4) Haiigute MakcHMyM M MHHHMYM (QyHKLHMI sinx u sin(x?).
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§ 3. TexHuka nuddepeHunupoBanus

Jlo cuxX mop HauM ycuJusi OblJIM HampabJeHbl Ha To, uToObl mpoaudde-
PEHLMPOBATh pa3JjiMuHble KOHKPETHble (DYHKLMHH, TIPHUEM Mbl TpeIBapHTEIb-
HO TpUJaBaJii HajJeXKalllMid BUJ PasHOCTHOMY OTHOLIEHHIO. BaXKHbIM 111arom
Briepea B paborax HbiotoHa, JlefiGHHIA W UX mocjenoBaTtesell Gblia 3aMeHa
9THX Pa3pPO3HEHHBIX WHAMBHJYaJbHBIX TIPUEMOB MOLIHBIMH OOLIMMH METOAMH.
C MoMOIIIbI0 3THX METO0B MOYKHO MMOUTH aBTOMATHUECKH JUddepeHIHpoBaTh
JOOYI0 (DYHKIIMIO W3 UMC/IA TeX, C KOTOPbIMH OOBIKHOBEHHO MPHUXOMUTCS UMETh
JIeJI0 B MaTeMaTHKe; HY>KHO TOJIbKO 3amacTHCh HEGOJIbIIMM UMCJIOM TPOCTHIX
MpaBu/ U yMeTb WX MpUMeHSATb. COBOKYMHOCTb THX MPUEMOB MpHoGpesa Xa-
paKTep BBIUHCJIHUTENBHOTO €AJrOPHTMA».

Mbl He MOXKeM BHHMKATh B MOJAPOOHOCTH 3TOH TEXHUKH. YKaXKEM TOJbKO
HEeMHOTHe HauboJiee MPOCThie TpaBuJa.

a) Jlugpgpeperyuposanue cymmor. Ecnu a u b — nocrosiuHble, U (yHK-
uusi k(x) 3apana opmyJioi

k(x) = af(x) + bg(x),
TO, KaK 3TO JIETKO JIOKaXKeT caM YHMTaTe/lb, CIIPaBeIuBO CJIEyIollee:
R'(x) = af'(x) + bg'(x).

AHajiornuHoe npaBuJIo UMEET MECTO MPH JIIOOGOM UHCJIE CaraeMblx.
6) Augpgepenyuposarue npoussederus. I1pou3BoaHast Nponu3BeeHust

plx) = J(x)g(x)

BbIpaXKaeTcst hopMyIoi

p'(x) = f(x)g'(x) + ['(x)g(x).

DTO JIETKO JIOKA3bIBAETCS CJIEIYIONIMM MPHEMOM: MPHGAaBHM H OTHHMEM OT
p(x + h) — p(x) omHO ¥ TO 2Ke BblpaxKeHUue, a UMeHHO f(x + h)g(x):

plx +h) — p(x) = [(x + ) g(x + h) — [(x)g(x) =
=[x+ h)g(x + h) = [(x + h)g(x) + [(x + h)gx) — [(x)g(x).

O6benunss nepBble ABa WM MOCJeAHHE ABa YJ€Ha, Mbl ITOJYUHUM

x+h)—p(x x+h)—g(x x+h)—f(x
POAR) = pL) g g B = g0 | e ) = )

h h h
3acraBuM Ternepb A CTPEMHUTHCS K HYJIIO; TOCKOJBKY f(Xx + /) mpu 3TOM cTpe-
MHTCS K f(x), Hallle yTBep:KIeHHe TOKAa3bIBAETCsT HeMeJIEHHO.

YnpaxHenue. [Tosb3ysich STUM MPABHIIOM, JOKaXKKUTE, UTO MPOU3BOJIHAS (DYHKLIMH
p(x)=x" ectb p'(x) = nx""'. (¥kasanue: npumute BO BHUMaHHe, yTo X" = x - x"~! u
NPUMEHHTE MaTeMaTHYECKYI0 HHAYKLHIO. )
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C nomolliblo npaBuil a) U 6) MOKHO AH(depeHUHPOBAaTh JIIOOOH MOJUHOM
f(x)=ao+aix+...+a,x"
€ro TMPOMU3BOJIHAS PaBHA BBLIPAYKEHHIO
[(x)=a, + 2asx + 3asx* + ...+ na,x"~".

B kauecTBe o1HOTO M3 MpPUMEHEHHH MOXKHO J0Ka3aTb OMHOMHAJBbHYIO TEOpeMy
(cm. crp. 40). CorsacHo 3Toit TeopeMme, cTerneHb GUHOMA (1 + x)" pasnaraercs
B TMOJIMHOM CJIEyIOLIEro BUJIA:

J)=(1+x)" =14 ax+ax® +asx* + ...+ a,x", (1)
rie Ko3duuuent a, naercs GopmyJion
—1)...(n—k+1
g, =" ) 2)
Mbl yxe Buzenu (ynpaxkHeHue Ha ctp. 448), uro muddepeHUMpOBaHHE
neBoit yactu opmyJibl (1) maer n(l + x)'~'. Ha ocHoBanuu npeblyiiero
MyHKTa

(1l +x)"~'=a, + 2a,x + 3asx* + ...+ na,x""". (3)

Ecau tenepsb B 3T0l popMyie ToJ02KUTb X = 0, TO MOJTYUUM 7 = @, UTO COOT-
BeTcTBYeT (hopmyJie (2) npu k2 = 1. CHoBa npomucdepenurpyem opmyay (3)
¥ Toria OyaeM UMeThb

a(n — 1)1 +x)"2=2ay+3-2a3x + ...+ n(n — 1)a,x"2.
[ToxncranoBka B 3Ty opmyJy HyJisi BMecTo x jaet n(n — 1) = 2a,, B cOOTBeT-
cTBUH ¢ hopmydio (2) npu k = 2.

Ynpaxuenue. [lokaxure dopmysy (2) npu & =3 u npu ao6oM k (¢ MOMOILbIO
MaTeMaTHUeCKON UHIyKLIHH ).

B) [lughdheperyuposanue wacmroeo. Eciu

w0

9x) =5

TO

L e — (g )
="

JlokazatesibeTBO MPEIOCTABISETCS B BUE yIpaxkHeHus: untaresio. (Pasymeer-
Csl, Hy?KHO MpejnoJsarath, uto g(x)#0.)

YnpaxHenue. C MoMoLIbIO MOCJIEHETO MPaBU/ia BbIBEJUTE MPOU3BOJIHbIE OT tg X

u ctg x, 3Has Npou3BOAHbIE OT Sinx U cos X. JlokaxKuTe, UTO NIPOU3BOAHBIMU OT SEC X =

1 sinx cos X
= U COSeC X = —— SIBJISIIOTCH COOTBETCTBEHHO T U ———5—.
Ccos x sSin x COS” X sin‘ x
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Mbi ymeem Tenepb muddepeHurpoBath J06yi0 QYHKIMIO, SBJSIOULYIOCS
OTHOLIEHHEM JIByX MHOTOUJIEHOB. Hanpnmep,

— X
[x) = 1+x
HUMEET NMPOU3BOIHYIO
o () —(=x) 2
FO=——0y — ~ "3

Ynpaxuenue. [Ipomuddepenumpyiite pyHKIMIO
_ 1 _ —m
f(x)= X
npeanoJdarast m UeJbIM TMOJIOKHUTEJ/IbHBIM. p€3yﬂbTaT:
f'(x) _ _mx—m—I.
r) Augpgepernyuposarnue obpamuoix ¢ynkyuti. Ecnn dyHkuuu
y=J[x) n x=gy)

B3aHMHO 0o6paTHbl (HarmpuMep, y = x* U x = /y), TO NIPOU3BOJHAST OJHON H3
HUX sIBJIsIeTCS 0OpATHON BEeJUUHMHOK MO OTHOLLUEHHWIO K MPOU3BOJHOH APYrou.
Wmento,
gy = 7=
I'(x)”
IT0 yTBepKICHHE JIETKO 10Ka3aTh, €CJ 00PaTUThCS KO B3AHMHO 0OpaTHbIM
A Ax
Pa3HOCTHBIM OTHOLLIEHHSIM A_)yc u A—y; 9TO BHUJHO SICHO TaKKe M3 IeOMETpH-
UyecKoH HHTepripeTaly o6paTHbIX (YHKIMH, npuBeneHHoil Ha ctp. 308, ecsu
OTHECTH HAKJOH KacaTeJbHOH K OCH Y, a He K OCH X.
B xauecTBe npumepa npoauddepenipyeM QyHKIHIO

y :]C(x) _m )C:XI/m,
00paTHYI0 MO OTHOLLEHHIO K (YHKUMM X = y™ (cM. Takxke OoJiee Hemocpes-
5> Ha cTp. 448). Tlo-

CKOJIbKY (DYHKIHSI X = y™ UMeeT CBOeH MPOU3BOAHON BbIpaKeHHe my™~', To
Mbl HMeeM

CTBEHHOE pacCcCyxK/I€HHE, OTHOCsIIIeeCsI K CJaydaro m =

Jix) = L L=

1/m

R
g yy —,

L
m m

OTKYyJa, JeJ/ast MOACTaHOBKH y = x /™ U y*’” = x~!, nomyuum:

flx) = x/m,

B kauecTBe ciejyioliiero npumepa Hpozmq)qaepeHLLpreM obpamuyo mpu-
eonomempuueckyo gyukyuio (cMm. ctp. 308)

y=arctgx (uTo paBHOCWIBLHO X = tg y).
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JLast Toro uToGbl 06eCneunTh 0HO3HAYHOE onpejiesieHre (DYHKLUHUH ¥, Mpeji-
TOJIOXKUM, UTO MepeMeHHast y, 0603Haualollas Mepy yria B pajuaHax, orpaHu-

yeHa MpoOMeEKYyTKOM —g <y < g

Mbi 3Haem (cM. ctp. 449), uto digy) _ 12 , ¥ TaK Kak
dy cos” y
1 sin®y+cosly

= =1 Zy=1+x

cos?y cos?y +igy X

TO MOKHO 3aKJIIOUHTh, YTO
d(arctgx) 1

dx Tl 4%
TakuM »Ke TOUHO MyTeM YHTATEb CMOXKET BBIBECTH CJIEyIOLIHe (hOPMYJIbL:

d(arcctgx) 1

dx TR
d(arcsinx) |

dx V=<
d(arccosx) 1

d« -2

HakoHell, Mbl TPUXOJIUM K CJIE/YIOLIEMY Ba>KHOMY TPaBUJY:

n) Adugpgepenyuposarue caoxucHolx ¢yuryui. CioxHble QYHKIHH CO-
CTaBJISIIOTCS U3 JIBYX (MJIM HECKOJILKHUX ) GoJiee pocThixX (cM. cTp. 309). Hanpu-
Mep (yHKLHS 2 = Sin /X cocTaB/ieHa U3 GyHKIME 2 = sin y u y = \/X; PyHKLHs
2 =/X + V/x% coctamnena u3 GyHKUMI 2 =y + y° U y = \/x; GyHKIHA 2 =
= sin(x?) — u3 GyHKUKE 2 = siny U y = x%; GyHKLUMA Z2 = sin M (hyHKIMH

1

2:sinyny:;.

Ec/in 13 1ByX JaHHBIX (DYHKLHH
z=gy) n y=[(x)
BTOPYIO MOJICTABUTh B MEPBYIO, TO MOJYUAETCS CJOXKHAsT (DYHKIHS
z=k(x)=gl[(x)]
JlokaxkeM CpaBefHBOCTb (DOPMYJIbI
R'(x)=g'(y)['(x). (4)
C 3TO#l 1eJIbI0 COCTABHM PA3HOCTHOE OTHOLIEHHE

k(xl)—k(x):zl—z_yl—y
X —Xx yi—y xi—x’

rie y; = f(x1) u 2y = g(y,) = k(x,); Ipu CTPEMJIEHHH X| K X JieBasi UaCTh CTpe-
MHUTCS1 K R'(X), a IBa MHOXKHTEJIsI B MIPABOH 4aCTH CTPEMSITCS COOTBETCTBEHHO
K g'(y) v K ['(x), ueM W j0KasbiBaeTcst opmysa (4).
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B sTOoM nokaszatesibcTBe ObLI0 HEOOXOAUMO YCJIOBHE Y|
— Y; TIO3TOMY HY2KHO ObLJIO CUHTATh MCKJ/IOYECH-

JieJie, Mbl e Ha Ay = y,

HBIMH T€ 3HAUCHHUS X, IPU KOTOPLIX Y|

—y #0. B camom

— y=0. Onnako dopmy.ia (4) ocraercs

B CHJIE 1axKe B TOM CJlydae, eCJu Ay o6pau1aeTC$1 B HYJIb CKOJIb YTOIHO 6JIU3KO

K Touke x. B camom nene, npu
Ay

STOM = TaKiKe obpataercs

B HyJb CKOJIb YrojHO OJiU3-

KO K Touke X, Tak uto ['(x)=
Ay

lim —% = 0; aHaJOTHYHO 1O~

Ax—0 AX

Ka3blBAETCsI, YTO B 3TOM CJIy-
uae £'(x) = 0. [Tostomy paBeH-
cTBO R'(x)=g'(y) - ['(x) BepHO
B CHJIy TOTO, YTO JieBasi U Mpa-
Basi 4aCTh PaBHbI HYJIIO .

AN
N

Puc. 272. y =sin/x

i
Y

Puc. 273. y = sin(x?)

Uuratesnb J0JKEeH [NPpOBEPUTL CJIEAYIOLINE HpI/IMeprZ

k(x) = sin /x,

R(x) = /X + V3,
k(x) = sin(x?),
k(x)=sin %,

B(x) =1 — 2,

k'(x)=(cos/x)-

M\

k'(x)=(1+5x%)-

k'(x) = cos(x?) - 2x;

k'(x)= —cos (%) .
—1 —X

R(x)= —— - 2= ——.
() 21 — x2 o V1—x2

Rw| —

YnpaxHenue. Corocrap/sisi pe3yJsbraThl cTp. 455 W crp. 458, nokaxure, uTO

dbynkuusa f(x) = ¥/x¥ umeer npoussoauyio f/(x) =

1

ixs/mfl
m

37ecb B aBTOPCKHI TeKCT BHeCeHbl HeGoublike ucnpasienus. — [Ipum. ped. nacm. uso.
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Terepb M0OKHO YK€ OTMETHTb, UTO BCe HAlIM (POPMYJIbl, Kacalolldecs cre-
neHel X, MOTyT ObITb 06 bEAWHEHBI B OIHY OOIILYIO:
[Tpu 21060M NOAOHCUMENOHOM UM OMPUUAMENbHOM PAYLOHANOHOM I

dynryus
fx)=ux"
umeem nPOU3BOOHYIO
F(x)=rx""

Ynpaxuenusi. 1) [Ipoussenure nuddepeHpoBanms B ynpaxKHeHusix Ha cTp. 448,
M0JIb3YSICh TOJBKO UTO BbIBEICHHBIMH MPaBHJIAMH.

2) Tpoandidepentupyiite cieayiomme GYHKIHN: X Sinx, —— m;, (X3 —3x2 —x +
X
+ 1), 1 +sin®x, x%sin LQ, arcsin(cos nx), tg L +x, arctg ! +x, VT =2, ! 5
x 1 —x 1 —x 1+ x

3) Haiinure BTopble NMPOU3BOAHbIE OT HEKOTOPBIX U3 BbILIENPUBEICHHbIX (PYHKLUHA
U OT CJIeyIOlHX (DyHKLUI:
1-x
1+ x’
4) Tlpomuddepenuupyiite hyHKLHIO

.9
arctgx, sin“x, tgx.

u=cVix—x P+ +eVix—x) + 4

W JIOKaXKHTe MUHUMaJIbHbIEe CBOHCTBA OTPA2KEHHOTO U NPEJIOMJIEHHOTO JIyua, YCTaHOBJIEH-
uole B rviaBe VII (ctp. 358 u ctp. 409). [1pennonaraercs, uto oTpaykeHue u npesoMieHne
MPOUCXOAAT B TOUKE HA OCH X W UTO JIaHHble HauajbHasi W KOHeUHasi TOUKM 3ajaHbl
KoopJuHaTamu (X1, yi) 1 (Xe, Y2).

(ITpumeuanue. [ponssoanasi ot 370l GyHKUMH 06palllaeTcst B HyJIb TOJIBLKO B OIHOH
TOUKE, U MOCKOJIbKY B 3TOH TOUKE C OUEBHJHOCTBIO HMEETCSl MUHUMYM, 8 He MAaKCUMYM,
HeT HeOOXOJAMMOCTH HCCJIE/I0BATh BTOPYIO MPOU3BOIHYIO. )

Hanvreiiuiue 3a0auu Ha MAKCUMYM U MUHUMYM

5) Haiinure skerpemymbl cienytolyx (yHKUHHA, HapUCYHTe UX rpadHuku, onpeje-
JIUTE TIPOMEXKYTKH BO3pacTaHusl, yObIBaHHsI, BBIMYKJOCTH U BOTHYTOCTH:

1 x2

1+ K2’ 1+ x

6) M3yuuTe MakCUMyMbl U MHHHMYMbl GyHKIMH X2 + 3ax + | B 3aBHCHUMOCTH OT
3HAuUeHHs apamerpa da.

7) Kortopasi us Touek runep6osnl 2y> — x> = 2 — camas 6/u3Kas K Touke x = 0,
y=3?

8) M3 Bcex npsiMoyroJibHMKOB JaHHOM MJIOLIAM HANIKUTE MTPSMOYTOJIbHUK C CaMoil
KOPOTKOH JIHaroHaibio.

9) Bnuuuure npsiMoyrosibHUK HauGOJbLLIEH MJIOLALH B SJUIHIIC

x° — 6x + 2, cos? x.

X2y
a? b2

10) M3 Bcex KpyroBbiX LMJIMHIPOB AaHHOTO 00beMa HalAUTe UHJMHIP C HAUMEHb-
1Iell TOBEPXHOCTBIO.
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§ 4. O603HaueHus JleiiOHUIA U «6ECKOHEYHO MaJibie»

Heioton u JleliGHuIL yMean HAXOAWTb UHTErpaJjbl U MPOU3BOJHbIE KaK Mpe-
Jedbl. Ho camble ocHoBaHus aHasM3a ObLIM JI0JIO 3aTeMHEHbl BCJEACTBUE He-
JKeJIaHUsl TIPU3HATh 3a TMOHSITHEM Tpejiesla UCKJ/IOUUTEbHOTO TpaBa ObITh HC-
TOUHHKOM HOBBbIX MeTo0B. Hu HbioToH, HM JIeHOHULL HE CMOIJIM 3aHATb Ty
OTUETVIMBYIO [TO3ULUIO, KOTOpasi HAM KaxKeTcsl IPOCTON U eCTEeCTBEHHOM Terepb,
KOrJa MOHSITHE Mpejesa MOJHOCTbIO BblsiCHeHO. VX mpumep rocnonctsoai
GoJibllle CTOJIeTHsI, B TeUeHHe KOTOPOro CyLIHOCTb Aeja Oblla 3aMacKMpoBaHa
pacCy:KAEHUSMH O «OeCKOHEUHO MasbIX BeJHUHHAX», O «audhepeHunasax»,
0 «TI0CJIe[IHEM OTHOLIeHHU» U T. 1. Heoxorta, ¢ KOTOpPO# 3TH MOHATHS OblLIH B
KOHLIE KOHLOB OTBEPTHYTbI, [MyOOKO KOPEHHIACh B (PUIOCOMCKUX KOHLIETLHSX
TOr0 BPeMEHH M B CaMOU MPHPOJie Ues0BEUECKOro MbliieHust. Kasasoch, 4to
MOXKHO paccyzK/aTh TaK: KOHEUHO, HHTErpaJl U MPOU3BOIHYIO MOXKHO BBIYHCJIUTD
Kak npeznesbl. Ho Bce xKe, B KOHLE KOHLIOB, YeM K€ SIBJSIIOTCS 3TH OOBEKTbI
«B cefe», HE3aBUCHMO OT TOTO CrelH(PHUECKOro crnocoda UX OMHUCAHUSI, KAKUM
SIBJISIETCSl MpeesbHbIA nepexon? Beabp MHTYMTHBHbIE MOHATHS — TaKHE Kak
MJIoLIab MJIM HAKJIOH KPHUBOH, — HMEIT KakK OyATO Obl aOCOJIIOTHBIH CMBIC/I
«B cefe», U HeT HaJOOHOCTH B NPHBJIEUEHHH KaKUX-JIHOO BCHOMOraTesbHbIX
BIIHCAHHbIX MHOTIOYTOJIbHHKOB WJIM CEeKYLUMX M UX npefesos. be3 comuenus,
JKeJlaHue c(hOopMYJIHPOBATh aJeKBATHbIE ONpeAeseHUs TUIOLAAK WM HaKJIOHA
KPUBOH KaK «Belled B ceOe» BIIOJIHE ONPaBJAHO C MCHXOJOTHMUYECKOH TOUKH
3penusi. Ho npu 3pesbix ycTaHOBKaX, KOTOpble TaK 4acTO pacudlla/d MyTb
K MOMJMHHOMY MPOTPECcCY MbICJH, MPUXOAUTCS OTOPOCHTb 3TO KeJaHHe U B
pejesbHOM Nepexoje BUAETb X €IMHCTBEHHOE [IPUEeMJIEMOE B HAyUHOM CMbIC-
qe onpenenenne. B XVII B., ogHako, He ObIO0 MHTENEKTyaNbHbIX TPAAULMH,
KOTOpbIE J0MYyCKaJH Obl TaKOH (hHI0CO(MCKUH pajuKaIU3M.

[TonbiTka JleliGHULA «OOBACHUTL» MPOU3BOJHYIO CTOUT B HEMOCPEICTBEH-
HOH M 0O€3yNnpeuHOH CBSI3U C BBEACHHBIM UM OOO3HAUCHHEM ]ISl PA3HOCTHOTO
OTHOLIEHUST PyHKIMH f(x)

Ay _ flx) = fx)
Ax X1 —x
[Ipenes 3TOr0 OTHOLIEHHUS, T. €. TPOU3BOJHYIO (KOTOPYIO Mbl, CJelys oOblualo,
BBEJICHHOMY BITOCJEJNCTBHH JlarpaH:keMm, oGo3Hauunu uepe3d f'(x)), Jleibuum
3aMuchbIBaeT C MOMOILBLIO CUMBOJIA
dy
av
3aMeHsisl, TAKAM 06pa3oM, CHMBOJ PA3HOCTH «AU(depeHIHaNbHbIM CHMBO-
Jgom» d. Hukakux TpyaHOCTell M HHKAaKOH TAHHCTBEHHOCTH HEe BO3HHKAET
NpU YCJOBUH $ICHOTO MOHHMAHUSI TOTO, UTO 3TOT CHMBOJI SBJISIETCS BCEro
JIMIIb YKa3aHHeM Ha HeoOXOJMMOCTb OCYLIECTBHTb NpelesbHBIA Mepexol MpH
Ax — 0, uto BJyieuer 3a cob6oit Ay — 0. [lo nepexosa K npejiesy B pa3HOCTHOM
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A
OTHOLIEHHUH A_)yc HY2KHO COKPAaTUTb YUCJIMUTEJb U 3BHaAME€HaTeJ/Ib Ha Ax win CYyMETb

npeo6pa3oBaTh 3TO OTHOLUEHHE TaK, YToObl MEpexo] K Mpejesy coBepluaJcs

6e360JIe3HEHHO. DTO U SABJAETCS B KaXJIOM OTJAEJBbHOM CJlyuae Y3JI0BbIM

MYHKTOM npouecca auddepeHunpoBanus. Ecau 6bl Mbl Monpo6oBaji NepeiTH

K npeneay 6e3 TakMX MPEeABAPUTEJbHBIX COKPALLEHHH, TO MOJYUMJId Obl He
Ay

0 .,
hMerollee CMbIC/a BbIpaxKeHHe _A = 6, YTO HE MpPHHECJIO Obl HAM HHMKaKOH
X

noJ/ib3bl. TAHHCTBEHHOCTb M HESICHOCTb HACTYMAOT TOJBKO B TOM CJyuyae,
ecJii Mbl, 1o npumepy JlefiGHUIIA WM MHOTHX €ro rocJjejfoBartesei, crtaan Obl
FOBOPHTH HEUTO MOJIOOHOE CIeayIolIeMy: «Ax He CTPpeMHUTCS K Hy 0. HanpoTus,
«rocJie/iHee 3HaueHHe» AX He eCTb HyJb, a SIBJISETCS] <OeCKOHEUHO MAAOLL
8eAUUUHOU», «Oughpeperyuarom», 0603HAUAEMbIM CHMBOJIOM dX; aHaJo-
ruuHo Ay uUMeeT «nocaedHee» GeCKOHeuHO MaJjioe 3HaueHue dy. HacTosiee
OTHOLIIEHHE 3THX OECKOHEUHO MaJbix JuddepeHlHasoB ecTb OMnsiTh OObIK-
%»
«audepeHIHalbibIM - OTHOLIEHHEM». TakdHe GeCKOHEUHO MaJjible BeJMUHHbI

paccMaTtpuBa/iiCb Kak HEKHE HOBbI€ 4HCJla, XOTd W OTJIMYHbIE OT HYJIsl, HO
MeHbIIIHE JIFOGOTO MOJIOKUTEJILHOTO UMC/Ia U3 CHCTEMBbI I€ACTBUTEIbHBIX UHCEI.
CuyHTanoch, UTO TaKHe TMOHATHsS JOCTYMHbI JIHIIb HEMHOIHM H30pPaHHbBIM,
O6JIaIIaIOIJlI/IM HacCToOAIIMM MaTeMaTUYeCKHM YYTbeM, W UYTO aHaJiu3 TMO3TOMY
OUeHb TpPYJEH, TaK KaK He BCSKHE 006JIaJlaeT 3THM UyThbeM HJIM MOXKET €ro
pa3BuThb. VHTerpas, aHaJOTMUHBIM 00pa3oM, paccMaTpuUBaJjCs Kak CyMmMMa
«HEeCKOHEUHO OOJIBIIOr0 uucja OeCKOHEUHO MaJblX CJaraeMbix», a HMEHHO
Buaa f(x)dx. CyuiecTBoBaJIo MpeCTaBieHHe, OYITO TaKass CyMMa eCrib MHTe-
rpaJl WM MJoLIAMb, B TO BpeMsl KaK BbIUMCJIEHHE ee 3HAUeHHsT Kak npedeasa
T0CJ/Ie/I0BATE/ILHOCTH KOHEeUHbLX CYymm OOBIKHOBEHHBIX cJjaraeMbiX f(x;)Ax;
paccMarpuBasioch Kak HeKdil npuaatok '. Terepb Mbl MOMPOCTy OTGpachiBaeM
JKeJIaHHEe «HEMOCPeJCTBEHHOr0» 00bSICHEHHSI U onpedeasem WHTerpaj Kak
npeaes Moc/aea0BaTe/IbHOCTH KOHEUHbIX CYMM. JTHM IyTeM BCE€ TPYAHOCTH
YCTPaHSAIOTCS, U BCe, UTO LIEHHO B aHaJu3e, NpHoGpeTaeT TBEpIyl0 OCHOBY.
Hecwmotpst Ha B;e CKa3aHHOe BhIllle, B JajbHeilleM ynoTpedjeHne 0603Ha-
Y

ueHuil JlefiGHu1Ia: 7 v npou3BoaHOl U [ f(x)dx mist uHTErpasna, He TOJIBLKO

COXPAHUJIOCh, HO M 0Ka3aJ0Ch UPE3BBIYANHO T0JIe3HBIM. [IPOTHB Takoro ymo-
TpeGJIeHHs Heuero Bo3pasnTh, €CJIM He YIycKaeTcsl U3 BHJLY, YTO CUMBOJ d €CTb
TOJIbKO CHMBOJI Nepexoza K npepedy. [Ipeumyuiectso o603Hauenuil Jlefibuuua
COCTOUT B TOM, UTO C IMpeaesamMu OTHOIIEHHH HJIH CYMM MO2KHO B KaKOH-TO
Mepe ONepHpoBaTh TakK, «Kak ecyii Obl» OHH ObLIH B CAMOM JieJIe OTHOLICHHSIMH

HOBeHHOe uucio f/(x) = . Tlosromy JleiiGHUIL W Ha3bIBaJ MPOU3BOJHYIO

I B 60-e rogst XX Beka CreLHa/HCThI [0 MATEMATHUECKOI JIOTHKE HaYUMJIUCh TIPUJABATh TOUHbIH

MaTeMaTHYECKUH CMbICJI CJIOBaM «OECKOHEUHO MaJiblii», «OeCKOHEUHO OOJIbILIOH» M Jla)Ke
«cymMMa 6eCKOHEUHOTro urcsia 6eCKOHEUHO MaslbIX C/1araeMblX» HEMoCpeICTBEHHO, He HCIOJIb3Ys
nousiTust npenena. Cm. mo atomy noBojy KHury [41]. — [Ipum. ped. nacm. uso.
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M cymmamu. [lojckasbiBatoliast cuia 3TOH CHMMBOJIMKM BCEria BBOJMJA B
co0/la3H MPUIKUCHIBATH THM CHMBOJIAM HEKOTOPbBIH COBEPIIEHHO HeMaTeMa-
THUECKUH CMbIca. Ecau He mopgaBaThes 3TOMy coOJasHy, TO 0003HAueHUS
JleiiGHHUIIA SIBJASIIOTCS MO MeHbllel Mepe MPEBOCXOAHBIM COKpallleHHeM GoJiee
TPOMO3JIKHX SIBHBIX BbIPAXKEHHH, COJEPAKAILMX TTPEAEbHBIH MEPEXO; MO CYyIIe-
CTBY K€ OHH COBEPUIEHHO HEOOXOIUMbI B G0Jiee Pa3BUTHIX UACTSX TEOPHH.
Hanpumep, npasuJio ) (ctp. 457) nuddepenunpopanus pyHkuun x = g(y),
0OpaTHOH MO OTHOLIEHHID K (YHKUMH y = f(x), 3aK/I0uajoch B PaBEHCTBE
g'(y)['(x)=1. B o603HaueHusx JIefiGHHIIA OHO BBIMVISAUT CJEAYIOIIUM 0Opa-

dx dy
30M: — - == = |, T. e. TaK, «KaK ecJ/ii 6bl» MOXKHO GbIO COKpallaTh Ha AUd-

dy dx
(hepeHLIMAbl TOZOOHO TOMY, KaK 3TO JeJlaeTcst ¢ OOBLIKHOBEHHBIMH JPOOGSIMH.
Ananoruuto, 3anmuch B AuddepeHuansHoil GopMe BbIBEIEHHOTO Ha cTp. 458
npaBusa J1) quddepeHMpoBaHUs CJA0KHOH PYHKIMU 2 = k(X), T1e

z=gy). y=[x),

MMeeT BHJ
dz _dz dy
dx ~— dy dx’

Kpome Ttoro, o6o3nauenus Jlefibuuua o6/1aaaioT elle U TeM MpenMylecT-
BOM, UTO OHH YKa3bIBAlOT SIBHO HA CAMH BeAUYUHbL X, Y, 2 B OOJbllIEHd CTe-
TMeHH, UeM Ha UX (yHKUHOHa/bHble B3aUMOOTHOLIeHHs. [TocsenHue BblpaxKatoT
npoyedypy WM COBOKYMHOCTb Onepayiili, C TOMOIIbIO KOTOPBIX H3 OAHOM
BEJMUMHBI X TIOJIydaeTcs Apyrasi y; Hanpumep, dynkuus y = f(x) = x? onpene-
JISIeT BEJIMUMHY Y, paBHYIO KBaJpaTy BeJWuuHbl Xx. FIMeHHO cama onepauusi, B
JaHHOM cCJlydae BO3BECJICHUEC B KBajparT, €CTb MpeAMET BHUMaHUs MaTEMAaTHKH.
OusnKK Ke UIH WH2KEHEPbI B MEPBYIO ouepe/lb HHTEPECYIOTCS CAMUMHU BEJIUYH -
Hamu. [TosToMy akleHTHMpOBaHHEe caMHUX BeJMUMH B 0603HaueHusx JledOHuLA
MMeeT 0COOEHHYIO MPUBJEKATENbHOCTb A JIMLL, 3aHUMAIOLIMXCS TIPUKJIaIHON
MaTeMaTHKOH.

[Ipucoennnum elte onHo 3ameuaHue. B To Bpemsi Kak «auddepeHuualbi»
B KauecTBe 6ECKOHEUHO MaJblX BEJMUMH M3 MaTeMaTHUeCKOro oOMX0/a H3rHa-
Hbl Terepb OKOHUATEJbHO, M He 0e3 Mo3opa, camo CJOBO «auddepeHLram»
NpoKpasoch 00paTHO uepes UepHbIil XOJ, NpaBja, Ha 3TOT pa3 sl TOro, UTo-
6bl 0603HAYNTb OE3YKOPU3HEHHO 3aKOHHOE M MO0Je3HOe MOoHsATHE. Tenepb OHO
0603HauaeT NpocTo pa3HocTb Ax, Korna Ax MaJjo 1Mo CPABHEHHIO C APYTUMH
paccmaTpuBaeMbIMH BesiMuMHaMu. Ho 3nech Mbl He MOxKeM BCTYNHTb B 06Cy-
JKJIEHHE POJIH, KOTOPYIO 3TO TOHSITHE UrpaeT B MPUOJIHMAKEHHBIX BbIUMCJIEHHSIX.
He Oynem Mbl TakKe paccMaTpuBaTth JApyrue mareMaTHueckMe OObEKTbl, 3a-
KOHHO MMeHyeMble «iupdepeHLrHanaMi» U B HEKOTOPbIX cJydasix NoKasaBlIne
cebs1 BecbMa M0JIE3HbIMU B aHAJIM3€ U €ro MPUJIOKEHUSIX K TeOMETPHH.
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§ 5. OcHoBHasi Teopema aHanu3a

1. OcHoBHasi Teopema. [loHstHe 06 HMHTErPUPOBAHWH, U B HEKOTOPOH
Mepe o auepeHInpoBaHuH, ObIJIO XOPOLIO Pa3BUTO paHblie padoT Hbio-
ToHa W Jle#i6Huua. Ho Oblio coBeplieHHO HEOOXOAMMO clesaTh OJHO OUeHb
MPOCTOE OTKPbITHE, MJIsi TOrO 4TOObl JaTh TOJUYOK K OrPOMHOH 3BOJIIOLMH
BHOBb CO3JIaHHOTO MaTeMaTHUecKoro aHajiusa. J[Ba kak Oyaro Obl B3aHMHO
He COINpHKACalOLMXCsl MpeAe/bHbIX Tpouecca, ynorpebJsiemble OIUH s
ddepeHpoBanusi, Apyroi s
y y = [(u) MHTErpUpOBaHUs (PYHKLHMH, OKasa-
JIUCb TECHO CBSI3AaHHBIMH MEXKIY
co0Ol: OHH SIBJSIIOTCS  B3aUMHO
0OpaTHBIMH OMNepalusMHi, MoJ00HO
TaKMM OIepaLusiM, Kak CJ0KeHHe H
BbIUMTaHHE, YMHOXKEHHE U JeJIeHHE.
Juddepenunanbioe U HHTETpasb-
HOE HCUMCJIEHHS MTPEACTABISIIOT CO-
60l HEUTO eJMHOe.

Puc. 274. nrerpan Kak (yHKLHUs BepXHEro Besnkoe poctikenne Hbiotona

npesena u JleiibHuua 3akJouaercss B TOM,

YTO OHH BIEPBBIE SICHO OCO3HAJHU H

HCIOJIb30BAJIU 3Ty OCHOBHYIO meopemy aHaiu3a. bes coMHeHuUs!, UX OTKPbl-

THe J1€2KaJI0 Ha TIPSIMOM Iy TH HAYUHOTO Pa3BUTHSI, U HUCKOJIBKO HE YAUBHUTEJBHO,

YTO pasHble JIOAM NPULIM HE3aBHCUMO M TOUYTH OJHOBPEMEHHO K SICHOMY
MIOHMMAHHIO YKA3aHHOTO BhIIIE 0OCTOSITENBCTBA.

J1st Toro uToGB! CHOPMYIMPOBATH OCHOBHYIO TEOPEMY, PACCMOTPHM HHTE-
rpaj oT (yHKUHH y = f(X) B Ipelesax OT MOCTOSIHHOTO YHCJa @ 10 YhcJa X,
KoTOpoe GyjieM CUMTaTh MepeMeHHbIM. UToOb He CMElINBaTh BEPXHEro npese-
Jla HHTErPUPOBAHUS X C MepPeMeHHOM, (hUTrypHpyIOLIel MO 3HAKOM HHTerpaJa,
3anuliieM UHTerpas B cjeyiolieM Buje (cMm. ctp. 433):

Flx)= / f(u)du, (1)

JIEMOHCTPUPYS TAKHM 0Opa3oM Hallle HaMepeHHe H3yuaTb MHTEerpas Kak (pyHK-
uuio F(x) cBoero BepxHero rnpefena (puc. 274). dta dynxkuus F(x) ectb mio-
ajab 1ojJ KpUBOH y = f(u) OT TOUKH u = a N0 TOUKH u = x. MHorna uHTe-
rpaj F(x) ¢ mepeMeHHbIM BEPXHUM MpENeSOM Ha3blBAIOT «HEOMPe/le/eHHbIM
MHTErpasoM».

OcHoBHas TeopeMa aHa/M3a YUTAETCS CJEAYIOIHUM 06pa3oM:

IIpoussodnas neonpedeaernoeo unmeepaia (1) no eeco sepxuemy npe-
deay x pasna sHaueHuro Gyukyuu f(u) 8 mouke u = x:

F(x) = f(x).
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Hpyeumu crosamu, npoyecc urmeepuposarus, sedyujutl om pynkyuu f(x)
K ¢ynkyuu F(x), moxcem 6o.mo obpaujer npoyeccom dughgeperyuposa-
HUA, npumensemoin kK gyuxyuu F(x).

Ha HHTYHTHBHOI OCHOBE JI0KA3aTe/IbCTBO 3TOTO MPEJIOKEHH s He NPeCcTaB-
asier Tpyna. OHo 6asupyeTcsi Ha MHTepNpeTaluy UHTerpaa F(x) Kak niolai,
1 OblI0 Obl 3aTEMHEHO, €CJIi Obl Mbl TIOMBITAJINCH NPEACTABIATD PYHKIIHIO F(X)
B BHJle 'padhvka U UCTOJKOBBIBATb TMPOU3BOIHYIO F'(X) KaK COOTBETCTBYIOLIHE
HakJoH. OCTaBJisisi B CTOPOHE YCTAHOBJIEHHYIO paHee reOMETPUUECKYI HHTep-
MpeTaluio MPou3BOIHOM, Mbl COXPAHUM TEOMETPHUECKOE TONKOBAHHE HHTErpa-
Ja F(x) kak nJoniaau, a auddepeHinpoBatb QyHKUUIO F(x) cTaHEM aHAJIUTH-
YeCKUM MeTojIoM. PasHocTb

F(xy) — F(x)
€CTb MPOCTO MJIOIIAAbL MO KPUBOH y = f(u) MeXLy NpefesaMu U = X; U U = X
(puc. 275), 1 siCHO, UTO UMCJIOBOE 3HAUEHHE 3TOH MUIOLIAJIM 3AKJIOUEHO MEXKIY
uhcsamu (x; — x)m u (x; — x)M:
(x; —x)m < F(xy) — F(x) < (x; — x)M,

rie M U m SBASIOTCSH, COOTBETCTBEHHO, HAMOOJBUIUM M HAUMEHBILMM 3Ha-
UyeHUsIMH (DYHKUMH f(4) B MPOMEXKYTKE OT 4 = X JI0 4 = X;. JleficTBUTE/IbHO,
5TH TIPOU3BEJEHHsT JAI0T MJOLIAMH ABYX MPSIMOYTrOJbHHKOB, H3 KOTOPBIX OJIMH
COJIEPXKHUT pacCMaTPUBAEMYI0 KPHBOJIHHEHHYIO 00J1aCTh, a APYro# CoMepKUTCS
B Hell.

Puc. 275. K nokasate/bCTBY OCHOBHOH T€OPEMbl

Orciojia cyielyer, uto

F(x1)— F(x

m< (x1) — F(x)

X1 — X

[Tpennosoxkum, uto yHKUHS f(4) HETTPEPBEIBHA, TAK UTO TIPH CTPEMJICHUH X

K x 06e BeJIMUUHbI M W m cTpeMsTCsl K 3HaueHHo (hyHKLMH f(1) B TouKe U = X,
T. €. K 3Hauenuio f(x). Torna

. Flx)— F(x

FI(X):]lm ( 1) ( )

X|—x X — X

<M.

= [(x). (2)
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VIHTYUTHBHBIN CMBICJ 3TOTO pe3yJibTaTa 3aK/II0uaeTcst B TOM, UTO MPH Bo3pacTa-
HHUM CKOPOCTb U3MEHEHH$ TUIONIA/H M0Jl KPUBOH ¥ = f(X) paBHA BbICOTE KPUBOH
B TOUKE X.

B HeKoTOpBIX PyKOBOJCTBAX COJeprKaHHe 3TOH OCHOBHOH TeOopeMbl 3aTeM-
HsieTCs BCJIEACTBUE HEYJauHO BIOpAHHOH TepMUHOJOTHH. MIMeHHO, MHOTHE aB-
TOPBI CHaua/Ia BBOAST MOHSTHE TPOU3BOAHOH, a 3aTEM OIMPEJIeISIIOT Heompee-
JIEHHBIH MHTerpaJ» MPOoCTO KaK pe3yJsibTaT olepalii, 0OpaTHOM M0 OTHOLIEHHIO
K ancdhepeHIMPOBAHUIO: OHU TOBOPSIT, uTo (hyHKIMST G(Xx) eCTb HeomnpeseseH-
HBII UHTErpaJl OT PYHKUMHK f(x), ecau

G'(x) = [(x).

Takum oGpasom, 3TOT crocol H3JI0KEHHST HEMOCPEICTBEHHO CBSI3bIBAET JHU(-
(bepeHLMpOBaHKE CO CJOBOM «HHTerpas». ToJIbKO M03/iHee BBOMUTCS MOHSTHE
«OTIpeJleJIeHHbIIl HHTErpas», TPaKTyeMoe Kak MJOladb WM Kak Mpejes Mo-
CJIEJIOBATENILHOCTH CYMM, TpHYEM HEJ0CTATOUHO MOAYEPKUBAETCS, UTO CJIOBO
«HHTErpas» 0603HaUYaeT Teneph HEUTO COBEPILIEHHO JpYyroe, ueM npexjie. K BoT
OKa3bIBAETCSl, UTO CaMoe IJIaBHOE, UTO COJEPXKUTCS B T€OPHH, NpHoOGpeTaeTcs
JIMIIb YKPaJKOH, WM3-MO0J MOJbl, M YydallMiicsi BCTPEUaeTcsi C Cepbe3HbIMU
3aTpy/JHEHUSIMU B CBOUX YCHJIMSIX MOHSTH CYIIECTBO jesa. Mbl MpeanourtaeM
¢byHkumn G(x), s koropbix G'(x) = f(x), Ha3bIBaTb He «HEOTpeeJeHHbIMHU
WHTerpaiaMu», a nepsoodpasmoimu Gyurkyusmu ot dyHkuud f(x). Torna
OCHOBHasl TeopeMa MOXKeT ObITb CHOPMYJIUPOBAHA CJIEIYIOIIUM 00Pa3oM:

Dynukyua F(x), asarawowascs unmeeparom om pyunkyuu f(x) npu no-
CMOSHHOM HUJNCHEM U NepeMEeHHOM BepXHeM npedese X, ecv 00HA U3
nepsoobpasuolx ynkyuti om dynkyuu f(x).

Mbl roBopuM «ojiHa U3» MepBo0GPa3HbIX PYHKIMH 0 TOH MPHYKHE, YTO €C-
mi G(x) siBasiercsi nepBooOpa3HOi PyHKIHMeEN OT f(x), TO HEMOCPEACTBEHHO fiC-
HO, uTo U Jio6ast pyHkiwms Buaa H(x) = G(x)+ ¢ (¢ — npou3BoJibHasi TOCTOSIH-
Hasi) ecTb TaKxkKe nepBooGpasHas, Tak Kak H'(x) = G'(x). O6partHoe yTBepKie-
HUE TaKxKe crpaBeuBo. /lge nepsoobpasmeie hynkyuu G(x) u H(x) moeym
omaudamecss 00Ha om 0pyeoll He uHaue, KAK NOCMOSHHbLM CAACAeMbIM.
JlefictBUTeNbHO, pa3HocTb U(x) = G(x) — H(x) UMeeT B KauecTBe MPOU3BOIHOM
U(x)=G'(x)— H'(x)=f(x) — f(x)=0, 1. e. 5Ta pa3HOCTb NOCTOSIHHA, TaK KaK
OUEBMJIHO, UTO €CJIH rpacyK PYHKIHH B KaXKJI0H CBOEH TOUKe FOPU30HTAJIEH, TO
cama (hyHKLHS, TPe/ICTaBsieMast rpauKOM, HEMPEMEHHO JI0J2KHA ObITh MOCTO-
SIHHOH.

ATo BeJIeT K OUeHb BaXKHOMY TIpaBHJIy BbIUMCJIEHHST MHTErpasa B rpeeax
OT a 710 b — B NPEJINOJIOXKEHHH, UTO HAM H3BECTHA KaKasi-Jnbo rnepBoobpasHasi
¢byHkuusa G(x) ot pynkuuu f(x). CoryiacHo Hallell OCHOBHOM TeopeMe, (DYHKIIUSA

F(x)= /f(u)du
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eCTb TakXKe nepBooOpasHasi hyHKIHs oT hyHKUKH f(x). SHauuT, F(x) = G(x) +
+ ¢, Tie ¢ — MOCTOsIHHAsL. 3HAueHHe 3TOH MOCTOSHHOH OMPEeJIUTCS], €CJIH MbI
NpUMeM BO BHUMaHHE, UTO

F(a)= /f(u)du =0.

Orcrona caenyer paBenctso 0 = G(a) + ¢, tak uto ¢ = —G(a). Torna onpe-
JIeJIEHHBIH UHTErpasl B Mpeaeaax oT @ A0 X TOXKAECTBEHHO YIOBJIETBOPSIET pa-
BEHCTBY

Flx)= / f(u)du = G(x) — G(a;

3aMeHa x yepe3 b NpUBOIUT K opmyJie

/ f(u)di = G(b) — G(a), (3)

HE3aBHCHUMO OT TOTrO, Kakasi HMEHHO M3 TepBOOOPA3HBIX (PYHKLHI HCMOMb-
3oBaJsiach. Jlpyrumu cjoBamu: #mobol 8bL4UCAUML OnpedeseHHbLll tHme-
b

epaa [ f(x)dx, docmamouno naimu makywo ¢ynkyuro G(x), 012 Komo-

poli Ga’(x) = f(x), u 3amem cocmasumo pasnocme G(b) — G(a).

2. Mepebie npumeHenus. UurerpupoBanue yHkuuii x”, cos x, sinx.
®dyukuus arctgx. 37ech HEBO3MOXKHO JaTh HCUEpMbIBAIOLIEe MpPEACTaBIIE-
HHE O POJIM OCHOBHOH TeOpeMbl, U Mbl OTPAHHYAMCSI Te€M, UTO MPHBEIEM He-
CKOJIBKO BBIPA3UTEJILHBIX MPHUMepOB. B 3ajauax, BCTpeUarOINXCsl B MeXaHUKe
¥ (DU3HKe W B CaMOH MaTeMaTHKe, OUeHb 4acTO MPUXOMMTCS TOJCUUTHIBATD
YHCJI0OBOE 3HAUEHHe HEKOTOPOro omnpeseseHHOro HHTerpasa. [IpsiMasi momnbitka
HalTH MHTEerpasl Kak Ipeies MoxeT ObITb Helmpeonosumo TpyaHoi. C apyroi
)K€ CTOPOHBI, KaK Mbl 3T0 BUAeH B § 3, /moboe nuddepeHpoBaHie BbINoJ-
HsIeTCs1 CPABHUTEJNLHO JIETKO, U 6e3 TPya BO3MOKHO HAKOMHTbL OUeHb OGOJIbIIOe
KosinuecTBO hopmys auddepentmpoanus. Kaxnast takas dopmyna G'(x) =
= f(x), o6paTHO, MO2KeT ObITh paccMaTpuBaeMa Kak (opmyJia, onpeaesioas
nepoo6pastyio dhyHkuuo G(x) ot dyHkuud f(x). Popmyaa (3) nos3BoJisieT He-
TM0JIb30BATh U3BECTHYIO MepBO0Opa3Hyl0 (DYHKIHUIO AJIsT BLIUHC/IEHUsST HHTErpaja
OT (OYHKLMH f(X) B HEKOTOPOM JaHHOM MPOMEXKYTKE.

Ec/an Mbl, HanpuMep, XOTHM HaiTH MHTErpajbl OT cTeneHed x2, x3, uiu B
o6l11eM BHJIEe X", TO caMoe TPOCTOe — 3TO IeHCTBOBaTh, KaK ykazaHo B § 1. [o
dopmy.ie muddepeHIpoBaHns CTEMEHH MPOU3BOIHAsT OT X" paBHa nx"~!, Tak
UTO MPOU3BOJHAS OT (PYHKIHH

G(x): xn—H
n+1

(n#~1)
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ecTb (hyHKIHS

n—+1

+1
OTHOLIEHHUIO K (PyHKLHH f(X) = x", a cJieA0BaTeIbHO, Mbl HEMeJIEHHO M0JTydaeM

dopmyary

B rakom cjyuae QyHKUMS SIBJISIETCS] 11epBOOOPasHOi (yHKUMEH 1o

b
bn+l _ an+l

/x”dx:G(b)—G(a)— P

a

DTo paccykieHHe HeCPaBHEHHO TPOlle T'POMO3JKOH MPOLEAypbl Hemocpea-
CTBEHHOTO BBIUHCJIEHHST HHTErpasa Kak Tpeiesa CyMMBl.

Kak 6osiee o6uwmil cayuai, Mbl HaUWIM B § 3, 4To npu J11060M palydoHasb-
HOM §, KaK MOJIOXKHMTEJBHOM, TaK U OTPULATEJBHOM, MPOU3BOAHAS (DYHKIMH X°
paBHa sx*~', a motomy mpu s = r + | QyHKIWHs
P
r+1

“MeeT NpousBoaHyio f(x) = G'(x) = x" (Mbl mpeanoJaraem, uro r # —1, T.e.
r+1

G(x)=

uto s # 0). Urak, dyHkuus

ecTb MepBoobpasHasi (QyHKLHs, HIH <He-
onpeJieIeHHbIH HHTerpas» OT X', U Mbl NoJiyuaeM (MpH MOJIOKUTEIbHBIX @ U b
v ipu r # —1) dopmyay

b

r+1 _ Ar+l
[rax =Y (4)

a

B dopmyse (4) npuxomutcs npeanosarath, 4To CTOsILIAs TMOJ HHTerpajsioM (hyHK-
1Mst X7 OmpejiesieHa M HEMpPEpPbIBHA B TMPOMEXKYTKE MHTETPHPOBAHHSI, TAK UTO HYXKHO
UCK/IOUNTb Touky X = 0, ecai r < 0. BoT noTomMy Mbl H BbIHYX/IEHbI JIOMYCTUTb, UYTO B
3TOM CJlyyae a U b MOJIOXKHTEJbHDI.

Ecau nonoxkum G(x)= — cosx, To nonyuuMm G'(x) =sinx, u orciojia Bo3-
HHKaeT COOTHOILIEHHE

a
/sinxdx = —(cosa —cos0)=1—cosa.
0

Awnanornuno, ecan G(x)=sinx, To G'(x)= cos x, ¥ 3HAUYHT,
a
/cosxdx =sina — sin0 =sina.

0
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Oco6eHHO HHTepecHbIH pe3yJibTaT nosydaeTcst U3 hopMyJibl AUddepeHLn-
poBaHust (OyHKIMH arctg x:
d(arctgx) 1
dx Tl 42

Pa3 dyukuus arctg x ectb nepoo6pasHasi Mo OTHOLIEHHIO K (PYHKLIHUH T
X
TO Ha OCHOBaHWHU (OPMYJIbI (3) MOXKHO HamMcaTh

dx.

arctgb — arctg0 = / T

Ho arctg 0 = 0 (HyJsieBoMy 3HaUeHHIO TAHIe€HCA COOTBETCTBYET HyJseBOe 3Haue-
Hue yrya). Mrak, Mbl uMeem

b
1
arctgb—/mdx. ()
0

T
B uactHocru, ecin b = 1, o arctg b paBHo 1 <3HaquH}0 TaHreHca, paBHOMY 1,

COOTBETCTBYeT yroj B 45°, uro B

o T
pajiMaHHOH Mepe COCTaBJsIET Z)'

Takum o6pasom, Mbl MoJyuaem 3a-
MeuaTeJsbHYyI0 hopmyJy
1

T 1

0

DTO MOKa3bIBAET, UTO TIOMIAAb MO
rpauKoM QYHKLHH Y = —
pac by V=172
npenenax ot x =0 g0 x =1 pas-
Ha YeTBEPTH IJIOIAAH €IHHHYHOIO

Kpyra. Puc. 276. Ilnowans nox kpuBo# y = T
3. ®opmyaa JleitbHuLa ans . B mpenenax ot 0 1o 1 papua %

[Tocnennuil pedynpTat MPUBOAUT K
OJIHON M3 KpacHBEHIINX MaTeMaTHuecKuXx ¢opmyJs, oTKpbIThix B XVII B., — K
3HaKorepeMeHHOMY psifty JIefiGHHULA, TO3BOJISIIOLLEMY BbIUUCISATD T

T 1 1 1 1 1 1

ITT 35 7ttt (7)
CumMBOJl + ... cjieyeT MOHUMAaTb B TOM CMbICJE, UTO MOCJE10BaTEbHOCTD

KOHEUHBLIX «YAaCTHbIX CyMM>», MOJydaloluXcs, Korla B HpaBOﬁ 4YaCTH paBEHCTB
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6epeTcsl JIULIb 1 YIEHOB CYMMbI, CTPEMHTCS K TIpeesy % MpU HEOTrpaHHUEHHOM
BO3paCTaHUH 1.

Uro6bl J0Ka3aTh 3Ty 3aMeuaTe/IbHYI0 (opMyJly, HAM JIOCTaTOUHO BCTIOMHHTh
(hopMyJTy CyMMBI KOHEUHOH FeOMeTPHUECKOH MPOTPeCcCHt

1 —g" _
il Bl A R
HJI1 | p
[ 2 n—1 9
g l+g+q¢ +...+q¢" + v
Eciu B nocnentee anreGpanueckoe TOXKIECTBO MOJACTABHM ¢ = —X?, TO
MOJTyYUM
1
‘:l— 2 4 _ 6 _lnfl 2n—2 ;
e X+ =+ (=) 4R, (8)
TJle <OCTaTOUHBIH ujeH» R, Bblpaxkaercst (hopMyJioH
2n
=1y
Ri=(=D) 1+ x?

PaBencTBo (8) MoXHO mpouHTerpupoBaTh B npenenax ot 0 go 1. Caenys
npaBuy a) U3 § 3, Mbl JIOJDKHBI B35ITh B MMPaBOH YAaCTH CYMMY HHTErpasioB OT
OTJleJIbHBIX cylaraeMbiXx. Ha ocHoBanuu (4) Mbl 3HaeM, 4TO

b

bm+l _ am+l
/dex = -

m+1
‘1 p 1
OTKY/a, B YACTHOCTH, MOJYUHUM Ofx’” dx = Py a CJICI0BATEJILHO,
!
/lfgzl—%+é—%+nfu—m”%il+n, 9)

0

1

2n
rie T, =(=1)-[ ﬁ dx. CornacHo dopmyuie (D), 1eBast yactb opmyJbl (9)
0

paBHa % PasHoctb Mexy % ¥ YaCTHOH CyMMOH
o1 (—1y—!
n=l—-s+=-—. 5
S 3 + 5 + 2n —1
paBHa % — S, =T,. Ocraetcs 10ka3ath, uto I, CTPEMUTCS K HYJIIO MIPH BO3-

pacTaHuu n. Mul umeem HEpPaBEeHCTBO

2n
X 2n

< x™.
[+x2
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Benomuus dopmyay (13) § 1, ycranapauaioliyio HepaBeHCTBO

/f(x)dxg/g(x)dx npu  f(x)<glx) u a<b,

Mbl BUIUM, UTO
1 1

x?n on
|Tn‘ - —1 —|—X2 dx< X dx.
0 0

l
[IpaBasi uacTb B 3TOM HepaBeHCTBeE, coryiacHo dopmyJse (4), paBHa oPRE
1
nosromy |T,| < T OKOHYATEIbHO UMEEM HEPaBEHCTBO
I
—--S —
1 S 2t

1
Tak KaK =——— CTPEMHUTCS K HYJIO, TO 3TO W MOKA3bIBAET, UTO S, CTPEMUTCS
o2n+1 ’

T o
K 7 TIPH BO3pACTaHuu 7. Takum o6pasom, opmyJia JlefibHuLa 10Ka3aHa.

§ 6. INoka3arenbHas (9KcnoHeHUUaNbHas ) PyHKLMS
v Jorapugm

KoHLenuuu anaiusa npepocTaBisiiorT BO3MOXKHOCTb TOCTPOHThL Fopasio 60-
Jiee MOJIHYIO TEOPHIO Jlorapudma 1 oKazaTebHOH (yHKILHH, YeM 3TO JIeJIaeT Ta
3JIeMEHTapHast POLe/lypa, KOTOpast JIEXKUT B OCHOBE OOBIYHOTO MPErojaBaHust
B 1IKoJIe. TaM 0ObIYHO OTIPABJSIOTCS OT LEJIbIX CTeNeHel a” MoJI0KHTENbHOTO
yHcaa @, a 3aTeM ONpeeasioT Kopenb a'/™ = {/a, nomyuas, TakuM 06pasom,

n
3HaueHHsl @’ npu JoOOM paLMOHAJIBHOM MOKasaTese r = pol 3ateMm 3HaueHHe

CTeNeHH a* NpU MPPaUMOHAILHOM X OIpelelisieTcsl TaK, 4To a* J0JDKHA ObITb
HETIPephIBHON (DyHKUMEH OT X,— AENUKATHBIN BOMPOC, OOBIKHOBEHHO OMyCKae-
MBIl B 3JIeMeHTapHOM H3JsoxeHuH. HakoHel, sorapudmom umc/a y npu OCHO-
BaHUU @ HasblBaeTCsl yHKLMs, oOpaTHas MO OTHOLUEHHIO K MOKa3aTesbHOH
byHKLIMH y = a”.

B nocnenyolliem H3J02KeHHH TEOPUH STUX (PYHKLMI, TOCTPOEHHOM Ha OCHO-
BaX aHa/u3a, XOJ MbICJell MPOTHBONOJOXKHbBIH. Mbl HauHeM ¢ Jsorapudma, a
3aTeM MpHEM K MM0Ka3aTeJbHOH (PyHKLIHH.

1. OnpenesneHue u cBoiicTBa Jorapudma. ditneposo uuciao e. Ornpe-
JieJIUM JIoTapudM, HJIH, TOUHee rOBOPsl, HATypaslbHbIH Jorapudm» F(x)=Inx
(ero cBsI3b ¢ OOBIUHBIM JECATHUYHBIM JIOTapH(MMOM GY/IeT yCTaHOBJEHA B MyHK-

Te 2), KaK IJI0LaAb Mo KPUBOH Yy = - B pejiesiax ot u = | 1o u=x, wiu,
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YTO CBOJMTCSI K TOMY K€, KaK CJIeyIOLIHil HHTErpaJ:
X
1
F(x):lnx:/;du (1)
1

(cm. puc. 5, ctp. 53). 3nmech nepeMeHHasi X MOXET ObITh JIOObIM MOJIOMKH-

TeJIbHBIM UMcJoM. Hyib HCK/IoUaeTcst moTomy, uTo TNpHU CTPEMJICHUH U K HYJIIO

(byHKLMSA, cTosAIas MO/ HHTErPasoM, CTPEMUTCS K GECKOHEUHOCTH.
EcTecTBeHHO 3aHsITbCSA H3yueHHeM (PyHKUMH F(x). Mbl 3HaeM, uTo MepBo-

o6pasHasi (hyHKIIMSI 10 OTHOLIEHHIO K JII060H CTerneHd x" npejcrapisieT coboit
er»l

(bYHKLMIO TOrO K€ THIMA, TaK KaK paBHa w1 HCKIIOUEHHEM sAB/sieTCs CTe-
n

neHb n = —1. B 3ToM nocsennem cayuae 3HameHatedsb 12 + 1 npeBpatuiics Obl

B HyJb, U (opmysa (4) Ha cTp. 468 moTepsiia 6bl cmbicy. Takum o6Gpaszom,

1 1
MO2KHO O2KHWJ4aTb, YTO U3yU€HHWE HHTErpaJsia OT quHKU,I/II/I ; HJIU ; [NPUBEIET K

HOBOMY (M MHTEPECHOMY) THITY (DYHKLIHH.

XoTs Mbl 1 puHUMaeM gopmyJy (1) 3a onpenesnenue GyHkuud In x, oqHako
MBbl He «3HaeM» caMo¥ (DYHKIHH, NOKAa Mbl HE YCTAHOBHM ee CBOHCTB U He
HaiiJleM croco6OB HAXOUTh €€ UMCJI0Bble 3HauUeHus. Hy»kHo 3aMeTuThb, uto /s
COBPEMEHHBIX METOJIOB B aHAJIU3€ OUeHb XapaKTEPHO TO, UTO Mbl OTTIpaBJseMCs
OT OOLLMX MOHATHH — TAaKUX Kak IJIOWAAb HJM MHTErpas, U y:Ke Ha OCHOBE
9TUX TOHSITHH YCTaHABJUBaeM orpeesieHus, noao6Hble (1); 3aTeM BbIBOJIUM
CBOHCTBA onpeJiesiieMblX 0OBEKTOB H JIMIIIb B CAMOM KOHLIE TPUXO/IUM K SIBHBIM
BbIPaXKEHUSAM, MO3BOJISIIOLLMM BbIUMCJ/ISITh UX YHCJIOBblE 3HAUYEHHUSI.

[lepBoe BaxkHOe CBOHCTBO (PYHKLMH |nx HEMOCPEACTBEHHO CJEAyeT H3
ocHOBHOH TeopeMsl § 5. CorsacHo 3ToH TeopeMme, CNpaBeINBO PABEHCTBO

Fl(x)=—. (2)

W3 dopmyibl (2) caenyet, uto npousBojaHas £(x) Bcerna noJoxxuTesabHa, a 370
YKa3bIBAET, OUEBUIIHO, HA TO, UYTO (YHKUMSA |nx MOHOTOHHO BO3pacTaer Tpu
BO3paCTaHUH X.

[1aBHOe cBOMCTBO JioTaprdMa BblpaxKaercsi hopMyJion

Ina+Inb=In(ab). (3)

3Hauenure 3ToH (hOPMyJbl B MPAKTHUECKHX TMPHUMEHEHHSIX JIOrapu(MoOB K
YHCJIOBLIM BBIKJIAJKAM XOPOLIO U3BecTHO. PopmyJty (3) MoKHO GblI0 GBI MTOJTY-
YUTb WHTYUTHBHO, BOCIMOJIb30BABLINCH MJIOLIAASIMH, ONpPEAeNSIOUHMH TPH Be-
JIMUMHBI, a UMeHHO: Ina, In b u In(ab). Ho Mbl peanoutem pa3BepHyThb jJ0Ka3a-
TeJIbCTBO, TUITMUHOE JIJIsl aHaJ/M3a: Hapsiay ¢ yHKuuen F(x) = In x paccMoTpum

APYTyto (yHKLHIO
k(x)=In(ax)=Inw = F(w),
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noJiarast @ = f(x)= ax, rie a — NPOU3BOJIbHAS MOJIOKHUTEJNbHAsT TOCTOSTHHASI.
DyHKUMIO £(x) MOXKHO JIerko MpoauddepeHIpoBaTh ¢ MOMOIIILIO NpaBUJIa 1)
u3 §3: &'(x) = f(w)- ['(x). BcaenctBue dopmyJbl (2) U nockosbky f(x) = a,
3TO BbIpayKeHHe MPUHUMAET BHI

1
Rxy=L =L =_,
w ax X
Wrak, QyHKIHMS R(X) HMeET Ty e MPOU3BOJHYIO, UTO U (yHKLMS F(X); pas Tak,
TO, COMVIACHO CKA3aHHOMY Ha CTp. 466, Mbl IMeeM TOXKIECTBO
In(ax)=k(x)=F(x)+c,

TJle ¢ €CThb MOCTOSIHHAS, He 3aBUCALLAS OT 3HAUeHHUs1 epeMeHHOl x. KoHcTaHTa ¢
OTIpeJIeIsieTCsT C TIOMOIIbIO TIPOCTOH TMOJACTAHOBKH X = | B rocJiefHeM paBeH-
ctBe. M3 onpenenenus (1) caenyet, uto

F(1)=In1=0

(TaK KaK HHTerpad, B3SITbIH B KauyecTBe ornpeaeseHust, Npu 3HAYCHUH X = 1
HUMEET paBHbI€ BerHHﬁ U HUXKHUH HpeILeJIbI). Tenepb Mbl MO2KE€M HallhuCaTb

kR(l)=In(a-1)=Ilna=Inl+c=c,
T.e. ¢ =Ina, a motomy npu Jt0GOM X CIPaBEJIUBO TOXKIECTBO
In(ax)=Ina+ Inx. (3a)

[Tonarasi x = b, Mbl NOJyurM, HaKOHELL, UCKOMYIO popmyJty (3).
B yacTHOCTH, TIPH @ = X Mbl HalleM MOCJIeI0BATEbHO, 4TO

In(x*)=2Inx,

In(x*)=31Inx,

(4)

M3 paBeHCTB (4) MOXKHO 3aKJIOUHTb, YTO MPHU HEOTPAHHUEHHOM BO3PACTAHUU X
3HaueHust PyHKLMH [N x TakKe BO3pacTaloT HeorpaHndeHHo. Jlocrarouno same-

THUTB, HAIIPUMep, 4TO
In(2")=nln2,

npuueM TipaBasi 4acThb, OUEBHJHO, HEOrPAHMUEHHO BO3pacTaeT BMeCTe C 71,
BCTIOMHHTb, YTO ObIJIO YCTAHOBJIEHO CBOHCTBO MOHOTOHHOTO BO3pacTaHUs (PyHK-
wuu In x. Jlasee, Mbl UMeeM:

ozm1:m(m%):mx+m%,

TaK uTo I
In T In x. (5)
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Hakonell, crnipaBeyiiBO PaBEHCTBO
Inx"=rinx (6)

m
npH JIO6OM pallMOHAJILHOM MOKa3artejie r = o B camom nese, nosarast x” = u,
Mbl MOJTydaeM:
ﬂ‘ﬂ m
nlnu=Inu"=Inx""=Inx"=mlnx,

OTKyJa CJIeIyeT -
Inxn = =1Inx.
n

[TockosibKy In x ecTh MOHOTOHHAST U HeNpepbiBHAsST PYHKIUS OT X, TPHHHMA -
toiiast 3HaueHue O npu x = | U cTpemsitiascs K 66CKOHEUHOCTH TIPU HEOTPaHHU-
YEeHHOM BO3pPACTaHHWH X, JIOJKHO CYIIECTBOBATh HEKOTOPOE UHCJIO X, OJbliee
yeM eJMHHULA W TaKoe, U4To JJisi Hero OyleT HMeTb MEeCTO paBeHCTBO Inx = 1.
Caenys Jitnepy, o603HaunM 310 uncjo OykBoil e. (ToxkaecTBeHHOCTH 3TOTO
OTpeJiesIeH s ¢ OTpesieJIeHHeM, JaHHBIM Ha ¢Tp. 325, OyJeT I0Ka3aHa Mo3sjHee. )
Hrak, uiciio e onpesiesieHo ypaBHeHHEM

Ine=1. (7)

MEI BBeJIM UHCJIO e, ONUPAsiCh Ha CBOMCTBO HEMPEePBbIBHBIX (PyHKLHH, o6ecrneun-
Batolllee CyLIeCTBOBAHHE KOPHS 9TOro ypaBHeHHsl. Ternepb Mbl MPOLOJIKUM Hallle
U3bICKaHHe, UTOObl KaK ciedcmaue NnoJyuuTh siBHble (OpPMY.JIbl, 103BOJISIIOLLHE
BBIUMCJIUTL € C KaKOH YrOJHO TOUHOCTBIO.

2. Toka3arenbHas (2KcnoHeHuuanbHasi) ¢yHkuus. CymMMHpYs Hallu
npeJibliyliiee pPe3ysbTaThl, Mbl MOXKEM CKa3aTb, 4To (yHKIMs F(x)=Inx paB-
Ha HyJIO TpH X = |; MOHOTOHHO BO3pacTaeT 10 GeCKOHEUHOCTH TPHU X — OO

. ) |
(HO Npu 3TOM rpauk UMeeT yObIBAIOLIMH HAKJIOH, PABHbBIH BeJHUHHE ;); npH

1
3HAYEHUSIX X, MEHbLIUX €IMHULbI, BbIpa>KaeTCs IMpPpU MOMOLINA Cl:)yHKIJ,I/II/I —In —,
X

TaK UTO In X CTpeMUTCS K OTpULATEbHOH GecKoHeuHocTH npu X — 0.
MoHoToHHBIIl XapakTep Bo3pacTaHusl yHKUMH y = Inx nosBoJsieT pac-
cMaTpUBaTh 00PATHYIO el (DYHKLIHIO

x = E(y),
rpaduk Kotopol (puc. 278) noJyuaercsi 06bIUHBIM MyTeM W3 rpaduka ¢yHK-
unn y = Inx (puc. 277); sra obparHasi (QyHKUMS onpejiesieHa MPH BCeX 3HA-
YEHUSIX Y OT —o0 10 +oo. [lpu y — —oo dyHkuus E(y) cTpeMUTCs K HYJIIO;
npu Yy — 00, ¢ JAPYyroil ctoponsl, E(y)— oco. PaccmatpuBaemast yHkuus E
00/1a1a€T CJE/YIOLHM OCHOBHBIM CBOHCTBOM:

E(a)- E(b)=FE(a + b) (8)

npu o060 nape 3HaueHn# a u b. [locsienHee TOKIECTBO €CTh IPOCTO BUAOU3-
MeHeHHe Qopmy.Jibl (3), Bblpaxatolllell cBOHCTBO Jiorapudma. JleiicTBUTENbHO,
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y=Inx

) Y

Puc. 277. y=Inx Puc. 278. x = E(y)

ecsit Mbl ipuaaaum gopmyde (3) Bui Inx + Inz = In(xz) u 3ateM noJsoxum
E(a)=x, EWb)=z (r.e.a=Inx, b=Inz),

To OyleM UMeTb
In(xz)=Inx+Inz=a+ b,

a OTCIOJIa BbITEKAaeT
E(a+b)=xz=E(a)- E(b),

4yTo H Tp€6OBaJIOCb JI0Ka3aTb.
Tak Kak, 110 olpeaesIeHHIO, Ine= l, TO UMEET MECTO COOTHOLIEHUE

E(l)=¢;

npucoenuHsist K stomy opmyay (8), mosyunm pasenctso e = E(1)- E(1) =
= £(2), u 1. 1. Boo6uue,
E(n)y=e¢"

1 1
npu Jo60M 11e10M 1. AHAJOTHUHO MOXKHO MOJYUHTb £ (—) = en, TaK uTo
n

(8)-e() e -
p

[oJiarasi 3aTem E = r, 3akJ/ioyaeM, 4To

E(r)y=¢"

npu Jo6oM pauroHaibHoM r. [TosToMy BroJIHE €CTECTBEHHO ONMpeNeIuTb Up-
palMoHAJBHYIO CTEMEeHb Yhc/a e Mo hopmyJie

e’ = E(y),
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CTpaBe/IUBON TpH JIIOOOM IEHCTBUTENBHOM Y, MOCKOJbKY (yHKUHs E He-
NpepbiBHA MPH BCEX 3HAUEHHSIX Y W TOXKJECTBEHHA ¢ (PyHKUHMeH ¢! npu pa-
LHOHAJIbHBIX 3HaueHUsiX y. Popmysy (8), BbpaxKaiollylo 0OCHOBHOE CBOHCTBO
¢byHKuMd £, Wid, 1no oOLIENpPUHSTOR TePMUHOJIOTHH, SKCIIOHEHIMANIBHON (Mo-
Ka3aTe/bHOM ) (DyHKIHMH, TeePb MOXKHO BBIPA3UThb MPH TMOMOLIH PaBEHCTBA

elel = et (9)

KOTOPO€E TeM CaMbIM YCTAHOBJIEHO JIJIsi TIPOM3BOJIbHBIX pAlIHOHAJIBbHBIX HJIH Hp-
palMOHAJbHBIX 3HAUEHUH a U b.

Bo Bcex 3THX paccyxkJIeHUsSIX Mbl OTHOCHJIM JIOTAPU(M H MOKA3aTesbHYIO
GYHKLIMIO K YHCJY € KaK K «OCHOBAaHHWIO», TOUHee, K «HATypajJbHOMY OCHO-
BaHUIO» JiorapupmoB. [lepefiTi OT OCHOBaHUS € K HEKOTOPOMY JIPYroMy MO-
JIOXKUTEJILHOMY OCHOBAHHIO He TIpeJcTaBJsieT Tpyaa. HauHem ¢ paccMoTpeHust
HAMyparbHo20 jorapudma

a=Ina

Ina

(uTo paBHOCHJBHO a = a* = e"“). [lokaszaTesbHyl0 (YHKLUHMIO a* Mbl CTaHEM
onpedeasmy MOCPEJCTBOM CJIEMYIOLIETO CJI0KHOTO BbIPAXKEHHSI:

2=q' =™ = ex]na' (10)

HaHpHMep, lox xIn 10
=e .

HazoBem yHK1HMI0, 06paTHYIO MO OTHOLIEHHIO K (DYHKUHMH a*, n0eapughmon
npu OCHOBAHIU Q; HETPYLHO TIOHSTh, UTO HAMYPANbHOLE 102APUGM OT Z €CTh
MPOM3BEJICHNE X Ha o APYTHMH CJI0BaMH, JoTapu(dM YicsIa 2 TIPH OCHOBAHHHU @
MOJIyuaeTcst MyTeM JieJIeHHs1 HaTypasibHOTO Jiorapudma uuc/a 2 Ha NOCTOSIHHbIN
HaTypaJsibHbIH Jorapudm uncaa a. Ecan a = 10, To 370 uucyo (¢ ueThipbMs
3HAYALIMMH LH(PaMI) BbIpayKaeTcsi CJIeIyIolIUM 06pa3oM:

In 10 ~ 2,303.

3. ®opmyabl auddeperuupoBanus pyHkuuii e*, a*, x*. Tak Kak rnoka-
3ate/IbHyI0 (PYHKIHMIO Mbl ONPEIEJHIH KaK 06paTHYIO 10 OTHOLIEHHIO K (hyHK-
uMd y = Inx, To U3 npaBuiaa aAuddepeHurHpoBanust 06paTHbIX yHKUHH (§ 3)
BBITEKAET, UTO

W=F =5 =T == Ew.
dx x
T. €.
E'(y) = E(y). (11)

[Ipoussodnas om «HamypaibHOl» NOKA3AMeAbHOL (hyHKyuL moxcdech-
BEHHO PaBHA camoll yHKyuy. ITO eCTh HCTHHHBIH HCTOYHHK BCEX CBOHCTB
MoKa3aTesbHON (PYHKIMH H OCHOBHAsI IPHYMHA €€ POJIH BO BCEX MPUJIOKEHHSIX,
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KaK 3TO CTaHET BHJHO B MOCJEIYIOUMX pasaenax. Fcnonbays auddepeHimn-
aJibHble 0603HAUEHHUS], Mbl MOXKeM 3anucaTh opmyJy (11) B caenytolem Buje:

d X X

e =e (I1a)
B 6osiee obiiem cayuae, nuddepeHIMpyst CJA0XKHYIO QYHKIIHIO

f(x)= e

C MOMOLIBIO MPaBUJIA, TAHHOTO B § 3, Mbl MOJyYdM PABEHCTBO

F(x) = ae™ = af(x).

Takum o6pasom, nmosarasi o = In a, Mbl HaiijieM, 4TO PYHKIIUS

f(x)=a"
MMeeT MPOU3BOIHYIO
['(x)=a*Ina.
[Tepexojst Tenepb K paCCMOTPEHHIO CTENEHHOH (PYHKIIHH

f(x)=x"
npu JI060M JEHCTBUTENLHOM MOKA3aTeIe S U MPH MOJOKHUTEJIbHOM ePEeMeH-
HOM X, Mbl MOXXEM OIPEIE/IUThL ee 1Mo PopmyJie
xs — es Inx
CHoBa npuMeHsisi TpaBuJIo AU depeHIIHPOBAHHUST C0XKHOIN QYHKIUH K CJIydaro,
Koraa f(x) = e, z=Inx, Mbl HaiileM MPOU3BOIHYIO
S o1
! Sz S
x)=se%.-—=sx" - —
() : L
TaK 4ToO

/ s— 1

['(x)=sx"",
B TIOJIHOM COOTBETCTBHH C MPEXHUM TIPaBUJIOM JU(P(epeHIIHPOBAHUS CTENeH-
HOH (PYHKILIMM TPHU PallMOHAJLHOM MOKa3aTesie S.

4. SIBHble BbipaxKeHusi uucaa e u GyHKUMIA e* U In x B BUJE npeesos.
JInist Toro uToObl HANUTH SIBHBIE (POPMYJIbI, BbIpaXKAIOLIHe STH (DYHKLMH, Mbl HC-
noJib3yeM (GopMyJibl TH(PePEHIIMPOBaHHST TOKA3aTebHOH U JIorapHpMUUECKOH

dyHkuuu. Tak Kak npousBoaHast yHKLUMH In x paBHa ~» TO B CUJIY OTIpesiesieHHst

NPOM3BOJHON MbI T10JIy4aeM COOTHOLICHHUE
1 . Inx;—Ilnx
= lim ——=

X X — X
[TosoxkuM x; = x + A ¥ J0MyCTUM, UTO A CTPEMUTCS K HyJlto, poberasi mocJie-

1 1 1 1 . .
50 0 g0 o0 g0 o+ TONIA, IPHMEHSAA NpaBuiia AefcTBHi
¢ Jlorapu(pMamH, Mbl TOJYUUM

1n(x+%)—1nx x+E:1n[( 1),1]_>1
X

npu X, — X.

JI0BATeJILHOCTb 1 =

=nln

1
n
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1 .
Ecau BmecTo ; MbI TOJICTABHUM 2 U MEePEUAEM K Ipejies1y, ToO HallTHCAaHHOE BbILIE

COOTHOLLIEHHUEe le/lMeT BU
. z\"
z=IlimIn [(1 +E> } npu 1 — oQ.
WMoau, B TepMuHax rnokasaresibHON (PyHKIIHH,
. z2\"
e* = lim (1+;> npu 1 — oQ. (12)

MBI NONyunsIn 3HAMEHUTYIO (hOPMYJTy, OTPeeIsTIONLyIo MoKas3aTelbHyI0 (hyHK-
{10 MPOCTO Kak rnpejet. B uactHocT, npu 2 =1 3ra dopmyaa naer

. \"
e =Ilim (1—1—;) npu #1— oo, (13)
a npu 2 = —1 moJyuaercsi
1 . 1\"
Z—hm <l_ﬁ> npu 1 — oo. (13a)

OTH BbIpaXKeHHsl Cpagdy BeIyT K pas/oKeHUsM B OeckoHeuHble psinbl. [lo Gu-
HOMHaJILHOH TeopeMe MOXKHO HalucaTb

x\"_ x  on(n—=1)x*  n(n—1)n-2)x3 X"
(1) =tang s Mg 3! PRI

HJIn
(+3) =g g () w5 (= 3) (1-3) -
(=) 0=0) - (-5 (-5,

[To3BOJIMTENLHO JIOTAbIBATLCS U HETPYJIHO MOJIHOCTbIO J0Ka3aTb (HOleO6HOCTI/I
MbI 3/1€Ch OHYCKaeM), YTO MO2KHO HepeflTH K npeaeay rnpm n — oo nNyTeM 3aMeHbl

| . .
B KaXKJIOM UJIeHe BeIHunHbl — Ha 0. D10 naeT XopoLLIO H3BECTHbIH OeCKOHEUHbIH
psi1, KOTOPBIH CJIY?KHT J/Is1 BBIUHCJIEHHS] (DYHKLUH e*:

. x  x2  x°
e:l+ﬁ+§+§—|—... (14)

¥, B YACTHOCTH, NP X = | psil, CXOISILIMACS K MIpefiesy e:

1 1 1
€=1+1—!+2—!+§+...,
yeM yCTaHABJIMBAETCS MAEHTUUHOCTb € C TeM YHCJIOM, OfpejesieHre KOTOPOTro
JaHo Ha ctp. 325. [1pu x = —1 noJryuaercest psii
1 1 1 1 1
== + == +...,

e 21 3 "4 Bl
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KOTOPBIH JIaeT TPeBOCXOIHOe MPUOJIHKEHNE YKe IIPH 0OYeHb MaJloM UHCJIe ujie-
HOB, TaK Kak OlLIMOKa, KOTOPYIO Mbl COBepllaeM, 0OpbiBasi psijl HAa 1-M uJieHe,
MeHblIle BeJMUUHbI (11 + 1)-ro useHa.

[Tonb3ysicb opmysoil U depeHIIMPOBaHUST MOKa3aTeJNbHOH (DYHKIHH,
MOXKHO TIOJIyUHTb HHTEPECHOE BbIpaKeHWe s Jorapudma. Kmeer mecto

COOTHOILIICHHE i

lim &=L i £ =¢0
h—0 h h—0 h ’
TaK KakK yKa3aHHbI§I HpeILeJI €CTb He 4YTO HHOe, KaK 3HauyeHHe HpOH3BOlIHOﬁ

ot ¢yukunn e’ npu y =0, a TakoBoe paBHo |. [ToxctaBum B 3Ty chopmysty

z
BMECTO /1 3HaueHHe DA€ Z — MPOM3BOJIBHOE UHC/IO, a 1 MyCTh Npoberaet
M0CJ/IEJIOBATEILHOCTD LEJIBIX TOJIOKUTENbHBIX Yices. Torna Mbl MOJyduM
Z
en — 1
z
n(ve:—1)—z

npu n — oo. BBous o603HaueHne z = Inx, Ui € = X, MOXXKHO OKOHUATEJILHO
Hamucarb

HJIK

Inx =limn(Yx—1) npu n— oo. (15)
[Tockosbky {/x — | npu n — oo (cm. ctp. 351), dopmyaa (15) npeacrasiisi-
er JiorapuM B BHJE MPOM3BENEHHsI JBYX MHOXKHTEJEH, W3 KOTOPBIX MEPBbIi
CTPEMHTCST K GECKOHEYHOCTH, a BTOPOH — K HYJIIO.

ITpumepol u ynpaxcrerus
BBenenue noxasaresbHOH U JIOrapudMUUeCKOil PyHKLUUHA JOCTABISET BO3MOKHOCTD
orepupoBaTh ¢ (YHKUUSIMH JIOCTATOUHO OOLIMPHOrO KJacca M OTKPbIBAET AOCTYI KO
MHOTHM TPHJIOKEHHUSIM.
[Mpoanddepenumpyiire: 1) x(Inx — 1);  2) In(lnx); 3) In(x + V1 + x2);
4) In(x + /1 — x%); 5) e 6) e’ (cnoxuas QyHKUHs €, rae 2 = e*);
7) x* (¥kasanue: x* =e*M*); 8)Intgx; 9)Insinx, Incosx; 10) ﬁ

Hatijure MakcumyMbl 1 MunumMymbl Gyakuuit: 11) xe=*;  12) x2e=¥; 13) xe=*.

*14) Haiinute reomerpruueckoe MeCToO MaKCHMYMOB KPUBOH y = xe™ % mpu mnepe-
MEHHOM NapameTpe a.

15) ITokaxkute, uTo BCe nocJe0BaTe/bHble TPOU3BOJIHbBIE OT (PYHKLIMH e~ umeror

2
BUJI TPOM3BE/ICHHST MHOXKHUTEJIST e~ Ha MHOTOWIEHBI OT X.
_L
*16) ITokaxkute, uTO MPOU3BOJHbIE N-TO TOPSAKA OT (DYHKUMH € <2 HMEIOT BHJ
Lo
NPOU3BENEHHSI MHOKHTENIEH € 7 - —— Ha MHOTOWIEH CTeNeHH 2n — 2.
¥

*17) Jloeapugnuueckoe ougpgpepernyuposanue. NuddepeHunpoBaHne npous-
BEJCHUH MOXKET ObITb MHOIAA YNPOLLEHO IyTeM I[PUMEHEHUs] OCHOBHOIO CBOHCTBA
Jorapucdma. [leficTBUTENLHO, HMest 110 C IPOU3BeeHHEM

p(x) = [i(x)fa(x). .. [a(x),



480 MATEMATUYECKUI AHAJIU3 ra. VIII

MOKHO Halucarb
dinp(x)) _ dinji(x) , dn]s(x)) , ~ d(inja(x))
dx dx dx o dx °
U Jlasiblile, ¢ MOMOLIbI0 (hopMyJibl AH(depeHLPOBaHHs CJA0XKHbBIX (PYHKLHUH, 0TCI0Aa
cyeyer

+

plx) _ N1 5% In(x)
px) — Ji(x) © Ja(x) Ta(x)’
BocnoJibayiitech 3THM npu auddepeHIpoBaHIH IPUMEPOB
a) x(x+ Y(x+2)...(x+n), 6)xe®,

+...+

5. beckoHeuHblii psig aas Jorapudma. Beluncaenue sorapugmon. Yu-
CJIOBble 3HAUEHHsI JIOTAPU(MOB BBIUHCJISIIOTCST OTHIONb He C TIOMOILbIO hopMy-
Jabl (15). Topasno Jyuiie npuUcnocobJIeHO [ TOH LeJH COBEPILIEHHO HHOE,
6oJiee TIOJIE3HOE, SIBHOE BLIpaXKeHHe, HMeIolllee, KPOMe TOro, GOJbIlIOe Teo-
peTHueckoe 3HaueHue. C MOMOLLbIO METOJA, NPUMeHeHHoro Ha cTp. 470 npu
BBIUMCJIEHHH T, Mbl MOJYUHM 3TO BbIpaXKEHHE, ONUPAsiCh HA OMpe/ie/ieHHe JI0-
rapucma no cdopmydie (1). Ho 3nech Heo6XoanuM ofiMH MpeBapUTEJIbHbIN 1aT:
BMecTo (pyHKIMH Inx paccmoTtpum dyHkumio y = In(1 + x), cocraBieHnyio u3
¢byHkuit y =Ilnz u 2 =1+ x. Mmeem:

dy _dy dz_ 1 _ I
dx dz dx =z 1+ x
Wrak, dynxkuust y = In(l + x) sBasercs nepBoo6pa3Hoil MO OTHOLIEHHIO K

(hYHKIMM ——, U Mbl 3aKJIlo4aeM, COTJIACHO OCHOBHOMH TeopeMe, UTO HHTerpaJ
1 +x

OT (PyHKIHH

1
T35 B npesenax ot 0 1o x paBeH Beipaxkenuio In(1 +x) —Inl =
=In(1 + x); WK, B CHMBOJIMUECKOH 3aITUCH,

X

ln(l—i—x):/lj_udu. (16)

0

(D1y dopmysy MOKHO OblIO Obl, KOHEUHO, TOJNYUHTb U UHTYUTHBHO H3 reome-
TPUUECKOH HHTepIpeTaluy Jorapudma Kak niowaad. CpaBHUTE C paccyKie-
HHeM Ha CTp. 472.)
B dopmyay (16) noxcrasum Bmecto (1 + u)~' cymmy reomeTprueckoii mpo-
IPECCHH, KaK Mbl 3TO Jejanu Ha cTp. 470, a HMeHHO
1 u"
1 4+u 1 4+u
M3 OCTOPOXKHOCTH Mbl MPEITIOYUTAEM OMEepUPOBaTh He ¢ GECKOHEUHbIM PSIIOM,
a C KOHEUHOH CYMMOW H OCTATOYHBIM UJIEHOM, KOTOPbIH PaBeH

R, :(_l)n

)

=l—u+uw -+ (=1 (1)

uﬂ
1 +u
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[ToxncraBuB 3ty cymmy B hopmyaty (16), MOKHO MPUMEHHTH MPaBUJIO TOUJIEH-

HOT'O MHTErpupoBaHusi KOHEUHOH CYMMBI. I/IHTerpaJI OT CTeNeHu U’ B npenesax
s+1

ot 0 10 x paBeH Sx?; TaKuM 00pa3oM, Mbl MOJYUHM HEMEIJIEHHO
1n(1+x)—x—x—2+x—3—x—4+ +(—1)"—‘ﬁ+T
- 2 "3 4 nom

TJle OCTaTOYHbIH ujieH T, BbIpaXKaeTcsi HHTErpasom

Tn:(—l)”/ ll_l:udu.
0

[Tokaxkem Tenepb, uto 7, CTPEMHUTCS K HYJIIO NPH BO3PACTaHUU A1, NPeiBapH-
TeJIbHO YCJIOBUBIUKCH, UTO MEpeMEeHHOe X MOXKeT ObITh JHlb OoJiblile —1 U He
npeBbllaTh +1, T. €., IPYTMMH CJIOBAMH, UTO BbIMOJHEHO HEPABEHCTBO

—l<x<l1

(3amerumM, uto x = 41 BkJIOUaeTCs, B TO BpeMsi KaK x = —1 He BKJIOUaeTcs).
CorsiacHo HallleMy MpeJIToJoKeH IO, B TTPOMEXKYTKE HHTErPUPOBAHHUSI TlepeMeH-
Hoe 1 6oJibllle, UeM HEKOTOPOE UHUCJIO —0, KOTOPOe MOXKET ObiTb GJIM3KO K — 1,
HO BO BCSIKOM cJjiydae Gouiblile, ueM —1, Tak uto —1 < —o < u. OTtciona cieny-
eT 0 < | —a< | + u. [Tostromy npu ycjioBuH, UTO & 3aKJIOUEHO B TPOMEKYTKE
ot 0 10 X, HMeeT MeCcTo HepaBEHCTBO

un |LL‘”
<
’ l+ul S 1—-a’
" cJieJoBaTeJIbHO, M
1
|T.| < /u”du ,
l —«
0
WJIH
1 |x|*t! 1 1

l—an+1l “1l—an+1’
HOCKO.Hbe YUCJIO 1 — o ABJAETCA IMOCTOAHHBIM, Mbl BUAHUM, UTO Bblpa)KeHI/Ie,
CTosilIee ClipaBa, a cJaeJ0BaTe/IbHO, U CTOsILEE CJIeBa ‘Tn‘, [IpU BO3pacCTaHuu n
CTpeMl/lTCﬂ K HYJIIO; 3HAYHUT, U3 HepaBeHCTBa

1 1
l—an+1

x2

x3 L, X"
In(1 4 x) — <x— > t3— (=1 7)
BbITeKaet, uto npu —| < x < | cnpaBeayMBo paBeHCTBO
)CQ xS )64
ln(l+x)—x—7+§—z+
[ToacraBassi, B 4acTHOCTH, X = 1, noJiyuaem JitoGOMNbITHYIO (hOPMYJTy

1 1 1

< (17)

(18)
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Ota opMyJia 1o cBOeH CTPYKType M0X0Ka Ha BbIBEACHHYIO paHblie (opMy.Iy,
NPECTaB/ALLYI0 B BUIE Psija UMCJI0 g

Psin (18) He uMmeer 6GOJIBLILIOrO MPAaKTHUECKOTO 3HAUEHHS JIJISI BbIUUCJIEHHS
JIOTapU(pMOB, MOTOMY UTO 0GJIACTb H3MEHEHWs BeJWUMHbI | + x orpaHuueHa
npomexxyTkoM oT 0 110 2, a Tak»Ke 10 TO¥ NPUUHHE, YTO CXOJMMOCTb Psijia OUeHb
MeJlJIEHHAsT: TIPULILIOCh Obl GpaTh MHOTO UJIEHOB, YTOOBI MOJYUHTh CKOJIBKO-
HUOY/b TOUHbBIA pedyJbraT. [Ipy nmomolM cjeryloulero npuemMa Mbl MOJYUUM
BbIpaXKeHHe, NpakTuuecku GoJiee ynobHoe. Bmecto x B hopmyay (18) noacra-

BUM —X: 2B il
ln(l—x):—x—i—g—z—... (20)
Brruuras, nasnee, popmydy (20) u3 dpopmydibl (18) 1 npumeHsisi npeoGpa3oBaHue
Ina—Inb=Ina+In " =In %, MbI MOJyYUM
l+x X0
lnl_x—2(x+§+g+...). (1)

ITOT psil CXOAUTCS ObICTpPEe, H, KPOMEe TOro, JieBasi 4acTb (DOPMYJIbI MOKET
Ternepb BbIPA3UTb JIOrapU(M JI0O0T0 TOJM0XKUTENBHOTO YHCJIA 2, TaK KaK ypaB-

I +x
HeHUe == 2 UMeeT TMpH JMI060M MOJNOKUTENBHOM 2 pellieHHe X, 3aKII0ueH-

Hoe mMexny —1 u +1. Hanpumep, ecsim Ham HY»KHO BBIUMCJHTL IN3, TO MbI

[MOJIO2KUM X — § W TOrAa MoJiyyum
1
I+ 5
S Y N U T
In3=ln—% =25t rm gt )
2
Bssp Bcero Jimiib 6 YJIEHOB, BIIJIOTb A0 4YJieHa L = ! Mbl HaXOJIHMM

11-21t 11264°
3HaueHue

In3 =1,0986

C MsATbIO BEPHLBIMHU 3HAKaMH.

§ 7. duddepeHumnanbHbie ypaBHEHUS

1. Onpenenenus. [JaBeHCTByOLIAs POJib, KOTOPYIO MOKasaTesbHble H
TPUTOHOMETPHYECKHEe (DYHKIIMH HMrpaioT B MaTeMaTHYeCKOM aHajk3e MW €ero
NPpUMEHEHUsIX K 3aladyam ClI)I/IBI/IKI/I, OCHOBBIBAETCA HaA TOM, 4UTO 3THU beHKLLI/II/I
SIBJISIIOTCS] PELIEHUSIME TTPOCTEHIINX «Aru(dhepeHIHaNbHbIX YPaBHEH .

Huppepernyuarvroin ypasreruem OTHOCHTENbHO HEH3BECTHOH (PYHKIIHH
u = f(x) ¢ npousBomHoil u’ = f'(x) (0603HaUeHHE &' OUEHb YJaUHO COKpAIIAET
o6osnauenue ['(x), MOCKOJbKY BeJIMUUHA U 1 ee popMaJsibHast 3aBUCHMOCTD OT X
KaK (DyHKUMH f(X) He Hy»KaaloTcsi B 0COGEHHOM T10YePKHBAHHK ) HA3bIBAETCsI
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ypaBHEHHe, cojepxKallee GyHKUMIO i, TPOU3BOJHYIO 1’ H, MOXKET ObITb, He3a-
BHCHMOE MepEMEHHOE X, KakK, HallpuMep,

u' = u+ sin(xu)
HJIU
u' + 3u = x*.
B Gosiee obuiem cayuae nuddepeHupanbHoe ypaBHEHHE MOXKET COAEpPXKAaTh

BTOPYIO MPOU3BOJIHYI0 " = ["'(Xx) WM NPOU3BOJIHbIE GoJiee BHICOKOTO MOPSIIKA,
Kak, Harpumep, ypaBHeHHe

u’ +2u —3u=0.

Bo Bcex moao6HBIX c/yuasix 3agauell sIBJASETCS HaXOXKAeHHe (DYHKLUH
u = [(x), ynoBneTBopsitollell JaHHOMY ypPaBHEHHIO.

Perenne quddepenimanbHbiX ypaBHEHHH eCThb IHPOKoe 060011eHHe 3a1a-
UM MHTErPUPOBAHHUS, TIOHUMAEMOH KaK HaXOXJeHHe MepBooOpasHoil (HyHKIMH
no 3ajlaHHoi (PYHKUMH g(X): mocseHee CBOAUTCS K peLIeHHI0 MPOCTeHLlero
JddepeHaNbLHOTO ypaBHEHHUST

/
u = g(x).
Hanpumep, petenusimu aucdepeHIrasbHOT0 ypaBHEHHS
Ll/ — )C2
x3
ABJISIOTCS (DYHKUMH U = 7 ¢, [Ie ¢~ NPOM3BOJIbHOE MOCTORHHOE.

2. NuddepenuuaibHoe ypaBHeHUe 3KCNOHEHUANbHOU yHKuuU. Pa-
AMoaKTHBHBII pacnaj. 3akoH pocra. CiioxHble npoueHTbl. [lokasaresbHas
(yHKUMS 1 = e* sABJasieTcs pellleHHeM AU hepeHIHaNbHOTO YPaBHEHHS

"=u, (1)

TaK Kak MPOU3BOJIHAS OT TT0Ka3aTeJbHON (DYHKIIMK paBHA caMOH NOKa3aTebHOM
¢byHkuud. M BooOule, dyHKUMS u = ce*, Tie ¢ — MPOU3BOJbHOE MOCTOSIHHOE,
ecTb pelleHue ypaBHenus (1). AHasoruuHO, QYHKIIHS

u=ce", (2)
rjle ¢ U kR — JIBe Kakue-HUOYIb MOCTOSIHHBIE, €CTh pellieHue TuddepeHiratb-
HOT0 ypaBHEHUS 4 = ku. (3)

O6paTHo, Besikast hyHKLMsE 4 = f(x), yIOBJETBOPsIOIIAs YpaBHEHHIO (3), UMeeT
BUa (2). B camom nene, mycth yHkumu x = A(u) U u = f(x) B3auMHO 0GpaTHBIE;
B TaKOM CJyuae, cjelysi npaBujam JuddepeHurpoBaHns o6paTHOH (DYHKIIHH,
Ha#1eM
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. . o o Lo
q)yHKU,I/IeI/I, HepBOO6pa3HOH o OTHOWIEHHUIO K HaWAC€HHOW MPOU3BOJHOH ——,

ku
nu Inu
siBJisieTcsl (hYHKIUS ) hTaK, x = h(u) = S + b, tne b — HekoTOpPOE TO-
crostHHoe. OTciona
Inu=kx— bk

u=-et . e,

[Tonarasi NOCTOSIHHYIO BEJHUMHY e~*% paBHOI ¢, mosryunm

u=ce",

KaK M HY?KHO ObIJIO TIPEIBUJIETh.

Bousbiiioe sHaueHne ypaBHeHHs (3) 3aK/04aeTCs B TOM, UTO OHO OMHUCBIBAET
(br3nuecKHe TpoLecChl, B KOTOPbIX KOJHMYECTBO i KaKOro-HHOY/b BelIeCTBA
npeacTaB/sieT co6oil (hyHKLHIO BpeMeHH

u=f(t)
A MPUTOM H3MEHSIETCH TakKhUM o6paaoM, UTO CKOPOCTb U3MEHEHUs B KarKJIbl#
MOMEHT IMpONOpUHOHaJ/IbHa KOJMUECTBY U BEUIECTBA, UMEIOUIErocsi HaJHILO. B
9TOM CJyyae CKoOpochnib U3mMeHeHusl B MOMEHT t, T. €.

I /c/(t) — lim f(tl)_ /I(l()y

t—t
paBHa ku, Tie k — TOCTOSIHHBIN KO3((MHUIIMEHT NPONOPLUHUOHAIBHOCTH, T0JI0-
JKUTEJIbHBIH, €CJIM 4 BO3pacTaeT, U OTPULATEIbHBIH, ecau u yobiBaeT. B o6oux
cayuasx GyHKUMS ¢ yIOBAETBOPSET AU(depeHIHaniLHOMY ypaBHEHHIO (3); cie-

JI0OBAaTeJIbHO, OHa UMEET BH]JL

u

u=ce.

[TocTosiHHAS ¢ onpejiesieHa, eC/Ii U3BECTHO KOJIMUECTBO BEILIECTBA Uy, UMEB-
leecs HAJIMIIO B HAua/bHbIH MOMEHT, T. €. ipu { = 0. BesiMunHy 1y Mbl J1OJLKHbI
MoJy4duTh NpH nojictaHoBke { = 0 B ypaBHeHue (2):

uy =ce® =c;
OTCIOZIa U ToJIydaeTcs u
u = upe. (4)

Caienyer 0o6paTuTh BHUMaHHWE HA TO, UTO Mbl UCXOJUM M3 MPEANOJOKEHHUS,
UTO 3ajlaHa CKOPOCMb UBMEHEeHUS BEJUUHHBbl U, U BBIBOAMM 3aKOH (4), KO-
TOPbIH M03BOJISIET BLIUUCJUTL (haKTHUECKOE KOJMUECTBO BellecTBa U B J0OO0H
MOMEHT BpeMeHH f. DTa 3ajiaua Kak pa3 MpOTHBOIOJIOXKHA 3a/laue HaXOXKIeHHs
MPOU3BOJIHON OT KaKOH-HUGYb (DYHKIMH.

TUNMUUHBIM NTPUMEPOM SIBJICHUS] YKAa3aHHOTO THIIA MOXKHO CUMTaThb pacnaji
paaMoakTHBHOrO BellectBa. [lycTh u = f(f) ecThb KOJIMUECTBO BelIECTBA B MO-
MEHT BpPEMEHH f; eCJIM MPUHATb THIOTE3y, UTO KaxKaas HWHAMBMyaJbHas ya-
CTHLIA BELLECTBA HMEET HEKOTOPYIO ONpeJlesIeHHYI0 BEPOSITHOCTb pacnaja H uTo



§7 JNPPEPEHIMAJIbHBIE YPABHEHMS 485

3Ta BEPOSITHOCTb HE 3aBUCHT OT MPUCYTCTBHSl APYIHX UACTHL, TO CKOPOCTb,
C KOTOpOH KoJMuecTBO u# GyleT pacrnafathCsl B JaHHbIH MOMEHT BpeMeHH f,
OyzleT MNpornopurOHa/bHa 00LIEeMy
KOJIMUECTBY BelLEeCTBa U, UMelolle- u
Mycsi B JaHHbIH MOMeHT. Takum
o6pasoM, (hyHKLUST 4 AO/DKHA yA0-
BJIETBOPSITH YpaBHEHHUIO (3) MpH 0T-
pulaTesbHON MOCTOSIHHOH R, KOTO-

pasi M3MepsieT ObICTPOTY mpouecca
pacnana; uTak, BUA (DYHKLUHH CJle-
JyIOLLHH:

_ kt
b= the. 0 I 2 3 4 5 {

OTcioia BBITEKAeT, Y4TO B paBHbIE
[IPOMEKYTKH BPEMEHH TOABEPra€T-  pyc 279, V6piBanHe M0 3KCHOHEHIHANbHO-
sl pacrnajy oJiHa U Ta e J0J UMe- My 3aKoHy U = uoek!, k < 0
IOLIErocsl HaJIMIO BeLIeCTBA; JeH-

CTBHUTEJbHO, €CJH 4| €CTb KOJHMYECTBO BelIeCTBA, MMEIOIIErocsi B MOMEHT
BPEMEHH 1|, a Uy — B HEKOTOPLIH MOCJAEAYIOLMHA MOMEHT BPEMEHHU [y, TO

kts
4y _ Uoe? = pfll2—1)

U Ltoektl

)

U Moc/ie/iHee BbIpaXKeHHe 3aBUCHT TOJIbKO OT Pa3HOCTH fy — f. Breruncsaum, Ha-
NpUMep, CKOJIBKO BPEMEHH MoTpedyeTcs A/d TOro, 4ToObl B Mpolecce pacnana
oCTaJlach POBHO TMOJIOBUHA BELIECTBA: HAM HYXKHO OMNPENeNUTb S = fo — f| U3
ypaBHEHHUsI

ug _ L s
U B 2 =€
U Mbl MOJlydaem | o
—1n
ks =1In 5 S=E (5)

HaHpOTI/IB, 3Hast §, MO2KHO OIpeleJ/IMTh k:

==

N
ﬂJIH KakK0ro paanoakKTHBHOI'O BeLIECTBa 3HAaUE€HHWE S HOCHUT Ha3BaHHE «Iepuojia

noJiypacnaua>». Yucao s uam HEKOTOpOE aHaJIoTHYHOE (Hanpnmep Takoe, Kak

u 999 .,
3HayeHue r, Ipu KOTOpOM u—z = m) MO>KeT ObITb HakJIeHO 9KCIIEPUMEHTAaJIb-
1

HbIM TiyTeM. JlIsi pamust «nmepuoj moJypacrnanga» paBeH MpubanauTesbHo 1550

rojam, cJieJJoBaTeJbHO,
In é
k= 550 = —0,0000447.
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Orcioa Mbl HaxoJauM, 4TO

U= u0€70,0000447t'

[Ipumepom 3aKoHa, GJM3KOrO K PacCMOTPEHHOMY TOJBKO UTO 3aKOHY MO-
Ka3aTesJbHOH (PYHKLHH, MOXKET CJIY’KHTb SIBJICHHE TaK HA3blBAEMbIX CJIOXKHbIX
npoleHToB. [TyCTb HEKOTOPBIN KamuTas 1, (J10/1J1apoB) OTAAH B POCT U3 pacue-
1a 3% (Cc03KHBIX) B roj1. [0 MCTeueHHH 0HOTO roja KarnuTa/ CTaHeT PaBHbIM

uy = uo(1 4+ 0,03);
M0 HCTEUEeHHH JIBYX JIET OH OyaeT
s = 1,(1 4+ 0,03) = uy(1 + 0,03)%;
HaKOHeELl, MO0 UCTEUYCHUHU t JieT oH Bpra3HTCﬂ YHUCJIOM
u, = uo(1 +0,03). (6)

Tenepnb, ecau HauucseHHe MPOLEHTOB NPOUCXOAM/IO Obl HE OJUH pa3 B roj, a
OJIMH pa3 B Mecsill, UK, BOOOLLe, OUH Pa3 B 11-10 UacTb TOAA, TO [10 UCTEUEHHUH [
JIeT HapalleHHbIH KanuTaJs BblpaduJics Obl hopmysioi

t
(122" [0+ 22)7"
n n

ECJ]I/I npeﬂHOﬂO)KHTb, YTO YUCJIO /1 OUEHb BEJIMKO, TAK 4UTO HpOueHTbI le/lCLIl/l—
THIBAIOTCS €KEAHEBHO WJIH JAXKE €KEUacHo, TO, BOOGpaXKasi, UTo 1 CTPEMHUTCS
K 6€CKOHEUHOCTH, Mbl 3aMETHM, UTO BEJIMUMHA, CTOALIAS B CKOOKAX, CTPEMUTCS
k *% cornacHo ckazannomy B § 6, U B Tpejesie KanuTaa MO MCTEUEHUH [ JieT
BbIPa3uTCs (hopMyJIOkt

Lt()eo’()s{, (7)

UTO COOTBETCTBYET IMPOLECCY HEMNPEPbIBHOIO MPUCUUTBIBAHHST CJIOKHBIX TTPO-
LLEHTOB. MorKHO TaKk»Ke BbIUHCJIHTD BpeMsi §, Hy2KHO€ JIJIs1 TOrO, 4yTOOHI YABOHUTH

OCHOBHOM KanuraJi, OTJIAHHbIH B poCT 1o 3 CJI0XKHBIX HENpepbIBHO HAYUCIISIEMbIX

0,03s
uoi =2, 0TKyla § = 13@ In2 =23,10. Wrak, kanurasn
0

yaABOUJICS Obl IO UCTEUEHHH MPUOJIUBUTENBHO 23 JeT.

BwmecTo Toro utoGbl Liar 3a LIaroM Mpoje/blBaTh OMHCAHHYIO BbllE MPO-
Le/lypy U 3aTeM MePEeXOJUTh K Mpejesy, Mbl MOTJIH Obl TOJNYUuTh hopmyay (7),
MPOCTO CKa3aB, YTO CKOPOCTb 4’ BO3pacTaHHsl KaMUTasa i TPONOpLHOHAJbHA
9TOMY Kanutaiy, ¢ KoagHuiieHToM nponopuuoHansbiocty k = 0,03, coryacHo
qddepeHaibLHOMY YPaBHEHHIO

W =ku, rtme k=0,03.

npoueHrta. Mbl imeem

Torna cdopmyaia (7) BeiTekana Gbl HeMoOCpeaACTBEHHO U3 061Iel hopmysibl (4).
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3. Hdpyrue npumepsbl. [Ipoctbie kosebanHus. [loxkasarenbHast QyHKIHS
BCTpeuaeTcst yacto B 6oJiee CI0KHBIX KomOuHaimsx. Hampumep, dyHKIums

u=e"*", (8)

rjie R — MOJI0XKUTEJIbHAS KOHCTAHTa, IBJSETCS pelleHneM TuddepeHInanbHOTro
ypaBHeHHsI
u' = —2kxu.

®ynkuus (8) urpaet GoJblyl0 poJib B TEOPUM BEPOSITHOCTEH M B CTATUCTHKE,
BbIpazkasl, Kak TOBOPSIT, <HOPMAJIbHBIA» 3aKOH pacripe/ieseHHsl.

TpuroHomerpuueckue QYHKIMH ¢ = c0St U U = sin { TaKxkKe yIOBJIETBOPSIOT
NpoOCTOMY AH(depeHIHanibHOMY YpaBHeHHI0. [Ipex e Bcero o6paTtimM BHUMaHHE
Ha COOTHOUIEHHUS

u = —sint = —v,

v =cost=u,

obpasyloliye «CHCTeMy ABYX Au(pepeHlHalbHbIX YPaBHEHHH C JBYMS] HEH3-
BECTHbIMH (pyHKUMsIMU». JnchdepeHpyst BTOpUUHO, Mbl HAXOJIUM

v =u' = —v;
TakuM 00pa3oM, 00e (PYHKUMH 4 U U BPEMEHHOTO MepPeMEHHOro { MOTyT pac-
CMaTpPUBATbLCS KaK pellieHre 0IHOrO U TOro ke AuddepeHLmranbLHOro ypaBHeHHs

2" +2z=0. (9)

DT0 — oueHb MpocToe AuddepeHnaNbHOe YpaBHEHHE «BTOPOTO MOPSIIKA», T. €.
ypaBHEHHE, COJleprKalllee BTOPYIO TPOU3BOJHYIO OT PyHKIMK 2. OHO, WIH, Jyu-
lIe CKasarb, ero 0600lIeH e, CojlepKalllee TOJI0KHUTENbHYIO TOCTOSIHHYO k7,

2+ k2=0 (10)

(pellIeHUSIMH KOTOPOTO SABJSIOTCS (PYHKUMHU 2 = c0S kf 1 2 = sin kt), MOCTOSHHO
BCTpeyaeTcs MpU U3yUeHHH TeOpPUH KosieGaHUH, U MOTOMY «CHHYCOUJAJbHbIE»
KpuBble 1 = sinkt u u = cos kt (puc. 280) sIBJSIIOTCS OCHOBOW TEOPUH MeXa-
HHU3MOB, COBEPIIAIOIIMX UJIH MOPOXKIAIOIIMX KoJeOaTebHble IBUKEHHUS.

Caienyer 3ameTuTh, uto auddepeHumnanbHoe ypasaenue (10) npencrabasi-
eT «HIeasbHBIN» Caydyail, Koraa TpeHHe WJIH COMPOTHBJEHHE MPeIoJararTes
OTCYTCTBYIOLIUMH.

B nuddepenumasbHOM ypaBHEHHH K0J1€6aTeIbHOTO IBUKEHHS CONPOTHBJIE-
HHUe BbIPayKAETCsl JIMLIHAM YWIEHOM, & HMEHHO r2’, TaK UTO YpaBHEHHEe UMEeT BUJ

2"+ rd +Rz2=0; (11)
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ero pelleHHsIMHU SIBJSIIOTCS «3aTyXalollue» KoJeOaHusl, BblpaxKalolyecs MaTe-
MaTHUYECKH C TIOMOILBIO (POPMYJIBI

_ _ r\?2

e Zcoswt umm e ?sinwt; o=+4/k?— (§> ,
uTO rpacuuecKy npejcTaByieHo Ha puc. 281. (B kauecTBe ynpaxkHeHust uMTaTe b
MyCTb TPOBEPUT TPABHILHOCTb ITHX pelleHHl MyTeM AH(depeHIHpOBaHHS. )
3aryxatoliie KoJeOaHUsl TOTO »KE& CaMOro THMA, YTO U OObIKHOBEHHbIE CHHY-
COMJIbl WJIM KOCHHYCOW/JIbI, HO C TeUeHHEM BpPEMEHH MX pa3Max yMeHbllIaeTcs
BCJIEJICTBHE TIPUCYTCTBHUSI TOKA3aTebHOTO MHOKHUTEIs], yOBIBAIOIIEro 6oJiee Uil
MeHee ObICTPO, B 3aBUCHMOCTH OT BEJHUMHBI KO3(HUIIMEHTA TPEHHUS 1.

Z

2x

z=sin2t z=sin3t

Puc. 280. lapmonuueckue KoseGanust

4. 3akoHn asuxenus Horotona. Xots Gosiee noapoOHbIH aHaMM3 10106~
HbIX SIBJIEHUH HAMU He MPELyCMOTPEH, Mbl BCE K€ XOTHM BKJIIOUHTH HX B 001110
cXeMy, Ha 0CHOBe KOTOpol HbloToH nmpou3Bes MoUIMHHYIO PEBOJIIOLMIO B Me-
XaHuKe U (hU3HnKe.

Paccmotpum BMecte ¢ HbloToHOM /1BHKEeHHE HEKOTOPOH 4acTHILbl, HMEIO-
el maccy m; 0003HAuUMM ee MPOCTPAHCTBEHHbIE KOOPAUHATDI, SIBJSIOLIMECS
(hyHKUMsIMU BpeMeHu f, depe3 x(1), y(t), 2(t); Takum o6pa3om, KOMIIOHEHTHI
YCKOpEHUs paBHbl BTOPBIM Mpou3dBoanbiM x'/(1), y”(t), 2”(t). B uctopun Hayku
(hbakTOM pellalollero 3HaueHHs oKadasochb oco3HaHue HbloToHOM TOrO, uTO
BeJIMUUHbl mx”, my”, mz"” MoryT ObITb paccMaTpUBaeMbl KaK KOMIOHEHTBHI
CHJIBI, JIHCTBYIOLLEH Ha yacTully. Ha nepBbiii B3rvIsia MOXKET 10Ka3aTbCs, UTO
B 3TOH (hOPMYJIMPOBKE COJECPXKUTCS BCEro JHllb (hopMasbHOE OINpeeseHue
noHsATHsl «cuibl». Ho Gosblioil yenex HbloToHa 3akmouaercsi B TOM, UTO OH
MepBbIi MPUBEJ ITO ONpefieseHre B COOTBETCTBHE C A€HCTBUTEIbHBIMU SIBJICHH -
SIMH TIPUPOJIBL: J1eJ10 OOCTOUT TaK, Kak OyaTo Obl cama MpUpoja MpeiocTaBsiia
CUJIOBOE «I10JIe», KOTOPOE Mbl MOXKEM CUMTATh M3BECTHBIM, TOrJa Kak Ham
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Puc. 281. 3aryxatouiee KosnebaHue

HHUEro He M3BECTHO 3apaHee 00 HHTEPECYIOIIEM Hac ABHKEHHH YaCTHLBI B 3TOM
noJsie. Besmuaiiivii TpuyM@ HbIOTOHOBCKOH THHAMHKH — 060CHOBaHHE 3aKOHOB
Kenuiepa o aBMKEHHH TJIAHET — SICHO MOKA3bIBAET MOJHYIO FAPMOHHIO MEXKIY
MaTeMaTHYeCKUMH KoHUenuusiMd HbloToHa W siBjieHMsiMM npupoabl. [lpexne
Bcero HbloToH nmpeanosoxus, uTo cusa TAroTeHns o6paTHO MPONOpPLHOHAIbHA
KBajpaty paccrosiiusi. Ecsin Mbl nonyctiM, uto CoJiHLE HAXOAMTCS B HavaJe
KOOPJMHATHON CHCTEMbl, U IPUMEM BEJIMUYHHBI X, Y, 2 32 KOOPAMHATHI JaHHOU
NJIAHETBI, TO KOMITOHEHTBI CHJIbI 110 HAMpPaBJICHUSM TPeX KOOPAMHATHBIX OCEH
OyyT paBHbI COOTBETCTBEHHO
X z
k. 5 A z,

k.

3

-~
~

re r = /x> + y? + 2% ectb paccrosiHue oT CoJiHIA [0 MJaHeThl, a kK — rpaBu-
TallMOHHAs MOCTOSIHHAS, He 3aBUCALIAs OT BPEMEeHU. DTH BbIPaXKEHHUS OTIpesie-
JISIIOT CHJIOBOE M0J1e He3aBUCUMO OT JBHXKEHHS B HEM yacTHLbl. KI3BecTHble HaM
JIaHHbIE, XapaKTepU3YIollHe 3TO MoJe, HYXKHO CBS3aTh C OOLLMM HbIOTOHOBBIM
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3aKOHOM JIBH2KEHHUS (T. €. CBSI3aTb KHHEMaTHUECKHE H IMHAMHUECKHE 3JIEMEHTbI );
NPUPABHUBAST 1BA PA3MHUHBIX BEIPAXKEHHST BEKTOPA, MBI TTOJyUHM CHCTEMY TpeX
anddepeHaNbHBIX YPaBHEHHUI

mx" = ke
(XQ +y2 _;'_22)3/27
my" = ,
y (x2 +y2 + 2.2)3/2
mz' — —kz

(XZ +y2 +22)3/2

C TpeMsi HeM3BeCTHbIMU (yHKLMAMU X(1), y(?), 2(¢). DTy cUCTEMy MOXKHO pe-
IIMTh, U TOTIa OGHAPYXKHTCSI, UTO B TMOJHOM COIJVIACHH C KeIJIEPOBCKHMHU 3M-
MUPUYECKAMH HaGJII0eHHsIMH OpOUTa TIAHETHI €CTh KOHHUECKOoe CeueHHe C
CoJHlieM B OfHOM 13 (DOKYCOB, UTO MJIOLIAJH, OMHCHIBAEMble B PaBHBIE MPO-
MEKYTKH BPeMeHH paJiyCcOM-BEKTOPOM, MPoBeleHHbIM OT CoJIHIA K TIJIaHeTe,
paBHBl MeXIy coGO M UTO KBaipaThl MEPHOJOB MOJHOTO OOpalleHUst ABYX
nsaner Bokpyr CoJiHIA MPOMOPLUHOHAIbHBI Ky6aM HX paccTosiHui ot CoJHua.
J10Ka3aTesbeTBO ITUX YTBEPKIEHUH Mbl BIHYK/IEHBI OITYCTUTh.

3aznaua o KoseGaTeJIbHOM JBHXKEHHH TPeLOCTaB/sieT HoJiee 3JieMeHTapHYIO
wmocTpaimio Meroaa Holotona. [1peanosnoxum, 4To Mel HMeEM YaCTHULLY, BH-
JKYIIYIOCST TI0 TIPSIMOH JIMHHH, MO OCH X, U CBsI3aHHYI0 C HAayajoM KOOpIHHAT
CHJION YIPYTOCTH, UTO MOKHO, HAlpUMep, OCYLIECTBHTb C MOMOILIBIO MPYKUHBI
WJIH PE3NHKH.

Ecsu uyactuua BbiBeleHA U3 TIOJIOXKEHHST PaBHOBeCHsl (B Hauase KOOPAH-
HAaT) ¥ MOMellleHa B HEKOTOPYIO TOUKY C KOOPAHHATOH X, TO CHJIa TMOTSIHET ee
Hazad. Mbl TMPeANoNONKHUM, UTO 3Ta CHJIA TPOMOPLUHUOHAJIbHA PACTSLKEHHIO X;
TaK KaK OHA HalpaBJieHa K Hayajy KOOPIMHAT, TO MPEeICTABUTCS B Buae —k2X,
rie —k? — OTpHIATE/ILHBIA MHOXKHTEb MPOMOPIHOHATBHOCTH, BBIPAMKAIOIHE
CHJTy YIPYTOCTH MPY?KHUHBI UJIH PE3UHKH.

MBI npeanosioxum, fajee, 4TO HAJIULO HMMEETCSl TPEHHE, 3aMeJIsiollee
JIBU’KEHHE, U UTO TO TPEHHe TPONOPLHOHAILHO CKOPOCTH X' YACTHIbLI ¢ KO-
(hULMEHTOM MPOTOPLHOHANBHOCTH, PaBHBIM —r. Toraa peayJbTHpYIOLast CHJa
B OGO MOMEHT BPEMEHH BbIPAsuTcsa uepes —k2x — rx’, 1, MoJb3ysch 0OLIUM
npuHImnoM HbloToHa, MBI TIPHXOMM K ypaBHeHHo mx” = —k%x — rx’, win

mx" + rx' + k2x = 0.

A 3TO — He uTO MHOE, KaK pacCMOTPEHHOE Bbillle AU(QepeHlHanbLHOe ypaB-
Henue (11) saTyxatowx koseOGanuil. [lpeaplayuinii npoctoil npumep umeet
60JIbLIIOe 3HAUEHHE, TAaK KaK MHOTHeE KoJieOaHHsl MeXaHHUEeCKUX HJH SJIEeKTpHUe-
CKHX CHCTEM MOTYT ObITh MaTeMaTHUECKH 3aMUCaHbl ¢ MOMOLIBIO HMEHHO ITOTO
InddepeHIHaNbHOIO YpaBHeHHs. 31eCh Mbl MMeeM THIHUYHBIA TpUMep TOro,
KaK OTBJIeUeHHas MaTeMaTHyecKasi (pOpMYJHPOBKA OIHHM YAapoM OOGHaXKaeT
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BHYTPEHHIOIO CTPYKTYpPYy MHOIHX, Ka3asoch Obl, COBEPLICHHO Pa3/MUHbIX U He
CBSI3aHHBIX MeXK1y co60i OT/eNbHbIX siBJAeHuil. [logo6Horo pona a6etparupo-
BaHHe OT YaCTHOTO XapakTepa JaHHOTO SIBJEHHSI U Mepexof K 001leMy 3aKOoHY,
peryJipyolleMy oOLIMPHBIN KJ1acc siBJeHHH, eCTb XapaKTepHas uepra mMarema-
THUECKOH TPAKTOBKH (PU3HUECKHUX MPOOJIEM.

JOITOJIHEHUE K IVIABE VIII

§ 1. Bonpockl npuHUMNUAIBHOTO NOPSAAKA

1. JuddeperHuupyemoctb. [ToHsITHE MPOU3BOAHON OT (YHKLMH y = f(x)
MBI CBSI3bIBAJIM C MHTYUTHBHLIM IIpeJICTABJIEHHEM O KacaTesJbHOH K rpaduky
sToll (hyHKIMH. Ho Tak Kak obiias KoHUenuust (p)yHKIUH 4pe3BbIUYaiHO HIHPO-
Ka, TO B HHTEpecax JOrHUecKol 3aKOHUEHHOCTH HEOOXOMMMO YHUUTOXKHUTb 3Ty
3aBHCHMOCTb OT I'eOMeTPUUECKON MHTYWLMH. B camoMm nesie, Mbl Bellb He ra-
paHTHPOBAHbI OT TOTO, YTO HHTYHUTHBHBIE CBOHCTBA, Gpocaloliiecs B IJ1a3a TpH
pPacCMOTPEHUH MPOCTBbIX KPUBBIX, MOJOOHBIX KPYTY MJIH 3JUIMICY, HE HCUE3HYT
Juist rpacukoB GoJiee CJI0XKHBIX (DYHKIME. PaccMoTpum, Hampumep, (GyHKIHIO,
13006pakeHHy10 Ha puc. 282, rpaduK KOTOPOH UMEET YIJIOBYIO TOUKY.

Ata (yHKUUsST ONMpeiessieTcsl ypaBHeHHeM y = X + |x|, rae cumBoJIOM |X|
0603Hauaetcst abCoOJIIOTHAS BEJHUWHA X; HHBIMH CJIOBAMH,

y=x+x=2x npu x > 0,

y=x—x=0 npu x < 0.
JpyruM npuMepoM TaKoro pojia MOXKET CJYKHTb (QYHKLHMS y = |x|, a Takxke
byukuus y = x + |x| + (x — 1)+ |x — 1]. Tpacduku 31HX (yHKUHI B HEKOTO-
pBIX TOUKAX MEPECTAIOT HMETh OTPEIEEHHYIO KacaTebHYIO, T. €. OMPEeIeECHHOe

HarnpasJeHHE; 9TO 3HAUUT, UTO (DYHKLHSI B COOTBETCTBYIOLIMX TOUKAX X HE UMeeT
NIPOU3BOJIHOH.

Y Y Y
O X 0] X [9) X
Puc. 282, y = x + |x| Puc. 283. y = |x| Puc. 284. y = x + |x| +

+ (= 1)+ [x—1]
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YnpaxHenus. 1) [loctporite (T. e. 3anuIINTe C MOMOILIBIO KOHKPETHBIX aHaJH-
THUECKUX BbIparkeHH) dyHKUHIO f(x), rpaduk KOTOPOI eCTb MOJIOBMHA MPABUILHOTO
LLIECTHYTOJIbHUKA.

2) [ne pacrnoJioxkeHbl yryioBble TOUKH rpaduka

for=tolah o (=) +lo= )+ (=) + e 2]y
KakoBbl ToukH pa3pbiBa MPOU3BOAHOMN f/(X)?

B kauectBe mpocroro npumepa HeauddepeHIHPYEMOCTH YK€ HHOTO THIA
npuBeaeM (PyHKIHIO

1
y=[f(x)=xsin o

.1
MoJly4aeMyto MOCPeCTBOM YMHOMXKEHHsT PyHKLHHU Sin " (cm. cTp. 310) Ha mHO-

JKUTENb X; TIOJIOXKKM, 10 onpeaeseruio, uto f(x) =0 npu x = 0. IDT1a PpyHKUHUS,
rpauK KOTOPOH [/l MOJIOXKUTENbHBIX 3HAUEHUH TEPEMEHHOT0 X H300paXkeH Ha
puc. 285, HerpepbiBHA B Kax 10k Touke. [paduk Kose6ieTcst 6ECKOHEUHO YacTo
B OKPECTHOCTH TOuKH x = (), MpUueM «BOJIHbI» CTAHOBSATCS OUEHb MAJIBIMHU, €CJIH
Mbl MpubJIXKaeMcs K HyJto. HakjoH 3THX BOJIH jaeTcst hopmysioi

S (R I
f(x)—smx ~ €0 —

(MycTh uMTaTEsIb MPOBEPUT 3TO B KAUECTBE YMPAKHEHHUS); P CTPEMJICHHH X K
HYJIIO 9TOT HAKJIOH KOJIeGJIETCS MEXKLY BCE BO3PACTAIOLIMMH TOJIOKHTENbHOH 1
OTpHLIATEbHON rpaHuLaMi. MBI MOXKeM c/ie1aTh MOMbITKY HANTH TPOU3BOIHYIO
B Touke X = 0, mepexost K nmpenesy npu 4 — 0 B pa3HOCTHOM OTHOLIEHHH

1
[0+m—fo) S
Z = —— =sin~.
Ho npu & — 0 310 pasHocTHOe oTHOLIEHHe KosiebieTest Mmexxay —1 v +1 u He
CTPEMHUTCSI HH K KaKOMY TIpeJiesly, CJeloBaTeNbHO, (DYHKIUST He MOXKET ObITh
npoauddepenrpoata B Touke x = 0.

ITH TpuUMephl YKA3bIBAIOT HA TPYIHOCTH, BHYTPEHHE MPHUCYIIHE CAMOMY
Borpocy. Beliepiirpace ynuBuTeIbHO SIPKO POUJIIIOCTPUPOBAJ MOJIOKEHHE Be-
1LeH, MOCTPOUB HENpepbIBHYI0 (YHKLHIO, rpaduK KOTOPOH He HUMeeT Mpou3-
BOJIHOH HH B OJIHOH TouKe. B To BpeMmsi Kak nuddepeHIUpyeMOCThb BeUeT 3a
co60il HeMPepLIBHOCTh, HETIPEPLIBHOCTD, KaK MOKA3bIBAET ITOT IPUMEp, OTHIOIb
He BJieUeT 3a co60l AuddepeHnpyeMoCcTH; B caMoM Jee, yHKuus Beitep-
IITpacca BCIOLY HelpepblBHA, a BMeCTe ¢ TeM HHUTIe He muddepenurpyema. Ha
MpaKkTHKe TPYAHOCTH TAKOro poja He Berpersites. OGBIUHO BCTpeyaloluecs
KPUBbIE SIBAAIOTCH <«IJIAIKUMHU» (32 HCKJIOUEHHEM DPa3Be TOJbKO OT/EJbHbIX
M30JIUIPOBAHHBIX TOUEK), T. €. AU(depeHIIpOBaHHe He TOJbKO BO3MOXKHO, HO
JaXke cama INPOU3BOJHAsT SIBJISIETCS] HelpepbiBHOH. UTo »Ke B TakoM ciyuae
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MOXKET HaM IOMellIaTh MPOCTO CAeNaTh OTOBOPKY, UTO HHKAKHE «I1aToJIoTHue-
CKHe» sIBJIeHHs1 He OyyT (PUIYypUPOBATh B 3ajauax, MoJjiexallux HalleMy pac-
CMOTpeHHI0? MIMEHHO Tak M MOCTYNaloT B aHa/M3e Te, KOMY MPUXOIUTCS UMETh
Jiesio ToJbKo ¢ quddepentmpyeMbimu pyHkiusMu. B riaBe VIII mbl npoBesu
IrddepeHIpoBaHie 06LIMPHOTO Kjaacca (PYHKIHMHA W TeM CaMbIM JI0Ka3aju HX
IHbhepeHIHpyeMOCTb.

[TockosbKy nuddepeHIpyeMoCTb Y
(bYHKIMH He eCTb JioTHuecKasl Heu3-
0eXKHOCTb, OHA — C MaTeMaTHUYeCKOH
TOUKH 3peHHst — JOJ/DKHA OBbIThb HJIH
MOCTYJIMPOBaHa, WK J0Ka3aHa. B Ta-

KOM CJlyuae caMo TMOHSITHE KacaTesb-
HOW WJIM HarlpaBJieHUs KPUBOI (TIepBO-
HayaslbHBIA UCTOUHHK HIEH TPOU3BOJI-
HOM ) CTaBUTCS B 3aBUCHMOCTb OT UHCTO
AHAJIUTHYECKOTO OTpe/lesieHtsl TIPOU3-
BOJIHO: ecii pyHKuMs y = f(x) nud- 0 I
(hepeHLIpyeMa, T. €. €CJIH Pa3HOCTHOE

f(x+h) = [(x)

OTHOLIIEHHE f HMeeT € JUH-

CTBEHHbIH mpenen f'(x) npu cTpemJe-

HUM A K HYJI0 ¢ 06euX CTOPOH, TO Puc. 285,y:xsm%
MPUHSITO TOBOPHUTh, UTO COOTBETCTBYIO-

1asi KpUBasi HMeeT KacaTesibHyIo ¢ HakioHoM [f'(x). Takum o6pasom, HauBHast
nosuumns Pepma, JleiibHuua u HbloToHa B cOBpeMeHHOM aHasiM3e BbIBEPHYTA
Ha060pOT — B MHTepecax JIOTHUECKOH CTPOHHOCTH.

YnpaxHenus. 1) [Tokaxure, uto HempepbiBHAsi QYHKIIUS, ONpesiesieHHast popmy-
aoi f(x) = x? sin% 1 po6asounbiM ycgaosueMm f(0) = 0, nuddepeHurpyema B Touke

x=0.
2) Ilokaxkute, uTo (hyHKIHUS arctg% paspbiBHa nipu x = 0, uTo QyHKUHUS xarctg%

. ., ., ; 1
HErpepbiBHA B 9TOU TOUYKE, HO HE UMEET B HEU MPOU3BOAHOH, U UTO beHKlll/IH )Cz arctg ;

i depenunpyema npu x = 0. (B aByx nmocsieqnux npumepax cieyer MoJioyKUTh 3HA-
uenue yHKUMI npu X = 0 paBHbIM HYJIIO.)

2. UHTerpan. AHasOTMYHO U TMOJIOXKEHHWE C HHTETPAJOM OT HelpephiBHOM
¢dyHkun f(x). Bmecto Toro uto6bl «mjolianb Moj KPUBOH» MPUHHUMATh Kak
BEJIMUMHY, OO'bEKTHBHO CYLIECTBYIOLLYIO H KOTOpYIO a posteriori MOxKHO Bbipa-
3UThb C TOMOLIBIO TMpefesa MocJ/el0BaTebHOCTH KOHEUHBIX CYMM, 3TOT Tpejies
B aHasM3e MPUHUMAIOT B KauecTBe onpedeneHuss UHTerpasa. DTa KOHLEMIHUS
MHTerpajia 06pasyer MepBUUHYIO OCHOBY, U3 KOTOPOH 3aTeM BLIBOJUTCS MOHSTHE
nJiolaad. Mbl BBIHYKIE€HbI CTaThb Ha 3Ty TOUKY 3pEHHsl BCJEICTBHE CO3HAHUS
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TOTO, YTO TreoMeTpuuecKast HHTyHLHs 00J1aJaeT H3BECTHOH pacllylblBUATOCTbIO,
KOTJIa OHA TNMPHMEHAETCS K TaKUM OOLIMM aHAJUTHYECKUM MOHATHSAM, KaK He-
npepbiBHAs (yHKLMA. Mbl HauMHAeM C TIOCTPOEHHS CyMMbI

n n
S, = E foi)x; — x;-1) = E f(v)Ax;, (1)

=1 =1
rie Xo = a, Xy, ..., X, = b — TOUKM JeJeHHs] TPOMEXKYTKA WHTErpHpOBa-
Hust, Ax; = X; — X;_| — TpUpalleHue MepPeMEHHON X, WK ITMHA j-TO YaCTHOTO

IIPOMEXKYTKA, a U; — [POU3BOJIbHOE 3HAYCHHE [IePEMEHHOr0 X B 3TOM 4aCTHOM
NPOMEXKYTKE, T. €. X;_; < U; < X; (Mbl MOXKEM B3Tb, HalpuMep, U; = X; WJH
U= Xj_l.)

Hanee, Mbl o6pasyeM MoCJ/e10BaTeNbHOCTb MOAOCHBIX CYMM, B KOTOPbIX
YUCJIO M YaCTHBIX MMPOMEKYTKOB BO3paCTaeT, MpHUeM JIMHA MaKCHUMaJbHOTO
YACTHOIO IIPOMEXKYTKa CTpeMuTCsl K Hymo. Torga crnpaBelyiMBO cJefylollee
OCHOBHOE TM0JIOXKEHHE: cymMMa S,, COCTaBJieHHast IS JaHHOH HerpepbiBHOK
(byHKUIME f(X), CTPEMHUTCS K HEKOTOPOMY OfpeJe/eHHOMY Tpeneny A, He 3a-
BHUCSILIEMY OT crioco6a pa3bueHHst TPOMeKYTKa MHTErPUPOBAHHSI U OT BbIOOpPA

b

touek v;. Ilo onpenenenuio, srot mpenen ectb uuterpan A = [ f(x)dx. Ko-
a

HEUHO, CYLIECTBOBAHHE 3TOTO Mpejiesa A0KHO ObITb aHAJIUTHUECKH J0Ka3aHo,
€CJIM Mbl HE XOTHM CChIIaThCsl Ha HHTYHTHBHOE IeOMETpPHUECKOe MpejcTaBie-
HHE TIJIOMAAH. DTO J10Ka3aTeJqbCTBO MPUBOAUTCS B KaXKIOM yueOHHKe aHa/IH3a,
YUMTBIBAIOLIEM TPeOGOBaHHUsI MaTeMaTHUECKOH CTPOrOCTH.

CpaBHenue quddepeHIIpoBaHIsT U HHTErPUPOBAHUS PUBOJNT HAC K CJle-
IyIolleMy TpoTHBONOcTaBeHH0. CBOACTBO AU PepeHInPyeMOCTH, HECOMHEH-
HO, HaJlaraeT OrpaHHINTEIbHOE YCIOBHE HA KJIACC BCEX HEMPEPBIBHBIX (DYHKINI;
BMECTE C TeM (PaKTHUECKOE BBIMOJHEHHE ONepalnn AuddepeHpoBaHus cBo-
JUTCs1 Ha MPaKTHKE K Mpoleaypam, OCHOBaAHHbIM JIHIIb Ha HECKOJIbKHUX MPOCTbIX
npaBuiax. B NpoTHBOMOJIOKHOCTD 3TOMY KaxIasi HenpepbiBHas (QyHKIUS 6e3
MCKJIIOUCHHST HHTErpUpyemMa, Tak Kak o6JajiaeT MHTErpajoM MEXKiy JoObIMH
JABYMsI NaHHBIMH MpeaesaMu. OIlHaKO npsiMo€ BbIYMCJIEHUE UHTErpaJsioB, MOHU-
MaeMbIX KakK Mpejiesibl CyMM, JlaxKe B CJyuae CcaMbIX MPOCTbIX (DYHKIIHMi, BO-
ofllle roBopsl, €0 OUYeHb TpyaHoe. Ho TyT-To W oKasbiBaeTcsl, YTO OCHOBHAs
TeopeMa aHa/JH3a BO MHOTHX CJIydasix CTAHOBHTCSI PELIAIOLUIUM OpyAHEM MpH
OCYLIECTBJEHUH HHTerpupoBanus. M Bce e Jyid GoJibliiell yacTi (QYHKIHH, B
TOM UHCJIE JIa’Ke JUIST HEKOTOPBIX COBEPLIECHHO 3JIeMEHTaPHbIX, HHTErPHPOBaHHE
HE JaeT MPOCTBIX SIBHBIX BBIPA’KEHWH, W UMCJIOBbIE BBIKJALKH /s MHTETpanoB
TpebyloT GoJlee MPOJBHHYTBLIX METO/LOB.

3. Jlpyrue npujoxKeHus noHaTusi uHterpata. Pa6ora. [lnuHa kpuBoi.
OTopBaB aHaJMTHUECKOE MpPEACTABJEHHE HHTerpaja OT ero repBOHAYaJbHOM
reOMeTPHUECKON MHTEpPIpPETAlMK, Mbl BCTPEUaeMCsi C LIEJIbIM PSIIOM JIPYTHX, He
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MeHee BaxKHbIX MHTEPIpPETALMi U NPUJIOKEHHH 3TOr0 OCHOBHOrO noHsATtus. Ha-
npuMep, B MEXaHUKe HHTErpaj MOKeT ObITb UHTEPINPETHPOBAH KaK BbIPaXKEeHHE
pabotbl. JloctaTouHo GyAeT Pa3bsICHUTL TO Ha CJIEAYIOLIEM MPOCTOM MPUMeEpE.
[IpearnosioxKum, uTo HEKOTOpasi Macca ABHKETCS M0 OCH X MOJL BJAUSIHUEM CHJIBI,
HaMpaBJeHHON BAOJIb 3TOH ocH. Byaem cumtats, 4To BCsl Macca cocpeoToueHa
B OJIHOH TOUKe C KOOPAMHATOH X M UTO CHJIA 3ajaHa Kak (DYHKLHUS 3TOH TOu-
K1 f(x), npuuem 3Hak QyHKUMH f(x) yKasbiBaeT Ha HampapjeHde cuibl. Ecu
CuJla MOCTOSIHHA W TIepeBUraeT Maccy M3 TOUKM a B TOuky b, To pabora,
NPOM3BEJICHHAs €10, PaBHA MPOU3BEIEHHIO BEJHUHHBI CUJBI [ HA MPOHIEHHbII
maccoil nyTth: (b — a)f. Ho ecsiu cusa MeHsieTcsi BMecTe ¢ M3MEHEHHEM X, TO
MPUAETCS ONpPeNeATh 0OLLYI0 MPOU3BEAECHHYIO PAa0OTY C MIOMOLLBIO MTPELE/bHO-
ro npouecca (nogoGHO TOMY, KaK Mbl TIPEXKIE ONPEIEsIn CKOPOCTh ). Jlsi 3Tok
Le/Id Mbl pa3o0beM MPOMEXKYTOK OT @ J10 b, Kak U npexie, Ha MeJIKUe YacTHbIE
MPOMEXKYTKH TOUKAMH Xy = a, X|, Xo, ..., X, = b; 3aTeM MPEINoN0KHUM, UTO B
KQ>KJIOM YaCTHOM MPOMEXKYTKE CHJIa OCTAETCSs MOCTOSIHHOK U PaBHOM, CKayKeM,
BesIMuKHe f(X,), HCTHHHOMY 3HAU€HHIO CHJIbI B KOHEUHOH TOUYKE, U BBIUUCJHM
paboTy, COOTBETCTBYIOLLYIO TAKOH «CTyNeHUaTOH» CHJe:

n
S, = E J(x,)Ax,.
v=1
Ec/in Mbl Ternepb, Kak paHblile, CTAHEM YMeHbILIATh MPOMEXKYTKH JeJI€HHs], 3a-
CTaBJIsIsl 1 HEOTPAHHUEHHO PACTH, Mbl YBUIUM, U4TO CyMMa GYyJIeT CTPEMUTBLCS K

MHTErpasy
b
/ f(x)dx.

Takum o6pazom, pabora, coBepillaemasi HelpepbIBHO MEHSIOLIEHCS CHIIOH,
onpeiesieHa ¢ IIOMOLIbIO HHTerpaJa.

B uacTHOCTH, paccMOTpUM Maccy m, CBsI3aHHYIO C HauajoM KOOpJAHHAT
x =0 ynpyroit npyxuHo#. Cuna f(x), corsiacHo paccy:kaeHuto Ha ctp. 490,
OyzneT NponopuUHOHa/NbHA X,

f(x) = —k%x,

rie k? — noJioxkutesibHas nocrosinias. Toraa paGota, CoBeplleHHAs ITOH CH-
JIOH TIpU MePeMElIeHHH MacChl /1 U3 Hauaja KOOPAHHAT B TOUKY b, BbIpasuTcs
MHTErpajoM

b
2
/(—kﬂx)dx __p %
0

a paboTa, KOTOPYIO Mbl CaMH JOJIKHbBI 3aTPATHUTb TIPH PACTAKEHHUH INPYKHHbI
2

JI0 TOUKM b, paBHa +k? 5
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ﬂpyroe [PUJIOKEHNE 06Hle[‘0 MOHATHST HHTEr'paJia — 3TO BbIYUCJICHUE NJIUHBI
ayru KpuBoil. [1peanosoxkum, uto paccmatpuBaemasi UacTb KPUBOH MpeaCTaB-
dy

JieHa (yHKUMel y = f(x), mpousBoaHasi KoTopo# f'(x) = ¢ TaKKe Herpepbis-

Hast pyHKums. [l TOro 4To6bl OMpPeeUTh JIMHY, Mbl Oy1eM A€HCTBOBATH TOU-
HO TaK, KaK ecJiM Obl HaM HaJ10 OblJI0 H3MEPUTb JJIHHY KPUBOH /151 TPaKTHUECKUX
1e/iell Mpy TOMOLIM MOPTHOBCKOM JIMHeNKU. Briniem B nyry AB nomanyto Jn-
HHUIO C 1 MaJIeHbKUMH CTOPOHAMHM, U3MepUM 0O0LLyI0 AJIHHY (repumetp) L, 3Tol
JIOMaHOH M CTaHeM pacCMaTpUBaTh 3Ty JJIHMHY KaK HEKOTOpoe MpHOJHKEHHE;
3aCTaBMM 71 BO3pacTaTh, a HAWOOJbLIYIO U3 CTOPOH JIOMAHOH — CTPEMHTBCS K
HYJIIO; TOTJIa Mbl MOJIYUMM B KauecTBe JJUHBI 1yrd AB cieaytolmil npeaed:

L=1limL,.

(B rnaBe VI 31uM ke crioco6om Oblia MoJyueHa JINIMHA OKPYKHOCTH KaK Mpejies
nepuMeTpa BIUCAHHOIO MPaBUJAbLHOI'O fl—yI‘OJIbHI/IKa.) Moxno JIOKa3aTb, 4TO
IUIsT JIOCTATOUHO TVIAJKMX KPHUBBIX STOT Mpees CYLIeCTBYET H He 3aBHUCHUT OT
TOTO, KaKUM 06pa3oM BBIGHPAETCST TTOCJIe0BATENLHOCTD BIIUCAHHBIX JTOMAHbIX.
Te kpuBbIe, 1JIsT KOTOPBIX ITO UMEET MECTO, HA3BIBAIOTCS cnpamatemoinu. Besi-
Kasl «MopsiioyHasi» KpUBasi, BCTPEYaIollasicsi B TEOPUH HJIM ee TIPUJIOKEHHSIX,

OKa3bIBaeTCsl CIPsIMJISIEMOi, U Mbl He

— CTaHeM yrayOJsIThCs B HCCJIEI0BAHNE

Ay «MaTOJIOTHYECKUX» cJyuaeB. JlocTa-

TOyHO GYJEeT T0Ka3aTh, 4to nyra AB

Ax s pyHKUMK Yy = f(x) ¢ HenmpepbiB-

HOM MpoU3BOJHON ['(X) MMeeT JJH-
Hy L B yKa3aHHOM CMbICJEe H UTO
JyinHa [ MoxkeT ObIThb BblpakeHa C
MOMOIIIbIO HHTETpaJa.

C 370l uesblo 0603HaYUM abc-
X1 X9 x wucebl Touek A U B COOTBETCTBEHHO
uepe3 a u b, 3ateM pa3oObeM Mpo-
MEXYTOK OT a 710 b, Kak U Tpex]e,
TOUKAMH a4 = Xg, X1, Xo, ..., Xy = b
C pasHOCTAMH AX; = X; — X;_ U PACCMOTPHM JIOMaHyIO JIMHHIO C BePLIHHAMH
(x;, y; = f(x;)), pacnoyioKeHHBIMM Haj TOUKaMH jeJeHus. JlyMHA OnHON U3
CTOPOH JIOMAHO# BbIpasuTCs (popMysioi

Puc. 286. K onpenesnenuio AauHbl 1yru

- - - - Ay, 2
\/(Xj—Xj_1)2+(yj—yj—l)2:\/ijg-l-Ayf:AXj' 1+ (A—)ycj) .

Orcrona asist o611el AJHHBI JJOMAHON JIMHUH [MoJIydyaeTCsl BbIpazKeHHe

L=Y 1+ (32) ax.
=1
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Ecan 3actaBuThb Tenepb 7 CTPEMUTLCS K GECKOHEUHOCTH, TO PA3HOCTHOE OTHO-
ij o dy
lIeHHe —— OyleT CTPEeMHUTbCS K IPOU3BOJHON —=
Ax; dx
JUIMHBI L MHTerpajbHOe BblparkeHHe

L= / VI +[J(F dx. (2)

= ['(x), © Mbl TIOJIyUuM /15l

He BraBasicb B jajibHeiiye mogpoGHOCTH STHX TEOPETHUECKUX pacCyKiie-
HHUH, Mbl CJleJIaeM JiBa JOTMOJHUTENbHBIX 3aMeuanusi. Bo-nepBbIx, ecyi Touky B
CUMTaTh MOJBHXKHOH TOUKOH Ha JIaHHOH KpUBOH ¢ abcuuccoit x, To L = L(x)
CTaHOBUTCS (DYHKLMEN MEPEeMEHHOr0 X, W, COMJIACHO OCHOBHOH TeopeMe, Mbl

uMeeM QopmyJsty L
L(x)= = VTHTF,

KOTOPYIO UacTO TPUXOAUTCSI MPUMEHSITh. Bo-BTOpBIX, X0Ts hopmyna (2) u naet
«obllee» pelleHUe 3alaul HAXOXKAEHHS JIMHBL IyTH, BCe Ke OHa PEAKO M0-
3BOJIsIeT HAUTH IBHOE BbIPAXK€HHE TOH JJIMHBI B OTIEJbHbIX YACTHDBIX CJyYasiX.
B camom peJie, 4TOOL! MOJYYHTh YHCJ/I0BOE 3HAUEHHE IJIMHbI JYTH, Mbl J1OJLKHDI
MOJICTaBUThb JaHHYI0 (PyHKUMIO f(x), wiu, TouHee, f'(x), B dopmyay (2) u To-
rjla OCyLLEeCTBUTb (PaKTHUECKOe HHTErPHPOBAHHE MOJYUEHHOro BblpaxkeHus. Ho
3/lecb BO3HHKAIOT, BOOOLLE rOBOPSl, HElIPeOo10/IMMble TPYAHOCTH, €CJIU Mbl Orpa-
HHUYUM ceOst 00/1aCThIO 9/1€MEHTAPHBIX (DYHKLUH, pACCMOTPEHHBIX B 3TOH KHHTE.
YKaxkeM HeGoJIbLIOE UMCJIO CyuaeB, 1JIsi KOTOPbIX HHTErPUPOBAHHE BO3MOKHO.

Oyukiys
y=fx)=v1—-x2

MMeeT rpaUKoM eIHHHUHBIA KPyT; AJIs1 Hee Mbl MOJydaeM
7 dy X 1
X)=—+ =——F—, OTKyla L+ [P = ——;
['(x)= = — yaa I+l = ——s

CJae10BaTeJbHO, NJHHa NYTH OKPYKHOCTH BbIpaxKaeTcCsi UHTErpajsom

= arcsin b — arcsina.

b
/ dx
VI—x2
a
Hast cayyast napa6odisl y = x? Mbl uMeeM ['(x) = 2x, a aauHa ayrd ot x = 0
J0 X = b paBHa

b
/\/1 +4x2 dx.
0

Jlnsi kpuBo# y = Insinx mbl umMeeM [/(x) = ctgx, U IJIMHA JyTH BbipakaeTcs
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HHTErpaJJom

b
/\/l+ctg2xdx.

Mui YAOBOJILCTBYEMCSI JIMIIL TPOCTbIM HallMCaHUEM 3TUX HHTErpaJibHbIX
Bpra}KGHHﬁ. Hx Mo»KHO ObLI0 Obl BBIUUCJIUTL, TMPUMEHsAS HECKOJbKO 6oJiee
Pa3BUTYIO TEXHUKY HHTETrpUPOBAHHUs, UEM Ta, KOTOpasg UMEETCsl B HaAllleM pac-
NOpAKEHHH, HO Mbl HE nowJieM jaJjblie B 3TOM HanpaBJIEHUH.

§ 2. lMopsinku Bo3pacTaHus

1. Moka3aTteabHast GyHKLUSA U CTENEHU NepeMeHHOro x. B matematu-
K€ MbI TIOCTOSIHHO BCTpeyaeMcsl C MOCJIe0BaTeIbHOCTSIMH UUCes @,, KOTOpble
1MeloT GecKoHeuHbld npesien. Yacto GbiBaeT Hy:KHO CPaBHUTh TaKylo MocJe-
JIOBATEJILHOCTb C JIPYrOH MOCJeN0BaTeNbHOCTbIO, HApUMep, uucea b,, Toxe
CTpeMsIILIMXCST K O€CKOHEUHOCTH, HO, MOXKeT ObITb, «ObICTpee», 4eM MocJ/en0-
BaTeJILHOCTD YHCEJN @,. YTOUHUM 3TO MOHSITHE: Mbl CKaXKeM, 4To b, CTpeMuTCst
K 6eCKOHEUHOCTH ObICTpee, UeM a,, Wiu b, uMmeer Hosee 8vlcOKULl NOPAOOK

a
B803PACMAHUA, YEM A, €CJIH OMHOUeHUe b—” (B KOTOPOM KaK UHCJIUTEJb, TAK
n

H 3HaME€HaTeJ/Ib CTPEMSTCS K 66CKOH€'—IHOCTH) CTPEMHUTCSI K HYJIIO ITPH BO3pacTa-
HHH n. HaHpHMep, MocJe10BaTeJIbHOCTb bn =n? CTPEMHUTCSI K 0eCKOHEUHOCTH
6bICTpee, 4eMm MocJea0BaTeJbHOCTb d, = 11, a 3Ta 110CJ1eJ0BaTe/JIbHOCTb, B CBOIO
ouepelb, 6bICTp€€, 4yeM MnocJea10BaTeJbHOCTb ¢, = \/ﬁ, TaK Kak

a n 1 c n 1
bn n n Qn n N
SlcHo, uto n° cTpemuTcs K GecKOHEUHOCTH ObicTpee ueM a” (mpu s > r > 0),
n’ 1
TaK KaK -5 = o= — 0.

a o . o
Ecau oTHolueHue b—n CTPEMHUTCH K HEKOTOPOW KOHEYHOHW IMOCTOSIHHOH C,

n

OTJIMUHOH OT HyJIl, TO Mbl TOBOPHM, uTO 06e MOCJEN0BATENbHOCTH a, U b,
CTpeMsITCsl K OECKOHEUHOCTH C 00UHAKOBOL CKOPOCHbIO WM U4TO OHH HMe-
0T 00urakosslii nopadok sospacmarnus. Tak, nanpumep, a, =n? u b, =
= 2n% 4+ 1 UMEIOT OIUH U TOT Ke MOPSALOK BO3pACTaHUs, [IOTOMY UTO

a, __n* 1 |
by 2n2+4n

= — =,
2

1
2 —
+ n
Morsa 6bl BO3HUKHYTb MbICJIb, YTO BO3pacCTaHHe J060H TocJ/ienoBaTeb-
HOCTH a, C OECKOHEUHbIM npeaesaoM MOXKET ObITb KU3MEPEHO» C MOMOULbIO
crerneHen n® Tak 2Ke, KaK o060 OTPE30K MOXKET ObITb HU3MEpPEH C MOMOUIbIO
JIUHEeHKH ¢ gaeseHusiMH. CTousio Obl TOJLKO JJIsl TOrO HAHUTH MOJAXOSIILY IO
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CTEIeHb 11° C TEM XKe MOpsIAKOM BO3pacCTaHus, 4TO U a4, T. €. TAKYylO, UTO OTHOLLIE-
a o o o o
HHE ”—r: CTPEMHUTCSI K HEKOTOPOW KOHEYHOH, OTJIMYHOWU OT HYJIsI TOCTOSIHHOH. Ho

COBepLHeHHO 3aMeyaTeJibHbIM ABJIAETCA TO O6CTO${T€JIbCTBO, 4TO OCYLIECTBUTH
5TO OTHIOJIb HE BCETJIa BO3MOXKHO — XOTsI Obl TIOTOMY, UTO NOKA3AMeNbHAS
dynkyua a" npu a > 1 (Hanpumep, e") cmpemumcs Kk OeckoHeuHOcmU
boicmpee, wem Kakas 6ot Mo HU ObLAO cmenenb n', Kak Obl 8eAuk Hu ObLa
nokasameanao s; ¢ dpyeot cmoporsl, pynkyus Inn cmpemumcs Kk 6ecko-
HewHocmu medaeHHee, uem Kakas 6oL mo Hu 66110 cmenens n°, Kak Ovl
Man HiL ObLA NOAOKHCUMeAbHbLIE nOKa3ames S. JIpyruMu CJI0BaMH, Mbl HMEEM
COOTHOIIIEHHST

nS

ﬁ—>0 (1)
" Inn

"0 (2)

npu 7 — 00. 3aMeTuM, UTO MoKa3aTelb CTENeHH § — He 00s13aTesbHO 1e/0e
YHCJI0; OH MOKET ObITh JIIOOBIM (PUKCHPOBAHHBIM NOAOMCUMEAbHbLM UHCTIOM.

Jlaist Toro uTo6Bl 10Ka3aTh cooTHOIEeHHe (1), Mbl YIPOCTHM Hallle yTBepK-
JIleHhe TeM, 4TO M3BJedyeM U3 COOTHolleHHus (1) KopeHb cTemeHu §; SICHO, 4TO
BMeCTe C KOPHEM CTPEMHTCSI K HyJIO M MOJKOpeHHOe BbipaxkeHue. Mrak, Ham
0CTaeTCsT TOJILKO JOKA3aTh, U4TO

o

a

1
npu Bogdpactanuu n. IlycTe b = a5; Tak Kak 10 MPEeANoJNoKeHHI0 @ 60Jblle

«ls

1
eHULBL, TO U b 1 Vb = b2 Takke Gosblie 1. MOXKHO HamucaTh
1

br=1+gq,

TJle g ToJIoKUTeNbHO. Terepb, B cuiy HepaBeHcTBa (6) Ha ctp. 40,

b? = (1 +q)' > 1+ ng > ng,

TaK uTo B
as =b">n’q*,

U CJIeJOBATEJbHO,
n n 1
— < —=— =

as anZ 2°

nq
Tak kak BbIpaxK€HHUE CIipaBa CTPEMHUTCsI K HYJIIO TPpH 1 — 00, N0KA3aTe/JbCTBO
3aKOHYEHO.

Hy)KHO 3aME€THUTb, UTO COOTHOILICHHE

X-S

= =0 (3)

aX
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OCTaeTCs1 B CHJIE, KOTla X CTPEMHTCS K GECKOHEYHOCTH 100bIM CI’ZOCO6OM,

npoberasi MocJaeI0BaTeNbHOCTb X, Xg, ..., KOTOpas MOXET W He COBMaAaTh
¢ TOCJIeAOBATENBHOCTBIO 1, 2, 3, ... LeJBIX MOJOXKHUTEILHBIX uhce. B camom
nese, ipu 1 — | < x < 1 Mbl UMeeM

xS rlS ﬂS

P TR

IT0 3amMeuaHHe MOXHO HCMOJb30BaTh JUJIsl J0Ka3aTeJbCTBA COOTHOLIE-
Hust (3). Ecom nmosoxkuts x =Inn u ef = a, tak uro n* = (e*)", To 1pobb B

JIeBO# yacTu (2) npumer BUJL, .

Ev
¥ Mbl TIPUXO/IUM K BBIPAXKEHHIO, UMEIOLIEMYCSl B COOTHOLIEHHH (3) npu s = 1.
Ynpaxuenus. 1) Jlokaxure, uto npu x — oo yHxuus Inlnx crpemurcs K Gec-
KOHEYHOCTH Meﬂ.ﬂeHHeﬁ, yeMm In x.

2) TlpousBosHasi oT pyHKIHH Jokaxkute, uTO

X 1 1
- PaBHa pasHOCTH —— — Tk

1
[pHh BO3pacCTaHWK X MPOU3BOJIHASA KACUMIITOTUUECKH paBHa» IMEPBOMY UJICHY, m, T. €.
UYTO OTHOLUEHHE YIIOMAHYTBLIX BEJIUYUH MIPU X — OO CTPEMUTCS K 1.

2. NMopsinok Bo3pacranus ¢yukuuu In(n!). Bo MHOrHX MpuIOKEHHUSIX,

HampuMep B TEOPHUH BEPOSITHOCTEH, BaXKHO 3HATb MOPSAOK BO3pacTaHHsl WJIH

«aCHMNTOTHUECKOE TOBEJEHHE»

Y BBIpayKEHHS 11! MPH OueHb 60Jb-

IIMX 3HaueHHsX n. 3alimemcs

= 3/eCb M3yueHHeM Jorapudma ot
n!, T. €. BbIpaxeHHs

P,=In2+In3+...+Inn.

KACHUMIITOTHYECKOI'O 3Ha4YeHHsA»

R MBI noxkaxkeM, uTO B KauecTBe
|
|
‘ BbIpaXKEHUST P, MOXKET CJIY>KUTb

0 1 2 n—1 n n+l1 X  npoussenenue nlnn, T. €. uto
In(n!) |
Puc. 287. Ouenka In(n!) ann

pu 1 — 00.

[TpoBenem n0Ka3aTeqbCTBO TaK, Kak 3TO OOBIKHOBEHHO JeJaeTCsl, KOTAa
HY>KHO CpPaBHHUTb CyMMy C HHTerpajom. Ha puc. 287 cymma P, paBHa cymme
nJIola el NpsiMOYroJIbHUKOB, BePXHHE CTOPOHBI KOTOPBIX 0603HAUEHbI CIJIONI-
HBIMH JIMHHUSIMH W 00111asi MJI0IA/Ab KOTOPBIX HE TIPEBOCXOJUT MJIOLIAJH

n+1

/lnxdx:(/H—1)1n(ﬂ+l)—(ﬂ+l)+l
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noJ1 JlorapupmMUuecKoil KpUBOH B npesiesax ot | o n + 1 [cm. cTp. 538, ynpax-
HeHue a)]. Ho B To ke camoe Bpemsi cymma P, paBHa cymMe MJolaaei nps-
MOYTOJILHHKOB, BEPXHHE CTOPOHbI KOTOPbIX 0003HAUEHbI MyHKTUPOM U 0bl1ast
TJIOLIAIb KOTOPBIX MPEBOCXOIHUT MJIOMIAMb MO TOH »Ke KPUBOK B Mpefesax ot 1
Jo n,

/lnxdx:nlnn—n—I—l.
1

Orciofia Mbl UMeEM
nlnn—n+1<P,<(n+1)In(n+1)—n;
pasjlesIiB 3TO HEPABEHCTBO HA 711 71, MoJiyunm

T (P eI N
Inn  nlnn ninn n Inn Inn

:<1+%) lnn—&—ln(l—&—%)

_ b
Inn Inn’

OueBUIHO, W BEPXHSAS ¥ HUXKHSAS TPAHHULIbI, MEXKIY KOTOPBIMH 3aKJIHOUEHO OT-
n
nlnn’
JI0Ka3aHo.

HOLIEHHEe

CTpEMSITCS K €AUHHULE, U TaKUM 06p830M Hallle YTBEPKIACHHE

ana)KHeHne. ,U,OK&)KI/ITG, UYTO YIOMSIHYTbI€ Bbllll€ TIpaHUllbl, COOTBETCTBEHHO,

1
GoJiblie ueM | — — u MeHnblie ueM | + —.
n n

§ 3. BeckoHeuHble psAibl U 6€CKOHEUHbIE POU3BeEHUS

1. BeckoHeunblie psaabl pyHKUMHA. Mbl He pa3 yxKe UMeJIH calyuall yKasaTh,
YTO, BbIpakasi BeJIMUUHY S B BHJE «CyMMbl 6ECKOHEUHOTO pPsiaa»

s=by+by+b3+..., (1)

Mbl HE YTBEpKJaeM HHUEro MHOTO, KpOME TOTO, UTO S €CThb Mpefes NPH Bo3pa-
CTaIOLLEM 71 M0CJIEI0BATEbHOCTH KOHEUHBIX «UACTHBIX CYyMM>»

S, S2, S3, ...,

rae
Sn:b1+b2+b3+...+bn. (2)

Takum 06Gpasom, paBeHCTBO (1) paBHOCHJIBHO MPELebHOMY COOTHOLIEHHIO
lims,=s npu n— oo, (3)

rie s, onpeneseHo ¢ nomouibio (2). Ecan npenen (3) cyllecTByeT, TO Mbl
roBopuM, uto psifi (1) cxodumcs K 3HaUEHHUIO S; HAMPOTHUB, €CJu Tpejed (3) He
CYLIECTBYET, TO MbI TOBOPHM, UTO 3TOT Psill pacxo0umcs.
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Hanpumep, psin

1 1 1
| — 3 + 57 + ..
CXOAUTCA K 3HAUYEHHIO %, a psan
l 1 l
1 — 3 + 377 + ...
CXOAUTCA K 3HAUYEHHIO In 2, HO, HAIIPpOTHB, P
I—1T+1-1+4...

pacxoauTCs, TaK KaK UacTHble CYyMMbI 3/leCh paBHbl moouepenHo to 1, o 0; a
pAn
l+1+1+14...
pacxXoauTCs Mo TOH MPUUMHE, UTO YACTHBIE CYMMbI CTPEMSTCS K 6€CKOHEUHOCTH.
Ham npuxoaunock yxe BeTpeuathesi ¢ psiiaMu, OOLIME UJleH KOTOPbIX eCThb
(byHKLMSA TIepeMeHHON X, UMEIoLLasi BUJL

b,‘ = Cl'xl,

puueM ¢; He 3aBUCHUT OT X. Takue psiibl HA3bIBAIOTCS CrrienerHolMU; 1Jish HUX
YaCTHbIMH CYyMMaMH SIBJISIFOTCSI MHOT'OUJIEHBI

Sy =Co 4 C1X + Cox® 4+ ...+ Ccox";

npubaBJ/ieHHe MOCTOSTHHOTO WiieHa ¢y TOoTpebyeT JIHUIIb HEeCYLIeCTBEHHOTO H3Me-
HeHUs1 0603HaueHui B hopmyJe (2).
Pasznoxenue QyHKUMH f(x) B CTENEHHON psift

f(x)=co+crx + cox’ + ...

€CTb, TAKHM 00pa3oM, OJWH M3 CMOCOGOB MPeNCTaBUTh (YHKUHMIO f(x) Tpu-
OJIMKEHHO C MOMOLLbIO NPpoCTeHnX (PyHKUME — nojuHoMoB. [TonBosst uroru
NpeabIIyIIHM pe3ybTaTaM ¥ HECKOJBKO JIOTIOJHSAST MX, COCTABUM CJIEYIOIIUN
CIHUCOK YK€ U3BECTHbIX HAM Pa3J/IoKEHHH B CTEleHHble Psijibl:

1

H—le—x+x2—x3+... (cnpaBemymBo pu —1 < x < +1),  (4)
)63 X5
arctgx =x — 3 + T (cmpaBepuBo npu —1 < x < +1), (D)
)CQ xS
ln(l—l—x):x—?—kg—... (cnpaBemuBo npu —1 <x < +1), (6)
1, I4+x »ox
§ln1_x_x+§+g+... (cnpaBemuBo npu —1 < x < +1).  (7)

2 ox xt
ef=1+x+ 57 + 3 + YTREE (cnpaBelIMBO MPH BCEX X). (8)
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Croza e Mbl MPUCOCIUHUM €lle IBa BaxKHbBIX PA3J102KEHHUS

3 5

siny=x — % + % — ... (cnpaBelIMBO MPH BCEX X), (9)
2 xt

cosx=1-— 51 + FTRREEE (cnpaBelIMBO MPH BCEX X). (10)

JlokasaTesbCcTBO 3THX Pa3/oKeHHH MOXKeT OBbITb MOCTPOEHO Kak MPOCTOE
CJIe/ICTBHE M3 COOTHOLLEHUH

X X

a)/sinuduzl—cosx, 6)/cosudu:sinx

(cM. cTp. 468). Mbl oTrpaBIisieMcsl OT CJIEYIOLIEr0 OYeBHIHOTO HEPaBEHCTRA:
cosx < 1.

Wurerpupyst ot 0 10 X, Tlie X eCTb HEKOTOPOEe (PUKCHPOBAHHOE MOJIOKHTEIbHOE
4uCJI0, Mbl HaxoauM 110 Gopmysie (13) co crp. 441:

sinx < x;
HHTETPUPYS 3TO elle pas, MoJyyum

I —cosx < 2

2’

YTO PABHOCHJILHO ,
X

cosx>1—=

2"

[IpouHTerpupoBaB nocJjie/iHee HEPABEHCTBO, HalleM
3 . )63
2.3 3
[Iponosmkas TakuM ke cnoco6oM 10 6CKOHEUHOCTH, Mbl MOJIydaeM JB€ CEpHH
HEPaBEHCTB:

sinx > x —

sinx < x, cosx < 1,

3 2
. X X
smx)x—g, cosx)l—g,

3 5 2 4
. X X X X
smxgx—y—i—ﬁ, Cosxgl—g ik

3 5 7 2 4 6
. X X X X X X
Sinx >x =3+ 5 -7 cosxz =g+~ 5

YeraHoBum TeHepb YTO TIPH HEOTPAHHYEHHOM BO3PACTAHHU /1 HMEET MeCcTo
COOTHOLIEHHE = — 0.
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,U.JIH TOTO 4TOOBI 3TO J1I0Ka3aThb, BbI6ep€M HEKOTOpoOe CbI/IKCI/IPOBaHHOG YyHucC-
!

m

X 1 X
JIO M, TaKoe UTo — < —, U BBeJeM 0003HaueHHe ¢ = Pt JlioGoe Lenoe n > m

m 2’
NPEACTaBUM B BHJE CyMMBI /1 = M + f, TOTJA
X" X X X 1\"
0<==c- . <c-|=);
n! m+1 m+2 m+r 2
1 r
TaK KakK M3 TOro, uTo 1 — 00, CJIELYeT, YTO I — 00, TO C - 5) — 0. Orcrona

U BBITEKAET, YTO CIpaBCIA/IUBbI TO2KAECTBA

. x> x> X

SlnX:X—g-i—a—ﬁ-i—...,
xz oxt x5

cosx:l—§+ﬂ—§+...

[TocKOJIbKY UWJIEHBI STHX PSIIOB, MEHsIs TOOUEPEHO 3HAKH, YOLIBAIOT MO Be-
Jauuute (mo kpadHedt mepe, npu |x| < 1), To owubku, cosepuwiaemvie npu
06polBaHUL KaNdD020 U3 pAd08 HA HEKOMOpPOM HAeHe, He NPeBblUlaion
1o abcoaomuoLl 8euduHe nepaoeo U3 OmOPOULEHHbLY YACHOB.

DTH PsIbl MOXKHO UCIOJIb30BATh MPU COCTABJIEHHH TAGJIHIL

. kY
IMpumep. Uemy paBen sin 1°? 1° paBeH B pagnaHHOM H3MEpPEHHH UUCJTY T80° ©1e-
JIOBaTeJbHO,

3
. 0W b3 1 T
sSin—=——% (=) +